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Abstract

This dissertation is intended to study monadicity, to introduce the notion of
descent equivalence, and to initiate descent theory in locally presentable categories.
At first, we give two monadicity results which do not involve explicitly checking
preservation of certain coequalizer diagrams, as well as a type of “monadicity lift-
ing” theorem. Then we summarize the fundamentals of descent theory in order to
lay the groundwork for developing the new notion of descent equivalence and for
investigating its properties. Finally, we study closedness of (effective) codescent
morphisms under directed colimits and their connection with pure monomorphisms

in locally presentable categories.
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0. Introduction.

Descent Theory plays an important role in the development of modern algebraic
geometry by Grothendieck [13] [14], Giraud [12], and Demazure [10]. Generally
speaking, it deals with the problem of which morphisms in a given “structured”
category allow for change of base under minimal loss of information, and how to
compensate for the occuring loss, such morphisms are called effective descent mor-
phisms. In commutative algebra, the descent problem may roughly be described
as follows: given a morphism f : R — § of commutative unital rings. when does
there exist, for each S-module A with descent data (see 2.1.3). an R-module .V such
that W[ = N ®5 S? Putting the problem into more precise terms, it is well known
which morphisms f in the opposite of the category of commutative monoids in sup-
lattices are effective descent morphisms. with respect to the fibration induced by
the indexed category which assigns to each commutative monoid A in sup-lattices
an .A-module: precisely the pure monomorphisms (see [21]). In their monograph
[21], Joyal and Tierney showed that Grothendieck's techniques of descent developed
for commutative unital rings can be extended to locale theory: open surjections are
effective for descent. not only in locale theory but also in topos theory. In topol-
ogy. Reiterman and Tholen [27] completely characterized effective descent maps of

topological spaces. Janelidze’s Galois theory has a strong connection with descent



theory, as is shown in (16}, {17}, [9]. and [20]. Janelidze and Tholen gave a very
motivating introduction to descent theory in their paper [18], to which we refer the

reader, as well as to its successor [19].

As is well known, the category Desg(p) of descent data relative to a morphism
p can be defined in the general context of a fibred category E (see 2.1.3) or of a
C-indexed categorv A (see 2.2.4). However, in the case of a bifibration satisfving
the Beck-Chevalley condition (see 2.1.4), descent problems can be converted into
monadicity problems. Hence Beck’s Monadicity Theorem turns out to be extremely
useful. But. preservation of some kind of coequalizer diagrams, the crucial require-
ment of Beck's Theorem, remains difficult to check in some cases. including the
module case. In Chapter 1, we give two monadicity results (Theorems 1.2.4 and
1.3.6) which do not involve checking preservation of some kind of coequalizer dia-
grams. In this chapter, we also give a “monadicity lifting” type result (Theorem

1.4.4).

Chapter 2 is devoted to a summary of some definitions and results which we
shall use later on. They include: descent data with respect to a fibration, the Beck-
Chevalley condition. Bénabou-Roubaud's Theorem and Beck's Theorem: indexed
categories and their actions. descent data with respect to an indexed category: some

theorems of Janelidze and Tholen.

As illustrated in {18] and [19], finding sufficient (and necessary) conditions for a
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morphism in a given category to be effective descent can be a challenging problem.

On the other hand, a natural question is:
How to compare morphisms (or bundles) in the descent sense?

More clearly, which conditions can guarantee that two morphisms have the same
descent structure? In Chapter 3, we begin with a study of the induced equivalence
relation functor Eq (Propositions 3.1.2 and 3.1.4). Then we give the notion of

descent equivalence (Definition 3.2.2) and study its properties (Propositions 3.2.2

The concept of a locally presentable category is due to P. Gabriel and F. Ulmer
[11]. This notion has turned out to be extremely useful [2]. It is broad enough to
include: varieties and quasivarieties of many-sorted ranked algebras. Horn classes
of relational structures, and presheaf categories. It is strong enough to show that a
locally presentable category is complete, cocomplete, wellpowered. and cowellpow-
ered: and has a strong generator; moreover, pure morphisms have good properties
[1]. We feel that locally presentable categories (and even the more general accessible
categories with pushouts) provide a suitable environment for tackling descent prob-
lems. In Chapter 4, we give a first outline of descent theory in locally presentable
categories and study closedness of (effective) codescent morphisms under directed

colimits (Theorem 4.3.2, Proposition 4.3.4).



1. Monadicity

As mentioned in Chapter 0, the preservation of some kind of coequalizer di-
agrams, the crucial requirement of Beck’s Theorem, remains difficult to check in
some cases. Hence, in this chapter, we wish to give some monadicity criteria which

do not involve checking preservation of some kind of coequalizer diagrams.

We also wish to revisit the “lifting problem” for monadicity. Hence, we consider

a commutative (up to natural isomorphism) square of categories and functors:

F
B L C
G

FI
B L C’
GI

Qur second problem is then to find conditions which can guaraentee that monadicity

of G' implies monadicity of G.

1.1. Review of Monads and Their Algebras

1.1.1. In algebra, a monoid M is a semigroup with an identity element. It may be

viewed as a set with two operations



n:1->M, p:MxM->M

such that
7
MxMxM Mx M
pxl 7
L
M x Mf———— M
and

nxl

1xn
1xM—=MxM Mx1

|
3] Ty
M
are commutative, where the object 1 is the one-point set {0}, the morphism 1 is an

identity map, and where 7, and 7, are projections.

Definition. A monad T =< T, 1, u > in a category C consists of an endofunctor

T : C — C and two natural transformations

n:I =T, p:T*>=>T

such that
T3 T?
uT K
Lo,
T? T
and



nT Tn
IT T TI
T
are commutative, where I : C — C is the identity functor.

Recall that an adjunction from C to B is a triple < F,G. ¢ >: C — B, where F

and G are functors:

F

C B

G

¢ is a function which assigns to each pair of objects C € C,B € B a bijection of

sets

= ¢c,p: B(FC.B) = C(C.GB)
which is natural in C and B.

By [24. p.83, Theorem 2|, each adjunction < F.G.z >: C — B is completely

determined by

(v) functors F, G and natural transformations n: 1¢ — GF and =z : FG — 1g such

that Gz -nG = 1g and cF - Fnp = 1.
Hence we often denote the adjunction < F,G,:> by < F, G: . = >: C — B.

If < F. G: n, = >: C — B is an adjunction. then < GF, n. G¢F > is a monad

on C (see [24], p.138). In fact, every monad arises this way (see 1.1.2).



1.1.2. Definition. Let < T, n, u > be a monad in C, a T-alegbra < C, £ > isa

pair consisting of an object C € C and a morphism £ : TC — C in C such that

T¢
T2C TC
ue 13
.
Tc———

and
nc
C———7TC
e
C
are commutative. A morphism f : < C, € > = < C', & > of T-algebras is a

morphism f: C — C' of C such that

Tf
IC—T1C'

¢ | g
C —(C'
commutes.
Everv monad is determined by its T-algebras. as specified by the following the-

orem:

Theorem. If< T, n, u > is a monad in C. then all T -algebras and their morphisms

form a category CT. There is an adjunction
<FT.GT: 9%, T >: C = CT,

where GT : CT — C is the obvious forgetful functor and FT is given by

=~



C — <TC, puc>
FT. | f ITf
C —=<TC, per >

furthermore. n* = n and L ., = & for each T-algebra < C. & >. The monad

defined in C by this adjunctionis< T, n, u> .
Proof. See [24], pp.140-141. O
Examples. a. Modules. Let R be a unital ring. Then
TprA=AQ®R, n4: 4> 433R: a—a®1
and
b1 (ADR)BR—-AQR: (a®r)®ra— a® (ryra) for every abelian group A

give a monad (T, 7. 1) on the category Ab of all abelian groups. and Ab”? is the

category Mod-R of right R-modules.

b. Group Actions. Let G be a group. Then Set’¢ is the category Set of G-sets.

where the monad < T, 7, 1 > on Set is defined by
TeX=GxX.nx : X=GxX: = (lg 7).

and

px :Gx(GxX) =G xX: (g1, (92 7)) = (g192. 7).



More generally, every variety of universal algebra is the category of T-algebras

over Set, where TX is the the underlying set of the free algebras over X.

1.1.3. Definition. Let T = (T, n, p) and T' = (T'. r/. ') be two monads in a

category C. 4 monad morphism from T to T’ is a natural transformationa : T — T’

such that
I
N
«o
T —T7
and
Q-
TT T'T
7} ’

TI
commute, where a - ¢ is the morphism T'ao aT.

Remark. There is a bijection between monad morphisms & : T — T’ and functors

7" : CT = CT for which

commutes.
For a functor V' : CT — CT with LTV = U7, one defines @ : T — T’ by
ac = &cTng, where &c is given by V(T'C, uc) = (T'C, &¢)-

9



Conversely, for a monad morphism o : T — T', V : CT — CT is given by

V(C, &) = (C, éac) (see (3], p.128).

Moreover, one has a functor T:

(Monad(C))°? CAT
T — cT

o — Vv
T — cT

Naturally, we have the following question:
Question. When does the functor T reflect isomorphisms?

Morita theory shows that one can study a ring R by investigating the category

of all R-modules. A more general question is:

Can we characterize T by C and CT? In particular. what is the relationship

between Ty and T» if CT' = CT2 and C is “good™?

1.2. Note on Beck’s Theorem

Throughout this section, < F, G: 1, ¢ >: C — B is an adjunction, and

T = < GF, n, GeF > is the induced monad.

1.2.1. Theorem (Comparison of adjunctions with algebras). There is a unique

10



functor K : B = CT given by
KB=<GB, Geg>, Kf=Gf:<GB, G:g>—=<GB'. Geg >

such that GTK =G and KF = FT .

CT

Proof. See [24]. pp.142-143. O

Definition. G is monadic (premonadic) if the comparison functor R is an equiva-
lence of categories (full and faithful). F is (pre)comonadic if F°® is (pre)monadic.

where F°® belongs to the adjunction < G**. F°°, z. n >: B°® — Ce°.

1.2.2. Recall that a split fork in a category is a diagram

which satisfies the conditions
cd=ce, ct=1¢c. ds=1g, es=tc.

A pair of arrows d, e : E = B is a G-split pair if Gd, Ge : GE — GB is a

part of a split fork: it is reflezive if d and e have a common right inverse.

