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Abstract 

The numerical simulation of linear wave propagation and scattering can not be handled effectively us- 

ing the second-order methods that are in widespread use today. To obtain accurate results these methods re- 

quire grids with a cesolution in the hundreds of points per wavelength to propagate a wave a distance greater 

than thirty wavelengths. Methods which can obtain accurate solutions without such high grid resolutions are 

needed for simulating long-range wave propagation. 

A procedure is presented for deveIoping high-accuracy finitemerence schemes which are optimized 

in order to minirnize the numencai phase and amplitude errors over a given range of fiequencies. These hi&- 

accuracy schernes are used to solve the two-dimensional tirnedomain MaxwelI equations for electrornagnetic 

wave propagation and scattering. Boundary conditions are presented which preserve the accuracy of these 

schernes wben modeling interfaces betwen different materials. A stable and accurate far-field boundary 

treatment is used which allows waves to exit the numerid domain with very littie $u.rious reflection. 

Numerical experiments are performed which dernonstrate the utility of the high-accuracy schemes us- 

ing Cartesian and cuxvilinear @&. Two schemes are studied, one which produces the maximum formai order 

of accuracy, and one which is optirnized for propagation distances l e s  than roughly thm hundred wave- 

lengths. The high-accuracy schemes are shown to be substantiaily more efficient, in both computing time and 

memory, than methods which are second- and fourthader in space. The optimized scheme can produce sig- 

nificant error reduction relative to the maximum-order scheme, with no additional expense, especially when 

the number of wavelenguis of travel is large. 
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1 Introduction 

Many physical systems give rise to wave-like phenornena. For exarnple, the elastody- 

narnic equations which describe the intemal motion of elastic materials, the acoustic equations 

which describe the properties of smaii disturbances in a fluid, and Maxwell's equations which 

descnbe the t h e  evolution of electromagnetic fields, al1 produce solutions with wave-Iike 

properties. Analytical solutions for these equations are available only for problerns which have 

very simple geometries. As a result, the modeling of these equations using cornputational 

methods has led to the creation of several new fields including computational geophysics, 

computational aeroacoustics, and computational electromagnetics. A common problem in al1 

these fields is how to mode1 accurately the propagation of linear waves over long distances, 

and how to simulate their interaction with complex scattering geometnes. 

Current developments in the defense, electronics, and medical industries have increased 

the importance of finding accurate solutions to scattering problems in electromagnetics. A 

number of important applications are given by Taf'love [72]. Defense applications include ra- 

dar cross-section modeling of aircraft, and the optirnization of both the materials used in the 

rnanufacturing of components and component shapes, in order to produce sleallhy aircraft. 

The design of complex phased-array radar systems and accurate target identification are also 

important applications for the defense industry. Two important medical applications are mod- 

eIing the physics of human vision, and simulating electromagnetic wave interaction with the 

human body in order to aid in designing protocols for hyperihermia treatment of cancer. 

Simulations are used in the electronics industry to help design digital circuit packaging and 

interconneas, as well as subpicosecond p hotonic devices such as ultra-high-speed photonic 

switches, and to mode1 cross-talk effects in circuit boards. 

Frequency-domain methods for solving Maxwell's equations, such as the method of 

moments, have enjoyed significant popularity in the electricd engineering community. Scaling 

arguments have been presented [72, 781 which show that time-domain methods are better 

suited for the simulation of scatterers whose size is large compared to the wavelength of the 

incident wave. It has been noted by researchers in computational electromagnetics [72], com- 

putational geophysics 1261, and computational aeroacoustics [44] that the second-order 



methods now enjoying the most signtficant use require excessively fine grids for simulating 

long-range wave propagation. There are a number of scattering problems which can not be 

solved, due to memory and tirne limitations, using these second-order methods and the super- 

computers currently available. An example of such a problem in computational electromag- 

netics is radar cross section modeling of an entire aircraft for an incident wave having a fie- 

quency measured in the tens of GHz (721. 

Due to the Limitations of second-order methods, researchers have shown a renewed in- 

terest in high-accuracy schemes for solving iinear wave propagation p roblems. Classical high- 

order finite-difference schemes have been used to solve high-fiequency problems in many of 

the above mentioned fields [9, IO, 11, 29, 57, 58, 871. In the last ten years many researchers 

have noted that the classic high-accuracy finite-difference schemes, which maximize the formal 

order by minirnizing the tmncation errors, ofien are not the best choice for solving wave 

propagation problems. Optimized finite-difference schemes cm be developed which give sig- 

nificantly smaller dissipation and dispersion errors, for a given fiequency range, than schemes 

with the sarne stencil which have the highest possible order of accuracy (see, for example, [15, 

18, 26, 42, 44, 73, 74, 951). Since the optimized and maximum-order schemes have the same 

computational stencil, the accuracy improvement is obtained without requiring any additional 

computer resources. These optimized schemes can also give the same level of accuracy as the 

maximum-order schemes while using a much coarser grid. This results in a significant saving 

in terms of the number of arithrnetic operations needed and the computer memory required, 

especialiy when modeling problems in three dimensions. 

The generation of stable and accurate numerical boundary formulations is a problem 

that must be addressed when simulating wave scattering using these high-accuracy methods. 

An easy way to obtain a stable numencal method is to use Iow-order operators near interfaces 

and boundaries. This can have a significant impact on the overall error, which wastes the 

properties of the optirnized interior schemes. A number of high-order numencal boundary 

schemes that can be used with high-accuracy methods are given in [6, 951. When scattered 

waves exit the numencal domain, which must be tmncated in order to mode1 a problem having 

an infinite extent, spurious reflections are often generated. The development of accurate ab- 

sorbinglradiating boundary conditions, which limit the effects of these reflections, has been the 



focus of considerable research. Tafiove [72] has stated that many of these far-field boundary 

conditions are the major contributor to the global error accumulated during electrornagnetic 

simulations. Recently, a new absorbing boundary condition, for use in electromagnetic simula- 

tions, has been proposed by Berenger [3]. This rnethod, which uses a perfectl matched layer, 

is very well suited for use with high-accuracy schemes. 

Another important aspect when simulating scattering problems is the type of gridding 

rnethod used. The sirnplest gridding strategy is to use regular Cartesian meshes throughout the 

domain. Special boundary conditions are needed when modeling cunred objects with a Carte- 

sian grid. By graduaiiy changing the matenal properties near the interface between objects 

[83], a Cartesian grid can be used throughout the domain, and special boundary operators can 

be avoided. This works fairly well when using low-order operators, but the approximation of 

the interface generates too much error when high-accuracy methods are used. Another 

method uses a Cartesian grid up to cells bordering the scatterer, which are warped in order to 

confonn to its boundary. The contour path method of Jurgens et al. [3 11 uses this type of grid 

to mode1 electromagnetic scatterers, but it is dif£icult to extend this method for use with high- 

accuraq schemes. The use of body-fitted cu~ l inea r  grids solves the problern of modeling 

curved scatterers, but there is a signifiant increase in cornputer resources required, due to the 

need of grid generation software and the calculation and storage of gnd metncs. A hybrid 

method that uses a body fitted grid near the boundary of the scatterer and a Cartesian gnd 

everywhere else is given in [85]. This method is also difficult to extend to high-accuracy 

schemes because of the errors introduced by the extensive interpolation of data needed to pass 

information between grids. Unstructured gnds are also ideal for use with oddly shaped scat- 

terers, but it is quite difficult to obtain high-accuracy methods on such a grid. There is no clear 

way of deciding the best gridding method, since the optimum choice will be problem depend- 

ent . 

This dissertation presents research concemed with the development of optimized high- 

accuracy finite-difference schemes for simulating linear wave propagation and their use in 

finding solutions for two-dimensionai electromagnetic scattering problems. The rest of this 

chapter includes an ovewiew of the methods used in computationai electrornagnetics, fol- 

lowed by an extensive review of high-accuracy finite-difference schemes, and it ends with the 



presentation of the objectives of this research. The next chapter focuses on the equations that 

govem electromagnetic wave propagation. The 3-D the-domain Maxwell's equations are 

presented, followed by a simplification to the 2-D set of equations. A generalization of the 

2-D transverse magnetic equations to a curviiinear coordinate systern is given. This is fol- 

lowed by a chapter that presents the numerical methods, dong with an extensive Fourier error 

analysis. A procedure for developing finite-dxerence operators that generate optimal phase 

and amplitude errors for a given range of frequencies is presented, and a number of schemes 

optimized for different frequency ranges are given. Stable high-accuracy numencal boundary 

schemes for use with these operators are aiso supplied. The treatment of interfaces and 

boundaries is the focus of the next chapter, and methods for treating the interface between 

two dielectrics, and the interface between a dielectric and a perfect conductor are developed. 

Two far-field boundary conditions are also supplied. The next chapter discusses a number of 

numerical simulations in which the hi&-accuracy schemes are used. The simulations include 

the scattenng of a pulsed plane wave incident on a dielectric square using a Cartesian grid, the 

scattering of pulsed and harmonic waves incident on a circular cylinder using a curvilinear 

grid, and the scattering of a pulsed plane wave incident on a circular dielectric cylinder with a 

perfectly conducting core. The efficiency of both an optimized and a maximum-order scheme 

is compared with classical second- and fourth-order methods, and the different far-field 

boundary conditions are evaluated. The dissertation ends with some concluding remarks, 

which include the contributions of this research and recommendations for fiirther directions of 

study. 

1.1 Review of Cornputational Electromagnetics 

The equations goveming electromagnetic wave propagation have been known since 

before the tum of the centuiy. As pointed out by Urnashankar and Taflove [78], it was not un- 

til the early 1960s. when computers became generally available, that the use of computational 

methods for finding solutions to Maxwell's equations became popular. In the past thirty-five 

years there has been much research aimed at finding new and better ways to obtain solutions 

for problems in electricity and magnetism. The above authors present the following major 

types of methods for finding numerical solutions to problems where electromagnetic waves 



interact with structures: high-fkequency diffraction theory, fiequency-domain integrd equation 

formulations using the method of moments, fiequency-domain diKerential equation formula- 

tions using finite-element methods, and time-domain differential equation formulations using 

finite-element, finite-clifFerence, or finite-volume methods. 

The most popular method stemmhg from high-frequency deEraction theory is the geo- 

metrical theory of difiaction (GTD) formulated by Keller in the 1950s [33 ] .  Keller extended a 

general high-frequency theory of diftiaction, that stated that an electromagnetic field can be 

calculated for each point on a geometnd optics ray, by adding the ability to include some 

more general cases. For example, he worked out the fields arising fiom rays diffracting off 

vertices and corners, and he determined a number of dserent features of the fields such as 

difiaction coefficients and decay exponents. Since Keller's original formulation, a significant 

amount of effort has concentrated on alleviating some of the deficiencies of GTD. Arnong 

those mentioned in [78] are: that GTD results in nonphysical idinities in the fields for certain 

types of geometries, it is difficult to obtain diffraction coefficients for dielectric edges and 

surfaces, and it is very hard to apply GTD in cavities and waveguides. 

In the 1960s, Harrington came up with a method for solving the fiequency-domain inte- 

gral equation formulation of Maxwell's equations which he called the method of moments 

(MOM). An excellent reference for this method is found in his text, originaily published in 

1968 [20]. The MOM is based on writing the integral equations relating to a given problem as 

an infinite-dimensionai linear operator equation where the unknown function relates to a 

physical quantity such as the induced currents on the surface of a scatterer. The unknown 

function in this equation is mapped to a finite-dimensional subspace by choosing an appropri- 

ate set of basis functions. By taking imer products of the fùnctional expansion with another 

appropriate set of weighting functions, and noting that the i ~ e r  products are linear, a finite 

set of equations is obtained whose solution gives the unknown coefficients of the basis func- 

tions. The solution of these equations results in either an exact or an approximate solution to 

the original unknown fùnction, depending on the choice of the set of basis functions. The 

MOM has been successfùlly used for finding the solution to a large range of problems. 

Harrington's text illustrates a number of successful applications, and the object of the work 



presented by Umashankar and Tafiove [78] is the ". . . rigorous validation.. ." of the MOM for a 

number of different types of problems. 

The difficulties associated with the MOM are not due to the type of stmctures that can 

be modeled, as in the GTD, but in the computer resources required when considenng struc- 

tures that are electricali'y i q e .  Electncally large structures are those structures whose size is 

measured in tens, or even hundreds, of wavelengths, where the wavelength is a measure of the 

incident electromagnetic field. The equations resulting fiom the use of the MOM give dense, 

full coefficient matrices, as noted in [72, 781. If N is the number of field unknowns the MOM 

requires computer storage on the order of N" and the computer time needed to invert the 

matrix is on the order of N~ to IV3 .  Tafiove [72] states that if the size of a three-dimensional 

Bat target is on the order of four wavelengths, N will be larger than 10,000, which is a prob- 

lem size easily handled by today's cornputers. If the size of the object nses to thirty-two 

wavelengths, N rises to 640,000, and he projects that a typical supercornputer would need 

1012 words of computer storage and would take almost a year and a half to obtain a solution 

using the MOM. In order to alleviate some of the problems associated with inverthg the ma- 

trix, a number of researchers started applying iterative techniques to solve the set of equa- 

tions; see, for example, [54]. These formulations led to a substantial reduction in the computer 

requirements, but the robustness of the method was affected, because it is ofien difficult to ob- 

tain a converged solution when complex structures are modeled. Current research aims at pre- 

conditioning the matrices in order to ~btain better convergence results. 

The solution to electromagnetic problems using the finite-element method was first for- 

mulated for fiequency-domain representations of the goveming equations. The text written by 

Silvester and Ferrari [68] gives a good introduction to the subject. The finite-element method 

is based on approximating the continuous electromagnetic fields by basis fûnctions defined on 

elements whose shape is dependent on the dimension of the problem. Triangular elements are 

popular in two dimensions and tetrahedral elements enjoy extensive use in three dimensions. 

The fûnctions are defined such that they have a value of one at a given node, and are zero at 

every other node. A variational method can be used to find the coefficients of the bais func- 

tions, resulting in an approximation for the electromagnetic fields. The use of triangular ele- 

ments for finding solutions to electromagnetic problems started in the late 1960s; see, for 



exarnple, [65]. The extensive tabulation of universal matrices had a signifiicant impact on the 

widespread adoption of triangular elements, fomulated in the so calleci simplex coordinates, 

for the solution of the fkquency-domain Helmholtz equation. In 1973, Konrad and Siivester 

presented matrices for the axisymmetric case [36], and in 1978, Siivester published a general 

method for developing universal matrices 1671. Tetrahedral finite-elements, for the solution of 

the three-dimensional Helmholtz equation, are given in [66]. An example of the use of finite- 

elements for the solution of the three-dimensional Helmholtz equation can be found in [23]. 

The method described above is quite flexible, as many complex scattering objects cm be 

successfully modeled. As mentioned in [72], the finite-element method will result in a system 

of equations which requires an inversion of a sparse matnx. Using proper grid optimizations 

and coordinate storage, as discussed in [68], the resulting matnx can be banded as well. Be- 

cause of this, the computer resources required are much smaller than those demanded by the 

MOM, where the matrix is quite dense. Thus the method can scale quite well when consider- 

ing electrically large objects. A drawback that Umashankar and Tafiove point out [78] is that 

the computer resources required by any finite-element solver are heavily dependent on the 

mesh used and the coordinate storage. Generally, when considenng a solution in the fie- 

quency-domain some flexibility is lost over a pure time-domain approach. Shankar et al. 1631 

note that a time-domain-based method cm handle both a single frequency and a broadband 

pulse incident field. A fiequency-domain method can only provide a solution for a single fie- 

quency while, through the use of Fourier transfoxms, a the-domain solution can provide in- 

formation about multiple frequencies from a single broadband pulse. Also, a time-domain 

based method cm easily handle active surfaces made up of materials whose properties Vary in 

time. 

The direct solution of Maxwell's time-domain curl equations has been presented by 

many researchers as a solution to the above mentioned limitations. There are two main steps 

in solving the time-domain equations. First, the computational domain must be spatially dis- 

cretized using some type of mesh, and finite-differences, finite-elements, or finite-volumes can 

be used, in conjunction with the goveming equations, to obtain the time variation of the fields 

at a given instant in time. With this information, a time-marching method can be used to de- 

temine the fields at a iater instant in time. Repeating these two steps, for as long as required, 



allows the simulation of the dynamics of the electromagnetic fields throughout the cornputa- 

tional domain. 

The use of finite-elements to solve the the-domain equations has been studied by, for 

example, Cangellaris et al. [SI, Petitjean et al. [53], and Feliziani and Maradei [13]. As men- 

tioned above, the finite-element method results in the need for a banded or spme matrix to be 

inverted. If the mesh is not time dependent, this matrix has to be inverted only once, at the 

beginning of the simulation. The overall impact this inversion has on the CPU time needed to 

wmplete the simulation depends on the ratio of the number of elements in the spatial domain 

to the total number of the-steps. If the simulation is run for many tirne-steps, the overhead in 

the inversion may be negligible. The storage needed for this matrk can be quite significant 

when electricaüy large structures are being modeled. The need for the storage and inversion of 

a matrix can be avoided through the use of finite-volumes or finite-differences, provided that 

non-compact spatiai schemes are used and the time-marching method is explicit. 

