
Efficiency Evaluat ions of North American 
University Libraries by Data Envelopment 

Analysis 

Gillian Margaret Mann 
Department of Mathematics and Statistics 

McGill University, Montreal 

March, 1997. 

A thesis submitted to the Faculty of Graduate Studies 
and Research in partial fulfilment of the requirements of 

the degree of Master of Science. 

QGillian Margaret Mann, 1997. 



Is~ National Library Bibliothb ue nationale 
of Canada du Cana 8 a 

Acquisitions and Acquisitions et 
Bibliogrephic Services services bibliographiques 
395 Wellington Street 395, rue Wellington 
ûttawa ON K1A ON4 Ottawa ON K I  A ON4 
Canada Canada 

Yaur fib Votre rdldmnce 

Our lFk, Nolm rdîérence 

The author has grrmted a non- L'auteur a accordé une licence non 
exclusive licence allowing the exclusive permettant à la 
National Library of Cana& to Bibliothèque nationale du Canada de 
reproduce, loan, distribute or sell reproduire, prêter, distribuer ou 
copies of this thesis in microform, vendre des copies de cette îhèse sous 
paper or electronic formats. la forme de microfiche/film, de 

reproduction sur papier ou sur format 
électronique. 

The author retains ownership of the L'auteur conserve la propriété du 
copyright in this thesis. Neither the droit d'auteur qui protège cette thèse. 
thesis nor substantial extracts fiom it Ni la thèse ni des extraits substantiels 
may be printed or otherwise de celle-ci ne doivent &e imprimés 
reproduced without the author's ou autrement reproduits sans son 
permission. autorisation. 



Abstract 

A method for ranking efficient decision making units in Data Envelopment 
Analysis is suggested. The method uses parametric prograrnming and calcu- 
lates "rigidity" of efficient units relative to perturbations of input and output 
data. 

Theoretical results are applied to 108 North American university libraries. 
The efficiency of the libraries is determined by the Charnes-Cooper-Rhodes 
tests. The radius of rigidity approach is applied to efficient libraries. In par- 
ticular, we focus on the McGill University library and compare its efficiency 
to other libraries using different data sets. 

Une méthode pour classifier l'efiacité des unités décisionnelles dans 1'- 
analyse par enveloppement des données (DEA) est suggérée. Cette méthode 
utilise la programmation paramétrique et calcule la "rigidité" des unités ef- 
ficaces relative aux perturbations des données de base et des résultats. 

Les résultats théoriques sont mis en pratique pour 108 bibliotèques uni- 
versit aires Nord Americaines. L'efficacité des bibliotèques es t déterminée 
par le test de Charnes-Cooper-Rhodes. Des bibliotèques efficaces sont clas- 
sifiées par la méthode de rayon de rigidité. En particulier, on prend le cas 
de !'Université McGill et on compare son efficacité aux autres bibliotèques 
en utilisant différents ensembles de données. 
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Chapter 1 

Introduction 

Data Envelopment Analysis (DEA) w a  originally proposed in the late sev- 

enties as a means of determining and improving the relative efficiencies of 

not-for-profit organizations, such as hospitals, schools and government agen- 

cies, whose goals, organization and structure, did not fit the standard meth- 

ods of analysis. DEA allows comparison of a number of decision rnaking 

units (DMU7s) based on a finite number of generally incomparable inputs 

and outputs which are common to al1 units. 

The theoretical objective of this thesis is to study stability of the basic 

efficiency evaluation models in DEA. One of the major difficulties in DEA is 

a large number of efficient DMU7s, which are not comparable. This typically 

occurs when there is a large number of different input and output data in 

comparison to the number of units being studied. We suggest two approaches 

for ranking the efficient DMU7s. One of these is briefly described a s  follows: 

Take an arbitrary efficient DM& Then find the largest perturbation of 



each variable in every other DMUi, i # Ic ,  which preserves efficiency of that 

DMUk. For each variable, the smallest of these numbers is termecl the "radius 

of rigidity" of DM&. In an ideal situation, al1 efficient DMU's are then 

ordered by their radii of rigidity. Academic models for calculating the r d i i  

of rigidity can be highly stable (with unbounded radii of rigidity) or highly 

unstable (with zero radii). It is shown here that these extreme cases also 

occur in pract ical situations. 

Tlie "radius of rigidity" approach is applied in this tliesis to selecfed 

libraries from the 108 North American university libraries which are members 

of the Association of Research Libraries. Our DEA analysis of these libraries 

confirms the known fact that the number of efficient DMU's increases with 

the number of data. (In a particular DEA mode1 of 13 Canadian libraries, 

12 were declared efficient.) This warrants a study of how to order efficient 

DMU's. 

A particular feature of this thesis is that it relates the performance of 

McGiIl University library to ot her university libraries. McGill's performance, 

when a srna11 number of different types of data is considered, was, until 

recently, not very impressive. It consistently ranked below 87th place until 

1994-95 when its efficiency ranking jumped to llth place. However, McGill's 

performance appears to be improved when more different data is compared. 

(Its library was actually declared efficient in 1993-94 and 199495 in a group 

of 30 libraries with five input and seven output data.) Wheii McGill library is 

declared inefficiently run, then DEA identifies "close" efficiently run libraries 

that McGill should "emuIate" to achieve efficiency. DEA also shows how 

this can be done. It is interesting that the University of Illinois at Urbana- 



Champaign has been consistentiy declared as one of the libraries McGill 

should emulate to improve efficiency. 

The thesis is organized as follows: In Chapters 2 and 3, we secs11 the 

general tools and various DEA models from the literature, with a focus on 

the Charnes-Cooper-Rhodes model (see, e.g., [14, 59, 16, 17, 50, 521). Also, 

we recall some notions from the study of stable parametric optimization 

(see, e.g., [9, 34, 601). Chapter 4 surveys the methods which have been 

used for sensitivity and post-optimality analysis in DEA models (see, e-g., 

[3, 10, 11, 18, 19, 20, 21, 22, 23, 24, 25, 39, 45, 46, 55, 56, 571. Each method 

is illustrated by a simple example. In Chapter 5, we introduce two radius 

of rigidity models and two simplified marginal value formulae. The marginal 

value formula given in Theorem 5.6 is proved under new assumptions. These 

formulae can be used in input optimization (see, e.g., (9, 60, 621) to calculate 

the radii of rigidity. We also adjust characterizations of locally and globally 

optimal inputs from input optimization to fit our radius of rigidity models. 

Chapters 6 through 9 deal with applications. The first two of these chapters 

present the results of having applied DEA to North American university 

libraries for a period of five years. A full model consists of 108 libraries. Also, 

a subset of 30 libraries with various sets of data is studied. Chapter 8 looks 

a t  the application of the radius of rigidity approaches in detail, including 

algorithms of the technique, simple examples and an application to library 

data. Al1 empirical data used in this thesis are taken from [47, 30,31, 40, 41). 

The reader interested in the results for McGill, but not necessarily in the 

details of the theory, may proceed directly to Chapter 9 which looks at how 

the McGill library fared in the analysis. 



Chapter 2 

Terminology 

2.1 DEA Models 

In this section, we survey the most popular models used in Data Envelopment 

Analysis (DEA). The basic DEA mode1 takes the form of a non-linear, non- 

convex fractional programming problem. We will assume that we have N 

decision making units (DMU's), each with a set of strictly positive inputs 

represented by Xj E Sm, j = 1, ..., N and a set of strictly positive outputs 

represented by Yj E Rs, j = 1, ..., N .  It should be pointed out that the 

number of DMU's must be sufficiently large as compared t o  the number 

of inputs and the number of outputs for any confidence in the statisticd 

reliability of the input and output evaluations. DEA is units invariant in the 

sense that the variables do not necessarily have to  be comparable amongst 

themselves. Thus, we can include monetary variables such as expenditures, 

as well as unitary variables such as the number of employees, in the same 



model without any difficultics. For eacli, say the kth,  DMU, the model seeks 

to maximize a weighted ratio of 'virtual' outputs to 'virtual' inputs with 

respect to a common pool of weighted ratios determined by al1 N DMU's: 

These programs must be solved for each of the k = 1, ..., N DMU's. In 

each case, the DMU under consideration selects its own best possible set of 

weights. Each program determines the coordinates of DMUk in the produc- 

tion possibility set: the set of al1 possible production levels as determined by 

the current production levels of the DMU's being analyzed. Those DMU that 

lie on the boundary of the production possibility set are said to lie on the 

envelopment surface or the efficiency frontier, and are deemed to be efficient: 

under given technology and feasible production levels, it  is not possible to 

produce higher levels of output without increasing levels of input. The reader 

may recognize that this is directly related to the Pareto-I<oopmans concept 

of efficiency in economic theory. The work described above was an extension 

of that of Farrell who considered the single output case which proved to be 

somewhat restrictive in application. For more on these topics, the reader is 

referred to [33, 131. 

Due to an observation made by Charnes and Cooper in fractional pro- 

'ram, a gramrning, it is possible to convert the above model into a linear pro& 

number of versions of which exist in the literature. The idest is to maximize 



a ratio of a sum of weighted outputs to û sum of weighted inputs (an out- 

put oriented model) or to rninimize the reciprocal ratio (an input oriented 

model). The two primary rnodels are the ratio model, developed l?y Charnes, 

Cooper and Rhodes (CCR), and the additive model. 

The CCR model for DMUk, as presented in the original paper by CCliarnes, 

Cooper and Rhodes [14], is given by 

Max 8 

s.t. 17X 2 Yk6' 

XX LXlr  

x 2 o. 

An alternate version which employs the non-Archimedean construct E is given 

by 

The existence of the solution to the CCR model is assured, see e.g., [20]. 

In [13]? the authors claim that the non-Archimedian extension is required 

in the CCR model for rigorous tlieory and usage because it is necessary 

for an algebraically closed system of the linear prograrnming type. This 



guarantees optimal solutions at finite non-zero extrema1 points. Efficiency 

is achieved, for the output oriented model, if the optimal value is one and 

al1 slack variables are zero. The presence of non-zero slacks in the optimal 

tableau indicates a source of inefficiency. 

The so-called additive model is given by the program 

Min -eTs+ - eTs' 

s.t. YX - sf = Yk 

-xX - S -  = -dyk 

C x j  = 1 ,  

which classifies DMUk as efficient if the optimal solution is zero. 

In [36], these two models are classified according to the type of envelop- 

ment surface that is constructed, either a variable or a constant returns-to- 

scale function. A variable returns-to-scale envelopment surface consists of a 

reference set which is the convex hull of al1 the DMU vectors augmented by 

the non-negative input-output possibilities that are dominated by this convex 

hull. Such a set is provided by the additive model. -4 constant returns-to- 

scale envelopment surface consists of a reference set which is the conical hull 

of al1 the DMU vectors similarly augmented. Such a set is provided by the 

ratio model. 

Two other models commonly appear in the literature: the Banker, Charnes 

and Cooper (BCC) model and the multiplicative model. Equivalent formula- 

tions to  the CCR models exist for the BCC models, the only difference being 

the inclusion of a convexity constraint on the weights, namely, CE, Xi = 1. 

Conditions for efficiency are the sarne as above. The multiplicative model 



uses a logarithmic transformation from fractional to linear forin. Tliiis, the 

multiplicative mode1 would take the form 

and is converted to the following linear prograrn 

Here the carat indicates the log of the original data point. For this formu- 

lation, the efficiency frontier is a piecewise log-linear function. Efficiency 

is achieved if the optimal value and al1 the slacks are zero. The N linear 

programs differ only in the objective function. 

A measure of efficiency which has recently been introduced into the DEA 

literature by Thompson, Dharmapala and Thrall (see, eg., [29]) is given as 

a solution to the problem 

where, for any choice of (IL, v), 

C:=i Ur%k = mas C:=i WYrj 

vixik CL"=ivixij 



This is a measure of relative eficiency of DMU,. I t  rnay be considered as an 

extreme value statistie and treated by appropriately adapted versions of the 

statistical theory of extreme values or it rnay be solved as a mathemsticsl 

programming problem. 

The selection of the model and, consequently, the envelopment surface 

used for analysis can frequently be determined by various assumptions, eco- 

nomic and otherwise, regarding the data set. The CCR ratio model gives 

an overall efficiency evaluation. The BCG model provides information about 

returns-to-scale and gives a technical efficiency evaluation. The multiplica- 

tive model provides a log-linear envelopment of the production proçess. And 

the additive model relates efficiency results to the economic concept of Pareto 

optimality. In addition, a number of alterations can be made to the selected 

model to more realistically fit the data. For instance, a use of exact weights 

rnay be replaced by upper and lower bounds while allowing DEA to deter- 

mine a best set of values from past performances. Or, if certain input or 

output levels are not within the control of the DMU, for example, they may 

be specified by government reguiations or by population, these particular 

inputs or outputs rnay be included in the determination of the reference set, 

but excluded from the objective function and thereby do not affect the ef- 

ficiency rating. One can also include ordinal relationships among virtual 

multipliers to reflect the relative worth of certain inputs or outputs, or one 

rnay include multiple time frames in the same model. For these topics, the 

reader is referred to, for example, [24, 4, 491. 



2.2 The CCR Mode1 

This section provides theory and terminology for the CCR mode1 and closely 

follows the development in [59]. 

For each DM& k = 1, ..., N ,  the problem of determining its efficiency 

rating is given by the fractional program 

where the constraints represent the common pool of al1 DMU's. Thus, higher 

efficiency ratings imply producing more outputs with less inputs. 

We will assume that al1 inputs and outputs are strictly positive and that 

only those optimal solutions (IL*,  v*) for which v* # O are acceptable. The 

above fractional form can then be transformed into a linear programming 

probiem. 

Using the substitution 

we find that 

with 



Hence 

(u, ~ j )  < (11, ~ j )  , j = 1, . . . , N ,  

becomes 

(2.2) (Y, ~ j )  5 (x, xj), j = 1) ..., Na 

Thus, the CCR mode1 is 

Alternately, it can be shown that the constmint (Xk, z) = 1 (:an be 

replaced by (Xk, x) < 1. The two resulting programs are eqiiivalent. 

Theorem 2.1 T h e  constraint (X" x) = 1 can be replueed !)y (X', 2) 5 1 in 

(CCR, k ) .  The resulting optimal solutions and values are the same. 

Proof: If (5, y) is an  optimal solution of the latter problem, it suffiçes to 

show that (Xk7 5)  = 1. If this were not the case, then we can define 2 = 6-'2 

and 6 = 6-'?j where 6 = (Xk, 5)  E (0,l). The point (2 ,  @) is feasible for the 

problem with the constraint (X" x) 5 1 siiice 6 > O i ~ n d  (x" .?) = 1. But 

(Y" 6) > (Yk, ij) since the optimal values are positive and b < 1. This 

contradicts the optimality of (5,j j). 

Notice that one must solve such a problem for each of the N DMU's. 

Each DMU chooses its optimal weighting from the common feasible pool. 

Efnciency is defined as follows: 



Definition 2.2 A DMU is efficient if the optimal value q* of (CCR, k )  is  

1. It ès ineficient 2f the optimal value is such th,ad O < q* < 1. 

One may recognize that the CCR. test presentd here bears a cliffcrcmt, 

forrn frorn the one presented in the original paper ori DEA by Charries, 

Cooper, and Rhodes (141. To avoid any non-Archimedean const,riicts, wr 

have employed the dual of the program used in that papcr. Ttir t,wo i l ï<.  

equivalent by linear programming theory. 

Not only does DEA provide a means of ranking a number of similar 

DMU's according to their efficiency, but it also allows identification of sources 

of inefficiency and an estimate of the overall amount of inefficiency. Thus, we 

can determine how an inefficient DMU can be made efficient. Let us show 

how this is done. 

Each inefficient DMU can be associated with a set of efficient DMU's: 

which determine the boundaries of a facet of the efficiency frontier closest 

to that inefficient DMU. It is ont0 that facet that we project the inefficient 

DMU. The associated efficient DMU's form the set Rk = { j : p ;  > O} where 

p* is the optimal solution of the dual variables associated with the common 

feasibility constraints given by 2.2. One notes that q* is the dual variable 

associated wtih the constraint given in 2.1. 

Theorem 2.3 The  deczsion making unèaits in the reference set Rk of an in- 

eficient DMUk are eficient. 

Proof: Let x* and y* be optimal prima1 solutions and p* and q* be optimal 

dual solutions for an inefficient DM& The corresponding complementarity 



conditions from linear programming are 

For j E Rk, we have p; > O. So 

Now, for any 3 E Rk, define 

We daim that (2, $) is a feasible solution of the prima1 efficiency test for 

DMU;-. First, 

($,~j)-(xjJj) = C M [ ( ~ * , Y ~ ) -  (x*,x~)]  5 0 ,  j =  1 ,..., N,  

by feasibility of (x*, y *) for DMUk. Also, 

for the choice 

It is impossible that (y*, Y J )  = O, because of the positivity assurnption on 

the data. That would mean y* = O and therefore (y*, Yk) = O which implies 

q* = O since the optimal values are equal. But q* = O is impossible because 

it would imply p* = O which would imply Yk  5 O contradicting the positivity 

assumption on the data. So feasiblity is proven. 