Example. Given a monad < T, 7, £ > in C, if (C. ) is a T-algebra. then

11



ke £

T?C ‘TC C
is a fork in C split by
C Nic
T*C C —mMC
Furthermore
Kc
(TQC‘ uTC) — (TC~ nuC)
T¢

is a reflexive GT-split pair since pc and T¢ have a common right inverse T7c.

In particular, for any B € obB,

Gzren Gsg
GFGFGB_—/—_GFGB—GB
GFGEB

is a reflexive split fork and

Gerga
(GFGFGB,Gepgrop)—————=(GFGB.Gzggp)

<B

is a reflexive GT-split pair.
We now discuss the monadicity criteria.

Theorem (Beck). 1. G is premonadic if and only if £ is a regular epimorphism

for each B € obB.



2. G is monadic if and only if G reflects isomorphisms, B has coequalizers of

reflexive G-split pairs, and G preserves them.

Proof. See (3], pp.110-114. g

From the proof of Beck’s Theorem, we actually have:

G is monadic if and only if G reflects isomorphisms, and for each (C. &) € CT.

F¢, spc : FGFC = FC has a coequalizer, and G preserves it.
1.2.3. Let f: R — S be a morphism in Rng,. We define functors

/.
Mod-S T Mod-R
!

fI (M) = M (restriction of scalars)
fo(N) = N®rS (extension of scalars)

for each M € Mod-S and NV € Mod-R, with the obvious assignments for mor-

phisms. Then f, is a left adjoint of f!. with units and counits given by

Iv:N = fIfN)=NQgS: n—nRl

E'MZf.f!(zl'])=."-’[®RS—‘r.“-‘[Z m®Rsr—->ms

for all NV € Mod-R. M € Mod-S.

13



Definition. A morphism n : Ny — N, in R-Mod is pure if and only if for each
M € Mod-R,

1 ®@n: MR N, - MQr N>
is @ monomorphism. Similarly, a morphism n : Ny — N, in Mod-R is a pure

morphism if n @ 1y is a monomorphism for each M in R-Mod.

Since a ring homomorphism f : R — S can be viewed as a morphism in R-Mod.

since
19f: NQQrRR—-N®gS

is the unit n of f, < f!, for each V € Mod-R, and since every monomorphism in

Mod-R is regular, we have:
Proposition. fis pure in R-Mod if and only if f. is precomonadic.
1.2.4. Theorem. The following are equivalent:

(1) G is monadic.

(2) (i) G reflects isomorphisms.

(ii) For any morphisms f,g : B1 — B, in B such that

Gf e
GB, C
Gg

GB,

is a split fork. there is a morphism h : B, — Bj in B with e = Gh. and f.g

has a coequalizer

14



f b

31 Eﬁ

B

in B such that Gb is an epimorphism.

(3) G is premonadic, and for any morphisms f,g: By — B> in B such that

Gf e
GB,——==GB,
Gg

C

is a split fork. there is a morphism h : By — B; in B such that e = Gh in

GB,/C.

Proof. By (3, p.103, Proposition 1 and p.103, Proposition 3}, clearly. (1)= (2).

(2)=(3) Since FGep, crge : FGFGB — FGB is a G-split pair for each B € obB.
by (ii), it has a coequalizer, say (B, b). Since z5-zrcp = g - FGep. there is the

unique morphism b; : B; — B such that b;b =z5 :

FGep
FGFGB——==FG B,
SFGB
B lbl
B

Application of G gives the following commutative diagram

GF Gb
GFGFGB —E—zT_.—'—i‘: GFGB ————GB,
1
[Gb1

GB

]



On the other hand, since (Geg, GB) is the coequalizer of (Gergg, GFGep),

there is the unique morphism ¢ : GB — GB, in C such that
C- GE’B = Gb.

Since

c-Gb - Gb=cG(bd) = cGeg = Gb.
and Gb is an epimorphism (by (ii)), we have
CGb1 = 1(;31.

On the other hand.
Gby -c-Geg = Gb, - Gb = G(b1d) = G=p,

so that Gb, - ¢ = 1gg. Hence Gb; is an isomorphism, so that., by (i), b, is an

isomorphism. Hence zg is a regular epimorphism. Therefore G is premonadic.

Then (3) holds.

(3)=(1) We check the conditions of Beck’s Theorem. Suppose that

Gf e
GB,
Gy

GB,

C

is a split fork. By hypothesis, there is 2 morphism h such that

G'Kf GTKh
GTK B, —G;—K———’ GT'KB,
g

GTK B;

16



is also a split fork. Since G7 is monadic and (K f, Kg) is a GT-split pair in CT,

there is a coequalizer diagram

Kf Kh
————KB,
Kg

KB]. (GB3! 9)

in CT. Then we have the following commutative diagrams

GFGh
GFGB, GFGB,
GEBz l Gh 8
GB, GB;
and
FGh
GFGB, GEG GFGB;
£B, 1 Gh l G553
Hence

Gep, -GFGh = Gh-Gzp, = 8- GFGh.

Since Gh = e is a split epimorphism, GFGh is an epimorphism. Hence § = Gzp,

and therefore

Kf Kh
KB, ———= RB, —— KB,
Kg

is a coequalizer diagram in CT. Since K is full and faithful.

f h
Bs Bg

B
g
17



is a coequalizer diagram in B and G preserves it since

Gf e
GB, GB» C
Gy
is a split fork. By Beck’s Theorem, G is monadic. O

1.3. A Monadicity Result in Abelian Categories

1.3.1. Wecall k, ¥’ : K = E a joint kernel pair of f. g: E = B if (i) fk = fk'
and gk = gk’, and (ii) for any pair [, I’ : L = E of morphisms with fl = fI’ and

gl = gl'. there is a unique morphism v : L = K such that ! = kv and I' = kv :

T}EJ;B
U/

A pair f.g: E — B is a G-split equivalence relation if Gf.Gg: GE = GB is an

equivalence relation which is a part of a split fork.

Duskin proved:

Theorem. Suppose B has joint kernel pairs and C has kernel pairs of split epi-
morphisms. Then G is monadic if and only if G reflects isomorphisms. G-split

equivalence relations have coequalizers, and G preserves them.

18



0

Proof. See (3], pp.304-308.

1.3.2. Recall that a zero object 0 in a category is an object which is both initial and
terminal. If a category A has a zero object 0, then to any 4, B € obA the unique
morphisms 4 — 0 and 0 — B have a composite 0 = 03 : 4 — B called the zero
morphism from A to B. For 2 morphism f : 4 — B of A, A kernel of f is defined

to be an equalizer of morphisms f,0: 4 — B. The dual notion of kernel is cokernel.
Definition. An abelian category A is e category satisfying the following conditions:
(1) A has a zero object,
(2) A has binary products and coproducts,
(3) every morphism in A has a kernel and a cokernel.
(4) every monomorphism is a kernel and every epimorphism is a cokernel.
For example, Ab, Mod-R, and R-Mod are abelian categories.

Every abelian category is finitely complete, finitely cocomplete. additive, and

exact.

Now we want to see what happens if both B and C are abelian categories in

Duskin’s Theorem.

In the rest of this section, we assume that A; and A, are two abelian categories
and < F, G; n, £ >: A; = A, is an adjunction.

19



1.3.3. Proposition. 1. F is right ezact and G is left ezact.
2. F and G preserve biproducts.

Proof. By (6, vol.2, Propositions 1.3.4 and 1.11.2]. O

1.3.4. In a category,

u

P A B

v
is said to be an ezact sequence if (u, v) is the kernel pair of f and f is the coequalizer

of (u. v).

Proposition. In an abelian category, the following are equivalent :

(1)

u f
P A B

v
s an ezact sequence.
(2)

" fi=f
0 P ( ) AP A ( ) B 0

is a short eract sequence.
Proof. See [6], vol.2, p.95. C

1.3.5. Basically, the following Proposition is [3, p.305, Lemma 3]. Here we give a

complete proof.



Proposition. Let < F, G; n, € >: C — B be an edjunction. If G is premonadic,

then G reflects equivalence relations,

Proof. Let d.e : E — B be a pair of arrows such that
Gd,Ge: GE — GB

is an equivalence relation. If z,y : X — E is a pair of arrows with
dr =dy and ez = ey,

then

Gd-Gz =Gd-Gy and Ge-Gz = Ge- Gy.

and so

Gz = Gy,

since Gd.Ge : GE — GB is a jointly monic pair. Since G is faithful. z = y follows.
Hence. d.e : E — B is a relation.

For any object .X. we want to prove that
Rx = {(dz. ex)|r € hom(X, E)}
is an equivalence relation on the set hom(X, B).
CrLaiMm 1. Ry is reflezive.
For any object C, the induced maps

hom(C, GE) — hom(C, GB)

21



is an equivalence relation in Set, and by adjointness, so is

hom(FC, E) — hom(FC, B).

Since G is premonadic,

FGEX Ex
FGFGX —FGX— X
EFGX

is a coequalizer diagram. Now we consider the following commutative diagram:

i hom(zx, E)
hom(X, E) hom(FGX. E)
hom(X.d)| |hom(X.e) hom(FGX.e) | | hom{FGX.d)
hom(X. B) , hom(FGX. B)
hom(zx. B)

For any a € hom(X, B), azx € hom (FGX, B). Since

hom(FGX, E) = hom(FGX. E)

is an equivalence relation in Set, there is a morphism b: FGX — E such that

db=acx and eb=acy.

Since

dbFGzx = acx FGex = azxzrcx = dbzrgx

and

ebFGex = acxFGex = acxzrcx = ebsggx.

(3]
o



we have

bFGEx = bEFG'X-

Then there is a unique morphism ¢ : X — E such that

CEx = b.
FGe =X
FGFGX =—=%xFGX X
SFGX | c -~
by - - a
t »~ €
B
d

Hence
decey =db=acy. eccxy =eb=acy.

and therefore

dc=a, ec=a.
Thus. (a, a) € Rx. Then Ry is reflexive.

CLAIM 2. Ry is symmetric.

If (a.b) € Rx. then there is a morphism zy : X — E such that

a =dzg and b = exy,

and so

acxy = dIoé'x, b:‘x = €I x-



Iy

FGXE/X' X] d ﬁ €
E\x‘ X - B
b
Hence
(aex, bex) € Rrex.
Since

hom(FGX, E) = hom(FGX, B)

is an equivalence relation, we get

(bex, acx) € Rrgx.

Then there is a morphism yy : FGX — E such that

bex =dyo, acx = ey.