The finite-volume time-domain method has been used to mode1 many problerns in elec- 

tromagnetics by Shankar and his collaborators [47, 59-63]. Other researchen using the finite- 

volume time-domain rnethod include Madsen and Ziolkowski [45], Bishop and Anderson [4], 

Noack and Anderson [5 11, and Shang et ai. [57, 581. Yee and Chen [86] have also presented a 

hybrid finite-differencdfinite-volume time-domain method. A finite-volume method developed 

for computationai fluid dynamics is used in the solver produced by Shankar's group. The first 

step in applying this method to electromagnetic problems is to write Maxwell's time-domain 

equations in a conservation-law form. To handle complex geometries they use a body-fitted 

mesh, and a general coordinate transformation is applied in order to map the goveming equa- 

tions into a simpier computational space. The fields are stored at each node in the mesh and 

are taken to represent the average value of the fields in a small volume, or cell, centered at this 

node. The tirne variation of these fields is calculated numencally using the conservation Iaw, 

which c m  be stated in the following way: the rate of increase in the fields inside a ce11 (the 

quantity being conserved) is equal to the fluxes entering through the outer surfaces of the ceIl 

plus any contributions due to sources inside this cell. A characteristic-based Riemann solver is 

used in order to evaluate the fluxes along cell boundaries, and the sources are usually simple 

fùnctions of the fields inside the cells. An explicit Lax-Wendroff two-step (predictor- 



corrector) scheme is used to march the fields through tirne. In [63], Shankar et al. present an 

extensive discussion of the flexibility of this cornputer program, and include a number of ex- 

amples of its use in modelmg problems with very complex geometries. They also discuss 

planned development for their solver, an important aspect being the introduction of higher- 

order methods which would allow the use of coarser grids. This would enable the modeling of 

larger problems using the computer resources currently available. 

According to Shiager and Schneider [64], the " . . . Finite-Difference Time-Domain 

(FDTD) method is arguably the most popular numerical method for the solution of problems 

in electromagnetics." In their paper, they present a selective survey of the research presented 

in the literature on the FDTD method. Another extremely good reference on the FDTD 

method is the text d e n  by Tafiove [72]. It is generally accepted that the use of the FDTD 

method to solve Maxwell's curl equations was first proposed by Yee [84]. His original method 

uses staggered regular Cartesian grids, with the components of the electric and magnetic fields 

stored in an uncolocated manner [43]. The electric and magnetic fields are also staggered in 

tirne with a separation of a half time-step. An explicit leap-fiog time-marching method is used 

to propagate the fields through time. Both the spatial and time derivatives in the curl equa- 

tions are approximated by second-order central-dEerence schemes. There are a number of 

problems associated with Yee's original formulation, as pointed out in [72, 781. Some of the 

problems with the original formulation are that it lacked a far-field boundary condition which 

would allow the scattered fields to exit the numerical domain without spurious reflections, 

there was no way of modeling wires and slots which had dimensions less than the s i x  of a 

c d ,  and the outer boundaries of scatterers had to be modeled using a stepped or staircased 

approximation. These problems have been addressed in the literature, and the FDTD method 

is now quite robust and is being used to solve many different types of problems [64, 721. 

Most finite-difference methods that solve Maxwell's tirne-domain equations, discussed 

in the literature, are based on Yee's method, using staggered grids and a leap-fiog time- 

marching method. A number of researchers have presented schemes which use different grid- 

ding arrangements, spatial differencing, and time-marching methods. Many of these solvers 

have borrowed heavily fiom the field of computational fluid dynamics, using ideas such as 

upwind schemes, body-fitted coordinate systems, and the finite-volume methods discussed 



above. Yarrow et al. [83] present a method which uses a single grid, and they consider second 

and fourth-order centered and upwind finite-ciifferences for the spatial denvatives in conjunc- 

tion with a fourth-order Runge-Kutta tirne-marching method. An analysis of the errors associ- 

ated with dEerent types of spatial gridding methods such as staggered and unstaggered Car- 

tesian and hexagonal p i d s  spatial differencing schernes, including centered and upwind meth- 

ods, as well as time-rnarching methods, such as staggered and unstaggered leap-ftog and third 

and fourth-order Runge-Kutta methods, is presented by Liu [43]. 

In order to handle more cornplex geometnes, a number of methods were introduced in 

an effort to reduce the errors inherent in using staircasing near curved objects, and to aliow 

the modeling of small subcell structures. Zivanovic et al. [96] present a subgridding method 

which allows a fine mesh to be irnbedded inside a coaner mesh. Holland [27] and Fusco et al. 

1141 use a cu~l inear  coordinate formulation which can be body-fitted to handle curved bod- 

ies. Shang and Fithen [56] give a characteristic method which uses upwind tinite-daerences in 

curvilinear coordinates. A method which incorporates a body-fitted grid which overlaps a 

regular mesh is presented by Yee et al. 1851. The contour-path rnethod was used by 

Urnashankar et al. [77] to mode1 smdl wires, by Taflove et al. 1701 to modei narrow slots, and 

was extended by Jurgens et al. [31] to handle curved surfaces. Madsen 1461 introduced a 

method closely related to the FDTD method cded the discrete surface integrai rnethod which 

uses unstructured grids. The finite-surface method was introduced by Vinokur and Yarrow 

[80, 8 11. The method is applied directly to the integral Faraday's and Ampère's laws, and uses 

surface integrais as the unknowns. Generalized non-orthogonal coordinates are used, and the 

method can handle smooth interfaces and dif3erent types of singularities. 

The use of special far-field boundary conditions which reduce the errors introduced by 

spurious reflections as the scattered fields exit the cornputational domain was initiated by the 

pioneenng work presented by Engquist and Majda [12] and Bayliss and Turkel [2]. Both of 

these works introduced special differential equations which were applied at the outer bound- 

ary of the domain. Engquist and Majda presented absorbing boundary conditions (ABCs) 

which are based on Padé approximations to a one-way wave equation. Bayliss and Turkel in- 

troduced a radiation boundary condition (RBC) which oniy allows the fields near the outer 

boundaries to propagate in the outward direction. In 198 1 Mur 1491 introduced a second- 



order accurate ABC for the Yee algorithm. In 1987, the work presented by Higdon [22] 

greatly improved upon the ideas onginally put forth by Engquist and Majda. He presented a 

simple method for generating an ABC of arbitrary order which produces zero reflections for 

waves exiting the domain at a number of different discrete angles. At around the same time, 

Knegsmann et al. [39] and Moore et al. [48] published articles which introduced the electro- 

magnetics community to the general theory of ABCs and RBCs. A number of methods which 

were originaily formulated for problems in computational aeroacoustics prove equaily usefùl 

when modeling Maxwell's equations. Thompson [75, 761 presented a method which is based 

on a locally one-dimensional characteristic spiitting, Giles [16] introduced a method which 

limits the propagation of waves with group velocities pointed into the numerical domain, and 

Tarn and Webb [73] give a set of boundary conditions developed by performing an asymptotic 

analysis of the Euler equations. An evaluation of these three methods was performed by Hixon 

et al. [25], and he concluded that Tarn and Webb's method was the most accurate. For prob- 

lems with no mean flow, which results in a set of equations which describe the same physics as 

Maxwell's equations, Tm's rnethod is identical to the one presented by Bayliss and Turkel. 

Tdove [72] noted that the spurious reflections resulting fi-om the use of the ABCs and 

RBCs descnbed in the above paragraph were becorning the limiting errors in many of the cal- 

culations performed using the FDTD method. This explains the importance, and popularity, of 

the ABC presented by Berenger [3] which results in reflection coefficients that are two orders 

of magnitude smaller than those given by previously used methods. He introduces an absorb- 

ing material, in which propagating waves are attenuated exponentially, that can be matched to 

other materiais in such a way that a wave will enter into it, at any angle of incidence, without 

producing any reflections. This perfectly matched layer (PML) surrounds the computational 

domain and a perfectly-conducting boundary condition is imposed on the outside of the PML. 

When a scattered wave exits the computational domain it enters into the P M '  without any 

spunous reflections, it travels through the PML and refiects off of its outer boundary, causing 

it to travel back toward the computational domain. While inside the PML the wave is attenu- 

ated exponentially at a rate which can be set in order to achieve a desired level of reflection. 

Berenger's method was originally presented for two-dimensional Cartesian coordinates, but it 

was quickly extended to more general cases. Katz et al. [32] extend the method to three 



dimensions for the Yee FDTD method, Chew and Weedon [8] apply the method to the 3D 

Maxwell's equations with stretched coordinates, and Navarro et al. [50] and Wu et al. 1821 

use PMLs with a nonorthogonal FDTD method. 

Over the last thirty years the FDTD methods have become extremely robust. They are 

capable of handling a very large range of problems involwig scattering fkom complex georne- 

tries. The computer resources required by the finite-volume and finite-dserence time-domain 

solvers are much better than those required by the MOM. For example, Taflove shows [72] 

that for three-dimensional problems the computer time needed to run a simulation using these 

methods scales as while the original MOM scales as N ~ .  It can be argued that the 

MOM will have a value of N that is much smaller than that required by the FDTD method be- 

cause cells are oniy required on the surface of the scatterer, while the FDTD mesh pemeates 

the entire volume of the problem. This may be the case for simple problems, but for many of 

the complex geometries now being modeled by electricd engineers, volumetric MOM ap- 

proaches must be used [78]. Although current FDTD algoritluns are arnong the most efficient 

methods in use today, Tafiove [71, 721 points out the need for rnethods with higher accuracy. 

By increasing the formal order of current solvers, problems of much larger electncal size cm 

be modeled, and much coarser grids can be used, giving a substantial savings in terms of the 

tirne needed to complete a simulation and the computer storage required. For electrically large 

problems, the use of the PML ABC has caused a shift in where the bulk of the error is gener- 

ated during a simulation. The major error contribution used to be from spurious reflections 

caused by the ABC, but in many cases it is now due to the numencal. phase erron caused by 

the intenor finite-difference schemes. 

1.2 Review of High-Accuracy Finite-Difference Methods 

High-accuracy finite-difference schemes for approximating spatial derivatives and per- 

forming t h e  integration have been available for many years. Kopa1 [37] presents a number of 

high-accuracy schemes in his text, including various compact (Padé) schemes having up to 

tenth-order formal accuracy. Among the best known high-accuracy time-marching methods 

are the Runge-Kutta methods. A discussion of Runge-Kutta methods can be found in many 

texts such as [40], and many researchers have presented high-accuracy schemes with special 



properties, see for example [41]. In the last ten years, a lot of interest has been focused on the 

use of high-accuracy methods for the numencal simulation of wave propagation problems. A 

number of simulations were being run in which secondsrder methods are inadequate because 

they require an excessively fine grid in order to propagate a disturbance the required distance 

without the solution being polluted by numerical errors. Methods which have a high formal 

order have been used to mode1 wave-lie phenornena in many fields. Dablain [IO] used high- 

order schemes to obtain the solution of the scalar wave equation. Cohen [9] used a fourth- 

order method for solving the acoustic equations, and the unsteady Euler equations were 

solved by Yu et al. [87] with a method that combines a compact sixth-order central-dinerence 

spatial operator with a fourth-order Runge-Kutta scheme. Thomas and Roe presented fully- 

discrete nondissipative schemes for computational aeroacoustics which use an upwind leap- 

fiog method on staggered meshes. A second-order version of the method is presented in [74], 

and a fourth-order version, which was given at the accompanying oral presentation, can be 

found in [92]. Recently, Castillo et al. [7] gave fourth-order approximations for the diver- 

gence, gradient, and Laplacian operators, and Olsson [52] and Strand [69] presented methods 

for developing stable schemes of arbitrary order for hyperbolic problems. A number of meth- 

ods have been presented specifically for Maxwell's equations. For example, Deveze et al. [ I l ]  

gave a fourth-order FDTD method, Jurgens and Zingg [29] used a method which combines a 

fifth-order spatial scheme with a sixth order Runge-Kutta scheme, and Shang et al. 157, 581 

presented a method which uses a third-order finite-volume formulation with fourth-order 

Runge-Kutta time-marching. 

A fairly new development in numerical methods is the construction of finite-difference 

schemes which sacrifice a high formal order of accuracy in order to obtain better error prop- 

erties for waves with a given range of fiequencies, as outlined by Vichnevetsky and 

De Schutter [79]. This is accomplished by using schemes which have large stencils that are 

constrained to have some low formal order of accuracy. This frees up a number of coefficients 

which can be used to tailor the error properties of the method. The geophysics community 

was the first to make extensive use of these methods. Holberg [26] analyzed a number of cen- 

tral-difference schemes, using 2 to 30 sampling points, which were optimized in order to con- 

strain the error in the group velocity of the one-dimensional wave equation for the largest 



possible range of wavenurnbers. He also compared the cornputer memory and arithmetic re- 

quirements of the schemes, as a function of the stencil size, while keeping the maximum error 

in the group velocity k e d .  Kindelan et al. [35] extended the work of Holberg by presenting 

an easier method for generating the coefficients of his optimized schemes, and they compared 

the memory requirements and arithmetic cost of a number of schemes to a conventional high- 

order fmite-difference scheme and a pseudospectral method. Sguazzero et al. [55] extended 

Holberg's work to take into account the effects of the time-rnarching method when modeling 

the 2-D and 3-D elastic equations, and developed an optimized spatial operator which uses 

staggered grids with leap-frog time-marching . 

The 1990s have seen a signifiant arnount of research focused on the development and 

application of such optimized schemes. h 1992, Lele 1421 presented compact central-differ- 

ence operators for approximating first, second, and third derivatives which have spectral-iike 

resolution, but the schemes were not forrnaliy optimized in any way. In 1993, T m  and Webb 

1731 presented a seven-point spatial operator and a four-stage time-marching method which 

are optirnized in order to minimize the error in the dispersion relation for the acoustic equa- 

tions. Also in 1993, Zingg et al. [89] presented a number of seven-point spatial operators, and 

su-stage Runge-Kutta methods which were jointly optimized in order to provide schemes 

which minirnize the phase and amplitude errors for problems in which the smallest wave- 

Iengths are resolved by a given number of grid points. A number of the optimized schemes of 

Zingg et al. were evaluated for use in modeling the one-dimensional fom of Maxwell's equa- 

tions [91], and the application of a scheme optirnized for a grid with-a resoiution of at least 

ten points-per-wavelength to two-dimensional electrornagnetic scattering problems can be 

found in [30]. In 1994, Lockard et al. 1441 gave an optimized upwind spatial scheme which 

uses a seven point stencil, and Haras and Ta'asan [18] extended the work of Lele by generat- 

h g  a number of compact schernes which are optimized for propagating pulses with Gaussian 

cross-sections. In 1995, Tatlove [72] presented an extension to Yee's FDTD method which 

uses a fourth-order spatial operator whose coefficients are pemirbed slightly in order to pro- 

duce optimized dispersion properties. In 1996, Gaitonde and Shang [15] used a method which 

combines an optimized compact finite-volume scheme with a classical fourth-order time 

marching method to solve Maxwell's equations, and Kim and Lee [34] funher optimized the 



compact schemes presented by Lele. Zingg and his collaborators [92, 941 have evaluated a 

number of these optimized schemes and have show that one of the compact schernes of 

Haras and Ta'asan requires less than four grid points per wavelength to propagate a wave 200 

wavelengths, and that the noncompact schemes of Lockard et al. [44] and Zingg et al. [95] 

require less than ten grid points per wavelength. These noncompact schemes require far less 

computational effort per grid point than Haras's and Ta'asan's scheme, which requires the so- 

lution of a pentadiagonal system of equations in each coordinate direction. The relative effi- 

ciencies of these schemes still needs to be detennined. 

A number of researchers have placed signtficant emphasis on the choice of a time- 

marching method for use with their high-accuracy spatial operators. There is a need for the 

errors generated by the time-marching scheme to be of the same level as that of the spatial op- 

erators. Leapfrog methods have been used by a number of groups because of their nondissi- 

pative properties [55, 72, 741. Many groups have optimized their spatial operators and time- 

marching methods separately. For exarnple, Tarn and Webb [73] use an optimized four level 

Adams-Basiforth type method, and Haras and Ta'asan [18] use an optimized five-stage low- 

storage Runge-Kutta type method. Zingg et al. [89, 951 use a six-stage low-storage Runge- 

Kutta type method which is optimized with their spatial operator. When solving an ordinary 

differential equation, Adams-Bashforth methods require fewer derivative evaluations than 

Runge-Kutta methods of the same formal order, but they require significantly more storage 

because they need a number of these derivative values fiom previous time steps. Zingg and 

Lomax 1901 evaluate a number of Runge-Kutta methods for use with the maximum-order 

high-accuracy spatial scheme presented in [89]. Additional research by Zingg and Chisholm 

[93] found low storage Runge-Kutta methods, and Hu et al. [28] discuss a number of opti- 

mized and low-storage schemes. 

The generation of stable and accurate boundary schemes is also a topic of considerable 

interest for the hi&-accuracy finite-difference community. Some researchers, for exarnple, 

[72], have suggested the use of lower-order methods near boundaries to avoid the difficulty of 

developing higher-order numerical boundary schemes (NBSs). The use of a low-order NBS 

reduces the global accuracy of the overall numerical method to be the order of the NBS plus 

one [6] .  This can have a very significant impact on the numerical errors accumulated during a 



simulation. A number of researchers have presented stable high-order NBSs which preserve 

the accuracy of the interior operators. Zingg and Lomax [88] presented a nfth-order two- 

parameter NBS which is stable when used with sixth-order central-dEerencing operaton. 

Carpenter et al. [6] developed a number of stable hi&-order NBSs for use with compact 

fourth- and sixth-order schemes, using the stability theory of Gustafsson, Kreiss and 

Sundstrom (G-K-S) [I 71 for the semi-discrete analysis, and the theory of Kreiss and Wu [38] 

to generalize to the fiilly-discrete case. A similar method is used by Strand 1691 in order to 

develop schemes of general order of accuracy 2r. Olsson 1521 proposes a method for devei- 

oping stable schemes of arbitrary order by using a sumrnation by parts nile. 