Finally, 
.. - 

( T J ~ ,  ~ j )  = n (y*, ~ j )  = 1 

by the choice of (2.4) for a. Hence DMU; is efficient. 

Definition 2.4 For an ineficient DAdUk, we define its ideal DMU to hu.ve 

the ideal input and output vectors: 

The ideal DMU, given by X0 and Y", uses strictly less input to produce 

a t  least as much output. This is guaranteed since 

by feasibility of p* in the dual problem, and 

by feasibility of q* and p* in the dual problem and because O < q' < 1. 

Also, the ideal DMU is efficient with respect to  the efficient DMU's from 

the reference set: 

Theorem 2.5 An ideal decision making unit is eficient. 

ProoE Let (x*, y*) and (p*, q*) be the optimal solutions of the prima1 and 

dual problems of the efficiency test for DM&, assiirned inefficient. The 

complementarity condition 



can be expressed as 
N 

We will show that (3, ij) is feasible and that the ideal DMU reaches efficiency 

at that point. First, since (x*, y*) is feasible, 

so we c m  make the substitution (2.6) and we have 

by (2.3), it therefore follows that 

It remains to show that (I, XO) = 1. We have: 

1 
(5, XO) = -(x*, XO),  by (2.6) 

4* 
1 = - p;(z*, ~ j ) ,  by de finition of X 0  

q* jcn, 

= (x*, xk), by (2.5) 

= 1, by feasibility of x*. 



Hence, the ideal DMU ( X O ,  Y") is efficient. 

So X O ,  Y" provide the required input and output levels to ensure an effi- 

cient ranking. If al1 of the components of the optimal solution z* are positive, 

then the efficiency ratio q* indicates the necessary proportionate clecrease in 

current input levels, while maintaining the same level of outpiit, in order t o  

obtain efficiency. Thus, 
k XO = q*X , 

or, the input should be proportionately decreased by 100(1 - q*)% 

2.3 Scaling in CCR Models 

One property of DEA is that the models are units invariant. in the sense 

that the variables representing the inputs and outputs do not al1 have to 

be measured by the same unit. However, this may mean a wide range of 

data values which could cause numerical instability and inconsistencies. Ali 

[2] recommends that DEA problems should be scaled in order to avoid ill- 

conditioned problems. Let us investigate exactly what happens if we scale 

the data in  the CCR tests. 

Theorem 2.6 Consider (CCR, k). If the inputs x!, j = 1, ..., N are scaled 

by a factor Cti > 0, Z = 1, ..., nt, and the outpvts k;' are scaled by a factor Pi > 
0,1= 1, ..., s, the eficiency rating for evey DM&, k = 1, ..., N remains the 

sarne. Moreover, the ideal DMU of an ineficient DMU does not change. The 

optimal solutions of the scaled DMU are multiples of the optimal solutions of 

the unscaled DMU by the corresponding reczprocal scaling factors. 



Proof: Take Ti = xf /ai and pi = ?g/Pi,  where (x*, y*) is the optimal solution 

of the unscaled problem. Let the scaled data be referred to by $ = (aIX!) E 

Rm and ?j = (pi*) E Rb, j = l7 ..., N. 
Claim: (3,  y) E F: 

feasibility of x*. Also, 

m " Y f  x; j < O  i.,pj) - ( , , x i )  = C-(AY') - C -(niX ) - (Y 
i= 1 Pz %=[ oz 

feasibility of (x*, y*). 

Claim: (3, y) is optimal. First, 

where q* is the optimal value of the unscaled problem. 

If (3, g) was not optimal, then there would exist (x ' ,  y') # ( E ;  g )  such that 

(y'? B yk) = qf > Q*,  where 

But then we could take y: = and xf = x:ai7 contradicting the optimality 

of (x*, y*) in the original unscaled problem. 

Claim: p; = pj7 j = 1, . . ., N where p* is an optimal solution of the unscaled 

dual problem and P is an optimal solution of the scaled dual problem. 

The complementarity condition from linear programming theory gives 



Thus, p,! = pj = O for al1 j @ Rk, where Rk is the reference set for DMUk 

as defined in the previous section. When pj # O, we know that (g, B .  ~ j )  = 

(3, a Xj) or, equivalently, (y*, Y )  = (x*, Xj) , where DMUj is efficient 

( j  E Rk). Since q* = (I, we have from the complementarity condition 

and 

Now (Xk, x*) = 1 and r* 2 0 by feasibility. Since Xk > O, this implies that 

x* > O .  Otherwise, if x* = 0, the first condition would not be satisfied. So 

and hence the ideal input vector is the same for the scaled and the un- 

scaled problem, based on çalculations with unscaled data. Because (y*, Yj) = 

( x * , x ~ ) ,  j E Rki we also have from (2.8) that 

We showed in the proof of Theorem 2.3 that y* > O. So in a similar fashion, 

we can derive that the ideal oiitpiit vector is the same for the scaled and 

unscded problem. Again, this is basecl on calculations with iinsçaled data. 



Chapter 3 

Point-to-Set Mappings 

This chapter introduces basic theory that is necessary to understand per- 

turbed DEA models. In particular, we recall (see, e.g., [GO]) basic notions 

of parametric optimization and stability and state the Karush-Kuhn-Tuçker 

conditions for optimality. 

3.1 Point-to-Set Mappings in Paramet ric Op- 

t imizat ion 

Pûrametric optimization deals with models of the form 

It involves both the decision variable x E Sn and a parameter, or input, 

8 E W. Each choice of 8 determines a feasible set, F(B), a set of optimal 



solutions F ( e )  = (ii(0)) and an optimal value f(0) = f (Z(Q O ) .  The first 

two objects are expressed by point-to-set mappings 

(Here, E(0) represents an optimal solution for the given 0.) For each clioice of 

input 8, one seeks x E F(0)  which provides the best optimal value. The set 

of al1 0 for which there exist feasible points is denoted by F = { O :  F(0)  # a). 
Thus, in the parametric optimization problem, we seek to 

Min, f (x, O )  = J(0) 

s.t. f i ( x , 0 )  5 O, .i E P, 

in order to  subsequently 

Min f(9) 

s.t. 8 E F. 

We wiIl assume that f(x, 19) and P(x, $), i E P are continuous functions. 

We will also define some point-to-set mappings that will be used in Chap- 

ter 5: 

F ( 0 )  = {i E P : f ' ( x , 6 )  = 0); 

pc(0) = {i E P : fi(x,6) < 0, for some x E F(@)) ;  

F'(0) = { s  E Rn : fi(x, O )  5 0,i  E P=(O)}; 

F,=(6) = {I E Rn : f 2 ( x , 8 )  5 0 , i  E F ( 9 ' ) ) .  

20 



Note tliat the latter is given relative to a fixed O* E F. The first two represcnt 

the active and inactive constraints, respectively, for a given 0. P 7 8 )  is called 

the minimal index set of active constraints. Thcse two mappings give an 

indication of the relative freedom of the constraints tvithin the problem. 

At this point, we require some basic topology for point-to-set mappings 

in order to define their continuity. In particular, we need the notions of open 

and closed mappings. 

Definition 3.1 A point-tu-set mapping T: W -+ 8" iis closed at 8' E 38' ih 

given any sequence ok + O* and a seqvence xk E I'(ok) such th,at xk -t r*. il 

~ O U O W S  that X* E rp*). 

Definition 3.2 A point-to-set mapping î: W P  3 IRn is open at 8' E 92P zf, 

given any sequence Ok -+ O* and any x* E I ' (B*) ,  there exists a sequence 

xk E r(Bk)  SUC^ that xk + x*. 

We can now define continuity of point-to-set mappings. 

Definition 3.3 A point-to-set mapping î: %P -+ Rn is continuous at O* E 

SZP if it is both open and closed ut O*. 

A closely related concept is that of lower-semicontinuity of the point-to- 

set mapping. In fact, it can be shown that openness and lower-semicontinuity 

of mappings are equivalent notions. Also, continuity of the constraint func- 

tions guarantees that the feasible set mapping F is closed, so continuity of 

F requires that openness, or equivalently lower-semicontinuity, be satisfied. 

Let us formalize these statements. 



Definition 3.4 A point-to-set mapping r: SJZP + PL i s  lower-semicontinuous 

nt O* E SZP if, jor euch open set A C Rn satisfiJinlg 

there exists a neighbourhood N(0*) of 0' such that 

A n r(0) # 0 for each O E IV(B*). 

Theorem 3.5 A point-to-set rnapping r: %P ZP 8'' is open at O* zf, and on19 

if, it is lower-semicontinuous at O * .  

Theorem 3.6 Consider the model (P, 8 )  where the function,~ f 5 Snin+P + 8; 

i E P, are continuous. The point-to-set mapping F is  elosed at every O* E RP. 

S t ability 

We will now define stability of a model. For mir needs, it suffices to consider 

only convex models. These are models for which the functions f(., O ) ,  f i ( - ,  0) : 

!Rn R" 92 are convex functions for every 0 E W, i E P. Such models will be 

studied around a h e d ,  but arbitrary, O*. For simplification, we will use the 

following notion: 

Definition 3.7 Consider the convex rnodel (P, 0) arorand some O * .  The 

objective function f is said tu be redistic ut O* i f  

Fp*) # @ und bounded. 

We will also use uniformly bounded sequences of sets: 
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Definition 3.8 A sequence of sets r(B) as 0 -+ O* i s  snid to Iie uniformly 

bounded at O* if r(0) c I< for every 0 E N(O*) where K ès a bal1 of,f inite 

radius and N(O*) is some neighbourhood of O * .  

The following theorem, borrowed from 1601, will be used repeatedly. R,e- 

cal1 that F: 0 -t F ( 0 )  is continuous at some O* if, and only if, it is open, or, 

equivalently, lower-semicontinuous, at O * .  

Theorem 3.9 (Characterization of Continuity of F(0)) Consider the con- 

aex model (P, O )  around some O * .  The following statements are equivalent: 

(2 )  The poznt-to-set mapping F ès continuous at O*. 

(iz) For every realzstic objective functzon f there exists a neighboarhood 

N(e*) of e* silch that 

F ( e )  # 0 and uni f ormly bounded 

for every O E N(B*). Moreover, al1 the limit points of .?(O) E F p ) ,  «.s 

0 -t O*,  0 E N(B*), are contained in F(e*). 

(zii) For every realzstic objective funetion f there exists a n,eighDourl~ood 

N(6') of O* auch that 

F(B)  # 0 for every 0 E N(O*) and 0 -+ O* implies f(0) -t f(B*). 

An accompanying note is that for any model (P, 0) with a continuous 

feasible set mapping F, the optimal solution rnapping F is closed. The above 

characterization is crucial because it is integral to our definition of stability. 



Definition 3.10 A convex model (P, O )  is said to be stable ut a given 

0' E 3 if the objective function is realistic and Wle feasible set mapping 

F 2s continuous ut O*. 

A convex model (P, O )  will not necessarily react continuously to contin- 

uous perturbations of an input O. Those perturbations that do preserve the 

lower-semicontinuity of the feasible set mapping F forin û regiori of stability. 

Definition 3.11 Consider the convex model (P, 8 )  around some O* with a 

realistic objective function. A set S c W, containzng O*,  is called a region 

of stability ut 8' if, for every open set A c Rn satisfvéng 

there is a neighbourhood N(B*) of O* such that 

A n F(B) # 0 for each 19 E N(B*) n S. 

3.3 KKT Conditions 

To finish this chapter, we state the two versions of the Korush-Kuhn-Tucker 

(KKT) conditions which serve to characterize optimality at s point r* and 

we provide a saddle point condition which is necessary and sufficient for the 

optimality of the parameter 8' for programs with linear constraints. The 

conditions are stated for a convex problem of the form: 

(CP) M i n  f(x) 

s.t. f"x) < O, i E P. 



Tlie first version makes use of the Lagrangian over a re~t~rictetl set. The KKT 

conditions are said to hold, if the system 

is coiisistent, where P ( x * )  = {i: fi(x*) = O) denotes the set of active con- 

straints at x*. The latter version circumvents the restriction on the summa- 

tion by incorporating the cornplementarity conditions: 

Note that the two systems are simultaneously either consistent or incon- 

sistent. 

Corollary 3.12 (Suflîciency of the KKT conditions) Consider the con- 

vex progmm (CP), where al1 funetions are assumed dzflerentiable, and a fea- 

sible point x*. If the KKT conditions are satzsfied ut x*, then x* zs an optimal 

solution. 

The above tools extend to the parametric case for fixed 0. Thus, the 

KKT conditions, for the convex mode1 (P, 8)  with a fixed 0  and a feasible 

point x* E F ( 0 ) ,  can be expressed as 



As 0 varies, so do the Lagrange multipliers (Le., they become functions of 

the parameter 8 ) .  Thus, the KKT conditions also provide a cliaritcterization 

of optimality for the parametric problem with fixed 8. 

Finally, we include a saddle-point condition for optimality of some O* 

which is based on the classic Lagrangian 

It is stated for linear models (i.e., convex models where f ( 0 ,  O ) ,  f " 0 ,  O ) :  Sm + 
8, i E P are linear functions. The results of this section can be extended to 

the so-called LFS functions (see, e.g., 160, 441). 

Theorem 3.13 (Optimal Inputs for Linear Models) Consider the lin- 

ear mode1 (P, 0) around some O*. Assume that the optimal value function 

f: !P -t R exists on 3. Let x* be an optimal solution of the program (P, O*). 

Then O* rninimizes f on 3 if, and only i f ,  there ezists a non-negative vector 

function u*: F + ~ ' ( 0 )  E 92: such that 

L(x*, U ;  0') L(x*,  U* (e*) ;  e*) 5 L ( X ,  ~ ' ( 8 ) ;  O )  

for every u E 92';, every x E 92" and every O E 3. 



Chapter 4 

Survey of Approaches to 

Post-Opt imality Analysis 

4.1 Radius of Stability 

In [39], Kuntz and Scholtes present means of determining what they cal1 

condition numbers for an efficient DMU. These quantities, called radii of 

stability, provide information about the data perturbations which preserve 

the current efficient status of a DMU. Thus, the method is only applicable 

to  efficient DMU7s. The authors consider perturbations of the input-output 

vector for a particular DMU, of a particular commodity and of d l  sampled 

production vectors. The condition numbers, or radii of stability, associated 

with each of these perturbations are referred to as the individual coriditioii 

number, the condition number with respect to a commodity i and the total 

condition number, respectively. 



This is a cone-based CCR efficiency rneasure approach in which the tech- 

nology cone (i.e., the set of al1 production possibilities given ciirrent tech- 

nology as represented by the sample production vectors), is explicitlg con- 

structed. The data is structured in a production matrix A, where each col- 

umn represents both inputs and outputs for a DMU. A is in turn embedded 

into a parametric family A(X) (Le., A = A(A,) for some parameter A,). The 

sensitivity analysis of an efficient DMU, Say Al, seeks to determine the mau- 

imal number E such that AI(X) is an efficient element of the technology cone 

T [ A ( A ) ]  = {W E !f?"+"13z 2 O :  A(A)z > T U }  with II.\ - X.11 5 E .  

The individual condition number allows for perturbations of a particular 

efficient DMU (i.e., A(X) = (A, AÎ, .. . , A N ) ) .  It coincides with the optimal 

value of the program 

For the l1 and 1, norms, this can be converted to a linear program by stari- 

dard transformations. 

The condition number with respect to a commodity allows for perturba- 

tions of a single, Say the first, commodity. So 

where ai are the remaining m + s - 1 commodities for each D1l.fUi. If there 

exists a vector v 2 O such that alv 2 1 and aiv 5 O for every i = 2, ..., N, 

then the condition number of Al with respect to commodity 1 is infinity. 



Otherwisc, the condition number is bounded below by the optimal d u e  of 

the program 

Here, A, represents the original unperturbed data and oiicci again, for the I I  

and 1, norms, the above can be transformed into a liiiear prograin. 

Finally, tlie total condition number allows for unrestricted pertiirhations. 

Thus, A(X) = [A1, ..., AN], X i  E 8?m+s, i = 1, ..., N. This condition niimber is 

given by tlie optimal value of the program 

Min I([Al, ..., AN] - [A1, ... , A N ]  11 
s.t. Alu 2 1 

Aiv - < O, i = 2, ..., N 

v 2 o. 

In al1 cases, the condition number is dependent upon the choice of norm. 