FG:zx =X

FGFGX —/——=FGX X
ZFGX i 3!
Yo - a lb

t ~ €
E B

d

Note that
dyoFGex = bex FGzx =bexsrcx = dyozrex
and

EyQFGEx = aéxFGEX =AEXZIFGX = EYOEFGX-



Hence
Yo FGex = yoerex,

and therefore there is a unique morphism z, : X — E such that

T1£x = Yo-

It follows that

dricx = dyo = bex, exiix =eyp = acx.

Then

dr, =b, ez; = a,

and so

(b a) S Rx.

Hence Ry is symmetric.

CLAIM 3. Ry is transitive.

If (a. b). (b. c)€ Ry. then

(a

My

x: bex), (bex. cex) € Rpegx.
and so

(agx, czx) € Rrgx.
Hence there is a morphism 24 : FGX — E such that

dzy = acy, ez = cex.

25



Then
dZQFGEx = aExFGc’x =aAcxEFGXx = di’ochx
and
ez0FGex = cexFGex = csxepox = €208 FGx -
and so
ZoFGEx = 20€FGCX-

Hence there is a unique morphism z; such that

QEx =3
FG: £x
FGFGX =—=2=FGX X
CFCGX | ? ~
27
Yy ~ €
E
d

Therefore

dziex =dzg = acy, es12x = ezg = CEx.

4

It follows that dz; = a. ez; =c¢. Then
(a, C) € Rx.

Hence Ry is transitive, as desired. |

1.3.6. Recall that an equivalence relation d, e : E = B is effective if (d, e) is
the kernel pair of some morphism ¢. If an equivalence relation is effective and has a
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coequalizer then it is the kernel pair of its coequalizer (see [3], p.49). Since abelian
categories are exact in the sense of Barr, every equivalence relation is effective in

abelian categories.

Theorem. If G is premonadic. then the following are equivalent :
(1) G is monadic.
(2) For each reflerive G-split paird. e : E — B. if

€ c
B
d

E

C

is a coequalizer diagram. then Gc is an epimorphism.

(3) For each G-split equivalence relation d. ¢ : E — B. if

E B

C

is a coequalizer diagram. then Gc is an epimorphism.

Proof. (1) = (2). By [3. p.103, Proposition 1 and p.105. Proposition 3].

(2) = (3). Suppose that d, e : E — B is a G-split equivalence relation. Then
Gd, Ge: GE — GB is an equivalence relation, and so is d. ¢ : E — B by

Proposition 1.3.5. Since A, is abelian. d, e : E = B is effective. If

d c
B

E C

e

[Av)
=1



is a coequalizer diagram, then

d

E B
e | ] | e
B——C

is a pullback diagram, and therefore d, e : E — B is a reflexive G-split pair as one

sees by considering the following diagram

By (2), Gc is an epimorphism.

(3) = (1). Clearly, G = GT K reflects isomorphisms. Let d. e : E — B be a G-split
equivalence relation. Then Gd, Ge : GE — GB is a split equivalence relation. By
Proposition 1.3.5, d, e : E — B is an equivalence relation. Then it is effective.

and so there is a morphism g : B — Y such that

E B

v

is an exact sequence. Hence, by Proposition 1.3.4,

0 E (g) B@B (gr—'g) v 0

is a short exact sequence. By Proposition 1.3.3,
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G Go. -G
0—~GE(—Gg)—-—GB€BGB (69.7CG9) ..,

is exact. By condition (3),

(CG;:) (Gg _Gg)

0 GE GB&@GB GY 0

is exact and therefore, by Proposition 1.3.4 again,

Ge Gg
GEF———= GB —— GY
Gd

is a coequalizer diagram. Thus, by Duskin's Theorem, G is monadic. a

From Theorem 1.3.6, we immediately have:

Corollary. If G preserves epimorphisms. then G is monadic if and only if G is

premonadic.
1.3.7. If f : R — S is a morphism of Rng,, then we have an adjoint pair:

/s
f!

Mod-S Mod-R

Recall that the category of all right modules over a ring is abelian. and in such
a category the epimorphisms are preciselv those morphisms which are surjective
on the underlying sets, and epimorphisms are all regular. Hence, f! preserves epi-
morphisms. Clearly, f! is premonadic since each ¢4 is an epimorphism (see 1.2.3).

Then, by Corollary 1.3.6, we have:



Proposition. f! is monadic.

Surprisinglv, Mod-S is an Eilenberg-Moore category over Mod-R whenever

there is a ring homomorphism f: R — S.

1.4. Transformations of Monads

In [31], Tholen studied adjoint morphisms and their properties. In this sec-
tion, we consider a special case of adjoint morphisms. Throughout this section,
<F, G nz>C—=Band < F'. G r. & >:C" = B’ are two adjunctions.

T=<GF, n,GzF>and T' =< G'F'. f/, G'’F > are the two induced monads.

1.4.1. Definition. Let V" : B - B’ and W' : C — C’ be two functors:

F
B L C
G
13 33
F!
B’ L c’
GI

< F, G; n, £>:C— B istransformableinto < F'. G': . &/ >: C' = B’ under V
and W if there are natural isomorphisms a: WG — G’V and 3: F'IV" = V'F such

that
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n'Ww

5% G'F'W
Wn G'3
aF
WGF G'VF
and
3G
F'WG VFG
Fla Ve
SV
F!GIV
commaute.

1.4.2. Let C be a category and B € ob C. Recall that the comma category of C over
B is the category C/B whose objects are pairs (E. p) with C-morphismsp: E — B.

and whose morphisms g : (E, p) = (E’, p') are C-morphisms g : E — E’ such that

commutes.

Let C be a categorv with pullbacks, and let p : E — B be a morphism in C.

Then we have the following adjoint pair:

p!
C/B C/E

p
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where p!(D, s) = ps, p*(C, r) = m which is given by the following pullback

diagram:

o

EXBC C
Ty T
L
E B

The unit and counit of p! -4 p* is given by n.c—g) =< 5.1¢ >: C — ExgC

and £(,.c—p) = w2, respectively.

Examples. Let C be a category with pullbacks. If

is a pullback diagram in C. then:

1. pl4p' : C/B — C/E is transformable into p'! 4 p’*

and s':

2. p'tHp"t . C/B" - C/E' is transformable into p! - p*

t* and s*:

p!

C/B 1 C/E
p'

t! s!
P

C/B’ 1 C/E'
ph

:C/B'— C/E’ under t!

: C/B — C/E under



C/B’ ' 1 C/E'
plu

t* s*
p

C/B 1 C/E
p.

1.4.3. Proposition. Suppose that < F, G; n, £ >: C = B is transformable into

<F',G: 1, ¢>:C — B under Vand W. Then there is a functor

L:CT T
such that
K
B cT
\ /
G GT
C
V L
W
Kl
BI ~T
F’ FT
G GT
CI

commutes (up to isomorphism).

Proof. Define L : CT — CT by

L(C, &) = (WC, WE-azLG'3c) for each (C. €) € CT.
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If (C, €) € CT, then

€nc = 1¢ and EGF¢ = EGepc.

and so, by applying W,

WEWne = lwe and WEWGFE = WeWGere.

But
(W a7eG'dc)nive = W - arcWne = WEWne = Live.
Then ,
- Twe GFWC
W& azcG'3c
¥
commutes.

By the naturality of a, 3, and &. for any object C of C,

QFGFC
WGFGFC G'VFGFC
WGF¢ G'VF¢
arc
WGFC G'VFC
QFGFC
WGFEFGFC G'VFGFC
WGerc G'Vzpe
Grc
WGFC G'VFC
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' 3crc .
F'WGFC VFGFC

F'We VFe
B¢
FWC VFC
and
F'G FwWe—E2C FWC
F'G'3¢ 3c
FIG'VEC “vFC VFC

commute. Then

IWE - a5LG 3G FWEG FlaphG F/G! 3
= Weash - GVFEG Sorc - G'FlarsG F'G 3¢
= WE-WGFéarsre - G'86reG FlazsG G 30
= WEWGzrc - 07hpoG dercG Flar LG F'G e
= WE - 05hG'Vere - G'dcrcG FlasiG F'Gl 3¢
= Weazk - G'yreG Flare - G'FlazsG F'G' dc
= Weagh - G'eyreG F'G 3c
=Wéazg - G'3cG ey,

and so



G'F'(WéapsG'8c)

G'F'G'FWC G'F'WC
GIE’F"’VC II/'EQEEG, 30
WéaztG'3,
G'F'WC Sapct Je W

commutes. Hence (WC, W¢-aptG'3¢c) € C'T and therefore L is well-defined.

For any C € obC,

LFTC = L(GFC, Gerpe) = (WGFC, WGercarsrcG darc).

and
FTWC = (GF'WC. G'tenye)-
Hence
FTW = LFT,
since
G'F'G'FWC GF(aFeG ) G'F'WGFC
G'eowe I'i"Gspca;-éFCG’fiGpc
G'FWC 2rcG'de WGFC
commutes.

For any (C, £) e CT,

GTL(C, &) =WC =WGT(C, §).
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For any B € obB,

LKB = L(GB, Gep)=(WGB, WGeparLoG'Igs).

and
K'VB = (G'VB, G'&.p).

Hence

LK =K'V,
since

G'F'ag

G'F'WGB G'F'G'V'B
WGzgarksG'ics G'syp
Gpg
WGB G'V'B

commutes. O

1.4.4. Theorem. Suppose that < F, G: n. = >: C — B tis transformable into

<F.,G:7,¢> C —= B under Vand W. If

(1) B has the coequalizers of G-split pairs and V’ preserves them.
(2) G (or V) reflects isomorphism.
(3) W reflects split forks into coequalizer diagrams.

(4) G' is monadic.



then G is monadic.

Proof. For any (C, £§) € CT, by Example 1.2.2,

GF¢ £
GFGFC—/———GFC—— C
£FC

is a split fork. By (1), F&, epc : FGFC — FC has the coequalizer, say (D, c¢),

and

is a coequalizer diagram, which is equivalent to saying that

F/(WearsG'dc) Ve do
F'G'F'W(C FW(C————\VD-
fewe

is a coequalizer diagram since

F'(W&aztG'3c)
F'G'F'WC F'WcC
frwe
t 3¢
VFE
VFGFC VFC
Vepe

commutes, where t = JgrcF'aFLF'G'3¢c. But (WC. WéapsG'3c) € CT. by
Beck's Theorem and (4), F'(Wéar-G'3c): fenve : F'G'F'WC — F'IC has the
coequalizer. say (D', ¢) (2 (VD. Ve-3c¢)), and
G'F'(WéazcG'dc) G'(Vede)
G'FGFWC G'F'WC———= G'VD

1!
G'e F'wWC
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is a split fork, which amounts to saying

WGF¢ WGe
WGFGFC —/—/——_WGFC WGD
WGs FC
is a split fork since
WGFe WGe
WGFGFC WGFC—WGD
WGe FC
m n ap
G'F'(WéapeG'8c) G'(Vede)
G'F'G'F'WC - GFWC——G'VD
G'erye

commutes, where m = G’F'G’3E1G’F’apcG’,35}=capc;pc, n= G’SEIQFc.