1.3 Objectives 

The objectives of this research are: 

1. to develop high-accuracy finite-difference methods for simulating electromagnetic 

wave propagation and scattenng, including schemes with optimized error properties, 

2. to address implementation issues including proper material interface conditions, far- 

field boundary conditions, and stable and accurate numericai boundary schemes, 

3. to demonstrate the high-amracy methods' capability for solving realistic scattering 

problems using both Cartesian and cu~linear  grids, 

4. to demonstrate the numerical efficiency of the high-accuracy schemes as compared 

to lower-order finite-difference methods. 



2 Maxwell's Equations 

2.1 Three-Dimensional Equations 

In order to discuss the propagation of electromagnetic waves, the basic theory of elec- 

tricity and magnetism must be understood. There are many texts which present the equations 

which govem the interaction of electromagnetic fields. For example, Hayt [21] has written an 

introductory text on the subject of electromagnetics, while Harrington [19] presents a much 

more advanced look at the development of electrornagnetic theory for tirne-harmonic electro- 

magnetic fields. Umashankar and Taflove [78] present a very detailed examination of the 

physics of the equations in their text which focuses on the numericd simulation of electro- 

magnetic fields. 

The most generai set of equations which describes the behavior of electromagnetic fields 

is the integral form of Maxwell's equations: 

Contained within these equations is a statement of the conservation of charge as it applies to a 

region: 

The above set of equations relates the following six physical quantities: 

E the electric field intensity 

H the magnetic field intensity 

D the electnc flux density 

B the magnetic flux density 

J the electric current density 

4. the electnc charge density 

Al1 the above t e n s  are vector quantities, except for the electric charge density which is a 

scalar. 



When evaluating the integrals in equations ( 2.1 ) and ( 2.2 ) a number of conventions 

must be noted. A circle on a Luie integral denotes a closed contour, and a circle on a surface 

integrai denotes a closed surface. When a contour and surface integral appear together in an 

equation, the contour is assumed to wrap around the outer edge of the surface, and the direc- 

tion of integration for the contour integral is found using the right-hand-rule with reference to 

the surface's normal, as seen in Figure I a). For integration on a closed surface, the normal is 

assumed to point outward fiom the interior of the sudiace, and any associated volume integrai 

is with reference to the region enclosed by the surface, see Figure 1 b). 

Figure 1: a) di and ds on an open surface, b) ds on a closed surface 

If the electromagnetic fields are continuous fùnctions with continuous derivatives, the 

integral equations can be cast in the more farniliar differential form of the Maxwell equations 

Contained within this set of equations is the equation of continuity 

a9, V - J = - -  
ar ( 2-4 

In addition to the above equations, there are several constraints on the fields due to the 

properties of the matenals in which they exist. For a large nurnber of matenals the relation- 

ships are relatively straightforward and are given by: 



The above constitutive relations introduce e, the electrical permittivity of the medium, p,  the 

magnetic permeability of the medium, and a, the medium's conductivity. Materials with a large 

conductivity are called conductors, and those with a small conductivity are called insulators or 

dielectrics. To simple the caiculations it is ofien easier to consider a conductor as being per- 

fect, having an infinite conductivity, and a dielecuic as being perfect, having a zero conductiv- 

ity. 

I f  there are no current sources present, the curl equations fully describe ail the relevant 

physics (see, for example, [72]). Some implications of dropping the divergence relations are 

discussed later in the thesis. When the differential form of Maxwell's curl equations are writ- 

ten in Cartesian coordinates the following six coupled partial differential equations are ob- 

tained: 

2.2 Two-Dimensional Equations 

If al1 the field values and source tems have no variation in the z direction, the two- 

dimensional fom of the equations can be obtained by setting al1 the z derivatives in ( 2.6 ) to 



zero. When this is done the six partial differential equations (PDEs) from the three-dimen- 

sional w e  decouple into the following two sets of equations: 

The constitutive relationships given in ( 2.5 ) have been used to elirninate the electrk and 

magnetic flux densities. Equation ( 2.7 ) contains the unknown field values E,  H, and 4, and 

is known as the Transverse Magnetic (TM) set of equations because the magnetic field vector 

lies in the x-y plane. The Transverse Electric (TE) set of equations, given by ( 2.8 ), relates the 

unknown field values H ,  Ex, and Ey, and has an electric field vector which lies in the x-y plane. 

A general solution to Maxwell's equations can always be written as the sum of a TM field and 

a TE field. It should be noted that the TM and TE equations are very similar in form, ignoring 

sources and boundary conditions, and can be shown to describe the same physics [NI. 

Consider a linear (E and p independent of jEl and (HI), isotropic (E and p scalar), perfect 

dielectric (a = 0) material, with no charge density (qv = O), and no current sources (J = 0). 

Under these conditions, the TM equations can be expressed in conservative form as: 

where the vector of unknowns is given by: 

and 



Note that F = AQ and G = BQ where the two matnces are 

If these matrices have constant coefficients with respect to position, that is, E and p do not 

vary spatially in the domain being considered, they can be brought outside of the derivative 

terms, resulting in the following equation: 

2.3 2-D Equations in CuMlinear Coordinates 

When numencally modeling electromagnetic fields, it is ofien the case that the geometry 

of the problem lends itself to a generalized coordinate systern. Anderson, Tamehiil, and 

Pletcher [Il present a method which allows the independent variables of the partial differential 

equations to be transformed into a unifody spaced computational domain. The two-dirnen- 

sional TM form of Maxwell's curl equations can be expressed in a generalized coordinate 

system using the following transformation: 

6 = 6 ( ~ ,  Y )  11 = B ( X , Y )  ( 2.14 ) 

Expressing the derivatives in equation ( 2.9 ) in terms of 6 and q lads  to 



The above equation introduces some new t e m ,  - atl and - which are known as 
dr' &' ay' ay' 

the grid mehics because they are completely dependent on the computational grid. Using sim- 

ple calculus it can be shown that the metrics are given by 

ax * aE ay 3=_+ -- a~ a~ a~ 
- J -  - = - J -  - J-  ( 2.16 ) -- 

a~ a7 a~ W aE a~ a6 
where the Jacobim of the transformation can be determined fiom the following 

The right hand side ternis in ( 2.16 ) can be calculated numerically as s h o w  in 5 3.1.1. 

Equation ( 2.15 ) is often referred to as the chah mle form of Maxwell's equations in 

generalized coordinates. To simpiiQ the determination of the characteristic variables for this 

equation, which is illustrated in the next section, it is advantageous to have the grid metrics 

inside the spatial denvatives, obtaining the strong conservation law form. The strong conser- 

vation law form is essentid if the material properties are not constant. This can be done by 

multiplying equation ( 2.15 ) by the inverse of the Jacobiq and after manipulating the result- 

ing equations using some simple calculus (see Appendix A), the following result is obtained 

where fi = ÂQ and G = BQ. The vector of unknowns is given by: 

and the two matrices are 

The above matrices are related by the following simple transformation 

Â < r ) Ê i .  



That is, one can obtain 6 from Â by replacing ali occurrences of 6 with q. 

When the material properties of the domain do not Vary spatially, the generalized coor- 

dinate transformation can be appiied to ( 2.13 ). This results in the following equation: 

After grouping on the derivatives of Q, the above equation cm be written as 

where Â and Ê1 are given above. 

2.4 Characteristic Variables 

It is often invaluable to have some knowledge about how disturbances propagate dong 

the spatial coordinate directions. This proves to be especially useful when trying to determine 

what types of disturbances are moving towards and away from a boundary, whether it be an 

interface between different types of materials or the outer boundary of a computational do- 

main. This can be accomplished using the method of characteristics as outlined, for exarnple, 

by Shang [56]. By applying this method to the two-dimensional TM equations, one can de- 

termine the characteristic variables which propagate in the positive and negative directions of 

both of the spatial coordinates. 

2.4.1 Characteristic Variables in Cartesian Coordinates 

The matrix A can be diagonaiized using the following transformation: 

The matrices in the transformation can be found by determining the eigenvalues of A and 

placing them dong the diagonal of AA, and finding the right eigenvectors of A and placing 

them in the columns of &. This gives: 



1 
where c = - fi 

is the speed of iight in the medium being considered, and 7, = & is the 

intrinsic Unpedance of the medium. 

In a similar fashion, the matrix 8 can be diagonaüzed as follows: 

where 

X, = [H ; o'] 
A single diagonal matrix, A = A, = A,, can be defined. 

One can split the diagonal matnx into two parts, one containihg positive eigenvalues 

and the other negative eigenvalues, as follows: 

This results in the following two matrices: 

These matrices can be used to define the following: 



These equations lead to: 

The above matrices can be used to define the following: 

Fi = A'Q 

G' = B'Q 

The resulting vectors are: 

fil 

L 

F' and G = G +  

J 

G- . The above equations show Note that F = F' + that the characteristic 

vanables which propagate in the positive and negative x directions are q ,  Dz - By and 

q,D, + By , respectively, and the characteristic variables which propagate in the positive and 

negativey directions are qI D, + B, and rl, Dz - B, , respectively. 



2.4.2 Characteristic Variables in Generalized Coordinates 

The Â matrix can be diagonaiized using the following transformation: 

where 

has a magnitude aven by IV4 = 

Splitting the diagonal matrix results in the following two matrices: 

O 

O O -CIVE/ 

These matrices can be used to define the foiiowing: 

This equation leads to: 

The above matrix can be used to define: 

kt - - 



The resulting vectors are: 

L , 

Using ( 2.2 1 ) we c m  easily see that 

Note that P = 6' + k- and G = G' + 6- . The above equations show that the characteristic 

variables which propagate in the positive and negative 6 directions are 



characteristic variables which propagate in the positive and negative q directions are 

Boundary Conditions 

Only the simplest problems in electromagnetics do not involve any boundary conditions. 

One such problem is the propagation of electromagnetic waves in fiee space, for which ana- 

lytical solutions exist. In general, problems which introduce objects composed of materials 

having dEerent types of electromagnetic properties are much more challenging. To obtain 

solutions for these types of problems, the boundary conditions at the interfaces between the 

objects must be determined. The following boundary conditions cm be found in many texts, 

such as Umashankar's and Tafiove's [78], which illustrates their development quite clearly. 

Figure 2: Surface currents and charge density on material interface 

Consider the general case of any two materials as shown in Figure 2. On the material 

interface the following conditions must hold: 

EI" = 

H<" - ~ , ' 2 '  = J 
s 

0;'' - Q2' = p, 

P = 42) 



The above four equations state that the tangential electnc field intensity and normal magnetic 

flux density must be continuous across the interface, the dserence in the tangential magnetic 

intensities at the intedace is equal to the surfice current flowing dong the interface, and the 

discontinuity in the normal electnc flux density is equal to the surfâce charge density on the in- 

terface. These relations include the effects of a surface current and a surface charge density. 

For many problernq these values will be identically zero. 

If Region (2) is a perfect conductor, that is, having an infinite conductivity, then al1 the 

field values inside the region must be zero. Using this fact, and the above four relations, the 

boundary conditions at the surface of a perfect conductor are obtained 

In general there will always be a finite current density on the surface of a perfect conductor, 

but there does not have to be a surface charge density for the TM case in two dimensions. 



3 Numerical Methods 

This research is concenied with simulating the propagation and scattering of electro- 

magnetic waves. The scatterers are made up of hear isotropie perfect dielectrics, perfect 

conductors, or combinations of the two. A separate numerical domain is used for each mate- 

rial, and the proper physical conditions are irnplernented dong interfaces to d o w  the trans- 

mission and reflection of wave fionts. To solve for the total electnc and magnetic field corn- 

ponents in each numerical domain, Maxwell's equations are approximated using finite-differ- 

ence methods. 

Figure 3: Interior, i, and boundary, b, nodes near corner of domain 
for a seven point cross computational stencil 

Any gnd which is used to discretize a numerical domain will contain nodes which are 

part of the interior region and nodes which are part of the bounhry region, as shown in 

Figure 3. The computational stencil of the spatial operator which is used in the interior of the 

domain defines which region each node fdls in. When the interior finite-diEerence scheme is 

applied at a node, if any part of the stencil falls outside the domain's boundary the node is 

considered to be in the boundary region, otherwise it is considered to be in the interior region. 



This chapter descnbes both the finite-diïerence operators that are used in the interior of the 

numerid domain, and the operators which are implemented near a boundary, referred to as a 

numencal boundary scheme. 

3.1 Interior Finite-Difference Schemes 

To approximate the governing equations, the finite-difference methods are applied in 

two parts: a spatial-operator is used to obtain the spatial denvatives of the field values, and a 

tirne-marching method is used to calculate the field values at a later time, using some initiai 

conditions. The methods described below were originally presented by Zingg et al. [89], and 

an extensive analysis of the methods can be found in [95]. 

The spatial operator is made up of two parts, an antisymmetnc or central-difference op- 

erator: 

and a syrnmetric operator: 

The farnily of operators described by ( 3.1 ) has a maximum seven-point stencil, and the op- 

erator with the maximum order of accuracy has a tmncation error which varies as Ax6. The 

family of operators described by ( 3.2 ) also has a maximum seven-point stencil, but its maxi- 

mum-order operator has a tmncation error which varies as hx5.  The symmetnc operator is 

used to add a small arnount of artificial dissipation to the scheme. When the operator is ap- 

plied to a hyperbolic system of equations, a characteristic splitting is used. For example, if the 

a Au 
equation being modeled contains the terni - , it is approximated by 

ax 

at any interior node i. Note that /A(= )(IAIX-' where X is the matrix of nght eigenvectors of 

A, and A is the matnx of eigenvalues of A. If the matrix A can be brought outside the deriva- 

tive the following approximation is used 



The method is applied in a similar way to approxhate a y  denvative. For the present set of 

equations one needs 

and Iq which can easily be obtained using ( 2.21 ) and the above relation. 

The hvo spatial operators given above can be used to represent many different finite- 

difference schemes. Taylor series expansions cm be used to determine the schemes' truncation 

errors [ 11. The following constraint on the coefficients of ( 3.1 ) is needed to obtain a second- 

order method 

al +h, +3a, = ( 3.6 

A fourth-order method is obtained by imposing the additional constraint 

a, + z3a, + 33a3 = O ( 3.7 ) 

and the method with the highest possible accuracy, sixth-order, is obtained by adding 

al + 2'a2 + 3'a, = O ( 3.8 ) 

The following constraint on the coefficients of ( 3.2 ) is needed to obt$n a first-order method 

+do +dl +d2 +d,  = O ( 3-9 

A third-order method is obtained by imposing the additional constraint 

dl + 2'd2 + 3'd3 = O ( 3.10 ) 

and the method with the highest possible accuracy, fifihoorder, is obtained by adding 

d, + 24d2 + 34d3 = O ( 3.11 ) 

Using the above constraints for the two spatial operators, a number of different families 

of schemes can be obtained. These families are defined by the number of parameters available, 

or free coefficients, and the order of the approximation. Table 1 gives the coefficients and 



truncation error for a two-parameter family of second-order central-difference schemes, a 

one-parameter f d y  of fourth-order central-difference schemes, and the sixth-order central- 

difFerence scheme. Setting a* = a3 = O in the two-parameter family gives the classical second- 

order central-difference scheme, and setting a, = O in the one-parameter f a d y  gives the clas- 

sical fourth-order centrai-dinerence scheme. 

-- - 

Table 1: Coefficients for farnilies of central-difference operators given by equation ( 3.1 ) 

Table 2 gives the coefficients and truncation error for a three-parameter family of first-order 

filters, a two-parameter family of third-order filters, and the fifth-order filter with strength do. 

For the two- and three-parameter families, we generally choose do to set the strength of the 

filter and determine the remaining parameters either to optimize the filter (see 5 3.1.3) or to  

reduce the stencil size. 

Family 1 1 4  1 4 1  Truncation Error 

3 parameter +do + 4 + d,) I -( I - 1 - ( ( - f d , + 3 d 2 + 8 d 3 ) h r ~ +  ... 

Table 2: Coefficients for farnilies of filter operators given by equation ( 3 -2 ) 

The time-marching scheme is an explicit six-stage method which, when applied to the 

du 
following ordinary differentid equation (ODE) - = f (u, t )  , c m  be written as: 

di 



Note that h = At is the tirne step, In = nh , u, = u(tn), and f:: = f (u!:: , ln + ah) . Setting 

a, = X insures that the method will be second-order accurate. Additionally setting a, = X, 
a3 = x ,  a2 = % , and a, = X gives the member of this family of methods with the highest 

formai order for linear homogeneous ODEs. It is sixth-order accurate for such ODEs and sec- 

ond-order accurate for nonlinear or inhomogeneous ODEs. This method generally gives better 

results than the classical fourth-order Runge-Kutta method when used in conjunction with the 

above spatial operators to model wave propagation problems. It requires two mernory loca- 

tions per dependent variable, where the classic fourth-order method needs three. 

3.1.1 Approximation of Maxwell's Equations 

To use the time-marching method given by (3.12 ) to model the 2-D TM set of 

Maxweii's equations in generalized coordinates, approximations for the time rate of change of 

the field values must be obtained. These cm be found by using the spatial operators ( 3.1 ) and 

( 3.2 ). When the equations are written in strong conservation law fonn, ( 2.18 ), the follow- 

ing approximation is obtained 

When the material properties of the domain are constant, equation ( 2.23 ) can be used to 

generate another approximation 

Sirnilar relations for the Cartesian coordinate case can easily be obtained. 



It is important to note that the numerical method used here is not like the staggered un- 

colocated methods, in that it does not guarantee that the divergence of the magnetic flux den- 

sity will be zero. Tests have shown that the numerical error in the divergence is on the order of 

the method's truncation error and is therefore bounded when the initial conditions and incident 

fields are consistent with the divergence relations. 