The theory is based on the resiilt that, for a given production mstrix .4, if il, 

representing a sample production vector (i.e. a single vector of inputs and 

outputs which represents s DMU) does not beloiig to the teclinology cone 

spanned by the remaining sample production vectors, then 4 is an efficient 

element of the technology cone spanned by al1 sample production vectors. In 

terms of our terminology, if a DMU does not belong to the cone generated by 



the other DMU's, then it is efficient with respect to the cone generatecl by al1 

DMU's. Let ils illustrate the above ideas on a colmete esample, borro~ved 

from [GO]. 

Example 4.1 Considcr trvo DMU7s, each witli one input and two outputs. 

The data is presented in the table below. 

The CCR test gives the following models to be solved for the respective 

DMU's. 

(CCR, 1) Max y1 + l/z 
s.t. 31 + y2 L xi 

Y i ~ t t 2 ~ 2  2x1 

5 1  = 1 

xi, Y i ,  Y2 20;  



Both DMU's are efficient sincc the objective is 1 in the optimal solution. 

Optimal solutions are (?Il, y2, xIIT = [1,0, 1IT in botli cases and dual solutions 

are bi,pz]T = [l, 0IT and [O, lJT respectively. We will specifically consider 

DMU2. 

For our example, the individual condition nurnber is given by the optimal 

value of 

where A:! = (-1, 1,2)T is the production vector for DAdUz. The authoss in 

[39] use negative entries to represent inputs and positive entries for outputs. 

For the Il norm, the condition number is 4 and for the 1, norm, it is 2. Thus, 

within a ce11 of size 4 centered at (-1,1,2), DM& will retain its efficiency. 

A lower bound for the condition number with respect to commodity 1 

(the input) for DMU2 is given by 

This bound is 2 for the I I  norm and 1 for the 1, norm. So, if we perturb 



the input for both DMU's up to a value of 1, DM& will remain efficient. 

Also for DMU2, the lower bound for the condition number with respect to  

either output for both of the previously employed norms was zero. A cursory 

consideration of the example will make it clear that this bound is not very 

tight. This condition number indicates that a pertubation of O of an output 

will cause DMUz to remain efficient. This is not particularly informative 

and it is clear from an inspection of the data, that we could decrease output 

2 by 1, retaining positivity of output 2 for DMUl and clearly retaining the 

efficiency of DM& 

4.2 Radius of Classification Preservat ion 

In a series of papers [25, 48, 191 by Rousseau and Semple e t  al., the concept 

of a radius of classification preservation (RCP) is defined and discussed. Pro- 

gram formulations are also presented. The RCP is the largest radius of a bal1 

centered a t  the current input-output position of any DMU, either efficient 

or inefficient, such that al1 the points in the interior of this bal1 preserve tlie 

current efficiency classification of that DMU. Clearly, the RCP is dependent 

on the chosen norm. Formulations, based on the ratio model, are giveri for 

both the l1 and 1, norms. Different formulations are required depending 

on whether the DMU is classified as efficient or inefficient. For an efficient 

DMU, the idea is to determine by how much it can be worsened before it lies 

within the convex hull of the production vectors of the other DMU's, thereby 

making it inefficient. In the case of an inefficient DMU, one seeks to measure 

the minimum distance between the DMU and an unstable point. (-4 point 



is unstable if, and only if, for e > 0, the open ball, centered at tliat point, of 

radius E, contains both efficient and inefficient points.) 

There is also a combined formulation for a DMUk which suffices fQr cither 

efficient or inefficient DMU's and which gives the classification as well as the 

RCP: 

Here es and e, are vectors of 1's of the appropriate dimensions and and 

x ' ( ~ )  represent matrices of outputs and inputs respectively mith the çolumn 

for DMUk omitted. Based on the uniform norm, the sign of the optimal 

value indicates the classification, a negative identifying an inefficient DMU, 

a positive identifying an efficient DMU, and the optimal value: gives the RCP. 

Example 4.2 Consider again the two DMU's from Example 4.1. The 

RCP of DMUz for the 1, norm under the combined formulation is given by 

the optimal value of the program 



The optimal solution is 0.5 suggesting that within a bal1 of radius 0.5 centered 

at (1,1,2), DMUz will remain efficient. For the I l  norm, the RCP, given by 

the optimal value of 

is 1. Thus, within a ce11 of size 1, D MU2 will remain efficient. The RCP of 1 

is the greatest perturbation of al1 variables combined that will preserve this 

classification. 

4.3 Sensitivity Analysis 

In [20], Charnes, Cooper et al., introduce a sensitivity analysis rnethod for 

the additive mode1 which provides sufficiency conditions for the continued 

efficiency of a currently efficient DMU. Their method c m  be applied to in- 

efficient DMU's, but is much simplified by restricting its application only 

to efficient ones. The authors restrict their attention to output reductions, 

one at a time, of a particular DMU, that will maintain the efficiency of that 

DMU. 

NeraliC [21] has further developed this work. He considers efficient DMU's 

where allowable perturbations are defined by an increase of inputs and s 



decrease of outputs and by a decrease of inputs and an increase of outputs for 

inefficient DMU's. In this manner, lie is improving the status of inefficient. 

DMU's and worsening that of efficient ones. The fundamental idea is to 

determine by how much inputs or outputs can be perturbed before there is 

a change in the optimum tableau of the simplex method. He finds sufficient 

conditions for the optimal basis to remain unchanged with the optimal value 

still equd to 1, thus preserving efficiency. 

Sufficiency conditions for preserving efficiency are developed for pertur- 

bations of a single input, a single output, for the simultaneous change of 

al1 inputs and al1 outputs, both separately and combined, of a particular 

DMU. More recently, in [22, 23, 45, 461, NeraliC has introduced sufficiency 

conditions for the simultaneous change of all data, for the decrease of al1 out- 

p u t ~  of efficient DMU's with fixed inputs, for the decrease of a single output 

of efficient DMU's with an increase of the same single output of inefficient 

DMU's and, similarly, for the increase of a single input of efficient DMU's 

and a decrease of the same input for inefficient DMU's, and for changes in 

inputs and outputs of diEerent proportionalities. Let us illustrate Neralic's 

ideas on the DMU's from Example 4.1. 

Example 4.3 Applying Neralib's methods of sensitivity analysis to our 

two DMU example, we first chose to decrease output 2 of DMU2 by a, making 

the output vector [l, 2 - a]. The sufficiency conditions reduce to O 5 a 5 1. 

Reduction of output 2 for DMU2 by 1 results in two identical and iiecessarily 

efficient DMU's. Reducing output 2 by more than 1 results in DMU2 being 

in a worse situation that DMU1, in the sense that it produces less output 

for the same amount of input, thereby making it inefficient. Similarly, for 



output 1, with the output vector [l -a, 21, sufficiency conditions for continued 

efficiency of DMU2 require a to be zero. If we increase the input by /3 and 

decrease output 2 by a, the conditions imply that ,O = O and O 5 a 5 1. 

So, for DMUz, with input 1 + ,O and output [1,2 - or], we must not increase 

the input and may decrease the output 2 by at most 1 in order t.o retain the 

efficiency of DMU2 in cornparison to  an unchanged DAMi. These results 

are easily seen by an inspection of the original data. It should be noted that 

the determination of t hese sufficiency conditions were lengt hy to cornpute, 

even for such a simple example. 

4.4 Cone-Ratio Mode1 

Charnes, Cooper, Huang, Sun and Wei [IO, 11, 181 have developed theory 

for a cone-ratio model, specifically for polyhedral cones, and its relation to 

multi-objective programming. This cone-ratio CCR model is based on the 

original CCR model, but it allows for infinitely many DMU's and arbitrary 

closed convex cones for the virtual multipliers. This method c m  also be 

adapted to other models such as the additive model. The cone-ratio model 

allows for the inclusion of additional relevant information in the construction 

of a more adequate DEA model either by direct modification of the pro- 

duction possibility set or by restricting the ranges on the marginal rates of 

substitution of inputs or outputs. 

The cone-ratio CCR model in the case of a finite number of DMU's is 



given by 

X and Ir represent matrices with input and output vectors respectively as 

columns for al1 DMU's. Xk and ki: are the input and oiitpiit vectors of 

the particular DMU under consideration. A DMU is efficient if $'Yk = 1, 

w* E Int V and p* E Int U, where '*' indicates an optimal solution of the 

above problem. 

In particular, for polyhedral cones, (Le., cones wliich can be represented 

as an intersection of a finite number of half-spaces) one can write 

V = { r u  E Sm: lu = A ~ ? ,  fo r  somt :y 2 O} 

U = { U E % ~ : U =  B ~ Z  for s o r n e z ~ O ) ,  

for some m x 1 matrix A and some s x k matrix B. Thus, the problem can 

be reformulated as 

Maz  ? ( B Y ~ )  

~ . t .  ~ ( A X ) + Z * ( B Y )  5 0  

y T ( ~ ~ k )  = 1 

y L O ,  2 2 0  

y E E', z E E ~ .  



The authors show that certain fundamentals from linear programming the- 

ory hold for the cone-ratio model, such as weak and strong duality theorerns. 

They establish the existence of at  least one efficient DMU in the cone-ratio 

model and the projection of inefficient DMU's onto the efficiency surface, as 

well as the equivalence of an efficient DMU and a non-dominatecl solution 

from multi-objective programming. It is proven that a DMU ranked as effi- 

cient under the CCR test will also be efficient in the cone-ratio mode1 if the 

optimal dual solution from the CCR test is contained in the constraint cone 

used in the cone-ratio model. Otherwise, it will be ranked as inefficient. 

The additional constraint cones may be selected so as to ernphasize par- 

ticular inputs or outputs or so as to favour individual DMU's. A constraint 

cone tilted towards any objective, whether an input or an output, will em- 

phasize that objective. To favour certain DMU's, one can place bounds on 

the virtual multipliers. Those DMU's with ratios of multipliers falling within 

the ranges specified by the bounds will remain efficient. In the case of poly- 

hedral constraint cones, one can use the cone spanned by the optimal CCR 

test dual vectors of those DMU's deemed most efficient by expert opinion. 

Example 4.4 Let us use this method for the two DMU's in Example 4.1. 

We leave the input multipliers unaffected and constrain the ouput multipliers 

by defining the cone U = {ATa: <Y 2 O) with 



This is equivalent to perturbing the data in tlie following miuiner: 

If a' is sufficiently small and a2 is sufficiently large, tliis spprmimates to 

Thus, al is dorninated by the observed value of y,, and a2 dominates the 

observed value of 1 ~ 2  The DMU's originally producing the most y2  will still 

be efficient. Here, the efficiency of both DMU's will be preserved under 

the additional restrictions. If a2 is sufficiently smsll and a' is sufficiently 

large, the situation is reversed. In that case, only D1l.IUz would maintain 

its efficieney. Similar cones can be constructed for the inputs. Only those 

DMU producing the least amount of the emphasized input would retain their 

efficiency ranking. In order for us to initiate an empliasis towards a DMU 

by using appropriate optimal virtual multipliers to construct the cone, we 

would require a larger sample size. 



4.5 Assurance Regions 

Thompson [55] has done a great deal of work on a concept tliat he refers to 

as Assurance Regions (AR). The method was first used in determining the 

optimal location for a Superconducting Super Collider physics lûboratory in 

the U.S. when standard DEA techniques returned a11 six possible locations 

as efficient. The technique is applicable to any model; it seeks to include 

'price-cost' inequality bounds for the mathematical multipliers in the DEA 

problem, thereby reducing the number of efficient DMU's. One can use 

survey data and expert opinion to specify or estimate boundary conditions 

for the virtual multipliers. 

For DEA problems with a finite number of DMU's and a well-defined data 

dornain, Thornpson defines a Strict AR to be a subset of virtual multipliers 

W such that the vectors w, excluded from the AR, are not reasonable virtual 

multipliers. A Flexible AR is defined such that it permits a low probability 

for the exclusion of some reasonable virtual miiltipliers. Here, the set of al1 

virtual multipliers W is equal to the union of the AR and the set of excliided 

virtual multipliers. 

Initially, Thompson considers a sequence of Assurance Regions wliich 

gradually refine the original feasible set. Under this AR-1 principle, the 

regions can be specified as separable cones by using homogeneous sets of 

linear inequalities. Specifically, he looks at the use of conc'ratios, but this 

restriction is not necessary. In particular, he employs the use of bounds on 

the ratios of virtual multipliers. Thus, an AR-1 model can be described by: 



Max 2 / T ~ "  

s.t. 2TX"c = 1  

7JTY-zTx < O  - 

k 
gj% 5 ./i, j = 1, a.., S, i = 1, . . a ,  s 

xi@& < ~ j ,  - j =  1 ,...,TI?,, i =  1, ..., m, 

z, 2- O, 

where or and ,O represent bounds on the changes in cotis~impt~ion or protliir- 

tion levels. This reflects a more reatistic input-output beliaviour dyiisinic. 

Practically, one can construct an input cone and un output cone. The AR-1 

consists of al1 vectors tu = [v, uIT where v belongs to the outpiit cone and w 

belongs to the input cone. 

AR-1 does not specify any interrelationships between the input and output 

prices. So Thompson theoretically considers an additional tightening AR-II 

which specifies the input and outputs cones and defines linkagc constraints 

a, 5 yj/xi 5 Pij between the input and output virtud multipliers. These 

non-separable cones allow the inclusion of price ratios relative to marginal 

rates of substitution in the model. 

4.6 Dynamic Efficiency 

As complement to Thornpson's developrnent of Assurance Regions, Van Rooyen 

[56] uses parametric analysis as a means of interpretating the CCR efficiency 

test. He also introduces a modified test which measures the dynamic effi- 



ciency of a DMU. 

For the CCR test, lie shows tliat 

where E ( ~ )  is the efficiency evaliiation for an inefficient DAdUk >riid :clw auid 

$) are the largest individual cornponents of the optimal solution (s*, y*). 

So I l i (k)  is the rate of increase of efficiency of DMUk for an increase in output 

i wliile is the rate of decrease of efficiency for an increase in input j .  Iii 

addition, if the efficiency remains constant under perturbations of the data, 

then s!k)/yik), when well defined, is the sliadow pricc of outputting ./j relative 

to inputting xi. 

The modified test is 

Max 

This program is dependent upon a fixed c, le1 < 1, chosen to rcflect the 

marginal efficiency over the usual efficiency. It measures how much better 

an efficient DMU can become in relation to its efficient peers. Similarly, one 

c m  determine by how much such a DMU can be worsened by minimizing 

the above model. 

Example 4.5 In an application to the two DMU's from Example 4.1, 

we have imposed linkage constraints ax 5 y1 5 ,& on the feasible set, 



inducing an increasingly restrictive cone. This is equivalent to placing bounds 

on the marginal rate of substitution of output 1 with respect to the input. 

Thompson refers to this as AR-II. It is also suggested in Van Rooyen and in 

the cone-ratio methods described earlier. The results obtained were: 

cv Dn/lU1 DMU2 

2 4 in f easible in f easible 

1 3  1 1 

0.5 1 1 1 

0.5 0.75 0.875 1 

O 0.5 0.75 1 

Van Rooyen's dynamic mode1 for determining how much better an efficient 

DMU can become than its efficient peers gives the following results: 

Clearly, DMUz is more resilient and its efficient ranking is more secure than 

DM&. An attempt to determine how much worse a DMU could become 

resulted in unbounded solutions for both DMU's for the the values of 6 given 

above. 



4.7 Structural Efficiency 

In [60], Zlobec suggests a form of parametric post-optimality analysis, the 

goal of wliich is t o  reduce the number of DMU's classified as efficient. The 

feasible set of an efficient DMUk is systematically decreased in an econorni- 

cally meaningful way using the model: 

(PO,  8) Max (y, yk) 

SA. ( y , Y k ) ) l x J k ) ,  j = I  ,..., N 

(x, xk) = 1 

x,y'O 

2 E C@), y E c&9. 

Here Ci (8 )  and Cz(0) are cones of the form 

and A(0) and B(0) are matrices whose elements are continuous functions of 

the vector parameter 0. Tlius, a structurdly efficient DMU. rc?lat,ise t,o suint! 

prescribed O", is defined to be an efficient DMU that remains efficient for 

every sufficiently small stable perturbation from O0 in the inodel (PO, 0). 

Zlobec notes that the chssificstion of a DMU as structiirally efficient is 

dependent on the initial O" and on the allowable pertiirbatioiis. Also, every ef- 

ficient DMU that remains efficient after applying (PO, O ) ,  withoiit restricting 

perturbations to  stable paths, is structurally efficient but the reverse is riot 



necessarily true. The intent of the method is related to Thompson's Assur- 

ance Regions or to the Cone-Ratio methods with the additional requirement 

of stable perturbations. 