By (3).
GF¢ Ge
GFGFC—/GFC(C GD
Gere
is a coequalizer diagram. Then, by Beck's Theorem. G is monadic. a

Combining Theorem 1.4.4 and Example 1.4.2.1 yields the following corollary

which was shown in [29] for the first time.

Corollary. Let C be a category with pullbacks. and let

p
E B

El BI



be a pullback diagram in C. If (p')* is monadic, so is p*.

Proof. If by, b, : (Cy, 1) = (Ca, 13) is a p*-split pair in C/B. then we have
a (p')-split pair by, by : (Cy, try) — (Cs, tra) in C/B’. Since (p')® is monadic, by
Beck’s Theorem, by, b» has a coequalizer, say (¢, (C, r)). in C/B’. Clearly there is
a unique morphism b: (C, r) — (B, t) in C/B’ such that

bc = Ta.
Now it is easy to check (¢, {C, b)) is a coequalizer of

by, by (C1, 1) = (Cy. 1)

in C/B. which is preserved by t!. Clearly. s! reflects split forks into coequalizer

diagrams and p° reflects isomorphisms. Hence, by Theorem 1.41.4. p* is monadic. T
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2. Preliminaries for Descent Theory

In this chapter, we recall the basic notions and results of descent theory which
will be used in Chapters 3 and 4. They are: fibrations and descent theory. the
Beck-Chevalley condition; internal categories and their actions. indexed categories

and descent theory; some theorems of Janelidze and Tholen.

2.1. Fibrations and Descent Theory

This section is devoted to the presentations of the fundamentals of fibrational

descent theory.

2.1.1. Let P: E — C be a functor and p : E — B a morphism of C. The fibre of P
at B is the non-full subcategory E(B) of E whose objects are in P~!B (i.e.. those
objects A of E with P4 = B) and whose morphisms f : 4 — A’ are E-morphisms
such that Pf = 1g. Let X € E(B), a morphism J,X : p°X — X of Cis a cartesian

lifting over p at X if
Cl. P(9,X) =p,

C2. for any morphism v : ¥ — X of E and any morphism 4 : PY" - E in C

satisfving ph = Pu, there is a unique w : }" — p*X in E such that
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X -w=v and Pw=nh.

y
s N
X ——— X
PEToX
P |

PY
c V W
F——8B

P

A functor P : E — C is called a fibration if for any morphismp: £ — Bin C

and every object .X' in E(B) there is a cartesian lifting (p* .\, J,.\') over p at X.
Examples. 1. For every category C, the identity functor 1¢ is a fibration.

2. If C is a category with pullbacks, and if C? is the morphism category of C,

so that

- objects are morphisms f: E = B in C,

- morphisms from f: E — B to f': E' — B’ are pairs (u, ¢) of morphisms in C

such that f'u =vf, whereu: E — E" and v : B — B’ are C-morphisms:
E———F

/] !

B ———p



then the codomain functor
d: C*5C: (f:4—=B)~B, (u, v)—v

is a fibration, called the basic fibration of C: for any morphism p: E — B in C and
an object (z : X — B) in 87!(B), the following pullback diagram:

9 X
5 X——

o, e
E————B

vields 2 morphism (J9,X, p) : (f : 8'X — E) = (z: X = B) in C? which is a
cartesian lifting over (p: E — B) at (z: X — B).

On the other hand, J is an opfibration (i.e.. ° is a fibration). In fact. for any
morphism p: E — B in C and any object (z : X — E) in 87!(E). an opcartesian

Lifting over (p: E — B) at (z: X — E) is given by

(Ix.p):(z: X =E)—=(pr: X = B):
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m m
X » X
D
T pI
c? " h
p
E B
Jd 1
D
C " h
E B
p

Hence @ is a bifibration.

3. Let MOD be the category defined as follows:

- An object of MOD is a pair (R, M), where R € CRng,, M € Mod-R.

- A morphism (f,u): (R,M) — (R',M') has f : R - R a morphism of CRng,

and u: W - M'®x R a morphism of Mod-R.

I (fou) s (RM) = (RLM'), (g,v) : (R, M') = (R",M") are morphisms of
MOD, then
(g.v)o(f,u) : (R, M) — (R".M")
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is given by
(g.v)o(fiu)=(fog, (vBr 1r)ou).

Then the functor mod: MOD — (CRng, ) given by

(R, M) — R
(fru) — f
(R, M") — R

is a fibration. In fact, for any unital commutative ring homomorphism f : R — S
and any (R, M) € mod™'(R), (f.laegs) : (S.M ®g S) = (R, M) is a cartesian

lifting over f at (R, M).

4. Let F: Top — Set be the forgetful functor. Then F is a fibration: for any
morphism p : E — B in Set and for B € Top, if E is equipped with the coarsest
topology which makes p: £ — B continuous, then p: E — B is a cartesian lifting
over p at B. F is also an opfibration: for any morphism p: £ — B in Set and for
E € Top. p: E — B is a cocartesian lifting over p at E if B is equipped with the

finest topology which makes p: E — B continuous. Hence F is a bifibration.

2.1.2. [f P: E — Cis a fibration and p : E — B is a morphism in C, then we have

the inverse-image functor
p":E(B) = E(E)
given by 4 — p*4 and obvious assignments on morphisms, and a cleavage
Up: Jgp' — Jg.
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where Jg : E(B) — E is the inclusion functor and Pd, = Ap: AE — AB is the

constant natural transformation. Hence one gets a pseudo-functor
()": C® = CAT

which is given by

B E(B)
pi — }p°
E E(E)

since there are the uniquely determined natural equivalences

ig:lg — (1g)" and jpq:¢'p" — (pg)
such that
V1 - Jpig = 1,5, PJpip = Alp,
and
ﬂpq : ijp,q = 19;1 ’ 19<1P'e PJij,q = Olx.

forany p: E = B and ¢ : X — E in C by the definition of the cartesian lifting.

This means that ( )*: C°® = CAT is a C-indexed category (see 2.2.3).

For example, the basic fibration vields the basic C-indexed category given by
the sliced categories and pullback functors (see 2.2.3). On the other hand, given a

C-indexed category A : C°? — CAT, by the Grothendieck construction, one may
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construct a fibration (see [4] or 2.2.3 below). Any C-indexed category essentially

arises in this way (see [19]).

2.1.3. Let C be a category with pullbacks, p : £ — B a morphism in C and
P :E — C a fibration. Descent data (C, &) for C € E(E) (relative to p) are given

by certain morphisms & : p{C — p;C in E(E xg E) such that

1
pC ————p;,C

RAC

o

commutes at C, and

J
(m1)'p3C —— (m)'pC
(71)°§ (ma)°E

commutes, where (p;, p2) is the kernel pair of p and

T =< P17y, pama >: (E xg E) xg (E xg E) = Exg E

is given by the following pullback diagram:
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——

"o

(ExgE)xg(ExgFE) E xg E
771[ y24!
D2
ExgF E

0; : C = p;C is such that P§; = d and 4, C -6, =1¢ (0 : E — E xg E is the

“diagonal” ), the canonical isomorphisms j and j; arise from the identities

as in 2.1.2.
These descent data, with morphisms h : (C. £) — (C’. &) given by morphisms

h: C — C' of E(E) such that

P1C p:C’
< <44
S D3k S
p:C p;C’

commutes, form the category Desg(p).

For any A € E(B), p*4 is provided with canonical descent data

(jp—,pl._,-'l)(jp,pr'l) : p{p'.—l - p’.;.p.-'L
Hence p* can be lifted to the comparison functor ®° such that

E(B) ——————Dese(p)

N

E(E)
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commutes.

p is called an E-descent (effective E-descent) morphism if ®? is full and faithful

(an equivalence of categories).

2.1.4. Let P: E — C be a bifibration (i.e., both P and PP are fibrations). Then,
dually to the inverse image functor p* and the cleavage J,. we have a direct image

functor
p': E(E) - E(B)
and a cocleavage
o+ Jg — Jgpl.
Hence there exist uniquely determined natural transformations
pp: lpe) — p'p! with (9pp!)(Jepp) = dp.
op: p'p° — lgg) With (Jgop)(dpp") = U,

which serve as unit and counit of the adjunction p! < p*. Furthermore. we have the

Beck transformation

o+ (p2)'p1 — p'p! with (Je3,)(6p.p1) = (JERp)Dp,.

One says that P satisfies the Beck-Chevalley condition for p if 3, is a natural

equivalence.

Example. The basic fibration 8 : C? — C (see Ezample 2.1.1 (2)) satisfies the

Beck-Chevalley condition for anyp: E — B.
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In fact, for any (z : X — E) € 8~Y(F),

(p2)'pi(z: X = E) = (p2oy : E xp X = E)

is given by the following pullback diagrams:

a2
ExgX X
01[ n II
E xg E E
P | , | 7
E B

On the other hand,

PP (z: X =E)=(f:ExgX =E)

is given by the following pullback diagram:

W

4

2

E xg X- X
[x
7l E
| p
p
E B

Clearly, there is an isomorphism (pagy : E xg X = E) = (7, : E xg X — E).

Given E-descent data £ : pjC — p3C for C € E(E), one has a bijective corre-

spondence (£ +> (£)¥) by the universal property:



(p2)!piC piC
(p2)'€ ©* ¢

2)1psC :C
(p2)'p3 oC C p

If P: E — Cis a bifibration satisfving the Beck-Chevalley condition for p,
then 3, is a natural equivalence, and so it vields a bijective correspondence between
(6)F : (p2)'p;C — p*p!C and the algebra structures 8 : p'p!C — C with respect to

the monad induced by p! - p*:

3,C
(p2)!piC . p'p'C

This essentially establishes the bijective correspondence (£ < ). Hence:

Theorem. (Bénabou-Roubaud [5], Beck) For E bifibred over a category C with
pullbacks and for p: E — B in C such that the Beck-Chevalley condition holds
for p. Desg(p) is isomorphic to the Eilenberg-Moore category of the monad given by
p! " p*. Hencep is an (effective) E-descent morphism if and only if p* is premonadic

(monadic).