When using generaiized coordinates, the grid metrics must also be numencally approxi- 

mated. This can be done by using equations ( 2.16 ) and ( 2.17 ), the x and y locations of the 

nodes in the grid, and finite-differences to calculate the denvatives of x and y with respect to 6 
and 11. To simple the calculations, 6 and 11 are defined so that the nodes in the grid have inte- 

grai numbering, Le. i!j = i, q = j, and = Aq = 1. The denvatives are approximated using the 

central-difference operator given by ( 3.1 ). For example, the denvative of x with respect to 

is approximated as follows 

When using the finite-difference schemes to approximate the strong conservation law 

form of the equations, care must be taken in order to avoid generating artificial source terms. 

The existence of these source terms is discussed in Appendix B, and a rnethod for eliminating 

them is presented. When the coefficient matrices do not Vary spatially, and they are brought 

outside the spatial denvatives, artificiai source terms will not be generated. For this reason, 

whenever possible, Maxwell's equations are simulated using the approximation given by 

equation ( 3.14 ). 

3.1.2 Fourier Error Analysis 

A Fourier error analysis can be used to determine the errors of the finite-difference 

methods discussed above; see, for example, [95]. Since the numerical methods are used to 

solve wave propagation problems, the analysis can be simplified by using a mode1 equation 

which captures ail of the relevant physics. Consider the one-dimensional linear wave equation 

This equation propagates disturbances in the field variable, U, in the positive x direction with a 

phase and group velocity of c. Assume the following solution to this equation 



~ ( x ,  t )  = u(t)eJa ( 3-17 ) 

where j = and K is the spatial wavenumber. Substituting this into ( 3.16 ) results in the 

following ODE for the time component of the solution 

cku - - - - jcm 
dt 

The exact solution to this equation is simply 

u(t)  = uoe-"It 

which gives an analytical solution for ( 3.16 ) which can be written as 

~ ( x ,  t ) = u0e'("-') ( 3.20 ) 

where 

O = C K  ( 3.21 ) 

is the angular frequency of the wave. 

If ( 3.16 ) is modeled using a semi-discrete approach, the spatial derivative can be re- 

placed by the finite difference operators given in ( 3.1 ) and ( 3.2 ). This results in the follow- 

ing numerical equation for the value of U at the node i 

Assuming a uniform spatial discretization, such that x, = ihr , ( 3.17 ) can be used to obtain 

IIi = u(t)ejmk. Substituting this into equation ( 3.22 ) gives 

Dividing out the cornmon factor eJbb results in 

Recalling that efl - e-fl = 2 jsin 0 and efl + e-N = 2 cos0 leads to 



au c 2 j(al sin KAX + a, sin ~ K A X  + a3 sin ~ K A X )  
-+-[ ( 3.25 ) '* + do + 2(d, cos i rh  + 4 cos 2 ~ A x  + d, cos 3&) 

This can be written as 

where 1 = - ~ c K * ,  and K' is the modified wavenumber which is given by the equation 

z* = ireAr = 2(a, sin r ta, sin 22 + a, sin3r) 
( 3.27 ) 

- j(d, + 2(d1 cos z + d, cos 2r + d, cos 3z)) 

where z = K& is the nondimerzsioml wavemmber. The modified wavenumber depends on 

the numerical scheme that is used to approximate the spatial derivative, the grid resolution, 

and z. Errors can be written more concisely using zO(z) , the modified nondimensional wave- 

number. 

Figure 4: Example of harmonic signal resolved by a grid using 8 PPW 

In the limit as z approaches zero, the value of the modified wavenumber approaches the 

value of the wavenumber, provided that the numerical schemes are at least first-order accu- 

rate. This is easy to explain in tems of the number of grid points used to resolve a wave, 

known as the points per wavelength (PPW) (see Figure 4). The PPW, n,, for a harmonic signal 

with a wavelength 

following relation 

A,, resolved by a unifonn grid with spacing Ax, can be defined using the 



Nothg that the fiequency of the signal is given by 

and using ( 3 -2 1 ), z can be related to the PPW: 

The above relation shows that the nondimensional wavenumber is inversely proportional to 

the PPW. This means that as z approaches zero, the PPW approaches infïnity. When this hap- 

pens, the numerical discretization approaches the continuous problem, and any finite-difEer- 

ence method which is at least first-order accurate wiil become exact. 

It should also be noted that a lower limit on the PPW has to be set. To obtain any in- 

formation about a sinusoidal signal it must be resolved by a grid with at least two PPW. At 

this lower ümit the signal wiil be approximated by a saw-tooth wave, which is the result of 

using only the endpoints and the center point of the grid in Figure 4. This gives an upper lirnit 

of z for the value of the nondimensional wavenumber. 

For the more general two-dimensional case, consider the following partial differential 

equation 

This equation govems the propagation of a plane wave which rnoves at the speed c in the di- 

rection defined by the vector making an angle of e with the x-axis. Perforrning the above 

anaiysis on this equation again leads to the ODE given in ( 3.26 ), except now the modified 

wave number is also dependent on the direction of propagation. If the same finite-difference 

scheme is used to approximate the x and y denvatives on a square grid (h = Ay ), the two- 

dimensionai version of the modified nondimensional wavenumber can be detennined fiom 

Z& 0) = K&X = MS~Z,;(ZCOS~) + sin ~ z : ~ ( z  sin 8 )  ( 3.32 ) 

where zlD = K ; ~ A x  is detennined using the one-dimensional analysis. 

To add the effects of the time-stepping method to the error anaiysis, consider equation 

( 3 -26 ) which is rewritten here as 



du -- 
dt 

- Au = f (u, t )  ( 3.26 ) 

Noting the above value of the functionf, the time-rnarching method cm be used to solve for 

the unknown variable u. Direct substitution off into ( 3.12 ) gives 

(1) u*,, = un + i h a ,  u, 

d2)  n+az =un +Aha,u&, 

(3) uHa, = un + Aha3ufi2 

t&, = un + Iha4u:L3 

u(') n+a5 = un + Iha,uE;, 

un+, = un + ~h,, 

A solution for un+, in terms of un can easily be obtained using back substitution: 

which can be written as 

un+i = ( 3.35 ) 

where 

cr = 1 + ~h + &(Ah)' + ~ $ h ) ~  + B ~ ( A . ~ ) ~  + B ~ ( A ~ ) '  + ( 3.36 ) 

and 

The solution to ( 3.35 ) is aven by 

un = uoun ( 3.38 ) 

The solution is in terms of a, which is the root of the characteristic polynornial of the time- 

marching method. This root is dependent on the method used and the product Ah. In generai, 

a method may have more than one characteristic root. The tirne-marching methods considered 

in this work have a single root, which greatly simplifies the analysis. 

The exact solution to equation ( 3.26 ) is 

~ ( t )  = u,e 



Noting that t = nh and comparing the above two equations, the foilowing result is obtained 

a = e  Ah ( 3.40 ) 

A the-marching method's order of accuracy, when applied to a iinear homogeneous ODE, 

can be determined by finding out how many terms of a match the Taylor series expansion of 

eh .  From ( 3.36 ) it is clear that the family of time-marching methods being considered is at 

least fïrst-order accurate, and at most sixth-order accurate, for linear homogeneous ODEs. 

The second-order scheme discussed in the previous section gives B2 = 54, and the sixth-order 

scheme, for linear homogeneous ODEs, gives Pm = xf for rn = 2.. .6, as expected. 

To determine the value of the characteristic root when the fuiiy-discrete approximation 

is used, one first determines &(z) for the spatial finite-difference scheme as given by equa- 

tion ( 3.27 ). Given this, r&, O) is easily obtained using ( 3.32 ). To calculate a, the product 

Ah must be obtained, which equation ( 3.26 ) gives as 

Noting that the Courant number is given by 

AI 
C=c- 

L k  

( 3.4 1 ) c m  be rewritten as 

Ih(z, O, C) = - jCzf, ( ~ , t l )  

Using this and ( 3.3 6 ), a(Ah) = a(z, O, C) can be obtained. 

Using equation ( 3.40 ) and the exact value ofk it is clear that 

a = 0, + j0, .J e-~ah - - e-~cz 

where a, and a, are the real and imaginary parts of the characteristic root. The above equation 

shows that the exact value of a has a magnitude of unity and a phase angle of - Cr.  These 

relations lead to definitions for the local amplitude error, 

er, = la1 - I ( 3.45 ) 

and the normdized local phase error, 



of the numerical approximation. These errors depend on z, 8, and C , and they generally in- 

crease as z increases. 

Plots of the amplitude and phase erron as a fbnction of z over the range O to rc are 

shown in Figures 5 and 6 for some of the schemes that are discussed in the previous section. 

The errors shown are for a second-order central-difference scheme coupled with a third-order 

filter with fourth-order tirne-marching (C2), a fourth-order central-difference scheme coupled 

with a thûd-order filter with fourth-order the-marching (C4), and the maximum-order 

scheme which has a sixth-order central-diEerence scheme coupled with a mh-order filter with 

sixth-order time-marching (MO). The strength of the filter for the C2 and C4 schemes is 

4 = 0.06 and for the MO scheme is t& = 0.1. These values are chosen to help ensure the sta- 

biiity of the methods while keeping the overall effect on the errors minimal. For the fourth- 

order time-marching method the characteristic root, o, can be obtained by using B, = A,, 

m = 2  ... 4, and/& =Bs = O in equation (3.36). 

Figure 5: Local amplitude errors with 8 = 0° and C = L for second-order (C2), 
fourth-order (C4), and sixth-order (MO) schemes 



Figure 6: Normalized local phase errors with 0 = 0" and C = 1 for second-order 
(C2), fourth-order (C4), and sixth-order (MO) schemes 

Consider the total errors that will result after a scheme has been used over a number of 

tirne-steps, nt. The global amplitude error is given by 

and the global phase error is 

These mors can be used in a very effective method for evaluating a stheme7s efficiency. This 

is done by determining the PPW, n,, required to propagate a wave a given number of wave- 

lengths of travel, n, while keeping both Er, and Er, under O. 1 ; see, for example, [44]. Re- 

calhg that ( 3.30 ) expresses z in terms of the PPW, and by noting that 

the global errors can easily be expressed as functions of both n, and n,. Setting the errors 

equal to 0.1 irnplicitly defines the PPW needed to travel a given number of wavelengths. In 

generai, there may be more than one solution for these equations. If this is the case, care rnust 

be taken to ensure that the largest value of n, is used for a given n,. Once the PPW values are 



found for the global amplitude error and the global phase error, taking the maximum of the 

two gives the required result. 

Figure 7 shows a plot of the PPW required to propagate a wave a given number of 

wavelengths for the C2, C4, and MO schemes. This figure presents the relevant ùiformation in 

a very concise way, easily allowing a quick cornparison of the merits of each scheme. For ex- 

ample, if a wave is to be numerically propagated 10 wavelengths while keeping the global er- 

rors bounded by O. 1, C2 needs a grid with a resolution of about 60 PPW, C4 needs about 

15 PPW, and MO needs only 8 PPW. This means that C4 can use one fourth the number of 

nodes for a one-dimensional problem as C2 to achieve the same accuracy, a factor of 16 less 

in two dimensions, and a factor of 64 less in three dimensions. On the other hand, C4 needs to 

use about twice as many nodes as MO to obtain the sarne error levels for a one-dimensional 

problem, 4 times as many nodes in two dimensions, and 8 times as many nodes in three dimen- 

sions. 
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The errors presented in this section do not take into account the impact of the NBSs 

which must be ~ised near the surface of scattering objects or grid nonunifomity. Furthemore, 
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although the PPW requirements give an accurate picture of memory usage, CPU expense is 

aiso dependent on the cost per node of the methods. The results of the numerical tests, pre- 

sented in Chapter 5, show the relative efficiencies of these schemes for more redistic prob- 

lems. 

3.1.3 Optimized Schemes 

Equations ( 3.1 ), ( 3 -2 ) and ( 3.12 ) define a set of spatial operators and a time-rnarch- 

hg method which can be used to mode1 PDEs. This chapter has already defhed a number of 

rnethods for which the coefficients in the schemes were found by maxirnizing the formal order 

of accuracy, for a given computational stencil size, using Taylor series expansions. A number 

of papers 115, 18, 26, 42, 44, 73, 74, 951 have discussed determiring the coefficients of a 

scheme in order to obtain better error properties for a range of wavenumbers, as opposed to 

maximizing the formai order. The rest of this section outlines the development of schemes, 

discussed in [30, 89, 91, 951, which are optimized to produce amplitude and phase errors that 

are minimked over a range of wavenumbers. 

Consider the spatial operators given by ( 3.1 ) and ( 3 -2 ). By constraining these opera- 

tors to be at least first-order accurate a family of schemes is obtained in which there are four 

free parameters (see the schemes in Tables 1 and 2). If these operators are used in conjunction 

with the time-marching method given by ( 3.12 ), constrained to be second-order accurate. 

another four fiee pararneters are obtained. Using Fourier error analysis the local amplitude 

error ( 3.45 ) and local normalized phase error ( 3.46 ) can be found for this farnily of numeri- 

cal schemes, These emors are dependent on the 8 free parameters s, a3, d2, d3, p3, /&, #h, and 

p6, as well as the strength of the filter do, and the value of r, 8, and C. Equation ( 3 -37 ) allows 

the a, to be expressed in terms of the B i  which explicitly appear in the error equations. The 

maximum-order scheme (MO), which is detennined by choosing the free parameters in order 

to rninimize the truncation error, is a mernber of this family of schernes. 

Lele [42] noted that the fiee parameters in his compact central-difference operators 

could be used to force the phase error to be zero at a number of values of z. Determinhg the 

free parameters by selectively choosing where the zeros of the error were placed, he generated 

spatial operators which had error bounds that were much smaller, over a given range of wave- 

numbers, than those obtained by finding the pararneters which minimized the truncation error. 



Using this idea, the 8 free parameters in the scheme discussed above can be used to force the 

errors to be zero at 8 difFerent places. To find schemes for which the amplitude and phase er- 

rors are roughly of equal value, the parameters are used to pin the amplitude error to zero 

four times, and the phase error to zero four tirnes. The pinning locations can be optimized in 

order to minimite the maximum values of the amplitude and phase errors for a given range of 

wavenumbers. 

Before finding the coefficients of a scheme, the minimum number of PPW a given prob- 

lem is going to need mua be decided. This can be determined by having some idormation 

about the sire of the problem domain, the smallest expected wavelength that will be intro- 

duced dunng the simulation, and the amount of physical compter memory available. Once 

the vaiue of the minimum PPW required is known, it will define the range of nondimensional 

wavenumbers over which the errors will be optimized. For example, if a scheme is required in 

which the smallest expected wavelength is to be resolved by 10 PPW, the coefficients of the 

scheme will be determined by optimizing over the range z E [O, g] . Also, before the optimiza- 

tion can begin, the strength of the filter must be set. The schemes discussed in this document 

have a vaiue of do chosen to help insure numerical stability, while trying to rninirnize the im- 

pact on the errors. 

When performing the optimization, care must be taken in defining the choice of the er- 

ror fùnction which is to be minimized. The aim is to minirnize the maximum phase and arnpli- 

tude errors over a known range of nondimensional wavenumbers. For problems in two or 

more dimensions one must also consider the errors' dependence on the direction of travel. 

Another factor that anses, when using spatial gids which have variable node spacing, is that 

when a constant time-step is used the Courant number will Vary spatially. For this reason the 

errors' dependence on the Courant number must also be taken into account. If these factors 

are ignored, one can develop schemes which exhibit outstanding properties for given values of 

0 and C, but changing either of these values by a smail amount can degrade the rnethod's 

performance significantly. For example, consider the method, whose errors are s h o w  in 

Figure 8, which is optimized for 10 PPW using a filter strength of O S  while holding 6 = 0' and 

C = 1. Changing the direction of propagation fiom an angle of O" to 45" causes the maximum 

error, over the range of nondimensionaï wavenumbers, to increase by a factor of about 104. 



The maximum errors are also increased by a factor of about 10' by changing the Courant 

number from 1 to 0.5, which represents a factor of two stretch in the spatial grid. 

Figure 8: Errors for scheme optirnized for 8 = 0" and C = 1, a) and b) amplitude and phase 
errors for 0 = 0" and C = 1, c) and d) amplitude and phase errors for 8 = 45" and 
C = 1, e) and f) amplitude and phase errors for 8 = 0' and C = %. 



The above example shows that care must be taken when optimizing the schernes in or- 

der to obtain a method which exhibits enough flexibiiity to be used for multi-dimensional 

problems on general cunilinear grids. A usefùl method for finding such flexible schemes is to 

optimize the spatial operator first, using the four available parameters to pin the spatial errors, 

and then optirnizing the entire scheme using the four panuneters available from the time- 

marching scheme. This optimization is perfonned whde holding the value of 0 constant at zero 

degrees. Optimiting the spatiai scheme by itself is the same as finding an optimum scheme 

when the the-step is very s m d  wmpared to the grid spacing, that is, having a very small 

Courant number. When this is the case, the error due to the the-marching method is 

negligible and the spatial errors can be considered by themselves. Thefully optirnized method, 

found using this spatial scheme in combination with the time-marching method at a Courant 

number of one, gives very good error properties over the range of Courant numbers nom zero 

to one. A benefit of finding a method in this way is that it also has very good error properties 

for al1 directions of travel. 