Example 4.6 Recall the two DMU7s from Example 4.1. Notice that the 

CCR model for DMU2 in our example reduces to a program in two variables: 

We will take 

ci(e) ={XE Rlx=u ,  u 2 0 )  

where 0 is allowed to Vary in the interval [O, 21. We are imposing no change 

on the inputs from the usuaI CCR test and we are invoking a decrease in each 

of the outputs by the parameter 0. For 1 5 0 5 2, the feasible set consists 

of the single point IJ~]* = [O,  0IT and so the model has an objective value 

equal to O. For O < 0 < 1, the feasible set is a triangular region determined 

by the constraints 



where the original variables y, and .y2 are transformed by 

The optimal value is 1 so DMU2 rernains efficient for tliese pertjiirb;tt.ions. 

For 8 = O, we recover the original problem. 

An increase in 0 starting from O does not affect the efficiency ranking. 

A local increase from 19 = 1 causes DMUz to lose its efficiency, but such 

perturbations are not stable because the feasible set drops to a point and, 

therefore, DMU2 is considered structurally eficient. Note that it  would not 

remain efficient under equivalent cone restrictions in the cone-ratio model. 

4.8 Summary 

In this chapter, we have studied some of the popular post-optimality analysis 

approaches in DEA. Every approach described in this chapter has different 

goals and is structured to permit particular, and differing, perturbations of 

the data. The methods can be divided into one of two classes: those that 

seek to gradually restrict the feasible set in a meaningful way in order to 

eliminate some of the DMU's classified as efficient, and those that attempt 

to determine those perturbations which preserve the efficiency classification 

of a particular DMU while the others remain unperturbed. Those that fa11 

into the former category include the cone-ratio model, assurance regions and 

structural efficiency. A gradua1 elimination process is effected by adding and 

then tightening additional constraints based on economic interpretations. 



The idea of a structurally efficient DMU is advantageous because tliere are 

no limitations as to the allowable perturbations of the data. Also, interest is 

restricted to stable regions so that the feasil.de set and the optimal solutions 

change in a continuous (economically meaningful) fashion. 

The latter methods are dependent on the clioice of norm and are only 

readily solvable for the I I  and 1, norms. In these cases, the programs can 

be reduced to linear ones, using familiar substitutions. Perturbations are, 

in general, restricted to very pxticular cases in the data of a single DMU. 

In addition, results may be misleading if the method is dependent oii main- 

taining the original optimal basis. In this case, a global maximum rnay not 

be found since DEA problems are degenerative in nature, and thus multiple 

optimal bases are likely to exist. 



Chapter 5 

Radius of Rigidity Approach 

In this chapter, we study a new approach in which we classify efficient DMU's 

by their "radius of rigidity". The radius of rigidity problern seeks to de- 

termine the maximal radius that guarantees the continued efficiency of a 

currently efficient DMU. Much of the work that has been done in this field 

involves perturbing the data only for the DMU currently iinder coiisidera- 

tion, whether it be efficient or inefficient. Here, we shall restrict our interest 

to efficient DMU's, but we will allow perturbations of the data for d l  DMU's 

except the DMU currentl y under considerat ion. 

5.1 Theory for Radius of Rigidity Approach 

In the theory that follows, the maximal radius of rigidity problem is formu- 

lated as the parametric optimization problem 



(L @, k) Max Il Il 
s.t. ( Y ~ ( ~ ) , ~ ) S ( X ~ ( O ) , Z )  j = l ,  ..., N, j f k  

(xk, 2) = 1 

(yk, y) = 1 

y 2 O 

x y o. 

We have referred to Our problem as (L, 8,  k). The 8 indicates a parametrized 

problem; the L stands for linear. Since the objective function is a norm, it  

is convex in 0 and, for fixed 0, al1 constraint functions are linear in x and 

y. Notice that we are maximizing a convex function. We Ml1 thus restrict 

oiir attention to norms which can be transformed into linear fiinctions, for 

example, l 1  or 1,. More work needs to be done for the 1, norm since the usual 

transformation for minimizing this norm does not hold for a maximization 

problem. For the moment, we will spacifically consider the Z1 norm. 

We initially consider an efficient DMUk at 0 = O, an unperturbed prob- 

lem. The rounded brackets indicate the Euclidean inner product and 0 is a 

vector determined by the perturbations which one wishes to consider. The 

constraints are identical to those in the original CCR test except for the ad- 

dition of the constraint (Yk, y) = 1 and the deletion of one of the reference 

set constraints, (yk, y) 5 (Xk, 2). The additional constraint forces DMUk to 

remain efficient for perturbations of 0 not equal to zero. The constraint that 

was removed was necessarily active but was redundant because the problem 

already specifies that (yk, y) = 1 and (xk,  x) = 1. As in the CCR test, we 

assume that al1 components of Xj  and Y j ,  j = 1, ..., N, are striçtly greater 
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thon zero. We can now formally define the radius of rigidity. 

Definition 5.1 The radius of rigidity of an eficient DMUk is the optimal 

vdue of (L, 8, k). 

The radius of rigidity for an efficient DMUk is a iiniform measure of 

the greatest allowable specified perturbation of the data which ensures the 

continued efficiency of DMUk. The goal of the radius of rigidity problem is 

to provide a means of ranking the efficient DMU's. The interpretation of the 

radius of rigidity is as follows: it provides a n  indication of how secure DMUk's 

efficient ranking is with respect to the assurned attempts at improvement 

by other DMU's. in other words, it indicates how long an efficient DMUk 

can remain static and still be efficient while the other DMU's continue to 

improve. In order to make cornparison meaningful, we scale al1 input and 

output data to be between zero and one. (This can be done by dividing each 

input (output) by the largest one of the same type. Recall Section 2.3 for a 

justification.) 

If we assume that inefficient DMU's will attempt to improve their effi- 

ciency, then we should define the perturbations for these DMU's by 

Note that for X(O), Y(O), i.e., when 0 = O, DMUj is unperturbed. For 

an efficient DMU, there are two possible scenarios. Either we assume that 

these efficient DMU's are attempting t o  increase their cornpetitive edge, in 



which case perturbations for these DMU's would be specified as above. Or, 

we may assume that they choose to  cut back on production while remain- 

ing efficient. In that case, the perturbations of their data should be defined by 

(5.4) X,(û) = [x + O ] , ,  i = 1, ..., lm# 

(5.5) x(6) = [I' elii i = 1, ..., s 

(5.6) 0 2 o. 
One may tailor the perturbations according to the type of situation regascling 

which one seeks information. 

Let us point out that although we consider the radius of rigidity for an 

efficient DMU, the problem could be formulated for an inefficient DMU if, 

for instance, one wished to determine how resilient an inefficient DMU wns 

to perturbations of the data. This could be done simply by replacing the 

constraint (Yk, y) = i by (Yk, y) 5 1 or by forcing (Yk, Y) to be greater 

t han the actual efficiency evaluation. 

An alternate approach to the radius of rigidity problem is given by 

provided the optimal value of (X" x) = 1. However, it remains to be shown 



tliat the optimal value of the expression ( x k ,  :ç) is always 1, arict that in- 

feasibility indicates that DAdUk can no longer remüin efficient under the 

perturbation 9. This problem is equivalent to  a multi-objective program 

with equal weights on the two objectives. 

It is well known that the KKT conditions arc necessary and sufficient con- 

ditions for optirnality of programs with linear constraints. (For the IMT con- 

ditions, see Section 3.3.) However, the above model is not a linear progrnm 

(jointly in the (x, y, O) variable). So to check optiinality, we need different. 

optimality conditions. First, we observe the equivalence between the KKT 

optimality conditions and the saddle point characterization of optimality for 

a fixed 8. Consider the linear model: 

where f (., 8) and f "a, 8), i E P are assumed to be linear for every B. Let us 

construct the corresponding classic Lagrangian 

and define m to  have the cardinality of P. 

Theorem 5.2 Consider (L, 9 )  where al1 junctions are dlflerentiable in x 

around some O.  Then: for every fized 8 E SJ', at an arbitranj z* E F(B) ,  the 

KKT conditions 



are satisjîed if, and onlg 2% for the same vector function U(0): 92P -+ %y, we 
have 

(5.10) L(x*,  U; e) 5 L(x*,  % ( O ) ;  O) 5 L ( X ,  ü(0); 0) 

for every x E Rn and for every u E 

This is a well-known fact. (See, e-g., [62].) 

In order to solve the problem (L, 8, k), we wiil use a marginal value 

formula. First, we need conditions for the boundedness and continuity of the 

Lagrange multiplier function. (We do not know how to prove the marginal 

value formula if these functions are discontinuous.) It is well known that 

Lagrange multipliers are unbounded if the constraints do not satisfy Slater's 

condition. 

We will establish a form of the marginal value formula which uses a 

restricted Lagrangian. For a general convex mode1 

around a fixed O* E F, define 

where P<(0*) is as defined in Chapter 3. Let c be the cardinality of P<(B*). 



Theorem 5.3 Consider the convex model (P, O )  around some O* and a re- 

tjion of stability S ut O* .  Then there exists a neighbourhood IV(@*) of H* 

such that, for every Jxed 0 E N(B*) n S, Z(0) E F,=(8) is an optimal so- 

lution of the program (P, O )  i f ,  and only ij', there exists a uector function 

6: N(B*) n S + !RC, such that 

for every u E R+ and every x E F,'(B). 

The proof of this theorern is given in [60]. The proof given there also 

establishes the fact t l~at  

iii(0)fi(~(O),e) =O. 
iEP< ( O * )  

Theorem 5.4 Consider the convex model (P, O )  around some O* with a 

realistic objective funciton. Let S be a region of stability ut O* and let F,= 

be lower-semicontinuous ut O* relative to  S. Consider a sequence of sets of 

Lagrange mzlltzpliers (G(8)) from the saddle-point condition (5.12) as O + 
O * ,  O E S. Then every sequence u(0) E { i i ( B ) }  is uniformlg bounded for  al1 B 

suficiently close to  O* and al1 its accumzllation points are i n  (ii(0')). 

The assumptions for the MVF require lower-semicontinuity of F'(6) and 

uniqueness of the optimal solution and of the saddle point. We will also 

require certain assumptions about 9. Let us consider perturbations in ( a  

particular region of stability): 



Theorem 5.5 (Marginal Value Formula) Consider th,e convex mode1 (P,B) 

with a realistic objective function ut some O * .  Let us assume that the mdap- 

pin9 F=: 0 -+ F=(O) is lower-semicontinuoz~s nt 0' relative to  the set S, and 

that the snddle point { Z ( B * ) ,  pi (B* ) }  is  ?unique. Also s?q~pose that the gradients 

Vo f (z, O), Vo f ":z, O), i E P< ( O * )  are continuous nt ( .?(O*) ,  O * ) .  Then, for 

every sequence 19 E S, 9 + O* for which the limit 

exists, we have 

ProoE First we note that, for perturbations in S, 

F r @ )  = {x: f2(x,8) 2 0, i E P'(B*)} 

= (2: fi(2,0) 5 O, 2 E P=(O)} 

= F=(8) .  

Therefore, the requirement on Iower-semicontinuity of Ff in Theorem 5.4 

and the usual MVF (see [60], Theorem 10.1) can be replaced by requiring 

lower-semicontinuity of F=.  But the latter implies lower-semicontinuity of 

the mapping F. (See, e.g., [53], Lemma 1.4.) Hence, S is a region of stability. 

We also note that for perturbations in S, the two inclusions can be rewrit- 

ten as 

F(0*) c F*=(O), F(9)  c F:(e*). 

Using the saddle-point condition from Theorem 5.3 for O E N(0*)  n S, we 



for every z E F,=(O), and for every u E %*, and, in particiilar, at 0 = O*, 

for every z E F,'(O*), and for cvery v E 8%. 

and 

After rearranging the above saddle-point conditions and adding and sub- 

trncting the term L: (?(O*) ,  iï(0); O ) ,  we obtain 

for every z E F*=(B), and for every v E 91:. 

By choosing v = G(9') E RC, and x = 2(0*) E F,'(B) by the assumptions, 

we have 



for some point PU between 0 and O * ,  by tlie Mean Value Theorem. 

The index set P<(B*) can be split into two parts: the active constraints 

and the nonactive constraints 

Note that 

[s(e) - Gi(6*)] fi(5(0*), 0) 5 o 
ir P, 

for 0's close to O * .  (Recall that üi(B*) = 0, I E P,l, by the KKT condition). 

Also note that 

and hence 

f yqe* ) ,  O )  - f i ( ~ ( o * ) ,  O * )  
lim [Q) - üi(0*)] = O 

O€S;O+O' isFa Il6 - O* Il 

whenever Ci(O)  + C i ( @ * ) ,  i E P<(0*), b y  Theorem 5.4, and because the 

functions f i  @ ( O * ) ,  .) , i E P are assumed differentiable. 

On the other hand, 

for every x E F,'(O*) and u E RC,. 



After adding and subtracting the sarne term, and specifying u = G(O*) and 

z = $ ( O )  E F*=(B*) by the assiimtion, the first and tliird terms cancel. This 

yields 

f (e) - J(s*) 2 v,,L; (i(o),  q e * ) ;  W ) ( O  - O*) 

for sorne tu between 0 and O* by the Mesn Value Theorem. Bounding f(9) - 

f ( O * )  from both sides with the above inequalities, dividing by (10 - O * ( (  and 

letting t9 -+ O* cornpletes the proof. 

The above proof was essentially given in 1621. We have reprodiiced it 

here for the sake of completeness. The same formula holds under différent 

assumptions, as will be shown in Theorem 5.6. Biit first, let us explain in 

the next section why such a formula is important. 

5.2 Input Optimization 

Input optimization employs the marginal value formula in an iterative man- 

ner to irnprove the current optimal value of the objective function. In oiir 

particular case, we wish to find the largest possible radius of rigidity and' 

therefore, are maximizing the objective function. In application, we will con- 

sider the problem as the minimization of the negative objective function. 

Tlius, we wish to find a path dong which f(0) is srnaller tlian ?(O*) or, in 

other words, where the left-hand side of the marginal value formula is strictly 

negative. The path should preserve continuity of the feasible point-to-set 

mapping F. 

The input optimization process is two-fold. At each step, one determines 



a stable path of improvement, and then determines the maximal st,ep that 

can be taken dong that path so that the path remains feasible and there is 

local improvement of the objective. Once we have deterrnined a better input, 

we repeat the process until a locally optimal input hss been determined. 

Note that different initial choices for 0 gcnerally resiilt in different locdly 

optimal inputs. However, in Our case, we will dways begin with O0 = O (i.e., 

unperturbed data). 

While any choice of path is acceptable, we simplify our calculations by 

considering only linear paths. Thus, we are interested in changes to some 

known On dong the path 

where dn is the direction of improvement. A direction dn which guarantees 

that the left hand side of the MVF be negative and, therefore, that the opti- 

mal value of the objective function is locally decreasing, c m  be determined 

by 

rF = -vo L: ( l ( O n ) ,  q B n )  ; O"). 

Step two concerns the step size problem: how to determine an optimal a,,. 

By substitriting On+' = On + andn into (L, O,  k), one is left with the problem 



As f(ak) is generally not known explicitly, we would use approximation tech- 

niques such as the Golden Section Method. This is a numerical approxima- 

tion technique which allows us to localize an optimum of a functioii by ggrd- 

ually reducing the interval in which the optimum lies. The process works for 

unimodal functions in one variable. (Tliese are functions which have u. local 

minimum x* and for which the following properties hold: 

and 

if x* 5 x 1  <Q, then f(x2) > f(xl).) 

The first step is to localize the interval [aa7 ho] which ensures feasibility and 

contains the local minimum by evaluating the function a t  two points. Then 

we symmetrically reduce the original interval by çalculating the value of the 

function at only one point. (For details, see, e.g., [60]). We wili return to 

this method in Sections 8.2 and 8.3. 



5.3 The Marginal Value Formula Revisited 

In this section, we derive the marginal value formula under different assump- 

tions than those in Theorem 5.5. These new assumptions appear to be more 

appropriate for the radius of rigidity approach defined by (L', 9,  k). Oiir 

problem is of the form 

(L',  8) Min, f (x, 0) 

s.t. fi(z,B) 5 0 ,  i E &  

A(0)x = b. 

Define the restricted Lagrangian hvolving only the objective and the inequal- 

ity constraints as 

and the saddle-point condition 

for x E F,'(B) and u E R$, where c' is the cardinality of 8. 

The new assumptions require that there exists a generalized Slater's point 

at 0'. We say that the constraints of (L', O * )  satisfy the generalized Slater's 

condition if there exists a point X I  such that 



Theorem 5.6 (MVF under Generalized Slater's Condition) Consider 

the mode1 (L', O )  with a realzstzc objective function ut some O* and a region of 

stability S at 0' intersected with the set { O :  F(0*) & F'(B), F ( e )  F=(û*)}. 