2.2. Internal Categories, Actions, Indexed Categories, and Descent The-

ory

As mentioned in Chapter 0, the category of descent data relative to a morphism
p can also be defined in the context of a C-indexed category A, namely the category
of actions of the equivalence relation Eq(p) induced by p on A It is convenient
to work with indexed categories instead of fibrations in some cases (see {19]). In
this section. we summarize the notions of internal categories, actions, and indexed
categories and some related results. Throughout this section, C denotes a category

with pullbacks.

2.2.1. An internal category D in C is given by a diagram

U

"~

&

D,

D, £ Dy

=
)

which satisfies

I1. de = 1p, = ce.

2. dm = d7s, cm = ¢y,

[3. m(1p, x m) =m(m x 1p,).

4. m<lp,, ed>=1p, =m<ec, 1lp, >,

(S]]
[SV)



where Dy, D, € 0bC, d, ¢, e, m € MorC, and D,, m, 7 are given by the following

pullback diagram in C:

w2
D, Dy
I c
.
D, Dy

An internal functor f : D — D’ between two internal categories D, D’ in C is

given by two morphisms fo : Dg — Dy, f; : Dy — D{ of C such that

Fl. fod=d'fi. foc=Ccf,
F2. fie=¢€fo. fim=m'fs,
where fg = fl X f1 : 01 X Do D1 - Dll XD;J D,‘.

Composition of internal functors is given by the obvious way. Hence we obtain
cat(C)-the category of all internal categories and internal functors in C. cat(C) is
actually a 2-category (see [19]) since one can define an internal natural transforma-
tion « : f — ¢ of internal functors f, ¢ : D — D', which is given by a morphism
@ : Dy — Dj in C such that

Tl. da = fy, da = gq.

T2. m'<ac, fi>=m'< g, ad>.



Let f, g, h: D — D' be internal functors and let o : f - gand 3:¢g — h be
internal natural transformation. one defines the composition 3a : f — h to be the
morphism

m' < 3, a>: Dy— D,

and the identity internal natural transformation 15 : f — f to be the morphism

¢'fo: Dy — D,

An internal functor f: D — D' of C is an internal category equivalence if there

is an internal functor g : D' — D such that

gf=1p and fg=1p.

For example, if p: E — B is a morphism in C. then

=

23 "2
——

(ExgE)xg(ExgE)2ExpExgE —~F xgE—f—— F

——————

1

¥

V12 LI

is an internal category in C, where e =< 1g, 1g >, (7|, 72) is the kernel pair of p. 715

This internal category is denoted by Eq(p). If B € ob{C), then B can be viewed as

a discrete internal category B of C:

].R 18
B—1tiB . p-——18 p
- lp lpg

Clearly Eq(1g) is isomorphic to the above discrete internal category B.
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2.2.2. Let D be an internal category in C. An action of D in C is given by a triple

(C. ~. &) such that
Al ~€ = ¢-projy,
A2 E(m X 1C) =€(1D1 X E)

Ad. S <ey, lg > =1¢,

where C € obC, ~ : C = Dg and € : Dy xp, C — C are morphisms in C. and

Dy xp, C is given by the pullback diagram

roj2
D1_ X Dy C—'—p——“' C
proj ¥
d
Dy ——— Dy

Morphisms h : (C. 7, &) = (C'. ~/, &) between two actions of D are given by

C-morphisms h : C — C' over Dy (+'h = ~) such that
ML hE = €'(1p, x h).

All actions and morphisms between actions of D form the category CP- actions

of Din C.

Example. Let D be an internal category in C. One defines functors

oLy C/D,



UP(C,~,€) = (C,~) for each (C,7.£) € obCP,
FP(C,~) = (D, xp, C,c- proj,,m xp, 1) for each (C.~) € obC/Dy,
and the obvious assignments for morphisms. Then F? is a left adjoint of L. By

Theorem 1.2.4 (3), U2 is monadic.

2.2.3. A C-indezed category A is a pseudo-functor A : C°° — CAT such that for

every f: E — D, g: D — C in C there are natural isomorphisms:

i 10 = (1), 559 fr9 = (gf)"

which satisfv that

oD
fr—LT iy
iEf' 1f- jf,lp
(1g)"f* Ey f
and
« - g.h
P e —
jf-gh- J’f~h9
(o b (haf)



commute, where A? = A(D) and z' denotes A(z) : AP — AF for any morphism

r:E —-DinC.

For example,
A:C® - CAT
given by B— C/Band (f: E - B)— f*: C/B — C/E, the pullback functor

along f, is a C-indexed category, and we call it the basic C-indexed category.

Grothendieck Construction. Given a C-indexed category A : C°® — CAT. one

defines a category G{C, A) as follows:

- An object of G(C, A) is a pair (C, z). where C is an object of C and r is an

object of A(C).

- A morphism (f, u): (C. z) = (C'. z') consists of a C-morphism f : C — C'

and a A(C)-morphism u : z — A(f)(z’).

-IE(f, v (C, ) = (C', ). (g, v):(C', ') = (C". z") are morphisms of
G(C. A), then

(9. v)o(f, u):(C. z) = (C", 2)

is given by

(9. v)o (f. u)=(ge f, A(f}(x) cu).

The projection functor P : G(C, A) — C given by



(fiu) f
C.z) !

is a fibration. This process is called the Grothendieck construction (see [4]).

Clearly, mod: MOD — (CRng, )" is given by the Grothendieck construction ap-
plied to the (CRng,)*-indexed category R —Mod-R, in Example 2.1.1(3). Hence

it is a fibration.

2.2.4. Let A : C%° — CAT be a C-indexed category and D an internal category in

C as in 2.2.1. One defines AP to be the category with

- objects: pairs of (C. &), where C € 0bAP? and £ : d"C — ¢*C is 2 morphism in

AP such that

e"&
e'dC ecC
~ - =
and
(m2)*c"C ——— (71)°d"C
(7)€ w)-s
(ma)*d*C (m)cC
—_ .f =




commute, in AP and AP2, respectively. The above natural “2"’s arise from I1 and

12 in 2.2.1 and Definition 2.2.3.

- morphisms: A : (C,&) — (C',€") of AP are given by morphisms of h : C — C’ of

AP such that

d*h
d'C dC’
E l clh l E’
c'C cC’

commutes in AP,

2.2.5. Janelidze and Tholen [19] proved:

Theorem. For every C-indezed category A : C® — CAT. the gxtension
A :cat(C)°? — CAT

given by the assignment D — AP, is a pseudo-functor of 2-categories.

They also proved:

Lemma. For every C-indezed category A, and every internal category equivalence

f:D — D' of C. the functor f*: A? — AP is an equivalence of categories.

2.2.6. Let A be a C-indexed categorv and p : £ — B a morphism of C. The
category

Desa(p) = AEa@)

is called the category of A-descent data relative to p.
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Since the discrete functor p : E — B can be factored as

B d Eq(p)
N A
E

where o, = p. B, = pm = pre, & = lg, 6 =e, and (7, ™) is the kernel pair of

p. we have a commutative diagram (up to natural isomorphisms) in CAT:

o =P

AB Des, (p)
AE

pis called an A-descent (effective A-descent) morphism if the comparison functor ¢

is full and faithful (an equivalence of categories). p is called an absolutely (effective)
descent morphism if it is an (effective) A-descent morphism for every C-indexed

category A.

For A defined by a fibration P : E — C, the category Desy(p) is the category
Desg(p) in 2.1.3, and the notion of (effective) A-descent is equivalent to the notion

of (effective) E-descent in 2.1.3 (see [19], Section 3.3. for reasons).

Janelidze and Tholen {19] also showed:

Theorem. A4 morphism in a category with pullbacks is an absolutely effective mor-

phism if and only if it is a split epimorphism.
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3. Descent Equivalence

Throughout this chapter, C is a category with pullbacks, and A : C°® — CAT

is a C-indexed category. Let B € obC, for a given morphism ¢ : (E, p) = (X, ¥)

v

in C/B, one may ask:

Which conditions can guarantee that bundles p and ¢ have the same A-descent

structure?

In this chapter, we give the notion of descent equivalence and study its properties.

3.1. The Functor Eq

3.1.1. For any morphism ¢ : (E. p) — (\X. ) in C/B. Janelidze and Tholen [19]

constructed the following commutative diagram in cat(C):

Eq(g) : X
2 Ox

a 1
Eq(p) Eq(¢) (1)

where (i.)o = 1g. (i1 =1 %X, 1e, (@o=¢. (@1 =¢xpq. (Ux}o=1x. (0x) =

Ay, (@0 = ¢, (@ = ¢71 = ¢72. and (7, 72) is the kernel pair of g.
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Theyv called it the basic equivalence diagram (BED) induced by the morphism

q:(E, p) » (X, ¢). They proved:

Proposition. Fach BED is a pullback diagram in the ordinary category cat(C), and

it is also a pushout diagram in cat(C) if ¢ is a pullback-stable regular epimorphism

of C.

Recall that for each morphism f : D — C in a category with binary products

and for each object X in the category,

fx1
Dx X Cx X
f
D C
and
1x
XxD f XxC
f
D C

are pullback diagrams.

Since products in C/B are given by pullbacks in C, we have:

3.1.2. Lemma. Ifq: (E, p) - (X. ) is a morphism of C/B. then. for any

(Y. y) € ob(C/B),



xXgl
ExgV— 22 Xyp¥

2

—

m

is a pullback diagram, where 7w, and %, are given by the following pullback diagrams:

T

EXB}" Y

3 y

and
X xg¥———— '}
7 y
X : B
Similarly.
ly xggq
Y xg E v YV xg X
q
E 1\

is also a pullback diagram.

If
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X
y z
B (

o
—

is a commutative diagram in C, then we have the following commutative diagram

in cat(C):
q
Eq(q) X
Cy l T
Ea(p) ? B (3)
where (¢y)o = ¥, (¢y)1 = ¥ Xz y which is given by
ExgE E
yXxXzy
_ y
YVxxV = Y p
m
q
k3 E B
P
| y T
Y X (4)

q

here the front face and the back face are pullback diagrams in C, and the other faces

are commutative.
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Note that the morphism y X, y can be decomposed as

1x.1 1 xXpy yxXgl
T~ Y xpYV Y x5 E

Y xxY E xg E

Proposition. 1. If (2) is a pullback diagram, then
(i) the left face and top face of (4) are pullback diagrams in C.

(ii) (3) is a pullback diagram in cat(C).