To perform an optirnization on the spatial scheme, phase and amplitude errors must first 

be defined for the semi-discrete operator. Consider the Fourier analysis perfomed in the pre- 

vious section. The exact solution for the semi-discrete problem is given by equation ( 3.19 ) 

and is restated here 

u( I )  = e-Jar = e-~Cz ( 3.19 ) 

Approximating the spatial derivatives using finite-differences results in the following estirnate 

for the solution 

= e-e' = ecz;e-~cz; ( 3.50 ) 

where z: is the reai part and 2,. is the imaginary part of the modified nondimensional wave- 

number. By comparing the above two equations, the following definitions for the semi-discrete 

local amplitude and normalized local phase errors c m  be defined: 

er,d = e ~ $  - 1 ( 3.51 ) 

O 

The above errors are hnctions of the nondimensional wavenumber, z, and the direction of 



propagation, 8. The amplitude error is also a function of the Courant number, C. Strictly 

speaking, the Courant number should not be a factor in the error calculations because a tirne- 

marching method is not being considered. This definition for the amplitude error is oniy used 

as a tool in the first step for finding an optimired fllly-discrete scheme. Very good schemes 

have been found by setting the Courant number to one in this amplitude error. 

A number of schemes have been developed using the method discussed above. Three of 

these schemes wili now be considered. These schemes are optimized in order to obtain mini- 

mum errors over different nondimensional wavenumber ranges. The ranges are defined by 

cons ide~g  schemes which are optimized for problems with grids that resolve the expected 

highest fkequency components by at lest  10 PPW, 7.5 PPW, and 5 PPW. The coefficients of 

these schemes can be found in Appendix C. 

Figures 9 and 10 compare the local amplitude error and the local normalized phase error 

of the above optimized schemes to the MO scheme. The scheme optimized for 10 PPW is re- 

ferred to as 0 10, the scheme optimized for 7.5 PPW is referred to as 07.5, and the scheme 

optimited for 5 PPW is referred to as 0 5 .  The figures display the errors for a Courant number 

Figure 9: Local amplitude errors with 8 = O* and C = 1 for MO, 010, 07.5, and 
0 5  schemes 



Figure 10: Normaliied local phase erron with 0 = 0' and C = l for MO, 010, 
07.5, and 05 schemes 

of one and an incident angle of zero degrees, concentrating on the range of nondimensional 

wavenumbers associated with resolving a problem with at least 5 PPW. These figures clearly 

show the tradeoffs associated with optiminng the schemes more aggressively. Consider the 

0 5  scheme, for values of the nondimensional wavenumber greater than 1 this scheme gener- 

ates the smailest errors, but when z fds  below 0.7 dl the other schemes produce smaller er- 

rom. 

Figure 11 shows the PPW required to propagate a wave a given number of wavelengths 

of travel, while keeping the global errors less than 0.1, using the optimized schemes and the 

maximum-order scheme. The effect of optiminng a scheme over a larger range of nondimen- 

sional wavenumbers (Le. a smaller number of PPW) becomes very clear when inspecting this 

figure. The curve resulting from using the MO scheme appears to be relatively straight on this 

log-log plot. When using an optimized scheme, better results are obtained when the wave- 

lengths of travel are small, but at some criticai-point there is a discontinuous jump in the PPW 

requirements which results in a need for a much finer grid than that required by the MO 

scheme. By optimizing a scheme for smaller PPW requirements, the number of PPW required 

to propagate a wave for a short distance becornes smaller, but the critical-point occurs earlier. 



The critical-point for the 0 5  scheme occurs at about 8 wavelengths of travel. To propagate a 

wave 7 wavelengths the 0 5  scheme requires less than 5 PPW while the MO scheme needs 

more than 7 PPW. The critical-point for the 07.5 scheme occurs at just over 70 wavelengths 

of travel. To propagate a wave 70 wavelengths the 07.5 scheme requires around 7 PPW while 

the MO scheme needs more than 11 PPW (the 0 5  scheme requires over 200 PPW). The criti- 

cal-point for the 010 scheme occurs at over 300 wavelengths of travel. To propagate a wave 

300 wavelengths the 010 scheme requires less than 10 PPW while the MO scheme needs 

more than 15 PPW (the 07.5 and 0 5  schemes require over 140 PPW and 900 PPW respec- 

tively). 

Figure 11: PPW required to propagate a wave n, wavelengths while keeping the 
global errors less than O. 1 with 0 = 0' and C = 1 for MO, 010, 07.5, 
and O5 schemes 

An optirnized scheme should produce small errors for a range of Courant numbers and 

angles of incidence. The method for optimizing the schemes, discussed above, produces errors 

which exhibit these properties. For example, Figures 12 and 13 show the local amplitude error 

and local normalized phase error, respectively, for the 010 scheme at a number of different 

combinations of C and 8. The range of nondimensional wavenumbers s h o w  in the figures is 



b ) 
Figure 12: Local amplitude errors for 010 scheme with different values o f  0 at 

a ) C =  1 andb) C =  %. 

associated with problems which have waves resolved by at least 10 PPW. The errors are 

bounded by 02x10" and 2x10-'. The figures only show a finite number of combinations of the 

Courant number and the angle of incidence, but the errors remain bounded by -2x10" and 



2x10-' for all C E (0,1], 9 E [0,2n], and z E [O, %] . Also, when extended to problems in 

three dimensions, using a regular Cartesian grid, the 0 10  scherne produces errors which are 

bounded by the above values when modeling a plane hamonic wave traveling in any direction. 

Figure 13: Normalized local phase errors for 010 scheme with different values 
of 0 at a) C = 1 and b) C = %. 



3.2 Numerical Boundary Schemes 

When simulating the propagation of electromagnetic waves through a dielectric mate- 

rial, the dielectric must be modeled using a numerical domain of finite extent. When the 

boundary of the numerical domain is approached, the interior schemes can no longer be used 

when their computational stencils extend out of the numerical domain as shown in Figure 3. 

For this reason numerical boundary schemes which have computational stencils that do not 

extend outside of the numerical domain are used. 

Near a boundary, a l o d y  one-dimensional characteristic formulation of the governing 

equations is used. The electromagnetic fields are split into a pair of waves, one which exits 

and one which enters the dornain at an angle normal to the boundary. This is discussed fully in 

the next chapter. When calculating the spatial derivatives of these characteristic variables, up- 

wind and upwind-biased finite-difference schemes are used. For the waves which are moving 

out of the domain, regular Wh-order one-sided and upwind-biased schemes are used. These 

schemes are developed by using the interior scheme up to the boundary, and using fifth-order 

polynomial extrapolation to obtain the necessary field values outside the domain. For example, 

if an intenor operator with a seven-point computational stencil is used up to the first node in 

the domain, extrapolation is needed to find the field values at the O", -ld, and -2" "nodes". 

Note that the location of these "nodes" must be known. The following are the extrapolation 

schemes which are used: 

u, = 6u, - lSu, + 20u3 - 15u4 +6u5 - u, 

U-,  = 2 lu, -  OU, + 1 OSu, - 84u4 + 3 514, - 6u6 ( 3.53 ) 

U, = 56u, - 2 1 0 ~ ~  + 336u, - 28% + 120u5 - 2124, 

When the interior scheme is used up to the last node in the domain, i-, the following ex- 

trapolation schemes must be used to find the field values at the i-+l", imK+2", and im+3" 

"nodes" : 

u,-+, =6ui  - - I ~ u , - ,  +20~ , - - ,  -lSui--, + 6 ~ ~ - ~ i , _ - s  

u,-+, = 21u ~~ - 70u1--, + 105u,, - 84u,, + 352.4, - 6ui-, ( 3.54 ) 

- 56u -21%-, +336ui--, -280u,--, +12Ou,_, -2lu,--, Ui,+3 - 1, 



The use of reguiar one-sided upwind-biased fïfth-order finite-difference operators will 

lead to numencal instabilities when calculating denvatives of the incorning characteristic vari- 

ables. To h d  a stable and accurate inflow NBS, a two-parameter scheme, originally presented 

in [88], is used. When approximating the derivatives of the fields near the O' 'hode", at which 

incoming field values are used as boundaiy conditions, the NBS is given by 

The above NBS is at least fiflh-order accurate and has a maximum accuracy which is sixth- 

order when a = and /3 = - )& . Setting a = go and B = gives the following fifth-order 

NBS which is used for the incorning waves: 
. 

The above NBS is a modified version of the one presented by Zingg et al. [89, 951, which was 

found to be unstable on some cu~l inear  gnds. When approximating the denvatives of the 

fields near the im+ld "node", the NBS is given by 

3.3 Stability 

It can be shown, using a Fourier analysis, that the maximum-order scheme is stable up 

to C = 1.5 in one dimension, and the scheme optimized for 10 PPW is unconditionally unsta- 

ble. Zingg et al. [95] show that the instability in the 010  scheme is very mild, and when 



coupled with the inflow NBS ( 3.56 ) and the outflow NBS, which uses the extrapolation 

schemes in ( 3.54 ), asymptotic, or tirne, stability is achieved on a finite one-dimensional nu- 

merical domain. The stability regions for the time-marching methods can be found in this 

reference, as well as plots of the eigenvalues associated with the spatial operators. It is also 

shown that the optimized scheme cm be safely used for well over 30,000 time-steps, with a 

Courant number of one, before the mild instability wili have any impact on the simulation. 

Running a simulation for 30,000 time-steps with C = 1, and using a grid with 10 PPW resolu- 

tion, is equivalent to propagating a wave 3,000 wavelengths. The 010 scheme is not designed 

to be used for such long simulations since the MO scheme is much more accurate for dis- 

tances of travel greater than 300 wavelengths. The stability of both schemes was demon- 

strated in [9 11 where a number of simulations of one-dimensionai electromagnetic scattering 

are presented. 

The stability of the above methods has not been demonstrated analytically for problems 

in two dimensions where complex grids are used to join diEerent material domains, and for 

general two-dimensional curvilinear grids. This is quite a formidable problem and further re- 

search must be performed before the numerical stability of the schemes can be fully deter- 

rnined for such complex geometries. The MO scheme and the 010 scheme have both been 

used to mode1 many scattering problems in two dimensions, where a number of dielectnc ma- 

terials have been used, and where curvilinear grids are used (see, for example, the results in 

Chapter 5 and [29, 301). Useful engineering data has been obtained, and no numerical insta- 

bilities were evident, for simulations which lasted for thousands of tirne-steps. 



4 Interface and Boundary Treatment 

When dealing with the scattering of electromagnetic waves, a numericd simulation must 

be equipped to handle an interface between two regions which have difTerent matenal proper- 

ties- The simulation must aiso allow for the tmncation of the numerical domain far fiom the 

scatterer. A separate computational domain is used for each matenal, as show in Figure 14. 

Except near materiai interfaces, each domain can be handled individually at each stage in the 

time-marching scheme. At an interface, Uifonnation must be passed between domains in a way 

which preserves the physics of the problem. The values of the fields at the next stage in the 

the-marching scheme are calculated by assumhg that the field values dong ail the interfaces 

are known during the current stage. Near an interface a special set of conditions are used 

which mode1 the waves moving in and out of a domain. At the outer boundary of the problem 

(the outer boundary of ND O in the figure) waves must not produce any significant reflections 

as they pass out of the numencal domain. This is achieved by using special far-field 

conditions. 

boundary 

Figure 14: Alignment of Numencal Domains (ND) with Dielectric Materials 



Three separate boundary types are considered: an interface between two dielectric re- 

gions, the boundary between a dielectnc and a pedect conductor, and the far-field boundary. 

At the interface between two dielectric media and at the surface of a pedect conductor, a lo- 

cally one-dimensional characteristic formulation of the goveming equations is used [24]. Us- 

ing this approach, characteristic variables can be found which represent incoming and outgo- 

hg waves dong lines normal to the intertace. When calculating the spatial derivatives of these 

characteristic variables, upwind and upwind-biased finite-difference schemes, which are given 

in 5 3.2, are used. 

4.1 Dielectric Interfaces 

Figure 15 shows the difZerent field values and matenal properties close to a general ma- 

teriai interface. When the TM set of equations are used, there are six unknowns, D,('), D,(", 

B,"' , B,"', B /  , and q2), which rnust be stored at any point dong the interface. Fieid val- 

ues are stored on the interface for both Regions (1) and (2), which allows for possible discon- 

tinuities in the flux densities across the interface. 

1 
Figure 15: Field values and material properties near interface 

This research is concemed with problems in which there is no current flowing dong the 

interface, and no charge present at the interface. With these constraints the physical boundary 



cunditions given in 5 2.5 reduce to 

~ j l )  = ~ j 2 )  ( 4-1 

@) = HP) 
t ( 4.2 ) 

Q" = @' ( 4.3 

g l )  = ~ ! 2 )  ( 4.4 1 
In the TM case, the electnc field intensity and electnc flux density vectors point out of the x-y 

plane, thus ( 4.3 ) holds automatically and ( 4.1 ) simplifies to 

E!') = Et21 
r ( 4.5 1 

4.1.1 Curvf inear Coordinates 

Consider a body-fitted grid which ensures that the interface between different materials 

w i U  lie on a 6 = constant curve. Figure 16 shows an example of such a body-fitted coordinate 

Figure 16: Example of a body fitted grid showing the characteristic variables 
associated with the outgoing waves 



system, where the positive 5 direction points from Region (1) to Region (2). The fields are 

extrapolated to the interface from both materials and the characteristic variables associated 

with the outgoing waves are detennined along the interface. These values are then coupled 

with the physical jump conditions, given above, in order to determine the values of the fields 

along both sides of the interface. The incoming charactenstics can then be detemineci, ushg 

the intefiace field values as the boundary conditions, for each of the respective regions. 

The field variables are extrapolated to the interface, dong constant q lines, using the 

fifth-order polynomial rnethods given in equations (3.53 ) and ( 3.54 ). The characteristic 

variables were determined in 2.4.2 and can be Wntten as 

0) = ,pn (1 )  +B (11 
W. t 1 

and 

( 2 )  = ,p~ ( 2 )  - B ( 2 )  w- t t 

Note that 

is the component of B tangent to a 6 = constant curve, and 

L A 

is the component of B normal to a 6 = constant curve. This gives two equations for the un- 

known values D,") , D,'~' ,  B,"), and B, '~ ' .  The characteristic variables depend on the orien- 

tation of the local (6, q )  coordinate systems at the interface. For the example above, the char- 

acteristic variable representing a wave moving in the positive ( direction is obtained dong the 

Region (1) side of the interface, and the characteristic variable representing a wave rnoving in 

the negative 6 direction is obtained along the Region (2) side of the interface. If, for example, 

the local coordinate systems were arranged such that one approaches the interface from 



Region (1) dong a line of constant 6 with q  decreasing, and approaches the interface from Re- 

gion (2) dong a line of constant q  with 6 increasing, then different quantities would be 

needed. For this case, the characteristic variable representing a wave movhg in the negative 11 

direction is used on the Region (1) side, and the characteristic variable representing a wave 

moving in the positive 6 direction is used on the Region (2) side. Care must be taken when de- 

fïning the wmponents of the fields normal and tangentid to the interface, as they will also be 

dependent on the orientation of the local (6, q )  coordinate systems. 

Two more equations are needed to solve for the four unknowns given above. These 

equations can be found by using the interface jump conditions, ( 4.2 ) and ( 4.5 ), which can 

be written as 

E ( Z ) ~ ( l )  - E ( i ) ~  (2) = 0 
t ( 4.10 ) 

(2) B (1) - p( 1) B (2)  = 0 
P r I (4.11 ) 

The four relationships given above, ( 4.6 ), ( 4.7 ), ( 4.10 ), and ( 4.1 1 ), can be used to de- 

termine the foliowing field values on the interface: 

The normal component of the magnetic flux density is single valued on the interface, as 

s h o w  by ( 4.4 ). It is obtained by using the extrapolated field values to calculate B. along 

both sides of the interface, and then averaging these values. The values of Bx and By can now 

be detemined fiom B. and B,, using ( 4.8 ) and ( 4.9 ), along both sides of the interface. 



4.1.2 Cartesian Coordinates 

Handling a dielectric interface in Cartesian coordinates is quite simple. The method can 

easily be obtained fi-om the generalized cudinear wordinate case given above. For example, 

when the interface lies dong a line of constant x, as s h o w  in Figure 17, the necessary rela- 

tionships can be found by letting 8 = x and q =y in the equations given in the above section. It 

is clear from ( 4.8 ) and ( 4.9 ) that B, = -By and B. = Bx. The field values on an interface 

which Lies dong a line of constant y value can be found in a sirnilar manner by letting ( = y  and 

Figure 17: Example of Cartesian grid with interface along line of constant x 

The following are the characteristic variables which are needed on both sides of the in- 

tefiace: 

( 1 )  ( 1 )  - ( 1 )  w? = ql D: Y ( 4.16 ) 

,p = , p D Z ( 2 )  + By(2) ( 4.17 ) 

The above equations give two constraints for the four unknown field values, D ~ " ) ,  D/) , 

B,('), and B , ( ~ ) .  The interface jump conditions, (4.10 ) and ( 4.11 ), give two more con- 

straints. For this case, equation ( 4.11 ) can be written as: 



(2) (1) - p ( l ) ~  ( 2 )  = 0 
P SY Y 

Solving these four equations results in the foliowing values: 

The x component of the magnetic flux density is single valued on the interface and is 

obtained by determining the average value of B x  from the extrapolated fields. 

4.2 Perfect Conductors 

When modeling a scattenng problern where some of the materials being considered can 

be treated as perfect conductors, the correct boundary conditions must be used dong an in- 

terface between the conductor and a dielectric matenal. Because an electromagnetic wave 

does not propagate into the interior of a perfect conductor, a grid does not need to be used in 

any domain which represents perfectly conducting material. The boundary conditions on the 

interface were given in 5 2.5, and are written here, for the TM set of equations, as: 

El = O ( 4.23 ) 

H, = J, ( 4.24 ) 

On = O  ( 4.25 ) 

B, = O  ( 4.26 ) 

where Js is the surface current present on the interface. Figure 18 shows an exarnple of a grid 

near a perfect conductor whose sudace lies along a line of constant 6. 