Assume that the saddle point {E(e*), ü(0*)} zs unique and that the qradi- 

ents Vo f (2, O),  Vo fi(x, O ) ,  i E Q are continuous ut  {E(9*), O*). Also ussame 

that there ex& a generalized Sluter's point at O*. Then for euerg sequence 

O E S, 0 -t O* for which the lirnit 

exists, we have: 

(5.16) ( M V F ' )  lirn m - f@*) = ~ ~ t ~ ( q o * ) , q q  O * )  . l a  
oés;e+o* 11 0 - O* 11 

ProoE First, we note that when there exists a generalized Slater's point at 

O*, then the set Q from (L', O )  is the usual PC(O*) from ( P ,  0) and F ( B * )  

is the set of equality constraints. On the region of stability S, there exists 

a neighbourhood N(B*) of O* such that P=(O) P=(B*). (See, e-g., [60], 

Theorem 7.13.) But PZ(O*) is already just the set of equality constraints, so 

the active constraints for al1 B E N ( P )  n S are also the equality constraints. 

In other words, in terms of our original notation, P=(B*) = F ( 0 ) .  This 

means that Lc = LI with c' = card{ Q}.  Also, lower-semicontinuity of 

F(0)  implies lower-semicontinuity of Fe= ( O )  = F' ( O )  under the generalized 

Slater's condition. 

Using the saddle-point condition from Theorem 5.3 for 0 E N(6') n S n 

{e:  ~(6.1 c F=(e) ,  F(e )  c F=(e*)} ,  WC? have 



for every x E F,'(B), and for every u E 8$, and, in particular, at t9 = B*,  

for every z E F,=(8*), and for every v E 8:. 

and 

Thus 

and 

L'(Z(O*), qe*) ;  O * )  = f(o*). 

After rearranging the above saddle-point conditions and adding and sub- 

tracting the term L L ( Z ( B * ) ,  % ( O ) ;  O ) ,  we obtain 

for every x E Fe=@, and for every v E !R$. 

By choosing u = G(B) E F+ and x = = (O* )  E F(e*)  C F=(B) = F'=(O), 

since F ( 8 )  = P= ( O * ) ,  and after cancellation, 



where î1) is some point between 8 and O* by the Mean Value Theorem. 

Similarly, 

for every z E F,'(O*), and for every u E R:. 

Take u = Q(0*) E R$ and z = Z(0) E F(O) & F'(0*) = Fr@*) since 

P'(8) = P'(B4). Thus 

( O )  - O * )  2 L~(I(B),  îi(o*); O )  - L ~ ( I ( B ) ,  u(o*); e*) 
= v o ~ ~ ( z ( e ) , u ( s * ) ;  wt)  (e - e*) 

where w' is some point between 0 and O* by the Mean Value Theorem. 

Dividing by II 0 - 0' 11, we have 

As 6 + O*,  w and w' approach O*,  Z(0) + ?(O* )  and G(0) + U(û*) by Theo- 

rem 3.9 and by Theorem 5.4, for 8 E S, respectively, and by the uniqueness 

assumption on the saddle point. 

So taking the limit, we have 

Al1 of the above results require that we work in a region of stability. A linear 

mode1 with a realistic objective function that satisfies lower-semicontinuity 

of F'(0) and a generalized Slater7s condition a t  O* is stable at any 6) in a 



feasible neighbourhood of O*.  (See [60], Tlieorem 14.1.) Hence the moclel 

(LI, O ,  k) is stable at  0'. We give a direct proof. 

Theorem 5.7 The radius of rzgidity tests (LI, 0, k), where k represents 

an eflczent DMU, are stable ut everg O* for which the genemlized Sluter's 

condition holds. 

ProoE Consider Xj and ~ j ,  j = 1, .., N as the parameter evsluated at 

some O * .  Note that the mapping F=: û + F'(0) = {y: (Yk, y) = 11, where 

Y = yk ( O ) ,  is lower-semicontinuous because Yk > 0. 

Clearly, the objcctivc function is realistic. Since Xk > O and yk > 0, the set 

F(0)  is bounded. Thus, F(e) is bounded and there exists an optimal solution 

for an initial O * .  

Next we will construct a Slater's point for the inequality çonstraints. Take 

y* = (y,') E 91S such that y! = ( s P ) - l , i  = 1 . .  S.  Clearly, y* > O and 

(Yk, y') = 1. One can now construct x* E ??lm such that x* > O and 

(Yj, y*) < ( X j ,  x*), j = 1, .., N and (Xk, x*) < 1, since the kth constraint 

h a .  been removed from the reference set. Thus (LI, 8,  k )  is stable a t  O*. 

5.4 A Modification for the Radius of Rigidity 

Approach 

If a MVF does not hold, it is still possible to find a better O, in the sense of s 

larger optimal value function. For each variable, we solve a single parameter 

mode1 where 0 E R+ affects the variable under consideration for each DMU 



cscept an efficient DMUk. Thc inodel is solved hy increasing 0 until the 

problem is no longer feasible. We recall that since the CCR model requires 

positivity of al1 data and we are subtracting 0 from the inputs, bounds must 

be established to ensure this. As long as the data has been normalized, we 

can compare radii of rigidity for different variables. One may then compare 

radii for different DMU's over different parameters. In particular, for each 

DMU, one can take the minimal radius of rigidity across al1 variables which 

does not represent an imposed bound and then rank DMU's by taking the 

maximum. We will designate this the max min ranking. 

5.5 Characterizations of Locally and Glob- 

ally Optimal Inputs 

We have seen that for each choice of the parameter 0, we obtain a model 

which we minimize over al1 feasible decision variables s E Rn. We have 

also shown that we can improve the optimal objective value in x and 0 via 

methods such as input optimization. Consequently, it is important in Our 

study of these models to be able to identify those inputs that are locally 

or globally optimal. After calculating the radius of rigidity, we can verify 

its optimality by an optimality condition. This is done in this section for 

(L, O,  k) , but the theory also holds for (LI, 0,k). 

Definîtion 5.8 Consider the radius of rigidity model (L, O, k) arovnd some 

0'. Let S be a region of stability at O * .  If 

f(~*) 5 m 



for e v e y  9 E N(B*) n S ,  where IV(@*) is a neighbourhood of O * ,  then 8' is a 

locally optimal input relative to S. 

Definition 5.9 Consider the radius of rigidzty mode1 (L, 0, k) uround some 

O * .  If 

f(9*) 5 f(0) 

for al1 û E 3, then B* zs a globally optimal input. 

Theorem 5.10 (Characteriration of Locally Optimal Inputs) Consider 

th4e radius of régidity mode1 (L, 0 ,  k )  at some O*.  Let ( E ( B * ) ,  $ ( O * ) )  be a cor- 

respondzng optimal solution and let S be a region of stability at 8'. Then O* 

is a Zocally optimal input with respect tu S i f ,  and only if, there exists a non- 

negative vectorfunction 2i: N(O*)nS + Re+ such that, whenever 0 E N(B*)nS 

ProoE (Necessitg) 

We know that j ( B )  exists and that f(0') 5 f(9) for al1 B E N ( O * )  n S. But, 

from the proof of the saddle point characterization of optimality (Theorem 

5.2), this is equivalent to 

for al1 (x, y) E 92m+s7 by the same characterization. This proves the right- 

hand side of the inequality. 



The left-hand side of the inequality follows iinmediately from feasibilitjr of 

("O*) ,  jj(8*)) and by positivity of u. 

(Sqficéenc y) 

The left-hand side of the saddle-point condition gives 

for al1 u E 8%. (We are using f' to represent the constraint functions and 

the set P to represent al1 constraints. Recall that any equality constraints 

can be converted to two inequality constraints.) Setting u = O gives 

f(.(e*), g(e*), e*) f(z(e*), g(e*), e*) + C &(o*)j"(a(e*), g(e*), O*) 
iEP 

r f(W*)?i@*),~*) 

by feeasibility of (Z(B*), $(O*)). But this implies that 

üi(8*)jZ(s(0*), *(O*), O * )  = o. 
iE'P 

Hence, by the right-hand side inequality 

for al1 (z, y) E Rrn+'"+". In particular, for (x, y) = (? (O) ,  f i (@) ) ,  wc. have 

for al1 O E N(B*)nS by non-negativity of u(8) and by feasibility of ( $ ( O ) ,  i(0)).  

Thus, 8* is a locally optimal input. 



Theorem 5.11 (Characterization of Globally Optimal Inputs) Consider 

the radzus of rigidity mode1 (L, O,  k )  at some O * .  Let @ ( O * ) ,  y(@*)) be a cor- 

responding optimal solution. Assume that 57 + R exists. Then O* is a 

globally optimal input 2 f ,  and only zf, there exzsts a non-negatlve vector func- 

tzon U: 7 + R: such that 

for every u E SC+, and for every (x, y) E Sm+'. 

The proof proceeds exactly as in the case for locally optimal inputs except 

that now 6 E F. 



Chapter 6 

Application of CCR Tests to 

North American University 

Libraries 

In this chapter, we provide the results of the CCR tests (CCR, k)  applied 

to 108 North American university libraries which constitute the university 

affiliated members of the Association of Research Libraries (ARL). CCR tests 

were applied to al1 108 libraries for the last five years of available data, with 

the exception of 1990-1991. The University of Auburn was not a member 

of the ARL in 1990-1991, so the CCR tests for that year are based on the 

remaining 107 libraries. The GAMS (General Algebraic Modelling System) 

optimization software package was employed for this purpose under a student 

licensed copy on a 486 IBM compatible to double precision. Al1 data are 

obtained from [47, 30, 31, 40, 411. They are scaled so that values fa11 below 



s thousand (see Theorem 2.6). 

Initially, DEA was based on the use of five vxiables: total volumes 

held, volumes added (gross) over the course of the acadernic year, num- 

ber of current serisls, total expenditures and the sum of profcssiond and 

non-professiond staff (not including student iissistûnts). Tliese arc the five 

variables employed in the determination of the yearly ARL Membership In- 

dex. Table 6.1 ranks the 108 members in dccreasing order of efficiency basrd 

on these five variables for 1994-95 using DEA (more precisely CCR) efficiency 

tests. The letter "En indicates an efficient library. Note that McGill library 

ranked l l th in that group in the 1994 academic year. (This appears t,o Lie 

a result of an additional 36 000 volumes added over the previous year and 

lui approximately $400 000 decrease in expenditures.) Prior to that year, 

during the period 1990-1994, McGill ranked consistently between 87th and 

96th. (See Table 6.2 for details.) 

Subsequently, in an attempt to determine more realistic efficiency evalu- 

ations, the CCR test was used with one additional variable: the nurnber of 

miçroform units. The ARL publications [47,30,91,40,41] provide a complete 

set of data for a11 108 libraries and it was included in the mode1 as an output. 

It is interesting to note that in al1 instances, the inclusiori of this additional 

output resulted in eitlier no change or an increase in the efficiency rating. 

There were certain libraries which consistantly exhibit cd a large increase in 

their efficiency rating with the additional data included in the model. These 

are Florida State University, University of Kentucky, University of Missouri, 

University of New Mexico, and both Virginia Polytechnic Institute aiid Vir- 

ginia State University counted as one university library (VPI & SU). Each 



Table 6.1: DEA ranking of efficiency for 1804-1985: 

Inputs: Staff, Total Expenditures 
Outputs: Total Volumes, Volumes Added (Gross) , Ciirrent Serials 

E. Chicago 
E. Georgia Tech 
E. Illinois, Urbana 
E. OklahomaState 

5. Auburn 
6. Yale 
7. Rice 
8. Dartmouth 
9. California, Davis 

10. California, L. A. 

11. McGill 

Duke 
Massachusetts 
Alberta 
Michigan State 
California, Santa Barbara 
Hawaii 
Queen's 
Colorado State 
Guelph 
Texas 
Washington State 
Louisiana State 
Rochester 
Oklahoma 
Georgia 
Howard 
Princeton 

Iowa 
Minnesota 
Laval 
North Carolina State 
Maryland 
California, Berkley 
South Carolina 
Virginia 
Notre Dame 
Arizona 
I<snsas 
B.C. 
Stanford 
Indiana 
Pennsylvania 
SUNY, Buffalo 
Harvard 
Columbia 
Ohio State 
Syracuse 
Michigan 
Oregon 
Washington 
Missouri 
Wayne State 
Purdue 
Kent State 
North Carolina 
Colorado 
Boston 
Nebraska 



Table 6.1 cont'd. 

Toronto 
Brown 
Southern Illinois 
Florida State 
SUNY, Albany 
Washington, St. Louis 
M.I.T. 
Corne11 
Wisconsin 
Tulane 
Alabama 
California, Riverside 
Conneticu t 
Case Western Reserve 
SUNY, Stony Brook 
Johns Hopkins 
Delaware 
Miami 
Arizona State 
Temple 
Waterloo 
Northwestern 
Saskatchewan 
Pittsburgh 
Utah 

VPI & SU 
McMaster 
Southern California 
Iowa Stste 
Western Ontario 
Georgetown 
York 
California, San Diego 
Vanderbilt 
Florida 
Emory 
Houston 
Brigham Young 
California, Irvine 
Kentucky 
Pennsylvania State 
Manitoba 
Cincinnati 
Tennessee 
Rut gers 
Texas A&M 
New York 
Illinois, Chicago 
New Mexico 



of these libraries showed an average increase in efficiency rating of at least 

0.3, suggesting a very large microform collection in comparison to the rest of 

their collection and in comparison to other libraries. 

The ARL Membership Index provides a very different ranking of the 

member libraries as compared to the DEA technique. We compare the two 

rankings in Table 6.2. There the first row for each library gives the ARL 

Index rank; the second row gives the DEA rank. Once again, "E" indicates 

an efficient library. ( These indices, as well as the raw data used in the DEA 

models, are available in the yearly ARL Statistical Publications [47, 30, 31, 

40, 411.) 

The ARL index is determined by the use of factor analysis, a set of 

statistical techniques commonly used in the social sciences. The technique 

atternpts to find and characterize underlying dimensions or factors in a large 

set of data. The specific method employed is principal component andysis, 

in which the original set of variables is represented in terms of a number of 

common factors. These factors are determined in sequence so tha t  at each 

successive stage a maximum of the total variance of the original variables is 

accounted for. Thus, the first principal component is a linear combination 

of the original variables contributing a maximum to their total variance; the 

second, uncorrelated with the first, contributes a maximum of the residual 

variance, etc. In practice, only a few of the components need to be retained, 

particularly if they account for a large percentage of the total variance. 

In the case of the ARL data, using factor analysis, it was determined 

that there exist four strong patterns of library relations, the first of which 

clearly represents library size and resource deployment. By analyzing the 



correlation matrix, one determines a subset of five variables, as indicated 

above, associated with the hypothetical component representing library size. 

R o m  the correlation coefficients between these five variables ilnt1 the hypo- 

tlietical factor, one derives the factor loaclings which are essentially weights 

associated with each variable. The index score is then found by rnultiplying 

these weights by the data and summing over the five variables for cach in- 

dividual library. It was found tliat the ARL data. is lognorriial ratlier t81iaii 

normal, so logarithms of the original data are used. Also, since the technique 

is dependent on the total variance of the original variables, it is sensitive to 

linear transformations such as change of units. Conseqitently, al1 ~111liies are 

expressed in standard normal form. The resulting set of scorcs approximates 

a normal curve with Harvard consistently ranking number one overdl. Based 

on its expenditures, its collections and the number of staff, Harvard is larger 
l 

than any of the other ARL members. ARL membership criteria requires a 

score of over -1 and membership may be withdrawn if a library consistently 

earns a score of less than -1.75. Any score greater than O indicates that 

a library is above the median size. Al1 scores are relative to  the group of 

libraries and so changes in rank frorn year to year are also relative. Since 

the hypothetical component represents library size, the ranking gives no in- 

dication of quality of collections or services or of efficiency of operation. For 

more information on factor analysis or its specific application t o  the ARL 

data, one may refer to [37, 381 and [54]. 

As already indicated, there are discrepancies between the ranking of li- 

braries as determined by the use of factor analysis and by DEA. The former 

seeks to rank the libraries according to relative library size, whereas the latter 



attempts to determine the relative efficiencies. The first tliing that becornes 

apparent upon an inspection of the ARL and DEA rankings provided in Ta- 

ble 6.2 is the greater consistency of a library's position in the AR.L Index 

as opposed to the DEA rankings. This is readily esplainecl by the ditfcriiig 

intents of the two methods: the AR.L Index seeks to measure the relative size 

of its members which is unlikely to change drastically over a short period of 

time. Cornparatively, DEA seeks to rank the relative operathg efficiencies. 