2. If y is a reqular eptmorphism and y X, y is an epimorphism, then the left face
of (1) ts a pushout diagram in C.
Moreover, if (2) s a pushout diagram in C. then (3) is a pushout diagram in

cat(C).

Proof. 1. (i) If (2) is a pullback diagram, then. by the pullback diagram composition
law, in diagram (4), the left face + the back face = the front face + the right face
is a pullback diagram. But the back face is a pullback diagram. so. by the pullback
diagram cancellation law, the left face of is a pullback diagram. Similarly, the top
face of (4) is a pullback diagram, as desired.

(ii) Let f: W — Eq(p), g: W — X be morphisms in cat(C) such that

pf = zg.

Then

pfO = I4go.



pm fL = pmafi = zg1.
Hence there are a unique morphism hg : Wy — Y such that
yho = fo. gho = 9o,

and a unique morphism h; : W}, — ¥ x x Y such that

(y xz y)hy = f1, q71hy = gTahy = g5,

It is easy to check that (hg, h,): D — Eq(g) is a morphism of cat(C). Hence (3) is

a pullback diagram.
2. Letw,:Y - W and wy: E xg E — 1V be morphisms in C such that
wiT = way X: Y)-
We claim that for all uy, up: U’ = Y,

YU = yus = WU = Wil

There are u, v’ : U = Y xx Y such that

TIU = Uy, Toll = Uy, and :_T_lu! = U, ?_u' = Uo.

But
"Tl(y Xz y)u = YTIU = YUy = YU = yﬁlu'

14

=m(y xz y)u',
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So
(y xzy)u=(y xz y)u"

Hence

wiuy = WU = waly Xz y)u = waly X y)u’ = wyTu

= Wils.

Since y is a regular epimorphism. there is a unique w : £ — 1" such that
vy = wy.
On the other hand,
wm(y Xz ¥) = wym = wim = wa(y Xz Y)-
Hence ww, = w,, as desired.
Let f:Eq(p) = D. g: X — D be morphisms in cat(C) such that
fey =gq.

Then

foy = 904,

fily Xz y) = g1471 = qig7o.
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If (2) is a pushout diagram, then there is a unique hg : B — D and a unique

h, : B = Dy such that
hoz = go, hop = fo
and
hiz = g1, hipmi = lypma = fi.
Since y is an epimorphism, z is an epimorphism by the pushout stability of epimor-
phisms. Now it is routine to check that (hg, h;) : B — D is an internal functor.

Hence (3) is a pushout diagram in cat(C). C

For a morphism ¢ : (E. p) — (X, ¢) in C/B, by considering the commutative

diagram:

E

q -
X
k /
B

with (3) we get the commutative diagram:

g=cq

Eq(p) ———Eq(»)

Moreover, one can also look at
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E——X

o
A

If

I /)
N/

is commutative in C/B. then one has the following commutative diagram in cat(C):

—
ot
-

Eq(y) Eq(p)
Ox
T
X — T
q
él CI’
T Eq(¢z) Eq(pz’)
dy
Y E (6)
= a(¢)
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3.1.3. Let C be a category with pullbacks. Recall that for a morphism p: E — B
in C we have the internal category Eq(p) (see 2.2.1). Then, for a fixed object B of

C. the assignments:

(E. p) = Eq(p) and (¢: (E, p) = (X, ¢)}— 4.
define a functor:

Eq: C/B — cat(C).

3.1.4. Proposition. Let C be a category with pullbacks and B a fized object of C.
Then the functor

Eq: C/B — cat(C)
preserves those limits which are preserved by the forgetful functor C/B — C.

Proof. Let p: E — B be the limitof p; : E, = B in C/B:

2
E—" _F
N
B

such that lim E; = E. We claim that Eq(p) = lim Eq(p;) in cat(C).
For any I-cone (u;, v;) : D — Eq(p) in cat(C), since lim E; = E. there is a

unique z : Dy — E such that
tixr = u; forall:
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Similarly, since lim E; xg E; = E xg E, and lim E; xg E; xg E; = E xg E xg E,

there are a unique morphism y : Dy, — E xg E with
(t,‘ X ti)y = forall¢
and a unique morphism z: Dy = E xg E xg E (= =2 y x y) with

(ti X t; X t,’).‘l’ =y XY for all ¢

23 T2
EXBEXBE — EXBE"——;E
/ T2 b /
< i Xt xt y t;
74,23
EVBE,XBE. — W,XBE-'—-—--—;——E
11,2

V)

0

Ui X Uy
A

D, 1

gy

Note that. for all 7,

and
(t: x ti)ex = eitix = e;u; = v, f = (8 X t;)yf.
Then

my=2zc, er =yf, and wy = zd.
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Similarly, we can check that

2.3

EXBEXBE 1.3 EXBE
T2
z y
[
D, 12 D,
a1
commutes serially. Therefore lim Eq(p;) = Eq(p) in cat(C). ]

3.1.5. Corollary. Let C be a category with pullbacks and B a fired object of C.
Then

Eq: C/B — cat(C)
preserves pullback diagrams and inverse limits.

Proof. It is easy to check that the forgetful functor C/B — C preserves pullback

diagrams and inverse limits. By Theorem 3.1.4, the Corollary is clear. |

3.2. Descent Equivalence

3.2.1. Let C be a category with pullbacks and A: C°° — CAT a C-indexed

category. one has a pseudo-functor

A :cat(C)® —» CAT

of 2-categories, which extends the C-indexed category A : C® — CAT (see 2.2.5



or [19]). Recall that for a morphism p: E — B in C, one defines
Desa(E, p) = AFI®),

Hence, for any fixed object B of C, Des,( ) = AcEq becomes a pseudo-functor:

. Desa( )
(C/B)*® (C/B)\CAT
cat(C)°P

Proposition. Let A: C°° — CAT be a C-indezed category such that

A : cat(C)®® — CAT preserves pushout diagrams (directed colimits).

Then so does Desa( ).

Proof. By Corollary 3.1.5, Eq: (C/B)° — (cat(C))°? preserves pushout diagrams
(directed colimits), so does

Dess( ) = Ao Eq.

For a morphisms ¢ : (E, p) = (X, ) in C/B, Reiterman, Sobral, and Tholen

[26] considered the following diagram in cat(C):



e

Eq(¢) ; Eq(p)
dx Lo
Eq(1x) : Ea(q) (7)

where (1:)0 = 1, (1)1 = lg Xg 1e: (o =¢: (P =g Xpg. (dx)o=1lx. (0x) =

Ay, (P)o =p. (P)1 = pm = pma, and (7, 72) is the kernel pair of p.

Applving A to the above diagram (7). one obtains the following commutative

diagram (up to natural isomorphisms) in CAT:

AB
idd &7
Desa(X. ¢ Desa(E, p)
D’s’ 17%
A¥ Des,(E. q) (8)
(oL

where L.": = (6.\’).? 1% = (i';:)‘r P = @)., and DESA((]) = (é).

3.2.2. Definition. Let q: (E, p) = (X. ) be a morphism in C/B. We call q
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an A-descent equivalence (A-descent pre-equivalence) if Desy(gq) is en equivalence
of categories (full and faithful). We call ¢ an absolute descent equivalence (absolute
descent pre-equivalence) if Des,(q) #s an equivalence of categories (full and faithful)

for every C-indezed category A.

By the functoriality of Des,( ), immediately we have:

-

Proposition. Letq: (E, p) = (X, ¢), s : (X, @) = (Y, &) be morphisms in C/B.
(1) If two of q, s, and sq are A-descent equivalences, so is the third one.

(2) If s is an A-descent pre-equivalence, then ¢ ts an A-descent pre-equivalence if

and only if sq is an A-descent pre-equivalence.
The following result shows us why A-descent (pre-)equivalence is a useful notion.

Invariance Theorem. Let q : (E, p) — (X, ) be an A-descent pre-equivalence
(A-descent equivalence) in C/B. Then p is an A-descent (effective A-descent) mor-

phism if and only if ¢ is an A-descent (effective A-descent) morphism.

Proof. By Diagram 3.2.1(7), Desa(g)®? = 7 (up to natural isomorphism). If ¢ is
an A-descent equivalence, then Desy(g) is an equivalence of categories and therefore
®7 is an equivalence of categories if and only if ®? is an equivalence of categories.
Hence p is an effective A-descent morphism if and only if £ is an effective A-descent
morphism.

Suppose now that g is an A-descent pre-equivalence. Then Desg(g) is full and



faithful. If ¢ is A-descent pre-quivalence morphism, then ®? = Des,(q)®% (up to
isomorphism) is full and faithful. Hence p is an A-descent morphism.

On the other hand, if p is A-descent morphism. then Des,(q)}®¥ = &” (up to
isomorphism) is faithful and so is ®¥.

For any B, B, € AF and any morphism A : °(B;) — ®7(B,) in Desa(X, ),
Desa(q)(h) : Desa(q)®¥(B1) — Desa(q)®¥(B2) is 2 morphism of Desa(p). Since the

following diagram
AB

o¥ i

Desa (X, ) Desa(E. p)
" Des, (q)

commutes (up to natural isomorphism), without loss of generality we may assume
Desg (q)®7(B;) = ®*(B;), i =1, 2. Since $? is full, there is a morphism f : B, = B,
of A® such that
®P(f) = Desa(g)(h).
That is
Des.(q)®?(f) = Desa(q)(h).

Since Des,(q) is faithful, ®¥(f) = h. Hence @7 is full. Then  is an A-descent

pre-equivalence. a

3.2.3. Absolutely effective descent morphisms are preciselv the split epimorphisms
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(see 2.2.6 or [19]). However, for absolute descent equivalences, we have:
Theorem. Let g: (E, p) = (X, ) be a morphism in C/B.
1. If q is a split epimorphism in C, then q is an absolute descent equivalence.

2. If q is a split monomorphism in C/B, then q is an absolute descent equivalence.

Proof. 1. Suppose gs = 1x for some morphism s : X — E in C. Then. clearly,
g5 = lgq(s)- On the other hand. we claim §§ = 1gq,) and the internal natural

transformations

are given by

a=<lg,s¢> 3=<sq, lg> E—=ExgFE in C.

By Definition 2.2.1,

Ja = w3 << sq. lg >. <1, sg >>

and

ad =713 << 1lg, s¢q >, <sq. 1lg >>.

Since

M3 << 8¢, lg >, <1g, s¢ >>=7 < s5q. 1g >= sq = 7 esq.