Figure 18: Example of a body fitted grid near the surface of a perfect conductor 

For the TM set of Maxwell's equations ( 4.25 ) is automaticdy satisfied since the elec- 

tric flux density points out of the plane, and ( 4.23 ) sets its magnitude to zero, Le., Dz = O on 

the surface of the perfect conductor. The tangentid component of the magnetic flux density, 

and indirectly the surface current, is found by extrapolating the fields to the conductor's sur- 

face, and then calculating the outgoing characteristic variable. For example, if the surface of 

the perfect conductor lies along a line of constant c, with 6 increasing as the conductor is ap- 

proached, then the fields are extrapolated to the surfâce along a line of constant q using a 

fifth-order polynomial method, and w+ is determined. Since DI = 0, ( 4.6 ) gives 

B, = w+ ( 4.27 ) 

where Br is defined by ( 4.8 ). The Cartesian components of the magnetic flux density are de- 

termined using this value, and the fact that B. = 0. 

If a Cartesian grid is being used and the surface of the pedect conductor lies along a line 

of constant x, with x increasing as one approaches the conductor, then the proper boundary 

conditions are found by replacing B. with Bx and Br with OBy. This results in Dz = Bx = O and 



By = -w+ dong the surface of the perfect conductor. 

4.3 Far-Field Boundaries 

To mode1 the problem of waves moving out into free space the numencal domain must 

be artificiaily truncated. The NBS used at this outer boundary is often a large source of error 

due to spurious reflections which occur when the scattered waves exit the numerical domain. 

There are a number of methods discussed in the literature for dealing with this problem [2, 3, 

12, 16, 22, 751. The simulations discussed in the next chapter use two dzerent types of fa-  

field boundary conditions (FFBC), the first is based upon a radiation condition given by Tarn 

and Webb [73], and the second is based on a locally one-dimensional charactenstic splitting. 

4.3.1 Radiation FFBC 

A modified version of the radiating boundary condition introduced by Tarn and Webb, 

which was found to be the best method of those tested by Hixon et al. 1251, is used. This 

method tnincates the domain by using a far-field radiation condition which only allows distur- 

bances to propagate in the outward direction. The rnethod was formulated for the governing 

equations of computational aeroacoustics, but it can be applied directly to electromagnetic 

problems. In two dimensions, when the free-strearn velocity is set to zero, the governing 

equations of aeroacoustics have a one-to-one correspondence with the TM set of Maxwell's 

equations. The electromagnetic fields are related to the aeroacoustic variables as foiiows 

D , = p  B , = v  By = -u (4.28) 

The condition is applied by enforcing the following partial dserential equation around 

the outer boundary of the domain: 

cdt  dr 2r 

where r = Jx2 + y2 . The origin should be near the center of the numerical domain. When 

a = 1 the operator given in [73] is recovered which is the asyrnptotic solution for an electro- 

magnetic wave propagating away fiom the ongin as r -, 0 0 ,  and it is ~(r - '12) .  Using the op- 

erator 4 t h  this value of a results in the numencal schemes becoming unstable for some 



curvilinear grids. This instability is present even when second-order spatial finit e-dserence 

schemes are used. By setting a = 3 a stable and accurate method results for aii the schemes 

considered. A better understanding of the efEects of changing the value of a can be obtained 

by looking at the solution of the above equation, which is given by 

where Q represents any of the unknown field values. This solution represents an outward 

traveiing wave which is attenuated spatially by a factor of Fap. When a = 1 the classical far- 

field attenuation of an outgoing cylindrical wave, l/&, is obtained (see, for exampie, [19]). 

When a = 3 the wave wiii be attenuated at an increased rate as it moves away fiom the ongin, 

which results in a stabilizing effect on the FFBC. Very good results have been obtained in a 

number of numerical simulations using this modified version of the original radiation FFBC, as 

is shown in the next chapter. 

To apply (4.29), Tarn and Webb use their seven-point operator out to the edge of the 

numencal domain. This necessitates the use of a number of points, which they call ghost- 

points, that Lie outside the domain. At these points the radiation boundary condition is en- 

forced using appropriate one-sided operators as necessary. Figure 19 shows the ghost-points 

introduced near a corner of a grid, and examples of some computational stencils used by the 

interior and radiation operators. The simulations discussed in this work use a similar method. 

The spatial derivatives in the electromagnetic equations are handied out to the ghost-points 

using the seven point operators given by ( 3.1 ) and ( 3.2 ). The spatial derivatives in the ra- 

diation FFBC are handled in the ghost point region using the above rnentioned interior op- 

erators and the one-sided outnow operators given in § 3.2. The sarne the-marching method is 

used for both the electromagnetic equations and the radiation FFBC. 

For an electrornagnetic wave to propagate into the numerical domain, the method used 

in [73] must be modified since it ody considers disturbances exiting the domain. To allow the 

incident field to enter the numerical domain, the domain is split into two regions, one which 

contains the total electromagnetic field, and one which contains only the scattered field (see, 

for example, [72]). The scattered field is stored on the ghost-points, and the total field is 

stored at al1 other nodes. To approximate the spatial derivatives in Maxwell's equations where 
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Figure 19: Example of stencils used near corner of numericd domain 

the computational stencil will overiap the ghost-point region, the incident field is added to the 

scattered field at the necessary nodes in this ghost-point region. When calculating the spatial 

denvatives for the radiation condition, the incident field is subtracted fiom the total field at the 

necessary nodes in the interior domain. The incident field is a known function of space and 

t h e ,  and is known at every node during a simulation. Figure 20 shows an exarnple of the 

Figure 20: Fields stored near outer boundary of domain 



fields storeci at the nodes near an outer boundary, as well as the data used when calculating 

the spatial derivatives of the fields in each domain. 

4.3.2 Characteristic FFBC 

The method based on a locally one-dimensional characteristic splitting is discussed in 

[29]. The characteristic form of Maxwell's equations, given in 5 2.4, are used in the vicinity of 

the outer boundary, Le., at any node in which the application of the interior operator will ne- 

cessitate the use of ghost-points. When calculating the spatial derivatives of the outgoing 

characteristic variables, the NBS based on fifth-order polynomial extrapolation is used. To 

calculate the derivative of the incoming characteristic variables the regular seven-point interior 

operator is used. The incident field is used to calculate the incoming characteristics found at 

the ghost-points outside the domah, avoiding the use of the NBSs given in ( 3.56 ) and 

( 3.57 ). Setting the incoming characteristic variables for the total field to the values associ- 

ated with the incident field is the same as setting the incoming characteristic variables for the 

scattered field to zero. This method requires a simpler storage arrangement than the radiation 

FFBC because the total field can be used at every node in the domain, and no storage has to 

be used for the ghost-points since the incident field is a known quantity. 

It has been show in the literahire (see, for exarnple, [25])  that the use of this type of 

characteristic FFBC results in signifiant errors due to spurious reflections. This is illustrated 

in the next chapter by a number of tests which compare the accuracy of this method with the 

radi~tion condition discussed above. This method is usefùl for problems in which the scattered 

fields will not interact with the outer boundaries during the simulation. 



5 Results and Discussion 

This chapter presents a nurnber of numencal simulations which display the flexibility of 

the numerical methods given in previous chapters. The accuracy and efficiency of the methods 

are shown by perfonning grid resolution studies for several simulations, and comparing the 

results with those obtained using second- and fourth-order methods (C2 and C4, respectively). 

The tests are concemed with the implementation of the high-order methods, MO and 0 10, for 

problems in two dimensions. An extensive study of the use of the high-order methods for the 

simulation of the one-dimensional Maxwell's equations can be found in [91]. Both regular 

Cartesian grids and cuMlinear grids are used. The simulations test the formulation of the in- 

terface and boundary conditions by modeling dielectric and perfectly conducting scatterers, as 

well as determining the impact of the far-field boundary conditions. 

The C2, C4, MO, and 010 numencal methods are al1 discussed extensively in Chap- 

ter 3. To calculate the spatial derivatives, the C2 method uses a second-order central-difZer- 

ence operator with a third-order filter while the C4 rnethod uses a fourth-order central-diEer- 

ence operator with a third-order filter. Both C2 and C4 use the classical fourth-order Runge- 

Kutta the-marching scheme. The MO method uses a sixth-order central difference operator 

coupled with a fifth-order filter to calculate the spatial derivatives. A low storage six-stage 

Runge-Kutta scheme is used for the time-marching. The 010 method is sirnilar to the MO 

method, the difference being that the coefficients of its finite-difference schernes are optimized 

for propagating waves roughly 300 wavelengths of travel. The high-order NBSs described in 

Chapter 3 are used with the MO and 0 10 methods. Regular third-order upwind and upwind 

biased NBSs, as weli as thirdsrder polynomial interpolation and extrapolation schemes, are 

used with the C4 method near the interfaces and boundaries. The C2 method uses a first-order 

upwind NBS, as well as first-order polynomial interpolation and extrapolation schemes, when 

required. 

5.1 Dielectric Square 

The first test simulates the scattering of a pulsed plane wave off of a dielectric square. 

Figure 21 shows an example grid as well as the geometiy of the problem. The numerical 



Figure 21: Exarnple grid showing pulsed plane wave with 
Gaussian cross-section incident at 4 5 O  on a di- 
electric square 

domain is square, with x and y ranging from O to 1, and the dielectric is located in the center 

of this region, at 0.4 < x < 0.6 and 0.4 < y r 0.6. The permittivity of the dielectric is four tirnes 

the permittivity of the tiee space region, while the perrneability is held constant. The wave 

speed in fiee space is nomalized to one which results in a wave speed of a half in the dielec- 

tnc. The domain is discretized using a Cartesian grid in which Ar = Ay. Two grids are used to 

model the problem, one for the domain outside the dielectric, and one for the interior of the 

dielectric. The grid density in the intenor of the dielectric is twice that of fiee space. This en- 

sures that the spatial resolution inside the dielectric is matched with that found in free space, 

since the width of the pulse will narrow as it slows down. A description of a11 the grids used in 

the tests cm be found in Table 3. For al1 test cases, the time step is chosen to give a Courant 

nurnber of one in free space. This results in a value of At equal to the hx value of the fiee 

space domain. As a result of both the wave speed and the grid spacing inside the dielectnc 

being one half the values found outside the dielectnc, the Courant number will also have a 



value of one inside the dielectric. In al1 the simulations, the far-field boundary condition based 

on the characteristic spiitting is used. Spurious reflections are not a problem because the inci- 

dent field is imposed dong the entire outer boundary, and the simulation is not run long 

enough for the refiected pulse to reach the outer boundary. Results are obtained for a 

Gaussian pulse incident upon the dielectnc square at an angle of 45'. The incident electric 

field is given by 

with a = 0.03. The components of the incident magnetic fields can be calculated directly from 

this using Maxwell's equations and the angle of incidence. 

Resolution Resolution 1 Total / Outside Dielectric 1 Inside Dielectric 

Table 3: Grids used for dielectric square tests 

For this simulation, the interface between the different materials lies dong lines in the 

Cartesian grid. The jump conditions discussed in $4.1.2 can be used to obtain the field values 

along the interface. Since the grid in the interior of the dielectric square has twice the resolu- 

tion of the grid outside the dielectric square, some of the values needed to obtain the fields on 

the interface must be interpolated. Also, because of the ditticulty in defining tangentid corn- 

ponents of the fields, the corners must be handled as special cases. These two issues are dis- 

cussed in detail in Appendix D. Furthemore, the corners produce singular fields. This is not 

taken into account in the present procedure, but the known singular behavior couId be incor- 

porated into the interpolation. 

Contour plots of the electric field intensity, calculated at t = 1.4, are shown for four dif- 

ferent cases in Figure 22. Contours which represent negative values of the electric field are 



Figure 22: Contour plots of electnc field intensity for a) reference solution, b) MO using a 
grid with 11,200 nodes, c) C4 with 11,200 nodes, and d) C2 with 44,800 nodes 

represented using dashed curves. Figure 22 a) shows a reference solution which is calculated 

using the MO scheme on a grid with 179,200 nodes. The results computed using the MO 

scheme on a coarser grid with 11,200 nodes is show in Figure 22 b). The solution obtained 

using this coarser grid is virtually indistinguishable fiom the reference solution. Plots of the 

solutions obtained using C4 on the jgid with 11,200 nodes and C2 on a grid with 44,800 



nodes are shown in Figures 22 c) and d), respectively. The C4 results show some smail devia- 

tions from the reference solution, and even larger deviations are evîdent in the C2 results 

which are obtained on a grid with four tirnes as many nodes. 

The z component of the electric field intensity along the diagonal of the dielectric square 

is shown in Figure 23 for the reference solution, the MO scheme on a grid with 11,200 nodes, 

the C4 scheme on a grid with 11,200 nodes, and the C2 scheme on a grid with 44,800 nodes. 

The results obtained using the MO scheme lie very close to the reference solution. The C4 re- 

sults are also fairly accurate, but there are some discernible deviations fiorn the reference so- 

lution in the range 0.48 c x (=y) c 0.58. The solution obtained by using the C2 method devi- 

ates wnsiderably from the reference values. 

Figure 23: Electnc field intensity across diagonal of dielectric square 

Figure 24 shows the Lz nom of the errors in the z component of the electric field inten- 

sity versus the total nurnber of nodes in the gnd. The error is normalized by the number of 

nodes in the numerical domain to allow the cornparison of the results obtained using different 

grids. The plot shows the errors obtained by using the C2, C4, MO, and 010 schemes on a 

number of different grids. The errors are determined by considering the results obtained by a 

simulation which uses the MO scheme on the highly resolved grid as an accurate reference 

solution. The following formula is used to calculate the error: 



Nuniber of Nodes 

Figure 24: Normalized Lz nom of the error in the electric field intensity, 
for the dielectric square case, as a fùnction of the number of 
nodes in the grid 

ere the sum is over the n nodes in the numerical domain, and E : ~  represents 

( 5.2 ) 

the value of 

Ez obtained using the reference solution. Figure 25 plots these errors as a fùnction of the com- 

puter time needed to obtain the solution. The tirne is measured in terms of the number of CPU 

cycles needed by a reference computer system to complete the simulation. It is clear that the 

high-accuracy schemes (MO and 010) are more efficient than the C4 and C2 schemes. To 

obtain the accuracy of the results generated by the MO and 010 methods on a grid with 

11,200 nodes, the C4 scheme needs to be run on a grid with 2.5 tirnes as many nodes, and re- 

quires twice as much CPU time. The results obtained using C2 on a grid with 16 times as 

many nodes gives an error which is about 3.5 times as large as that obtained by the MO 

scheme, taking about 25 times longer to run. 

The above simulations illustrate the usefulness of the high-accuracy schernes. The 

method for handling the intefiace between two dielectric materials is also shown to work suc- 

cessfully. This can be seen in Figure 22 where the contours pass smoothly through the 



interface. The high-acuiracy schemes are also clearly much more efficient than the lower or- 

der schemes. Even though the high-auxiracy schemes take longer to run per grid node per 

the-step than the lower order schemes, the sarne error level can be obtained by using a grid 

with rnuch fewer nodes, and, as a result, a larger time-step. This results in the simulation being 

completed much fmter. Being able to use a grid with fewer nodes also results in a large sav- 

hgs in memory. The savings in both time and memory will be even more evident in three di- 

mensions. 

Figure 25: Normalized L2 norrn of the error in the electnc field intensity, 
for the dielectric square case, as a fbnction of the CPU cycles 
necessary to complete the simulation 

In the above simulations, the optirnized method (0 10) gives the same results as the MO 

scheme. There are a number of reasons which explain this. First, the incident pulse h a  sigxufi- 

cant low wavenurnber content. The majonty of the Fourier components of the pulse used in 

the simulations have wavenumbers which give a value of nchx < 0.35 on the grid with 11,200 

nodes. These components are resolved more accurately by the MO scheme, as can be seen by 

inspecting Figures 9 and 10. Another factor which cornes into play is that the numerical 

boundary formulation which is used near the interface between fkee space and the dielectric is 

the sarne in both the MO and 010 methods. As was show in [91], the NBSs, in conjunction 



with the jump conditions, can have a very significant impact on the overall error. The errors 

introduced when the pulse is near the interface can become dominant, resulting in the accuracy 

gained by replacing the MO scheme with the 010 scheme being wasted. This last effect is re- 

duced if the distance of travel between interfaces and boundaries is relatively large. 

5.2 Perfectly-Conducting Cylinder 

Several tests are now considered which use a curvilinear grid. These tests simulate a 

number of dif5erent waves incident on a perfectly-conducting cylinder. Figure 26 shows the 

geometry of the problem. The cylinder has a radius of unity, and the outer limit of the numeri- 

cal domain is at r = 5. Again, a nondimensional set of the equations are used which give a 

wave speed ofone. The waves enter the domain from the left side and are incident at an angle 

of zero degrees. Grids which are made up of three distinct blocks are used. These grîds, an 

exarnple of which is show in Figure 26, lirnit the widening of individual cells when moving 

away from the scatterer by doubling the resolution of the grid, in the 0 direction, whenever the 

value of r is doubled. This insures that the waves are evenly resolved over the entire domain. 