While it is unlikely that the operating policies governing the levels of these 

variables will change radically from one year to another, it is possible that 

factors or events outside library control may result in sharp ciits in esprn- 

ditures or staff or an unexpectedly large number of new volumes added to 

the library, thus altering the efficiency levels. (An illustration is the McGill 

library jump to llth position in 1994-95 from 95th position a year earlier. 

This was a result of an increase in volumes added and a decrease in total 

expenditures.) What can be seen from Table 6.2 is that, while there are 

greater yearly fluctuations in a library7s position under DEA, the libraries 

tend to remain within a certain range; thus, the top ten remain within the 

top ten, the bottom ten stay at the bottom, and sirnilar patterns occur in 

groupings of libraries ranked in the rniddle. 

The second noticeable difference between the two rankings is the dis- 

crepancies between a library's rank in the ARL Index and under the DEA 

evaluation. It is clear that there is very little direct correlation between size 

and efficiency. In fact, in many instances it would seem that the smaller 

libraries (i-e., those that rank low in the ARL Index) tend to be more effi- 

cient and the larger libraries less so. Thus, "big7' does not necessarily mean 



"better" in the sense of more efficient. It is likely that structure and orga- 

nization of individual libraries plays a much larger role in determining their 

efficiency ranking than does their size. (Harvard is ranked lst  in 1994-95 by 

the ARL Index and only 45th when its efficiency was questioned by DEA.) 

An additional consideration is the choice of variables. DEA was based on 

the same variables as were used in the factor analysis in order to allow for a 

direct cornparison. This may not have been appropriate given the distinctly 

different objectives of the two methods. DEA is specifically concerned with 

input to output ratios. The ARL data, up until 1994, had not provided any 

variables which would serve to give an indication of library use, such as circu- 

lation transactions. Nor are there any indicators of the quality of the services 

provided or of the collections themselves. Also, given the number of DMU's 

used, it would likely have been more appropriate to use more variables, but 

in many instances, the ARL data is incomplete. 

The top ten ARL members which have been consistently the largest for 

the last five years according to the ARL Index are Harvard, the University of 

California a t  Berkeley, Yale, the University of California at L.A., the Univer- 

sity of Illinois at Urbana-Champaign, the University of Michigan, Columbia, 

Stanford, the University of Toronto and Cornell, in approximately decreasing 

order. Of these ten, only two, the University of Illinois at Urbana-Champaign 

and the University of California at L.A., ranked as efficient under DEA dur- 

ing the same five year period. 

The University of Illinois at Urbana-Champaign was the only library to 

maintain efncient status during the entire five year period. 

The University of California at L..4., as well as Georgia Tech, rsxiked as 



efficient two years out of the five. However, the University of California at 

L. A. ranked higher during the other three years than did Georgia Tech. Other 

libraries to rank as efficient during the five year period were the University of 

Chicago, Oklahoma State, Michigan Stilte, the University of Nebraska, the 

University of Pennsylvania, the University of Kentucky, Colorado State and 

Wayne State. In general, there were three or four libraries ont of 108 that 

were ranked as efficient each year. 



Table 6.2: Cornparison of ARL and DEA rankings. 

Inputs: Staff, Total Expenditures. 
Outputs: Total Volumes, Volumes Added (Gross), Ciirrent Seriûls. 

Alabama 

Alberta 

Arizona 

Arizona State 

Auburn 

Boston 

Brigham Young 

BC 

Brown 

California, Berkley 

California, Davis 

California, Irvine 

California, L.A. 

California, Everside 

95 ARL Index 
70 DEA Rank 
25 
14 
29 
38 
31 
75 
75 
5 
61 
58 
74 
97 



California, San Diego 

California, Santa Barbara 

Case Western Reserve 

Chicago 

Cincinnati 

Colorado 

Colorado S t ate 

Columbia 

Conneticut 

Cornell 

Dartmouth 

Delaware 

Duke 

Emory 

Florida 

Florida State 

Georgetown 

34 31 38 40 41 ARL Index 
91 86 103 03 92 DEA Rank 
51 63 62 75 63 
66 52 87 88 16 
104 102 105 104 98 
59 72 83 72 73 
16 17 17 17 16 
10 O 10 8 E 
62 67 71 78 65 
103 102 99 103 102 
54 46 46 47 49 
32 28 32 38 57 
98 96 100 99 96 
E 4 8 9 1 9  
1 0 8 7 7 7  
11 67 63 54 46 
46 54 53 55 48 
34 18 17 47 72 
11 9 10 11 Il  
63 46 43 63 67 
81 79 68 73 68 
62 56 33 32 8 
67 71 78 80 87 
53 49 64 69 76 
19 24 24 23 20 
16 21 35 44 12 
50 48 48 45 50 
85 55 86 97 95 
28 41 39 37 35 
74 73 97 101 94 
58 80 82 79 81 
24 66 68 55 63 
52 51 49 52 45 
95 92 89 '79 90 



'90 '91 '92 '93 '94 

Georgia 30 32 32 30 30 ARL Index 
5 8 24 21 26 DEA Rank 

Georgia Tech 105 108 108 108 105 
E 6 14 30 E 

Guelph 99 100 104 102 108 
20 32 42 12 20 

Harvard 1 1 1 1 1  
46 59 70 74 45 

Hawaii 44 42 40 48 47 
7 3 4 6 1 7  

Houston 106 104 101 94 92 
68 69 58 78 96 

Howard 64 72 79 90 103 
81 75 75 73 27 

Illinois,Chicago 66 59 64 74 70 
107 105 108 108 107 

Illinois, Urbana 6 6 5 4 5 
E E E E E  

Indiana 15 14 13 14 14 
15 11 9 28 42 

Iowa 43 38 34 31 33 
26 23 19 15 29 

Iowa State 79 77 80 81 73 
70 58 65 70 88 

Johns Hopkins 35 36 36 39 39 
88 97 90 96 75 

ICûnsas 39 39 35 33 38 
52 55 44 26 39 

Kent State 87 93 102 105 91 
28 60 60 45 55 

Kentucky 59 34 52 58 51 
54 E 57 60 99 

Laval 56 52 51 54 55 
104 106 98 86 31 



Louisiana State 

McGill 

McMaster 

Manitoba 

Maryland 

Massachusetts 

M.I.T. 

Miami 

Michigan 

Michigan S tate 

Minnesota 

Missouri 

Nebraska 

New Mexico 

New York 

'90 '91 '92 '93 '94 

65 64 81 76 77 ARL Index 
19 29 15 11 23 DEARank 

41 40 42 44 43 
94 87 96 95 11 

86 87 97 97 99 
102 99 105 87 86 
94 99 98 101 100 
105 108 107 104 101 
42 50 50 41 42 
97 84 92 81 33 
93 90 77 77 70 
14 12 22 22 13 
61 58 56 61 66 
80 81 88 89 66 
73 60 54 57 62 
77 96 76 98 77 
7 11 11 6 8 
43 27 30 35 49 
40 43 41 38 37 
23 22 13 E 15 
14 15 15 15 15 
39 14 21 25 30 
72 62 59 65 60 
44 43 52 43 52 
76 76 74 56 76 
64 62 56 E 59 
60 53 61 53 52 
106 107 106 105 108 
27 29 28 26 23 
92 94 102 106 106 

North Carolina 22 19 20 19 19 
48 64 66 82 56 



Table 6.2 cont'd. 
'90 '91 '92 '93 '94 

North Carolina State 101 98 90 64 58 ARL Index 
99 98 95 67 32 DEA Rank 

Northwestern 31 30 30 20 32 
36 36 45 53 81 

Notre Dame 57 55 66 62 59 
25 26 46 40 37 

Ohio State 21 21 21 22 26 
42 38 34 27 47 

Oklahoma 97 89 91 86 88 
9 7 11 13 25 

Oklahoma Stûte 100 103 93 95 90 
30 45 5 7 E 

Oregon 88 88 88 87 80 
45 42 50 58 50 

Pennsy lvania, 24 25 16 21 22 
51 48 E 57 43 

Pennsylvania State 18 18 19 16 18 
89 79 81 100 100 

Pittsburgh 38 37 33 32 28 
65 68 79 92 83 

Princeton 17 16 18 18 17 
35 33 38 52 28 

Purdue 68 65 70 72 69 
87 78 73 59 54 

Queen's 83 82 83 82 85 
86 88 72 39 18 

Rice 107 107 103 103 104 
41 44 29 48 7 

Rochester 77 84 87 92 93 
21 24 20 19 24 

Rutgers 20 20 22 24 24 
101 104 104 107 104 



Saskatchewan 

South Carolina 

Southern California 

Southern Illinois 

Stanford 

SUNY, Albany 

SUNY, Buffalo 

SUNY, Stony Brook 

Syracuse 

Temple 

Tennessee 

Texas 

Texas A&M 

Toronto 

Tulane 

Utah 

'90 '91 '92 '93 '94 

92 91 06 98 101 ARL Index 
83 89 61 36 82 DEA Rank 
75 69 65 67 54 
27 35 52 76 35 
36 35 37 36 36 
6 40 84 18 87 
84 81 86 85 86 
29 13 16 24 62 
9 7 9 8 9  
47 51 55 65 4 1  
103 106 106 100 102 
78 76 69 66 64 
45 44 44 43 44 
49 41 36 42 44 
78 83 94 96 97 
76 71 80 84 74 
80 97 73 69 64 
67 47 62 37 48 
82 75 76 83 83 
61 70 82 85 79 
70 78 67 70 67 
75 74 77 91 103 
8 10 8 10 10 
8 17 26 14 21 
49 49 45 49 56 
79 90 31 94 105 
5 5 6 9 6  
72 77 78 61 60 
90 95 85 88 89 
58 61 53 41 69 
96 92 60 51 53 
50 63 67 68 84 



Vanderbilt 47 57 58 60 57 ARL Index 
84 100 94 102 93 DEA Rank 

Virginia 33 22 23 20 21 
57 25 37 20 36 

VPI & SU 85 86 89 89 82 
71 65 47 62 85 

Washington 12 12 12 12 12 
40 30 41 34 51 

Washington State 91 94 95 93 94 
60 53 48 31 22 

Washington,St.Louis 48 47 47 42 40 
55 50 71 75 65 

Waterloo 89 85 92 106 106 
100 80 93 99 80 

Wayne State 37 45 43 46 46 
E 20 25 33 53 

Western Ontario 53 56 55 63 71 
98 103 101 77 89 

Wisconsin 13 13 14 13 13 
37 34 39 49 68 

Yale 3 3 2 3 4  
31 16 12 16 6 

York 63 61 57 66 78 
90 95 91 83 91 



Chapter 7 

CCR Tests with More Data 

In this chapter, we select particular libraries for which more data is available. 

The libraries were selected according to the following criteria: al1 Canadian 

university affiliated Iibraries were included, also U . S. Iibraries whose size and 

organization are comparable to that of McGill and finally a few libraries that 

werc largest and rnost efficient overall as determined by the ARL Member- 

ship Index and by DEA respectively. The sets of fi17e and six variables arc 

identical to those used in the previous section: total volumes, volumes addecl 

(gross) in the aven year, current serials, number of professional and non- 

professional staff (not including student assistants), total cxpericlitiirrs. iuid 

the sixth variable, number of microform uuits. Eficiericy evaluatiom listcd 

in decreasing order for 1994-1995 are given iii Tables 7.1 arid 7.2. For tliese 

thirty Iibraries bczsed on a five variable anâlysis, only two arc foii~id ta 1x3 

efficient (the University of California üt  L A .  and the Uiiiwrsity of Illinois at 

Urbana-Champaign). 



Table 7.1: Selected libraries ranked by DEA in 1994-1995: 
Inputs: Staff, Total Expenditures; 

Outputs: Total Volumes, Volumes Added (Gross), Ciment Serials. 

E. California, L.A. 
E. Illinois, Urbana 
3. Duke 
4. Hawaii 
5 .  McGill 
6. Rochester 
7. Yale 
8. Queen's 
9. South Carolina 

10. Louisiana State 
11. SUNY-Buffalo 
12. Conneticiit 
13. Guelph 
14. Laval 
15. Alberta 
16. Brown 
17. BC 
18. Syracuse 
19. Southern California 
20. Washington, St. Louis 
21. Pittsburgh 
22. Toronto 
23. California, San Diego 
24. York 
25. Saskatchewan 
26. Johns Hopkins 
27. Waterloo 
28. McMsster 
29. Western Ontario 
30. Manitoba 



Table 7.2: Selected libraries ranked by DEA in 1991-1995: 
Inputs: Staff, Total E~pendit~iires; 

Outputs: Total Volumes, Volumes Added (Gross), Ciirrcwt Sri'inls? 
Microforms. 

E. California, L.A. 
E. Hawaii 
E. Illinois, Urbana 
E. Louisiana State 
5. Rochester 
6. Diike 
7. Queen's 
8. SUNY-Buffalo 
9. South Carolina 

10. McGiil 
11. Conneticut 
12. Yale 
13. Guelph 
14. Alberta 
15. Laval 
16. Syracuse 
17. BC 
18. Southern California 
19. Saskatchewan 
20. Brown 
21. York 
22. Washington, St. Louis 
23. Pittsburgh 
24. Western Ontario 
25. Johns Hopkins 
26. California, San Diego 
27. Toronto 
28. Waterloo 
29. McMaster 
30. Manitoba 



The set of twelve variables consists of the following inputs: number of pro- 

fessional and non-professional staff combined, number of student assistants, 

. total expenditures, expenditures on serials, expenditures on monogrspphs, to- 

tal saIaries and wages and total volumes borrowed in inter-library loans; and 

the outputs: total volumes in library, volumes added (gross) in the given 

year, total number of current serials, total microforrii units in the librsry and 

total volumes loaned in inter-library loans. Results can be found in Table 

Originally, a. variable indicating university size which summed the num- 

ber of staff and the number of full-time and part-tirne undergraduate and 

graduate students was included, but this was dropped based on the fact that 

this is not a factor over which the library has direct control. An additional 

model was run on 1994-1995 data which included as an output variable to- 

tal circulation transactions. This variable was included as an indication of 

library use. Efficiency evaluations are provided in Table 7.4. The selection 

of libraries and variables was, to a large extent, deterrnined by the data thst 

was available. 

As in the analysis of al1 108 libraries, the efiiciency evaluations showed 

either no change or an increase with the inclusion of additional data in the 

model. It is clear that too many variables in a model lead to a large pro- 

portion of relatively efficient DMU's. This warrants additional analysis such 

as the radius of rigidity approach. (Only two DMU's were classified as ef- 

ficient in 1994-1995 based on a model using five variables. This number 

increased to four in the six variable model and jumped to twenty-two and 

twenty-three respectively in the twelve and thirteen variable models.) Those 



Table 7.3: Selected libraries ranked by DEA in 1994-1995: 
Inputs: Staff, Student Assistants, Expenditures Expenditures: on Serials, 

on Monographs, Salaries & Wa es, Volumes horrowed in Inter-library 
5oans; 

Outputs: Total Volumes, Volumes Added (Gross) , Current Serials, 
Microforms, Volumes Loaned in Inter-library Loans. 

E. Alberta 1.00000 
E. BC 1.00000 
E. California, L.A. 1,00000 
E. Conneticut 1.00000 
E. Duke 1.00000 
E. Guelph 1.00000 
E. Hawaii 1.00000 
E. Illinois, Urbana 1.00000 
E. Laval 1.00000 
E. Louisiana State 1 .O0000 
E. McGill 1.00000 
E. Queen's 1.00000 
E. Rochester 1.00000 
E. Saskatchewan 1.00000 
E. South Carolina 1.00000 
E. SUNY, Buffalo 1 -00000 
E. Syracuse 1 -00000 
E. Toronto 1.00000 
E. Washington, St. Louis 1.00000 
E. Western Ontario 1 .O0000 
E. Yale 1 .O0000 
E. York 1.00000 

23. Pittsburgh O. 94496 
24. Manitoba 0.92004 
25. Waterloo 0.90182 
26. Johns Hopkins 0.52259 
27. McMaster 0.81592 
28. Brown 0.76617 
29. Southern California 0.74137 
30. California, San Diego 0.65855 



Table 7.4: Selected libraries ranked by DEA in 1994-1995: 
Inputs: Staff, Student Assistants, Expenditures Expenditures: on Serids, 

on Monographs, Salaries & Wa es, Volumes horrowed in Inter-library Pt oans; 
Outputs: Total Volumes, Volumes Added (Gross), Current Serials, 

Microforms, Volumes Loaned in Inter-library Loans, Total Circulation. 