T3 << 8¢, 1g >, < 1g, s¢ >>=m < 1g, ¢ >= sq = mesq,

and

mmz << lg, s¢ >. < sq, lg >>=7, < 1g, s¢ >=1g = mye.
a3 << 1g, 8¢ >, < 8¢, lg >>=7 < 5q, 1g >=1g = me.

we obtain

T3 << 8¢, lg >, < 1g, sq >>=esq
T3 << lg, 5¢ >, < sq, lg >>=e.

Hence Ja = 13 : §¢ — 5¢ and a8 = Ligep © lEqw) — lEq(p)- Then the internal
functor ¢ : Eq(p) — Eq(¢) has an inverse § : Eq(¢) — Eq(p). Therefore. by

Lemma 2.2.5. Desa(q) is an equivalence of categories.

2. Since q is a split monomorphism in C/B. there is a morphism s in C/B such
that sqg = 1. By 1, s and 1 are absolute descent equivalences. Hence. ¢ is an absolute

descent equivalence by Proposition 3.2.2(1). a

Recall that 2 morphism in Set is a split epimorphism if and only if it is surjective.
Hence, in Set, epimorphisms, extremal epimorphisms, regular epimorphisms. uni-
versal epimorphisms, and split epimorphisms are all the same. Recall also that Set
has the (epi, mono)-factorization system. Then, in Set. a given morphismp: E — B

can be decomposed into m o e with a monomorphism m and an epimorphism e:



e
E——X
N
B
Since e : (E,p) = (X, m)} is an absolute descent equivalence, we have

Dess(E, p) = Desy (X, m).

Hence, in Set, we need only consider the computability of Des, (p) with monomor-
phisms p.
However. an absolute descent equivalence does not need to be a split epimorphism

or a split monomorphism. See the following:
Example. Let B = {b1.5}.Y = {y}. and X = {z,,12}. We define

p:Y =B, ¢g:Y=X, h: X =Y, :X—=B

by
p(y) =bi. q(y) =1,
h(z)) = h(za) =
and
e(z1) = ¢lz2) = by
Then



h
Y ——=X
\q/
P 2
B

Hence ¢ : (Y,p) — (X, ¢) is a split monomorphism in Set/B.
For any morphism f : E — Y with |E| > 2 in Set, f is an epimorphism, so
qf : (E.pf) = (X, ) is an absolute equivalence. But ¢f is neither an epimorphism

nor a monomorphism in Set.

3.2.4. Recall that a functor F : B — D is called essentially surjective if for each

object D of D there is an object B of B such that FB = D.

Theorem. Letq: (E. p) — (X, ) be a morphism in C/B. IfDes,(g) is essentially
surjective for every C-indezed category A. then there is a morphism s : X — E in

C such that
psq =p.

In particular. if q is an absolute descent equivalence. then there is a morphism

§: X = E in C such that
psq = p.

Moreover,

1. If p is a monomorphism and if q is an absolute descent equivalence. then q is a

split monomorphism.
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2. If £ is a monomorphism, then there is @ morphism s : X — E in C such that

qs5q9 = gq.

Proof. We define a C-indexed category A, as follows:

Ap

CAT
X —  C(X E)
t t*

Y —  C(Y. E)

where A\.;}' = C(X, E) carries an equivalence relation given by
U~ pu=pr.
and ¢t : C(Y, E) - C(X, E) is the composing functor with ¢. Since
pry = pra, w1 (lg) = m ~ ™ = 75(1g),

the object 1g¢ of!-\f has a descent structure £ : 73(1g) — ={(1g), where (7. =) is

the kernel pair of p. Hence,
V(1g, €) = (i) (1e. €) = (1£)"(1&). &.) = (1. &) € Desg, (E. q).
But Des,, (g) is essentially surjective. so there is (g. u) € Des, (X, ;) such that

DESA,(Q)(gz ’J) = (IE: f)
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and therefore
V"’Des;_,, (Q)(g‘ ﬂ) = ‘,'!,‘J(IE’ E) = (157 5,)
That is

q,qua(g’ [.L) = (157 fl)

But &7 is just a lifting of ¢° (see 2.2.6),
q"U?(g, u) =6"®W¥(g, p) =6"(1e, £).
Hence there is a s € A} = C(X. E) such that
g's~ lg in Af,
and therefore

psq =p.

as desired.

1. If q is an absolute descent equivalence. then Dess(g) are always essentially
surjective for all A's. Hence there is a morphism s : X — E in C such that psg=7p

and therefore sqg = 1 since p is a monomorphism.

2. Since p = £q, ¥9sq =psq= 2q. g

3.2.5. In what follows we investigate the relation between A-descent pre-equivalence

(A-descent equivalence) and A-descent (effective A-descent).



Proposition. The morphism p : (E, p) — (B, lg) in C/B is an A-descent
pre-equivalence (A-descent equivalence) if and only if p is an A-descent (effective

A-descent) morphism.

Proof. Applying Eq to the following commutative diagram:

N A

B

we obtain the commutative diagram:

Eq(1s)

D 1g

Eq(p} ~ Eq(ls)
p

Clearly, 15 = IEQ(IB)’ p =D. Hence
AP is an equivalence of categories < A? is an equivalence of categories.

as desired. a

Remark. From a theorem of Reiterman. Sobral. and Tholen [26], we have the

following:

Let E: B +— E(B) be the subfibration of the basic fibration of a category C given
by a pullback-stable class E of morphisms in C, andq: (E, p) — (X. £) a morphism
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in C/B. If q is a pullback stable reqular epimorphism of C, then q: E — X is an
E-descent (effective E-descent) morphism in C implies q: (E, p) — (X, ¢) is an

E-descent pre-equivalence (E-descent equivalence).

Proposition. Let ¢ : (E, p) — (X, p) be a morphism in a category C with
pullbacks. and let E : B — E(B) be the subfibration of the basic fibration of a

category C given by a pullback-stable class E of morphisms in C. Then the following

are equivalent:
1. ¢ E — X is an E-descent (effective E-descent) morphism in C:

2. For each morphismz : X — B inC. q: (E. zq) = (X, z) is an E-descent

pre-equivalence (E-descent equivalence) morphism;

3. For each morphism z: X — B in C, zq is an E-descent (effective E-descent)
morphism in C if and only if z is an E-descent (effective E-descent) morphism in

C.
Naturally, the following question may be interesting:

Question. For which C-indezed categories A. is an A-descent (effective A-descent)
morphism q : (E, p) — (X, ¢) also an A-descent pre-equivalence (A-descent equiv-

alence)?
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Now we come back to the commutative diagram (3):

I

o/}
N/

in C/B. which, as we already saw. induces the following commutative diagram (6)

in cat(C):
Eq(y)
dx
b
X —
g
§ |~
z Eq(¢z) Eq(pz’)
O-y l,az
v Eq(¢)
7

Applying A to the last diagram, we get the commutative diagram (up to isomor-

phism) in CAT:



Des
Des, (X, ¢) Al) Desa(E. p)

U¥
Des,(z) Ve

AX Dess(E, q) Desa(z’)

Desa (W, ¢) (9)

Clearly, an answer to the above question as well as pullback stability of (effective)
A-descent morphisms largely depend on the top face and the front face of diagram

(9). respectively.

3.2.6. Reiterman, Sobral, and Tholen [26] proved the following composition and

cancellation theorem:

In a category with pullbacks. both the class D of descent morphisms and the
class £ of effective descent morphisms with respect to the basic fibration satisfy the
following composition-cancellation rule: given a composite p = ;- q. then

ifgeD, thenpeDe €D

and

ifge & . thenpef o cef.

Let v and ¢ be two morphisms of C such that ¢ - g is defined. If p= ¢ g is a
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descent (an effective descent) morphism with respect to the basic fibration, then we

form the following pullback diagram:

EXB,Y

Since =, is a split epimorphism, 7, is an effective descent morphism. On the other
hand. by the pullback stability of descent (effective descent) morphisms [29)], = is
a descent (an effective descent) morphism. Then. by the the above composition-
cancellation rule. ¢ and ; are descent (effective descent) morphisms. and so we have

the following proposition.

Proposition. Let ¢ and q be two morphisms of C such that & - g is defined. Then
i« -q is a descent (an effective descent) morphism with respect to the basic fibration

if and only if £ and q are descent (effective descent) morphisms.

87



4. Purity and Effective Descent

A theorem of Joyal and Tierney [21] states that pure morphisms are effective
descent in the opposite category of commutative monoids in sup-lattices with respect
to the fibration induced by the indexed category which assigns to each commutative
monoid A in sup-lattices an A-module. Mesablishvili [25] gave a proof that pure
morphisms are effective descent in the opposite category of commutative unital rings
with respect to the fibration induced by the indexed category R — Mod-R for each
commutative unital ring R. In this chapter, we want to study the relationship

between purity and effective descent.

4.1. Pure morphisms are effective descent for modules

Recall that for a unital ring homomorphism f : R — S. we have the adjoint pair
fo = f! (see 1.2.3):
fl
f!

In this section, our objective is to answer the following question:

Mod-§ Mod-R

For which morphisms f : R — S of unital rings, are f. comonadic?

4.1.1. Recall that Q/Z is an injective cogenerator for Ab. If M is a right R-module,
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then it is 2 bimodule zMpg. Hence the left R-module structure on homz(M, Q/Z)
is given by 7f : m — f(mr). One calls this left R-module the character module of

M, and denotes it by Cr(M). Hence, one has the representable functor

Cg: (Mod-R)*® — R-Mod

Similarly, one has the functor:

Cr: (R-Mod)® — Mod-R.

4.1.2. We need the following properties of the above functor Cg:
Proposition. 1. Cy is faithful.
2. A sequence of right R-modules

o 3
0 M, M M; 0

is ezact if and only if

Cr(3) Cr(a)

0 Cr(My) —————Cr(M) — 0

Cr(Ms)

s ezact.
3. Cg is ezact.
4. Cr preserves and reflects coequalizer diagrams.
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Proof. 1. Since Q/Z is a cogenerator of Ab.
2. See [28], p.87, Lemma 3.51.

3. Clearly Cg is additive. By (2) and {6, vol.2, p.50, Proposition 1.11.3], it is

clear.

4. Since Cg is exact, Cr preserves coequalizer diagrams. Clearly. Cr reflects
isomorphisms. Hence. by {15, Theorem 24.7], it also reflects coequalizer diagrams.