Figure 26: Example grid showing a pulsed plane wave with 
a Gaussian cross-section incident on a perfectly- 
conducting cylinder 



Physical Domain Computational Domain 

Figure 27: Transfonnation of physical domain into computational domain 
showing different types of boundaries for a perfectly-conducting 
cylinder 

Figure 27 shows a representation of the generalized coordinate transformation, de- 

scribed in § 2.3, which maps the physicai domain into the computational domain. The different 

types of boundaiy conditions are aiso shown in the computational domain. Each block is sur- 

rounded by a region of ghost points. The existence of these ghost points ailow the grid metrics 

to be calculated numerically, using the same antisymmetnc operator which is used in the cai- 

culation of the spatial denvatives of the electromagnetic fields, without resorting to the use of 

NBSs. The use of boundary operators can aiso be avoided when calculating spatial denvatives 

of field values near the interface between blocks. A resuit of using the ghost points is that the 

blocks overlap slightly, as shown in Figure 28. Data is passed between the blocks, moving 

from the regular nodes of one to the ghost points of the other. The fifth-order polynomiai in- 

terpolation scheme, given by equation ( D. 1 ) in Appendix D, is used to obtain the field values 

at nodes which do not have parbzers in the block being overlapped, as shown in Figure 28. 

The method descnbed in 4.2 is used to handle the numerical wmputations at the surface of 

the perfect conductor. The grids are generated to obtain cells which have an aspect ratio close 

to one near this surface. When the aspect ratio deviates too much from this value, it is difficult 



to find boundary schemes which are stable and accurate for the high-accuracy methods. For ail 

the tests, the time step is chosen so that the Courant number f d s  in the range 0.5 to 1 .O. 

Figure 28: Overlapping grids showing example points at which data can be 
passed directly, and points at which interpolation must be used 

5.2.1 Gaussian Incident Pulse 

This test models a pulsed plane wave with a Gaussian cross-section incident on the cyl- 

inder described above. The incident electric field intensity is given by 

L J 

with a = 0.3, and the simulation is run until t = 8.5. The FFBC based on the characteristic 

splitting is used for these tests. This method is adequate because the scattered field does not 

interact with the outer boundary dunng the simulation. Figure 29 shows contour plots of the 

electric field intensity for four dserent cases. Figure 29 a) shows a reference solution which is 

calculated using the MO scheme on a grid with 345,600 nodes. The results computed using 

the MO scheme on a grid with 5,400 nodes are shown in Figure 29 b). Even though this gnd 



Figure 29: Contour plots of electnc field intensity for a) reference solution, b) MO using a 
grid with 5,400 nodes, c) C4 with 5,400 nodes, and d) C2 with 21,600 nodes 

is fairly coarse, the solution obtained compares favorably with the reference solution. The jag- 

gedness of the contour lines, and the discontinuities near the interface between the outer and 

center blocks, are artifacts of the plotting package. The numencal solutions are smooth. Plots 

of the solutions obtained using C4 on the grid with 5,400 nodes and C2 on a grid with 21,600 

nodes are show in Figures 29 c) and d), respectively. Both of these results deviate 



sigdicantly fiom the reference solution. A description of ali the grids used in the tests can be 

found in Table 4. 

Resolution in 1 Resolution in 1 Resolution in 1 1 1 h e r  Black Middle Block Outer Block 

Table 4: Grids used for perfectly-conducting cyiinder tests, 
where resolutions are given as radial nodes x rmgular 
nodes 

Figure 30: Electnc field intensity dong a radial line behind the perfectly- 
conducting cylinder for an incident pulse with a Gaussian 
cross-section 

The electric field intensity dong the positive x-ais, behind the perfect-conductor, is 

shown in Figure 30. The solution in this region is not visible in Figure 29 and is very sensitive 

to numerical errors. The reference solution, the results from the MO scheme on a gnd having 

2 1,600 nodes, the results fiom the C4 scheme on a grid with 2 1,600 nodes, and the results 



Born the C2 scheme on a grid with 86,400 nodes are aii shown. The solution obtained using 

the MO scheme is very accurate. The C4 method, when used with the same grid, produces 

results which deviate significantly nom the reference solution. The solution obtained by using 

the C2 method on a grid with four times as many nodes is not adequate for engineering pur- 

poses. 

1 O000 100000 
Nurnber of Nodes 

Figure 31: Lz nom of the error in the electric field intensity as a fûnction 
of the number of nodes in the grid for a pulsed plane wave in- 
cident on the perfectly-conducting cylinder 

Figure 3 1 shows the normaiized L2 nom of the error in the electric field intensity as a 

function of the grid resolution, and Figure 32 shows this error as a function of the CPU usage. 

The error value for each test is calculated using ( 5.2 ) with a reference solution obtained by 

mnning the MO scheme on a highly resolved grid. The trends s h o w  in these figures are very 

similar to those obtained for the dielectric square case. To attain the same error level as that 

generated using the MO scheme with a grid having 21,600 nodes, the C4 scheme must be 

used on a grid with about 3.25 times as many nodes, and it takes about 3.4 times as long to 

complete the simulation. Even when using a grid with 345,600 nodes, the C2 method does not 

produce a solution which can compare with those computed by the hi&-accuracy methods on 

a grid with 21,600 nodes. The scheme optimized for 10 PPW is seen to produce slightly better 

results than the maximum-order scheme when using the same grid. For example, on the grid 



with 21,600 nodes, the 010 scheme generates a solution which results in an error that is 61% 

of that obtained by using the MO scheme. This resutt is obtained with no additional CPU ex- 

pense, and with no extra cost in terms of rnemory, since the two schemes have the exact same 

co mputational stencils. 

1 

Figure 32: 
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L2 nom of the error in the electric field intensity as a function 
of the number of CPU cycles it takes to complete the simula- 
tion for a pulsed plane wave incident on the perfectly-con- 
ducting cylinder 

This simulation again illustrates the flexibility and efficiency of the high-accuracy 

schemes. They are successfùliy implemented on a complex cu~ l inea r  grid which is made up 

of severai overlapping blocks. The method for handling the perfectly-conducting boundary 

condition also works extremely well. The optimized scheme gives better results than the MO 

scheme for this simulation, in contrat to the dielectnc square case. One of the reasons for this 

is that the relative distance the pulse travels is slightly longer in the penectly-conducting cyl- 

inder case. Also, the perfectly-conducting boundary condition does not introduce as much er- 

ror as the dielectric-dielectric interface condition. This rnakes the error introduced while the 

wave propagates through the intenor of the domain dominant, allowing the properties of the 

010 scheme to be better displayed. It must be noted that the optirnized scheme retains its 

ability to reduce the numerical errors, as compared to the MO scherne, when used on 



curvilinear grids. This result is seen even though the curvihear coordinate transformation was 

not taken into account d u ~ g  the optimization of the scheme. 

5.2.2 Cosine Incident Wave 

Simulations of cosine plane waves incident on the peIfectly-conducting cylinder are pre- 

sented in this section. The existence of an anaiyticd solution for a plane harmonic electromag- 

netic wave incident upon a perfectly-conducting circular cylinder is weil known, and is dis- 

cussed in detail in Appendix E. The first test is for an incident electric field intensity given by 

E, (x, y, t )  = COSK(X - 2 )  (5.4) 

with K = 2n. A shaded contour plot of the analytical solution for the total electric field inten- 

sity resulting fiom this incident field is show in Figure 33. When calculating the analytical 

solution, enough terms are used to converge the series to machine E in double precision. The 

test takes advantage of the fact that the solution for a harmonic wave incident on the cyhder 

Figure 33: Electric field intensity for cosine wave, with 
K = &, incident on a perfectly-conducting cyl- 
inder having radius of one 



is periodic in time. The field values in the dornain are initially set to those aven by the analyti- 

cal solution at t = 0, and the simulation is run until r = 8. When the simulation is run for this 

length of tirne, al1 the initial disturbances that were present at t = O have propagated out of the 

domain, and, for ail the simulations run, a periodic steady-state solution has been reached. Be- 

cause of the periodic nature of the fields, the solution should theoretically retum to the initial 

conditions at this time. The continuous interaction with the scattered fields at the outer 

boundary stresses the far-field boundary conditions much more than the previous tests. Spuri- 

ous reflections are a significant issue during the simulation, so the radiation FFBC, discussed 

in 5 4.3.1, is used instead of the method based on characteristic splitting. 

Number of Nodes 

Figure 34: L2 nom of the error in the electric field intensity as a fùnction 
of the number of nodes in the grid for a cosine wave, with 
K = 2, incident on the perfectly-conducting cylinder 

Figure 34 compares the errors, generated by the C2, C4, MO, and 0 10 schemes, as a 

function of the number of nodes in the grids. Figure 35 plots these errors as a function of the 

CPU tirne needed to complete the simulations. Again, these errors are the normalized L2 nom 

of the error in the electric field intensity as calculated by using ( 5.2 ). The analytical solution 

given in Appendix E is used as a reference for these calculations. The superior efficieacy of 

the high-accuracy methods is clearly show in these plots. The second-order method produces 
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35: Lz nom of the error in the electric field intensity as a fùnction 
of the CPU time necessary to complete the simulation for a CO- 

sine wave, with K = 2rc, incident on the perfectly-conducting 
cylinder 

solutions which give significant errors on al1 three of the grids. The fourth-order method needs 

to use the most resolved grid to generate a solution that gives acceptable accuracy, which c m  

be produced by the high-accuracy methods on a grid with four times fewer nodes. Figure 36 

shows the electric field intensity dong a radial line directly behind the scatterer given by the 

analytical, fourth-order, and maximum-order solutions. The numericd solutions were obtained 

on a grid with 21,600 nodes. The solution obtained using the maximum-order method is con- 

siderably more accurate than that obtained using the fourt h-order method. 

The optimized scheme does not show significant improvernent over the maximum-order 

scheme in the above tests because of the relatively short distance of travel for the waves being 

considered. To simulate cases where longer distances of travel are obtained (in terms of the 

number of wavelengths traveled) a highly resolved grid with 345,600 nodes is used, and inci- 

dent waves with much higher wavenumbers are rnodeled. The first test has an incident wave 

with K = &z. The wave is resolved on this grid by at least 10 PPW and at most 20 PPW, and 

travels 32 wavelengths during the simulation. The analytical electric field intensity behind the 



Figure 36: Electric field intensity dong a radial line behind the perfectly- 
conducting cylinder for an incident cosine wave with K = î.7~ 

pedect conductor is shown in Figure 37 with the solutions generated by using the MO and 

010 schemes. The solution given by the optimized scheme is essentially exact. The maximum- 

order scheme produces a solution which deviates slightly from the analytical solution. For this 

case, the optimited method produces a norrnalized Lz nom of the error in Ez which is about 

40% of that produced by the maximum-order scheme. The second test uses h- = l& for the 

incident wave. The wave is resolved by between 8 and 16 PPW, and the distance of travel is 

40 wavelengths. For this wavenumber, the optimized method produces an error which is about 

25% of that produced by the maximum-order scheme. Figure 38 shows a plot of the electnc 

field intensity behind the perfect conductor, cornparhg the MO and 0 10 results to the analyti- 

cal solution. For this case the maximum-order scheme generates a solution which deviates sig- 

nificantly from the analyticai result. The optimized scheme gives a fairly good solution which 

oniy has very slight deviations from the analyticd result. The above tests show the promise of 

the optimized method. The optimized method produces much better results than the maxi- 

mum-order scheme when the number of wavelengths of travel is large. For the second test, the 

optimized method gives an error which is '/r of that generated by the maximum-order scherne, 



while using the exact sarne cornputer resources. An even greater Unprovernent would be seen 

for simulations in which the waves would have to travel even iarger distances. 

Figure 37: Electnc field intensity dong a radial line behind the perfectly- 
conducting cylinder for an incident cosine wave with K = t h  - 

1 

Figure 38: Electric field intensity dong a radial Iine behind the perfectly- 
conducting cylinder for an incident cosine wave with K = 1 ûn 



5.3 Evaluation of Far-Field Boundary Conditions 

The far-field boundary conditions discussed in 5 4.3, including both the original and 

modSed versions of the radiation FFBC, are irnpfemented in Cartesian coordinates for the ge- 

ometry shown in Figure 39. The numerical domain uses a square grid with a resolution of 

50 x 50 nodes. A plane wave pulse with a Gaussian cross section enters the domain f?om the 

bottom lefi hand comer at an angle of 4S0. The equation for the pulse is given by ( 5.1 ) where 

a = 0.06. The incident field is enforced along the domain's bottom and left boundaries, ailow- 

ing the use of the intenor operators right up to these boundaries. The different FFBCs are im- 

plemented along the top and right boundaries. The simulation is run using the MO scheme, at 

a Courant number of one, until the pulse travels across the entire dornain and exits through the 

top right corner. The matenal properiies of the domain are nomalized so that the pulse travels 

at a speed of one. Theoretically the pulse should travel out of the domain and ail the fields 

should retum to zero. In practice, some spurious reflections are introduced. 
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Figure 39: Geometry used to test different far-field bound- 
ary conditions in Cartesian coordinates 



Figure 40 shows a plot of the tirne-history of the L2 nom of the z component of the 

electric field intensity for the different FFBCs being considered. When the simulation reaches a 

tirne of t = 2 the majority of the pulse should have exited the domain. Each of the FFBCs has a 

dEerent level of success in damping out the unwanted spunous reflections. At this time, the 

characteristic method reduces the maximum value of the norm by a factor of about eight, the 

unmodified radiation method results in a factor of fifty reduction, and the modified radiation 

condition results in a factor of twenty-two reduction. It is interesthg to note how each FFBC 

affects the fields &er the incident pulse should have left the domain. The fields resulting fiom 

the spurious reflections ail decay at difEerent rates depending on the FFBC used. Surprisingly, 

the characteristic method results in the fastest decay. The modified radiation boundary condi- 

tion causes the fields to decay faster than the original radiation method. 

Figure 40: Lz norm of the electric field intensity as a function of the time 
elapsed during the simulation, for a pulsed plane wave moving 
through a square domain, using different far-field boundary 
conditions 

For most problems of interest the far-field boundary will be located close to some scat- 

tering object. For this type of problem one can expect that the spurious reflections will interact 

with the scatterer by i = 2.5, at which time the reflections will have traveled half way back 

through the domain. The FFBCs that best mode1 the physics of a wave exiting the domain, are 



those that generate the smallest nom by t = 2.5. M e r  this time, the rate at which the fields in 

the domain decay is a function of the numerics and is not an indication of how well the physics 

is being modeled. It is clear that the methods based on the radiation conditions generate spun- 

ous reflections which will have a much smaller impact on the solution. The method which 

produces the smallest spurious reflections is the original radiation far-field boundary condi- 

tion. The modified radiation scheme still generates good results while accelerating the decay 

of the fields remaining in the domain, which is of prirnary importance when considering some 

grids in cu~ l inea r  coordiates. 

To illustrate the e k t  of using a curvilinear grid, the three different FFBCs discussed 

above are used to model a pulsed plane wave incident on the perfectly-conducting cylinder. 

The problem is identical to that given in 5 5.2.1, except the incident field is given by 

where a = 0.6. M e r  this pulse reflects off of the perfectly-conducting cylinder and exits the 

domain, the fields remaining near the sunace of the cylinder are very small. This is an ideal 

case for testing the different FFBCs, because, as in the test given above, the nom of the elec- 

tric field intensity should approach zero as the reflected pulse exits the domain. The MO 

scheme is used to model the problem on the grid containhg 5,400 nodes. 

A plot of the L2 nom of Er versus the time elapsed dunng the simulation is given in 

Figure 41 for the three different far-field boundary conditions. The trends s h o w  are similar to 

that given in the Cartesian coordinate test, except that the slow decay of the fields generated 

by the original radiation boundary condition becomes an instability when this cu~ l inea r  grid 

is used. This figure clearly shows that the modified radiation condition results in a stable 

scheme which allows the reflected pulse to exit the domain with very little spunous reflection. 

This modified scheme allows much more of the reflected pulse to exit the outer boundary than 

the characteristic method, although the characteristic method causes the fields left in the do- 

main to decay at a much faster rate. It should be noted that the trends shown in this test, and 

the Cartesian grid case, are identical when the C2 scheme is used. The instability introduced 

by the original radiation far-field boundary condition is present even when this lower-order 

rnethod is used. 
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Figure 41: 
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Lz norm of the electric field intensity as a function of the time 
elapsed during the simulation, for a pulsed plane wave incident 
on a perfectly conducting cylinder, using different far-field 
boundary conditions 

To get an idea of the size of the errors introduced by using the different fàr-field bound- 

ary conditions, the problem of a cosine wave incident on the perfectly-conducting cylinder is 

studied, with K = &, as descnbed in 5 5.2.2. The tests are run with a number of grid resolu- 

tions using the MO scheme in conjunction with three separate far-field boundary conditions. 

Fust, the interior operator is used right up to the outer boundary, and the analytical solution is 

used for nodes which lie outside the domain. Second, the locally one-dimensional charactens- 

tic splitting method is used, and findy, the radiation far-field boundary condition is imposed. 

The radiation FFBC refers to the modified scherne discussed in the tests given above. 

Figure 42 shows the resulting normalized Lz norm of the errors in the electnc field in- 

tensity, calculated using the analytical solution as a reference, as a function of the number of 

nodes used in the grid. The characteristic method introduces significant errors due to spunous 

reflections. As the grid is resolved, the error does not get smaller than approximately 0.003. 