E. Alberta 1.00000 
E. BC 1.00000 
E. California, L.A. 1.00000 
E. Conneticut 1.00000 
E. Duke 1.00000 
E. Guelph 1.00000 
E. Hawaii 1.00000 
E. Illinois, Urbana 1.00000 
E. Laval 1.00000 
E. Louisiana State 1 .O0000 
E. McGill 1.00000 
E. Manitoba 1.00000 
E. Queen's 1.00000 
E. Rochester 1.00000 
E. Saskatchewan 1.00000 
E. South Carolina 1 .O0000 
E. SUNY, Buffalo 1.00000 
E. Syracuse 1.00000 
E. Toronto 1.00000 
E. Washington, St. Louis 1.00000 
E. Western Ontario 1.00000 
E. Yale 1.00000 
E. York 1.00000 

24. Pittsburgh O .96432 
25. Waterloo 0.95046 
26. Southern California 0.85340 
27. Johns Hopkins 0.83255 
28. McMaster 0.81592 
29. Brown 0.79742 
30. California, San Diego 0.67334 



libraries that had poor efficiency ratings tended to remain inefficient when 

more data was added, thus adhering to the consistent grouping of libraries 

that was witnessed in the 108 DMU models. On the other liaiid, ariy lilmi8i-y 

that obtained efficiency in some model would retain its efficient status whrn 

more variables were added. 

Table 7.5 gives the rank of each of the thirty librarics for cach of fivc gmrs 

for models with five, six and twelve variables. As can be seen, the overall 

rankings remained consistent, despite the enormous increases in the number 

of efficient DMU's. While there are no clear guidelines as to the optimal 

selection of variables, it  would appear that five variables were too few and 

twelve were too many. Since more variables in the model seem to imply a 

higher relative efficiency, one may question the choice of inputs and outputs 

that produce too many efficient DMU's. 



DEA1990 DEA1991 DEA 1992 DEA1993 DEA 1994 

Alberta 
BC 
Brown 
California, L. A. 
California, San Diego 
Conneticut 

Duke 
Guelph 
Hawaii 
Illinois, Urbana 
Johns Hopkins 
Laval 
Louisiana State 

WkGill 

McMaster 
Manitoba 
Pittsburgh 
Queen's 
Rochester 
Saskatchewan 
Southern California 
South Carolina 

SUNY-Buffalo 
Syracuse 
Toronto 
Washington, St . Louis 
Waterloo 
Western Ontario 
Yale 
York 

E E E  5 7 E 1 0 1 4 E 1 4 1 5 E  3 6 E 
5 7 E 10 14 E 13 16 E 6 7 E 13 13 E 
3 E E E E E E Z E 5 E E 4 E E  
E E E E E E E E E E E E E E E  
24 25 30 29 29 29 28 27 30 27 27 29 26 25 26 
27 26 E 22 26 24 23 25 E 18 21 E 14 15 E 
8 E E 1 3 1 0 E 8  6 E E E E l O E E  

Table 7.5: DEA ranking based on 5, 6 and 12 variables for each of 5 years. 

93 



Chapter 8 

Numerical Results for the 

Radius of Rigidity Approach 

This chapter demonstrates the numerical implementation of the radius of 

rigidity approach as given by (L, 0, k)  with the objective function defined 

by the II norm and some 0 E %P. We begin with the familiar academic 

example seen repeatedly in Chapter 4 which illustrates two extreme stability 

situations. Then, we provide the results of the radius of rigidity approach 

for a subset of North American university libraries. 

8.1 Pathologies in an Academic Example 

We return once again to the example which was used in Chapter 4 to demon- 

strate the various rnethods currently employed in post-optimality DEA. Re- 

cal1 that both DMU's in the example are efficient with inputs and outputs 



as given b elow . 

DMUl DMU2 

x 1 1 

Y 1  1 1 

Y 2  1 2 

We will show that a radius of rigidity model can be highly unstable (re- 

sulting in a zero radius of rigidity). Moreover, within the same set of DMU's, 

the radius of rigidity model can be highly stable (resulting in an unbounded 

radius of rigidity). Let us first consider the radius of rigidity for DMU2. We 

want DMUz to remain efficient but unperturbed. DMU1 decreases its input 

and increases its outputs, thereby improving its efficiency. Initially, we will 

consider a single positive 0 imposing a perturbation on al1 variables. Thus, 

the radius of rigidity problem is given by 

Max 0 

Y1 + 232 = 1 

(1 + @)yl + (i + @)y, 5 (1 - e ) ~  

x, yl, ~ 2 , 0  3 o. 

The second constraint specifies that y, = 1 - 2yz. Since y1 and 1~;, are 

positive, this implies that y2 5 112. Substituting the first two constraints 

into the third gives (1 + 0)(1 - y2) 5 (1 - O ) .  After isolating yz, we have 



So feasibility is guaranteed if 

or equivalently, for the interval O 5 B 5 113. Thus, the radius of rigidity is 

113. Note that  it is possible to prove global optimality of this 0 using the 

saddle-point condition for linear functions (see Theorem 3.13). 

Let us now consider the radius of rigidity for DMUi. The model is given 

b' 

Max 8 

s.t. x = 1 

The constraints imply that y2 5 -20, which is inconsistent for t9 > O. So hem, 

the radius of rigidity is O. Since the radius of rigidity for DMUz is greater 

than that for DMUl, we conclude that DMUz is better than DllilUl since 

it can maintain its efficiency status under larger perturbations of the other 

DMU. Notice that a generalized Slater's point exists in the radius of rigidity 

mode1 for DMU2 for al1 0 in F = { O :  0 5 t) 5 1/3) except for the optimal 

point 8 = 113 where F (1 13) reduces to a single point. Thus P= (8) = P= (O*) 

and the two inclusions required by the MVF hold for al1 feasible 0 except 

0 = 113. In the model for DMU,, stability breaks down as 3 = {O} with 

F(0)  = {(x, yl, y2) = (1,1, O)). Thus, the MVF is not applicable here. 



Ncxt, we take a two parameter model in which outputs are perturbed 

equally by Bi and the input by e2. For DM&, the radius of rigidity model 

is 

Once again, fcasibility dictates that y2 < 112. Combining the constraints, 

we have 

and t herefore, 

81 + 202 5 1 and + O2 >_ 0. 

The latter constraint is necessarily satisfied by positivity of Bi. Since we 

wish to rnaximize 11 811 i ,  the first constraint implies that optimality occurs for 

e* = ( O , ,  e2) = (I,o). 

For D M U l ,  the two parameter radius of rigidity model is 

Max 01 + 8s 



Feasibility requires that (yi, y2, x) = (1, O, l), but this implies tliat O 5 -0, - & 

wliich is only possible if (el, Q2)  = (0,O). We concliide that DMU2 will r c  

main efficient while DMUl's combined input and output effort is less tlian 

or equal to 1. However, DMUl will not remain efficient if DMU2 makes 

any improvements to its current operating levels. Once again, DA.IU2 ranks 

better than DMU*. 

Fiiially, we will consider s three parameter radius of rigidity mode1 for 

DMU2 in which each variable is affected by a different perturbation. The 

mode1 is 

Max 81 + 82 + 03 

s.t. x = 1 

31 + 292 = 1 

(1 + + (1 + O2)yl 5 ( 1  - &)r 

x , ? j l , ~ 2 , o l , e 2 , ~ 3  2 0. 

We daim that the point (yi, y2,x) = (0,1/2,1) is feasible and results in an 

unbounded objective. 

which gives O2 + 283 

Using this point, we have 

1 As long as we take OZ and 6.5 satisfiing this 

constraint, we can send el to infinity and feasibility is preserved. This results 

in an infinite radius of rigidity. This seeming anomaly can be seen in Figure 

8.1, which also depicts the efficiency frontier after the perturbations to DMUl 

determined by the one and two parameter models. It is interesting that these 

extreme situations also appear when real library data are used. 
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Figure 8.1: 

8.2 Implement at ion and Int erpret ation 

In this section we consider the specifics of solving the radius of rigidity prob- 

lem (L, 0, k) with the objective function defined by the I I  norrn. 

First, we will discuss the input optimization method for some general 

perturbation 8 E W. The previous example showed that the MVF is not 

always applicable to solving the radius of rigidity problem. Thus, we must 

verify the assumptions that guarantee the validity of the MVF before we use 

it. For each iteration, a t  sorne initial O*, these are as follows: 

1. The parameter 0 must remain in the set S = {O:  PL@) = P=(B*)) n 

{e:  F(e4)  c F=(O), F ( e )  c F=(û4)};  

2. The point-to-set mappping F=(O) must be lower-semicontinuous at O* 

relative to  S; 

3. The saddle point {5(6*),  ii(0')) must be unique; 



4. The gradients V o f ( x ,  O), VRfi(x, O ) ,  i E P< (0) must be continuons; 

5. The limit 

must exist. 

Let us consider each of these. 

First, as long as there exists a generalized Slater's point, we have Pz(#) = 

Pz(@*) for every 0 close enough to O * .  In addition, since the equality con- 

straints are independent of 8, the two inclusions will hold as well. The map- 

ping F=(8) is lower-semicontinuous because Y' and Sk are assumed strictly 

positive. Uniqueness of H(0) c m  be guaranteed by Tikhonov's regulariza- 

tion. (The term - < ( I I  X I I ;  + llylli) is added to the objective function.) The 

optimal solution in (x, y) is then unique and by sending < to O, we obtain, 

in the limit, the solution to the original problem. (See, e-g., [58].) Unique- 

ness of fi(8) is not necessarily guaranteed. However, the set {G(B) } is closed 

since the conditions of Theorem 5.4 are satisfied. (Indeed, F,=(B) is Iower- 

semicontinuous, since P=(O) = P=(9*) implies that F,'(0) = F= (0). Also, 

the objective function is realistic since positivity of the data ensures that 

F ( 0 )  is bounded. This set, also closed, ensures that there exists an optimal 

solution for every feasible 0. Finally, it was shown in the proof of Theorem 

5.5 that S is a region of stability.) So, if one is not concerned with the lo- 

cally fastest improvement of f ( O ) ,  then uniqueness of i l (O*)  c m  be relaxed. 

Continuity of the gradients is assured in (L, 8, k). Finally, for linear search 

directions where Bk++' = tJk + adk,  CY > 0, 2 = <l/lld(l exists as long as d # O. 

Furthermore, if al1 the assumptions of the MVF hold, then, since every 0 in 



the numerical method is located on n region of stability and since the oh- 

jective function is only a function of 0, then we me yaranteed continuity of 

the optimal value function. One may choose to normalize the data to ensure 

greater numerical consistency. 

The algorithm is as follows: 

( 9  

(ii) 

(iii) 

(iv ) 

(4 

Set equal to Say 0.1; n = 0; 

Set e0 = 0; 

Solve (L, 9, k) with 0 = On iising the Tikhonov regularization condition 

with the current I; to obtain a unique solution. Notice that (L, O, k) 

also depends on c. Since the objective is now quadratic in x and y, we 

may use a gradient method (see, e.g., [61], Section 5.3); 

Calculate dn = -VoL(Z(Bn),ii(Bn); en) with the problern expressed as 

a minimization problem. This guarantees a direction of local improve- 

by the MVF; 

Determine the best step-size On, where On+' = On + anp. Since the 

objective is a function of O only, as long as al1 components of d" are 

positive, this reduces to finding the largest cu, which guarantees feasi- 

bility of the linear program. (One can use the Golden Section Method 

to  determine the best an. This entails maximizing f ( O )  over an interval 

of a! that guarantees feasibility of 8" +and" (see, eg., [62] for details)); 



(vi) Set On+' = 0" + andn (n = n + 1). Go to (iii) until a ,  < €1 or dn 5 €2 

or  fie) - f (Q*) 11 5 E S ,  where fi, i = 1,2,3, is chosen to the desired 

accuracy ; 

(vii) Replace by E/10. If < 5 €4,  for some sufficiently small €4, then stop. 

Else, go to (ii). 

At each new 0 E %Pl it is important to ensure that a generalized Slater's 

point holds. Otherwise, the MVF may not guarantee a local direction of 

improvement. The interpretation is straight-forward: the higher the radius of 

rigidity, the greater the resilience to improved efficiency by the other DMU's 

and, therefore, the better the ranking. 

8.3 Numerical Exarnple 

We will apply two techniques, the first described in the previous section and 

the second described in Section 5.4, to the following example borrowed from 

NeraliC [46] : 

DMU, DMU2 D M &  DMU4 DMU5 

X' 4 12 8 6 2 

X 2  6 8 2 6 8 

Y 2 4 2 3 2 

After solving the CCR mode1 for each DMU, it is discovered that DMU; 

and DMU2 are inefficient with efficiency evaluations of 0.857 while DMU7s 

3,4 and 5 are efficient. 



First, we ùpply input optimization using the MVF to a two parameter 

model for DMU3. The model is 

Max 81 + 0 2  

s.t. 2~ = 1 

8x1 + 2x2 = 1 

(2 + el)y - (4 - e2)x1 - (6 - e2)x2 I O 

(4 + el)y - (12 - e2)x1 - (8 - 8 2 ) ~ ~  5 O 

(3 +&)y  - (6 - &)XI - (6 - 8 2 ) ~  5 O 

(2 + 0 1 ) ~  - (2 - &)xi - (8 - 02)~2 I 0 

x1,52, Y - > o. 

To ensure positivity of the data, we impose the restriction 5 2. After some 

algebraic manipulation of the data, we determine that the set of feasible 0's 

is given by 7 = { B  E R2: Ot + B2 5 3; O2 < 2; Oi > O, i = 1,S).  The results 

can be found in Table 8.1. 

The optimal solution at O* = (1.5,1.5) is (g(O*), & ( O * ) ,  & ( O * ) )  = (0.5,0,0.5) 

and G(0') = (ul, u2, U S ,  u4,0,0,0,0,0,0, O) with u1 = u2 and u3 = ü 4 .  (Re- 

ça11 that each of the equality constraints produce two inequality constraints. ) 

We can prove global optimality of this point using the saddle point condition 

from Theorem 3.13. The Lagrange multipliers which satisfy the saddle point 

are not unique and are identical to ii(8'). Notice that 6' is not a unique 

global optimum. Two iterations were required for each value of < because 

a maximal a which preserved feasibility was used, and the direction of im- 

provement for al1 iterations was approximately ( 1 , l ) .  Thus the first iteration 



c 8 1 Iterations 

0.1 1.49763 1.50181 2 

0.01 1.49966 1.50008 2 

0.001 1.49991 1.49996 2 

0.0001 1.49999 1.5 2 

0.00001 1.5 1.5 2 

0.000001 1.5 1.5 2 

Table 8.1: Radii of Rigidity for DMU3 

served to find the best 19 and the second to confirm this. For values of ( up to 

and including E = 0.0001, a generalized Slater's point exists so the assump- 

tions for the MVF hold. For 9' = (1.5,1.5), the feasible point reduces to a 

single point and two additional constraints become active. Thus MVF does 

not necessarily guarantee a direction of improvement from O*. When this 

method is applied to DMU4, a radius of rigidity of 213 is obtained and, for 

DMUs, the radius of rigidity is 2. We can thus rank these efficient DMU's 

by their radii of rigidity. In decreasing order of rigidity, they are: DMU3, 

DMU5, and DMU4.  

While this method typically produces a better parameter 8, it may not 

converge to a globally or even locally optimal solution. From experience, the 

Lagrange rnultipliers consistently appear to take on values close or equal to 

zero. Thus, the direction vector causes approximately equal increases in al1 



purameters. 

Next, we apply the inodified radius of rigidity approach in which we soive 

the single parameter model for each variable. (This approach was described 

in Section 5.4.) For instance, the radius of rigidity model for DMU3 for the 

output is given by 

Max 8 

s.t. Szl + Sa = 1 

S?J = 1 

(2 + O ) Y - ~ X ~  -6x2 5 O 

(4 + 0 ) ~  - 1 2 x 1  - 8x2 5 0 

(3 + O)?/ - 6x1 - 6x2 5 O 

(2 + e ) ~  - zxl - 8x2 5 O 

.El, 52,g 2 o. 

Note thst  when perturbing the inputs, the parameter 0 is subtracted from 

the original data value. Since al1 data must be strictly positive, we set the 

following limits on B for each variable: for y, the limit is some arbitrariiy 

large number, for X I ,  the limit is 2 and for 22, it is 6. These limits are 

dependent on the variable and the DMU begin considered. The results are 

given in Table 8.2. 

Since r:3i 2 rji for every j = 4,5 and every i = 1 , 2 , 3  (here j represents 

the DMU and i represents the variable), we conclude that the "best" DMU 

is DMU3, followed by DdlU5, and then DM& This is the same ordering 

as was obtained with the input optirnization method. 



DMU3 DA/rU4 DMU5 

Radius Limit Radius Limit R.adius Limit 

X1 2 2 2 2 2 4 

X2 3 6 2 2 2 2 

Y 3 100 0.54 100 2 100 

Table 8.2: Radii of Rigidity 

We remark that the method which employs the MVF gives greater flexibil- 

ity in terms of the allowable perturbations. Thus, depending on the situation 

and the desired analysis and interpretation, it may be prefersble to attempt 

to use that method. The latter method, however, requires no assumptions 

be satisfied and thus is always applicable. 

8.4 Application to North American Univer- 

sity Libraries 

We have applied the modified radius of rigidity approach to various subsets of 

ARL members. Al1 data was normalized. The code found in [9] was adapted 

for our purposes. First, al1 Canadian university libraries were selected for a 

mode1 with twelve different data sets, as seen in Chapter 7. In that group, 

only one library (McMaster) was inefficient. In solving the radius of rigîdity 

problem, bounds were set to ensure positivity of the data. In almost al1 cases, 

the radius of rigidity attained the prescribed bound. Thus, for outpiits, 



a tendency towards an "infinite" radius of rigidity was noticed (An upper 

bound of 100 was set which, given that the data was normalized, was deemed 

"sufficiently large".) On the other hand, for inputs, the radius of rigidity 

typically reached the lower limit at which positivity of the data would be 

lost. The larger the number of inputs and outputs, in cornparison to the 

number of DMU's, and the higher the number of efficient DMU's, the more 

typical this behaviour. 

Then, the mode1 with al1 Canadian libraries was scaled down to six data 

sets (the same six as were used in Chapter 7). Here, the efficient libraries 

were the University of Alberta, Guelph, McGill, Queen's, Saskatchewan and 

Waterloo. The same sort of behaviour recurred. It appears that the max- 

min interpretation described in Section 8.2 is appropriate here. Using this 

interpretation, we have the following ordering of efficient libraries: Alberta, 

Queen's, Saskatechewan, Waterloo, Guelph and McGill. (Alberta is the most 

rigid efficiently run, McGill is the least rigid efficiently run in this group.) 

Finally, a subset of fifteen libraries was taken from the group of thirty 

seen in Chapter 7. The analysis was based on six data sets from Chapter 7. 

The results can be found in Table 8.3. For those libraries that are efficient, 

the bounds are the same in al1 cases: O 5 Bi 5 100, i = 1 4 O 5 85 < 
0.330166, O 5 e6 $ 0.191436. As c m  be seen from the table, the university 

libraries of British Columbia, California at L.A., Hawaii, Illinois at Urbana- 

Champaign and Louisiana State are efficient. After determining the radius 

of rigidity for each variable in turn, the following ranking of these efficient 

libraries can be established: Illinois and British Columbia are comparably the 

best since the radius of rigidity reaches the imposed bounds for al1 variables. 



Hawaii tvould rank below these two since the bourids were ïeaclied in al1 

cases except one and, in that case, the radius of rigidity was better tlian in 

al1 other instances. Loiiisiana State is next, followed by California since two 

mdii of rigidity of O would suggest a procilrious efficiency evaluatioii. Note 

tliat. the McGill library is ranked inefficient in this group. 



Alberta 

B.C. 

Brown 

California, L. A. 

California, San Diego 

Conneticut 

Duke 

Guelph 

Hawaii 

Illinois, U rbana 

John Hopkins 

Laval 

Louisiana State 

McGill 

McMaster 

Outputs Inputs 

Yi 1% 1 14 s, *Y2 

Inefficient 

00 oo 00 00 0.33 0.191 

Inefficient 

00 cm O 0.1482 O 0.191 

Inefficient 

Inefficient 

Inefficient 

Inefficient 

00 00 00 1.2521 0.33 0.191 

00 00 00 00 0.33 0.191 

Inefficient 

Inefficient 

00 00 00 0.5601 0.33 0.0705 

Inefficient 

Inefficient 

Rank 

1-2 

5 

3 

1-2 

4 

Table 8.3: Radii of Rigidity for 15 Libraries in 1994-1995. 

Inputs: Staff and Expenditures; 

Outputs: Volumes, Volumes Added, Serials and Microforms. 



Chapter 9 

Efficiency Evaluations for 

McGill 

In this chapter, we will focus Our attention on the University of McGill library 

(al1 libraries are considered as a single unit); its efficiency evaluations in the 

various models and its ideal operating levels. We will interpret the results in 

non- technical t erms. (For mat hemat ical qualifications and terminology, see, 

e-g., Chapters 2 and 8.) 

When al1 108 libraries and five data sets (staff, total expenditures, total 

volumes, volumes added gross, and current serials) are considered, McGill 

ranks as about the 4oth largest university library with respect to the ARL 

Index. However, it has shown poor performance in regard to the efficiency 

analysis using DEA. Under DEA, McGill had been consistently placed ap- 

proximately 9tith overall with the same five data, with efficiency evaluations 

ranging from 0.47 to 0.53. Surprisingly, during the 1994 academic year, it 



exhibited a jump to llth position with an efficiency evaluation of 0.90. Based 

on a single improved observation, it is impossible to determine whether or 

not this is indicative of a trend of increased relative efficiency. This improve- 

ment may well be based on a sharp decrease in that year's total espenditures 

(by approximately $400 000) and an increase in gross volumes added (by 

approximately 36 000 volumes) for McGill libraries. 

Table 9.1 gives actual and ideal operating levels for McGill over a five year 

period. This is based on results from the DEA mode1 with five variables and 

al1 108 university libraries. The ideal values are calculated from the optimal 

dual variables associated with the efficient libraries in McGill's reference set. 

The reference set consists of those efficiently run libraries which are "closest" 

to McGill and the associated dual variable gives a numerical representation 

of the importance of that library in providing an ideal profile for McGill. 

(For more specifics, see Section 2.2.) It is interesting that the University of 

Illinois a t  Urbana-Champaign has turned out in al1 efficiency evaluations as 

the library McGill should emulate to irnprove its efficiency. For example, in 

1994-1995, McGill's reference set consisted only of the University of Illinois a t  

Urbana-Champaign (with the associated dual equal to 0.535). Thus, McGill's 

ideal input and output vectors are given by the associated dual times the 

input and output vectors for Illinois: 

and 

Y" = 0.535 [8 665 814, 191 077, 90 969jT = [4 636 211, 102 226, 45 6681T 

111 



(If there had been more than one library in the reference set, the ideal vectors 

would have been given by the sum of the dual variable times the vectors for 

the particular library over al1 libraries in the reference set.) The ideal profile 

means the following: during that year, McCill libraries employed 3 15 people, 

spent $13 299 751, contained 2 878 716 volumes, added 102 164 volumes 

(gross) and had 17 424 current serials. During that year, the McGill library 

was run inefficiently according to DEA. In order to riin efficiantly, McGill 

should have reduced its library staff to 278 people, decreased its expenditures 

to $11 977 739 and increased its volumes to 4 636 21 1, its new volumes (gross) 

to 102 226 and its current serials to 45 668. If McGill had been operating 

at  these levels, it would have been ranked as efficient in cornparison to tlie 

other libraries. DEA seems to be suggesting tliat for a library of McGill's 

size it should be running on a lower budget with fewr employees in oiclrr to  

be ranked as efficient in relation to other university libmrics. Howc!vc!i., DEA 

also suggests that an increased budget which is used to increase volumes m d  

serials (i.e., outputs) will also improve its relative efficiency. One must keep 

in mind that these DEA results are baçed on a. particiilai. set of variables. 

Table 9.2 gives McGill's reference sets for each of the five years (i.e., 

libraries McGill should look up to to irnprove its efficiency). We itlso give 

the optimal value of the dual variable associated with each library in t h  

set. (These values can be interpreted as the "intensities" of the influences on 

McGill in order to  make McGill efficient.) Note that the reference sets are 

dominated by the presence of the University of Illinois at Urbana-Cliampaign. 

It is again this library which is the "closest" efficiently run library to MçGi11. 

For the models based on a subset of thirty libraries, McGill is efficient 



Staff 

1990 Actual 280 

Ideal 131 

1991 Actual 279 

Ideal 140 

1992 Actual 279 

Ideal 132 

1993 Actual 276 

Ideal 132 

1994 Actual 315 

Ideal 278 

Expenditures Volumes Voliirncs Addccl 

Tible 9.1: DEA -4nalysis of McGill in a group of 108 libraries. 

Inputs: Staff, Total Expenditures. 

Outputs: Volumes, Volumes Added (Gross) , Current Serials. 

Scrials 

17 812 

29 052 

17 541 

29 440 

18 524 

29 928 

17 739 

30 320 

17 424 

48 668 



Reference Set Associated Dual 

1990 Illinois, Urbana 0.292 

Wayne State 0.098 

Colorado State 0.005 

1991 Illinois, Urbana 0.264 

Kentucky 0.198 

1992 Illinois, Urbana 0.315 

Pennsylvania 0.038 

1993 Illinois, Urbana 0.328 

Nebraska 0.020 

1994 Illinois, Urbana 0.535 

Table 9.2: DEA Reference Sets for McGill in a group of 108 libraries. 



only in the twelve variable model and in the two most recent years. How- 

ever, in that model, in one year, twenty-one and, in the other, twenty-two 

other libraries from the set of thirty were efficient. Its position dropped in 

the six data model, even though its efficiency evaluation did not change. 

(Some inefficient libraries improved their ranking but McGill did not,.) With 

an efficiency evaluation of 0.9, McGill ranked 5th when five variables were 

considered and 10th when six variables were considered. In the four years 

1990-1994, McGill had consistently placed low in approximately the 

percentile, just as it did in the full t O8 library model. Efficiency evaluations 

were very close for the five and six data models, around 0.52. Again, any 

change in McGil17s relative placement was due to the displacement of other 

libraries as opposed to McGill itself. For each of the four years respectively, 

the efficiency evaluations increased in the twelve data model with 30 libraries, 

taking on the values 0.7, 0.97, 0.95 and 1. 

Tables 9.3, 9.4 and 9.5 provide information pertaining to an ideal profile 

of McGill. In a group of 30 libraries, McGill was run inefficiently, and these 

tables identify the "closest" efficiently run libraries and their desirable inten- 

sities (associated dual variable) towards McGill to make it efficient. Table 

9.3 gives the ideal input and output vectors, based on a six data model for 

each of the five years considered. The actual va.lues refer to McGil17s observed 

operating levels. The "ideal" data are the operating levels that would have 

been necessary for McGill to have been ranked as efficient. Table 9.4 gives 

both the libraries in the reference sets anci their associated optirrial t l i i d  v2ti.i- 

ables for both the five and six data models for each of t hc five years. Onc cari 

see how comparable these two models are and, once again, the importance 



of the University of Illinois at Urbana-Champaign as an efficient model for 

McGill. Table 9.5 gives the libraries belonging to McGill's reference set (i.e., 

the libraries McGill should look up to) ancl their iissociated optiind dud  

mriable (i.e., intensities towards McGill) for the twelve data moclel. By a 

cornparison of Tables 9.4 and 9.5, one remarks that the inclusion of addi- 

tional data to the mode1 clearly alters the efficiency frontier (i.e., efficiency 

structure of the libraries). This is evidenced by the fact tliat the refereuçe 

sets for the twelve data mode1 are essentially different frorn those for the ive 

and six data model. This suggests that the inclusion of more data results in 

s geometric alteration of the model, rather than il progression of inefficient 

libraries towards a static efficiency frontier. 

Finally, we recall that, in Chapter 8, we applied the radius of rigidity 

approach to various DEA models. The purpose of this was to I)e able to 

rank efficiently run libraries by their "rigidity" or resiliençe to improvcmeiits 

in operating levels of the other libraries. Based on a model with twelve 

variables which included d l  thirteen Canadian ARL meinbers: hIcGill was 

efficient dong with 11 other libraries. (Only the University of MciLlüstcr 

library was inefficient in that model.) For d l  twelve variables, McGill's radii 

of rigidity attained the bounds imposed to ensure positivity of al1 data. -4 

radius of "infinity"  vas found for 1111 five outputs. Thus, the other 12 libraries 

can increase their outputs as much as they choose without affecting McGill's 

efficient evaluation. The radii of rigidity for the inputs were 0.263,0.094, 0.22, 

0.3, 0.15, 0.2 and 0.134. Once al1 of the 12 other libraries have increased the 

relevant input by the values given above, McGill is still efficient and these 

values cannot be increased any more or the model will no longer be viable 



Staff Expenditures Voliimes Volumes Acklc:cl 

1990 Actual 280 

Ideal 142 

1991 Actual 279 

Ideal 193 

1992 Actual 279 

Ideâl 141 

1993 Actual 276 

Ideal 133 

1994 Actual 315 

Ideal 278 

Table 9.3: DEA Analysis of McGill in a group of 30 librairies. 

Inputs: Staff, Total Expeiiditures. 

Outputs: Volumes, Volumes Added (Gross), Current Serials, Microform 

Units. 



5 Variable Mode1 6 Variable Mode1 

Reference Set Associated Dual Rcference Set 

1990 Illinois, Urbana 0.229 Illinois, Urbana 

Duke 0.188 Duke 

Hawaii 

1991 California, San Diego 0.342 California, San Diego 

Illinois, Urbana 0.217 Illinois, Urbana 

Conneticut 0.049 Connecticut 

1992 Illinois, Urbana 0.299 Illinois, Urbana 

Alberta 0.085 Alberta 

1993 Illinois, Urbana 0.340 Illinois, Urbana 

1994 Illinois, Urbana 0.535 Illinois, Urbana 

Table 9.4: DEA Reference Sets for McGill in a group of 30 libraries. 

Associated Dlid 



12 Variable Mode1 

Reference Set Associated Dual 

1990 Alberta 0.280 

Duke O. 176 

California, L. A. 0.069 

Yale 0.061 

1991 Alberta 0.228 

Toronto 0.205 

California, San Diego 0.137 

Duke 0.113 

California, L. A. 0.003 

1992 California, L.A. 0.168 

Yale O. 125 

Waterloo 0.110 

Alberta 0.100 

Table 9.5: DEA Reference Sets for McGill in a group of 30 libraries. 



(since some of the data will become negative). Since most of the other 

Canadian libraries in this subset also attained their bounds, cornparison of 

the results proved to be almost impossible. For the same set of 13 Canadian 

ARL mernbers for which six variables were considered, McGill was again 

efficient. Here, the radii of rigidity for the outputs were "infini$" with the 

exception of the radius for the number of volumes added (gross) which was 

low at 0.0436. The radii of rigidity for the inputs attained their borinds of 

0.263 and 0.229. These results placed McGill 6th among six efficient libraries 

in the set of thirteen. In a final analysis of a subset of fifteen libraries, McGill 

was inefficient and so was not considered in the radius of rigidity analysis. 

(For the full set of 15 libraries, see Table 5.4.) 

Overall, McGill library did not place well in the efficiency evaluations 

with the exception of the 1994 academic year in which it  plsced 11"' out of 

108 libraries. This sudden jump in its ranking appears to be the result of 

a decrease in expenditures and an increase in the number of gross volumes 

added. DEA appears to suggest that for a library of McGill's size to be run 

efficiently, it should reduce its expenditures and cut back on staff. One must 

keep in mind that this was determined using a few select variables (originally 

chosen by the ARL to indicate library size) which give no indication of the 

quality of the collections or of the service provided. While klcGill had mtic:ti 

better efficiency evaluations in smaller models with more data, so did the 

majority of the other libraries included in those models. The University of 

Illinois at Urbana-Champaign consistently appeared as one of the libraries 

which McGill should take as an example of an eaciently run library. 



Chapter 10 

Conclusion 

We have studied stability properties of several models used for efficiency 

testing and ranking of efficient DMU's in DEA. In particuler, we liave sug- 

gested a parametric programming approach to ranking of the efficient iinits 

by calculating their radii of rigidity. 

The results have been applied to a group of 108 ARL university affiliateci 

libraries. Our numerical results confirm some of the daims made in the 

literature, e.g., that an increase in the number of variables used in efficiency 

tests generally increases the efficiency of the DMU's. This fact confirms the 

importance of ranking the efficient DMU's and warrants a follow-up study of 

the radius of rigidity approaches initiated in this thesis. 

We have found it interesting that some of the pathological behaviour 

relative to stability found in our academic models extends to the models 

with real-life data. Our DEA comparison of the efficiency of the libraries has 

produced essentially different results than those based on factor analysis witli 



the same data. Particular attention was paid to the University of McGill 

libraries, considered as one unit. We have obtained McGill's ranking in 

different sets of Iibraries and with different data over a period of several 

years. When its library was declared inefficient, we iised DEA t.o identifjr the 

libraries that McGill should look up to in order to  improve its efficiency. The 

results of the thesis could also be used to stiidy how efficiently the libraries 

are run within McGill itself. This could form a possible topic for fiitliire 

research. 
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