The radiation condition performs very well, giving errors which are essentially identical to 

those produced by imposing the analytical solution outside the domain. The electric field in- 

tensity dong the x-axis behind the cylinder is plotted in Figure 43. This plot compares the 
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Figure 42: Lz norm of the error in the electnc field intensity as a function 
of the number of nodes in the grid, for a cosine wave, with 
K = 2n, incident on the perfectly-conducting cylinder, using 
different far-field boundary conditions 

Figure 43: Electric field intensity dong a radial line behind the perfectly- 
conducting cylinder, for an incident cosine wave with K = 2n, 
using different far-field boundary conditions 



results for simulations using the characteristic splitting and radiation boundeiy conditions on a 

grid with 21,600 nodes to the analytical solution. The solution obtained using the radiation 

boundary condition is practically indistinguishable fiom the analytical solution. The effect of 

the spunous reflections due to the use of the characteristic splining method is very evident 

especially near the perfect-conductor. Resolving the grid does not improve this result, because 

the solution is converging to a state which hcludes the spurïous reflections. The performance 

of the radiation far-field boundary condition is more than adequate when used in conjunction 

with the hi&-accuracy methods, reducing the errors due to spunous reflections to a level well 

below the errors produced in the interior of the domain. 

5.4 Circular Dielectric Scatterer With a Perfectly-Conducting Core 

The final simulation models a pulsed plane wave with a Gaussian cross-section incident 

on a circular dielectric scatterer which has a perfectly-conducting core. This is an important 

case because al1 of the dEerent types of boundary conditions considered are implemented on a 

complex curvilinear grid. The geometry of the problem is shown in Figure 44. The pedectly- 

conducting core has a radius of unity, the dielectnc material extends from this core out to a 

radius of two, and the outer lirnit of the numerical domain is at r = 5. The material properties 

of the free-space region are normalized to one, which gives a wave speed of unity in this re- 

gion. The electrical permittivity of the dielectnc is four, which results in a wave speed of '/z in 

this region. The incident electnc field intensity is given by ( 5.3 ) with a = 0.3. The grid used 

has 28,800 nodes and is show in Figure 44 with every second node removed. The grid is 

made up of three separate blocks, two in the free-space region, which are used to limït the size 

of the cells near the outer boundary, and one for the dielectric region. The dielectric block 

uses a grid which has 40 nodes in the radial direction and 240 nodes in the angular direction, 

the middle block also has 40 x 240 nodes, and the outermost block has 20 x 480 nodes. The 

spatial resolution of the grid in the dielectric region is &ce that of the grids used in the fiee- 

space region. This keeps the pulse well resolved over the entire grid. 

Figure 45 gives a representation of the coordinate transformation which maps the physi- 

cal domain into the computational domain. The different types of boundary conditions are also 

show in the computational domain. The simulation is nin using the MO scheme with a time 
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step of 0.05 which results in the Courant number falling in the range 0.5 to 1.0. The radiation 

FFBC is implemented dong the outer boundary. 

Figure 44: Example grid showing a pulsed plane wave in- 
cident on a circular dielectric scatterer with a 
perfectly-conducting core 

Physical Domain Computational Domain 

Figure 45: Transformation of physical domain into computational domain, 
showing different types of boundaries for a circular dielectric 
scatterer with a perfectly-conducting core 



Figure 46: Electnc field intensity for Gaussian pulse incident on a circular dielectric scat- 
terer with a perfectly-conducting core 

A number of shaded contour plots showing the z component of the electric field inten- 

sity, at different times, are show in Figure 46. This figure clearly shows the complexity of the 

wave interactions with the scatterer. The transmission and reflection of the original pulse into 

and off of the dielectric can be seen at t = 6 and t = 8. At 1 = 8 through 12 the pulse 



transrnitted inside the dielectric reflects off of the perfectly-conducting wre and moves out of 

the domain. By t = 12 the original pulse has wmpletely moved out of the domain. From t = 14 

through 20 the energy trapped in the dielectnc, due to intemal refiections, is slowty aiiowed to 

escape into fiee-space. At t = 20 a significant amount of energy is still present in the dielectric. 

From a nurnerical standpoint this simulation is quite successfûl. The complex physics has been 

captured using a relatively coarse grid, and the hi&-accuracy scheme, in conjunction with the 

intertàce and boundary conditions, results in a stable and accurate numerical method. 



6 Conclusions and Recommendations 

6.1 Conclusions 

A method has been presented for developing high-accuracy finite-difference schemes 

optimized to provide small dissipation and dispersion errors for a given range of wave fie- 

quencies. A number of schemes optimized for dïerent fiequency bandwidths are given. Stable 

numerical bounday schemes that preserve the accuracy of the interior operators are also pre- 

sented. Two hi&-accuracy schemes, a maximum-order scheme and a scheme optimized for 

use with a grid havïng a resolution of at least 10 PPW, have been used to solve the two- 

dimensional time-domain Maxwell equations to simulate electromagnetic wave propagation 

and scattering. Conditions that can be used at the interface between materials have been pre- 

sented, and a fa-field radiation boundary condition has been implernented which produces 

very iittle spurious reflection when used with the high-accuracy schemes. 

The schemes have successfully modeled perfectly-conducting and dielectric scatterers 

on Cartesian and curvilinear grids. The high-accuracy methods have been s h o w  to be more 

efficient than classical second- and fourth-order methods in terms of both the number of 

arithmetic operations and the arnount of cornputer memory required. The optimized scheme 

can produce some error reduction relative to the maximum-order scheme with no additional 

expense, especially when the number of wavelengths of travel is large. This error reduction is 

seen even when using a cu~linear  grid. 

Overail, the results demonstrate that the high-accuracy methods are an efficient option 

for skulating the propagation and scattering of high fiequency electromagnetic waves. These 

methods now introduce the possibility of modeling problems that could not be tackled using 

classical low-order methods and the computing platforms now available. For example, it 

should now be possible to do radar cross section modeling of an entire aircraft for incident 

waves having a fiequency in the tens of GHz. The application of these high-accuracy methods 

to problems in other disciplines, such as computationai aeroacoustics, is also promising. 



6.2 Contributions 

The following contributions have been made by this research: 

1. A number of high-accuracy finite-difEerence rnethods have been developed, including 

schemes optirnized to produce minimum phase and amplitude errors for a given 

range of fiequencies. 

2. A solver for the two-dimensional Maxwell equations which uses the new high-accu- 

racy methods has been developed. It is applied to Cartesian and cu~l inear  grids. 

Proper matenal interface conditions, far-field boundary conditions, and stable and 

accurate numerical boundary schemes have been developed and implemented. 

3.  Detailed grid resolution studies have demonstrated that the high-accuracy methods 

are much more efficient than schemes which are second- and fourth-order in space 

and fourthsrder in time. For the problems studied, the high-accuracy methods re- 

quire 2.5 times less memory and less than haif the CPU time required by the fourth- 

order method used for cornparison. 

6.3 Recommendations 

The solver used in this research can mode1 a number of interesting scattering probiems, 

but a more generai solver must be written in order to handle a wider range of problems. The 

new solver should be able to handle arbitrary source configurations, and materials with ani- 

sotropic and nonlinear properties (such as materials with ffequency-dependent properties). 

The current solver uses overlapping multi-block grids which have sirnilar topologies. Adding 

the ability to use grids that have multiple blocks with different topologies is important. The 

use of such grids will allow problems with very complex geometries to be modeled and cm 

avoid potential problems, such as cylindricai polar singularities. Adding the ability to mode1 

subcell structures and improving the handling of regions where field singularities exist are also 

closely reiated to grid generation. The new solver should also be extended to handle the full 

three-dimensional set of Maxwell's equations. 

The existing solver can be easily modified to work for other sets of equations describing 

linear wave propagation and scattering. The acoustic equations and the elastodynamic equa- 

tions are two sets of equations which describe physics sirnilar to electromagnetic wave 



propagation. To handle scattering problems for thwe sets of equations, Gare must be taken to 

ensure that the proper physicd boundary conditions are irnplemented at materiai interfaces, 

and that the proper far-field conditions are imposed. 

Further study can be performed on the numerical methods presented in this research. 

Fourier analysis indicates that compact spatial operators show a lot of promise for rnodeling 

wave propagation problems. The simulations performed in the previous chapter should be run 

using maximum-order and optimized compact schemes, such as the ones given by Haras and 

Ta'asan [18]. This would determine the relative numericd efficiency of the compact schemes 

compared to the noncompact schemes. Research should be carried out on stable numerical 

boundary schemes for use with interior operators of order higher than sixth. The lack of such 

boundary schernes is a major obstacle in the use of such operators. Also, an attempt at opti- 

mizing the numerical boundary conditions and interpolation and extrapolation schemes used at 

interfaces can be made. It should be possible to tailor the frequency response of these schemes 

in a way sirnilar to that used on the interior operators. Finally, the Berenger PML absorbing 

boundary condition should be implemented, and its performance evaluated. 



Appendix A: Obtaining the Strong Conservation Law Form of Equations 

M e r  perfonnhg a generalked coordinate transformation on an equation which is in a 

conservation law form, the new equation is not in strong conservation law form because the 

grid metrics are Iocated outside the derivatives. This appendix shows how to obtain a strong 

conservation law fom for a two-dimensional equation, see, for example, [ I l .  During the de- 

velopment, the assumption is made that the grid, and as a result the grid metrics, are not time 

dependent. 

The transfonned equation can be written in chain rule form as follows 

~ , Q + ~ , a , F + ~ , a , F + ~ , d , G + q , d , G =  0 ( A-1 ) 

a Y 
where, for example, a, = - and 6,  = - . The grid metrics are given by ar a~ 

where the reciprocal of the Jacobian of the transformation is 

J-' = x,y, - x,y, 

To obtain the strong conservation law form of the equation, first multiply the chain mie 

form of the equation by the reciprocal of the Jacobian 

J - ' d , ~  + ~ - ' t , d , ~  + J - ' q , a , ~  + J-'(,d,G + J-'v,d,G = O ( A.4) 

The terms in fiont of the derivatives c m  be forced inside using simple calculus 

Recalling that the grid does not change in time, which gives a, J-' = 0 ,  and by rearranging the 

terms, the following equation is obtained 

a,(J-'Q) + a&-'E,F + J - ' 6 , ~ )  + a , ( J - ' q , ~  + J - ' ~ , G )  

The terms in the square brackets on the right hand side of the above equation are called 

invariants of the transformation. It is very easy to show, by using the relations given in ( A.2 ), 

that these terms are identically zero. 



a , ( ~ - ~ t , ) + a , ( ~ - ' r t , )  =aeyq -ad,yF =Y& -Y&, = O  ( A-7 1 

a , ( ~ - l t , )  + a,(~-'~,) = - a , ~ ,  + a,~, = --Xe + X, = O ( A-8 1 

The above results are obtained by using the fact that the derivative operators are cornmuta- 

a2 a2 
tive, i.e. - = - a m  @?a6 ' 

Noting that the nght hand side of ( A.6 ) is zero, the strong conservation law form of 

the equation is now obtained 

a , ~ + a $ + a , G =  O 

where 



Appendix B: Artificial Source Terms 

Problems can occur when numerical approximations are used for the spatial derivatives 

of an equation that is expressed in a generaked coordinate system and is written in a strong 

conservation law fonn [l]. If the operators used for the approximations are not formulated 

correctly, the solution will become polluted by artincial source tenns. These sources have no 

physical counterparts, because they are an artifact of the numerics not behg able to properly 

mode1 the rnetric invariants discussed in Appendix A. The problem stems fiom the spatial op- 

erators not being commutative over the entire grid. Difficulties usually occur near interfaces 

and boundaries where characteristic forins of the equations are used in conjunction with up- 

wind and upwind-biased numericai boundary schemes. An easy way to test for the sources is 

to set the field values in the numerical dornain to be a non-zero constant, and then to deter- 

mine the approximation for the field's tirne derivatives. If the result is not zero, and barring 

any other errors, the source terms are present. 

Consider the following invariant of the grid transformation 

This tenn evaluates to zero analytically, but problems arise when the analytical derivatives are 

replaced with numerical approximations. This term will not evaluate to zero if the approxima- 

tions have not been specially fomulated. By inspecting ( A6 ), it easy to see that the follow- 

ing source term, which is an artifact of the numerical methods, wili be present 

There is a similar term which is proportional to G. 

When considering Maxwell's equations, it is clear that the artificial source terms are 

proportional to the field variables multiplied by terms which are dependent on the gnd. This 

leads to an easy method for correcting these errors. Since the grids being considered are not 

dependent on time, a correction factor can be determined at the beginning of a simulation. By 

inspecting the characteristic splitting given by equations ( 2.47 ) and ( 2.48 ), it is clear that 

the source tenn errors at a node can be written as follows 



where the ei are enor vectors which depend only on the grid. These error vectors can be 

found using the following procedure: 

1. Set the matenal properties in the numerical domain to constants. 

2. Set D, =1, B , = B y  =O;andcalculate e, = O E O 6 , ~ .  [ O :] 
4. Set B,= l,Dz = B,=O;andcalculate e, = O f O d , ~ .  l o  0 :i 

6 , ~  represents the numeka1 approximation to the time derivative of the field values which is 

calculated using equation ( 3.13 ). To generate the corrected approximation to the time de- 

rivative, the following equation is used 

The use of this correction factor will have very little impact on the total number of operations 

in the simulation, but it will have a significant impact on the amount of memory required. The 

three error vectors must be stored at every node in the numerical domain, resulting in the need 

for nine additional storage locations per node. 



Appendix C: Coefficients of Optimized Finite-Difference Schemes 

The following table presents the coefficients of the schemes optimized for a grid having 

a minimum resolution given in terms of the number of points per wavelength (PPW). 

1 Minimum PPW 

Table 5: Coefficients of optimized finite-difference schemes 



Appendix D: Dielectric Square - Interpolation and Corners 

The following fifth-order polynomial interpolation xhemes are used, when necessary, to 

obtain the fields on the intertace of the dielectnc square 

u,+, =(31r,-, - 2 5 ~ ~ - ,  +ISOU, + 154+,  -25ui+, +3ui,,)/256 ( 0-1  1 

u,,, = (- 7u,-, + 1 OSu, + 2 1 (hi+, - 70ui+, + 2 lu,,, - 3ui,)/256 ( D-2 

ui+i/z = ( 6 3 ~ ~  + 3 15ui+, - 210u,+, + 126u,+, - 454, + 7tii,)/256 ( D-3 

', = ? ('i-i + %+I ) - 6 (ui-i + ' i + 2  ) + iO (ui-1 + ' i + 3  ) ( 0.4 1 
Figure 47 shows a section of the domain near one of the corners of the dielectric square. The 

outgoing characteristic variables, which are obtained dong the lefi-hand interface in each do- 

main, as discussed in § 4.1.2, are denoted by w+ and W.. At the nodes dong the outside of the 

interface marked with a f the w+ characteristic variable is deterrnined from interpolated fields. 

These fields are obtained using the values fiom the surrounding interface nodes and the 

schemes given in ( D.1 ), ( D.2 ), and ( D.3 ). The non-centered interpolation schemes are 

only used at nodes near the corners of the dielectnc. After this interpolation is performed, Dz 

and Br can be found at al1 nodes dong both sides of the interface, excluding the corner nodes. 

Dielectric 
Square 

Figure 47: Nodes, t on outside surface of dielectnc at which w+ must be interpolated 



To detemine the normal component of the magnetic flux density, which is continuous 

across the intefiace, different extrapolation schemes must be used depending on whether or 

not gridlines from the intenor and extenor of the dielectric meet at the interface. As shown in 

Figure 48 a), the value of B, at a node which is part of the interior and extenor of the domain, 

rnarked with an O, is found by extrapolating the values tiom both sides of the interface, found 

at the nodes marked by an X, using a fifth-order polynomial method and then averaging these 

values. Figure 48 b) shows ail the data needed to obtain B. at a node on the interface which is 

oniy present inside the dielectric square, again marked by an O. The value on the interface is 

obtained, as discussed above, by extrapolating the data found at the locations marked by an x. 

Because there are no nodes at the x locations v k d e  the dielectric, ( D. 1 ) is used to interpo- 

late the data found at the nodes marked by a *. Using these methods as zq exmple, B. can be 

found at al1 the nodes dong the interface, excluding the comers. 

Figure 48: Data needed to interpolate B. onto the interface for a) a node located on both sides 
of the interface and b) a node located only on the dielectric side of the interface 

As rnentioned above, the corners must be handled as special cases. It is only necessary 

to store the field values at the comer nodes for the free space part of the dornain. The comer 

values in the interior of the dielectric are never used during the simulation because they are 

not needed when finding the spatial derivatives of the field values at nodes near the comers. 

The fields at the corners, outside the dielectric, are obtained by taking the average value of the 



results of interpolating the data found along the x and y grid lines which intersect each corner 

node. The fifth-order polynomial interpolation scheme, ( D.4 ), is used along these grid lines. 



Appeadix E: Analytical Solution for a Harmonie Eiectromagnetic Wave 

Incident on a Perfectly-Conducting Circular Cylinder 

Many texts present the analytical solution for a harmonic electromagnetic wave incident 

on a perfectly-conducting circular cylinder (see, for exarnple, [19]). Consider the system 

shown in Figure 49, where a z-polarized (Transverse Magnetic) wave is incident upon a per- 

fectly-conducting cylinder of radius, a. The fiequency domain z-component of the incident 

electnc field intensity, represented as a complex number, is given by: 

E,' = Eoe-Ja = E0e-Jwcœ9 

where j = z. 

Figure 49: TM harmonic wave incident on a perfectly-con- 
ducting circular cylinder of radius a 

The resulting scattered electnc field intensity is given by: 

where a, = - , J. is Bessel's funetion of the first kind, and HI' is Hankel's function 
H ? ) ( K ~ )  

of the second kind. The total field is found by summing the incident and scattered fields. The 

following relations are used to find the magnetic field intensities: 



where o is the temporal anguiar fi-equency of the wave, and p is the magnetic permeability. 

The x and y cornponents of the magnetic field intensities are: 

H, = H P  cosp-H, sin9 

H,, = H P  sin(p+H, cos9 

To obtain the field values in the tirne domain the following relations are used: 
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