_—
L

In commutative unital rings, B. Mesablishvili [25] showed that Cgr(f) is a split
epimorphism in R-Mod for each pure morphism f of R-Mod. As Mesablishvili did

in [25]. we have the following:

Lemma. Let M, M, be two R-bimodules. Suppose that f : My — M,y is a pure

morphism of R-Mod. Then
1. Cr(f) is a split epimorphism in R-Mod.
2. The natural transformation
a:Cro(()®r M) = Cro (()®g M) : (Mod-R)®® — R-Mod

gqwen by ay = Cr(lu®f) : Cr(MRrMa) - Cr(M®gAM,) for each right R-module

M, is a split epic natural transformation.

Proof. 1. By adjointness of ® and hom. one has the following commutative diagram:
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hom(Cr(M1), Cr(f))

homR(CR(Ml), CR(I‘/IQ)) homR(CR(Ml), CR(A/IL))
CR(CR(A’II) Pr .“/[2) CR(]_ 2 f) CR(CR(J‘Jl) @r ;\/[[)

in which both vertical morphisms are isomorphisms. Since f : M; — M, is pure in
R-Mod, 1® f is a monomorphism. Since Q/Z is injective in Ab, Cr(f ® 1) is an
epimorphism, so is homg(Cr(M2), Cr(f)). Therefore 1c,(ar,) produces a retraction

for Cr(f).

2. Clearly « is a natural transformation. Again. by adjointness of ® and hom,
one has the following commutative diagram:

Cr(1®r f) = au

Cr(M 3r M) Cr(M Qg M)
hompg (M. Cr(Ma)) homg(M, Cr(My))

homg(M, Cr(f))

for each M € Mod-R.
By 1, Cg(f) has a right inverse, say h, which gives a right inverse of a); and a

is natural in M. a
4.1.3. Theorem. Let f : R — S be a morphism of rings. Then f. is comonadic if
and only if f is a pure morphism in R-Mod.

Proof. =: By Proposition 1.2.3.

91



«: If f: R — S is a pure morphism in R-Mod, the unit ny : ¥V — N Qz S
of f. 4 f!: Mod-S — Mod-R is a monomorphism for each vV € Mod-S, then f.
is precomonadic. For any (M, 8) € (Mod-S)/#, consider the following equalizer

diagram:

i 7}
N——————— W ————~ M ®rS
Tt

in Mod-R, where i: N = {m € M, 8(m) = ny(m)} = M is an inclusion map, and

a split fork:

9 1
M ————M®rS MRrS®rS
@1

in Mod-R. Then we have the following commutative diagram

¢
N M M 3rS
N
l M AVEYS
1
M—M®Q®rS MRIrS®rS
TIaf 073 1

for some morphism [ : N — M in Mod-R. Applying Cg to the above, we get the

following commutative diagram in R-Mod:

Cr(0®1) Cr(8)
Cr(M @rSQ®rS)———=< Cr(M ®rS) Cr(M)
Cr(my ®1)
Cr(Mmzrs) Cr(nar) Cr(1)
Cr(8 (i
Cr(M ®5 S) © Cr(M) Crl) Cr(N) (10)
Cr(n)
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in which the bottom row is a coequalizer diagram and the top row is a split fork. If
f: R — Sispurein R-Mod, then, by Lemma 4.1.2(2), Cr(narzs) (= Cr(ly2s®f))

and Cg(na) (= Cr(ly ® f)) have right inverses s, ¢ respectively, such that

Cr(6®1)
Cr(M ®r S ®r S) Cr(M ®g S)
Cr(na ®1)
s t
Cr(6)
CR(AJ ®R S) CR("[)
Cr(n)

commutes serially. Then there is a morphism & : Cg(:N) — Cr(M) in R-Mod such
that

Cr(8)t = kCrli).

Since the top row in diagram (10) is a split fork, by an easy diagram chasing,

the bottom row:
Cr(0) Cr(i)

Cr(M @& S) Cr(M) Cr(N) (11)
Cr(n)

is also a split fork. Applying the functor homg(S, =) to (11) and by adjointness of

® and hom, we get the following split fork:

| Cr(f®1) Cr(i®1) .
Ca(M g S®r S) Cr(M ®rS) Cr(N ®g S)
Cr(n®1)

By Proposition 4.1.2 (4),

i1 91
N®pS ——— M ®rS M®rS®rS
n®1
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is an equalizer diagram. Hence, by Beck’s Theorem, f. is comonadic. a

4.1.4. Let B be a subcategory of Rng, such that

(*y CRng, C B and for any morphism f : R — S of B, f is descent (effective
descent) with respect to the fibration induced by B°P-indezed category R — Mod-R

if and only if f. is precomonadic (comonadic).

By the same process as one applied in the proof of Theorem 4.1.3. we have the

following:

Let f : R — S be a morphism in B. Then f is effective for descent with respect
to the fibration induced by B°P-indezed category R — Mod-R if and only if f is pure

morphism in R-Mod.

Clearly, letting B = CRng; in the above, by [6. vol.2, Theorem 4.7.4]. we obtain

the theorem of Mesablishvili [23].

4.2. Locally Presentable Categories, Accessible Categories, and Pure

Morphisms

This section collects some basic notions and results of locally presentable cate-

gories, accessible categories, and pure morphisms. It is the preparation for the next

section.
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4.2.1. Recall that a2 non-empty poset is directed if each pair of its elements has
an upper bound, and directed colimits are colimits of diagrams whose schemes are

directed posets.

Definition. 4An object K of a category K is called finitelv presentable if
hom(K,-): K — Set
preserves directed colimits.

For example, an object K in Set is finitely presentable if and only if |K| < No.
An object G in Grp is finitely presentable if and only if G is isomorphic to the
quotient group of the free group F(z,,- - -, z,) on n generators modulo a congruence
generated by finitely many equations on F(z,, - -, z2,). The group (Z. +) of integers

is finitely presentable but the group (R, +) of the real numbers is not (see {2], p.10).

Definition. A4 category K is called locally finitely presentable if it is cocomplete
and has a set § of finitely presentable objects such that every object is a directed

colimits of objects from §.
For example, Set, Pos, and Grp are locally finitelv presentable categories.

Theorem. Every variety of finitary algebras is a locally finitely presentable category.

Proof. See [2], p.141. a

4.2.2. Throughout, A is a regular cardinal. Recall that a poset is A-directed if every
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subset of cardinality smaller than \ has an upper bound and A-directed colimits are
colimits of diagrams whose schemes are A-directed posets. An object K of a category
is called A-presentable if hom(K, —) preserves A-directed colimits. An object is

called presentable if it is A-presentable for some A.

For example, an object in Set is A-presentable if and only if it has cardinality

smaller than X (see [2], p.19).

Definition. A4 category is called locally A-presentable if it is cocomplete and has a
set S of A\-presentable objects such that every object is a A-directed colimits of objects

from §. A category is called locally presentable if it is locally A-presentable for some

A

For example, locally Ry-presentable categories are precisely the locally finitely
presentable ones. The category Ban of complex Banach spaces and linear con-
tractions is locally R;-presentable (see [2], p.40, Example 1.48). But the self-dual
category Hil of Hilbert spaces and linear contractions is not locally presentable (see

[2], p.51, Example 1.65 (2)).

4.2.3. Definition. A category K is called M\-accessible category if K has A-directed
colimits and has a set S of A-presentable objects such that every object in K is a \-

directed colimits of objects from S. A category is called accessible if it is A-accessible

category for some A.
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For example, every locally A-presentable category is A-accessible category. The
category Hil of Hilbert spaces and linear contractions is X;-accessible (see {2], p.70,

Example 2.3 (9)).

Recall that a morphism f : A — B in a category K is A-pure if for every

commutative square

v—L g
| | v
i —L 5

in which 4’ and B’ are )-presentable objects, the morphism u factors through f'.
If K is a A-accessible category. then A-pure morphisms are monomorphisms. If K is

locally A-presentable, then A-pure morphisms are regular monomorphisms.
Addmek, Hu, and Tholen {1] showed:

Theorem 1. In a A-accessible category K with pushouts. every A-pure morphism f

is a \-directed colimit (in K?) of split monomorphisms with the same domain as f.

They also proved:

Theorem 2. In a A-accesstble category K with pushouts. regular monomorphisms

are closed under \-directed colimits in K>.
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4.3. Descent Theory in Accessible Categories

Let K be a A-accessible category with pushouts. In this section, we want to
study descent theory in K° with respect to the basic fibration. By Theorem 2.1.4

and Example 2.1.4 (1), we have:

¢ morphism p: E — B in K is descent (effective descent) with respect to the
basic fibration if and only if p. is precomonadic (comonadic) in the situation p, = p! :

D.

E/K B/K

p

Hence we need to study comonadicity of p..

4.3.1. For a morphism p: B — E of K, codescent data for (K. r) € ob(E/K) are

given by morphisms § : K — K +5 E in K which make

p r
B E K
v
E rp (1) T 9 1k
AN
K K+gFE
T < r>
and
6 .
K K-+gE
6| |6+1
I\’+3E K +g E+g FE
71'1-*'1



commute, where (1) is a pushout diagram. These are objects of the category Des*(p).

a morphism h: (K, r; 8) — (K', r’; ') of Des*(p) is 2 K-morphism which makes

comimnute.

The comparison functor
®,: B/K — Des*(p)

given by ®,(L, a) = (L +p E, 09: 01 + 1) and the following pushout diagram:
D
B———F
« l g2

[ —L+gFE
o1

A morphism p : B — E of K is called ¢ codescent (an effective codescent)

morphism if ®, is full and faithful (an equivalence of categories).

Clearly, the category Des*(p) we defined above is the category of Eilenberg-Moore

coalgebras given by p, - p!. Hence, by the dual of Beck’s Theorem.
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p is a codescent morphism in K
<= p. is precomonadic
<= units of the adjunction p, - p! are regular monomorphisms

4= p is a pushout stable regular monomorphism.
Now, let B € obK,
Dg = {all codescent morphisms in K with the domain B},
and

&g = {all effective codescent morphisms in K with the domain B}.

4.3.2. Theorem. IfK is a A-accessible category with pushouts. then Dy is closed

under \-directed colimits in B/K.

Proof. Let p, : B — E, (i € I) be a A-directed diagram in B/K. p, € Dg, and

p: B — E A-directed colimit of {p;}c;:

B
v\
E E;
t,

t

Consider the following pushout diagrams:

B——F

z| | =

X —f—'x +g E



and

B E
z lT«'Qi
X X +g F

~—

Hig

for any morphism z : B — X in K. Taking A-directed colimit in the last pushout
diagram gives

colim 7m; = 1.

By Theorem 4.2.3.2, 7, is a regular monomorphism. Hence p is a pushout stable

regular monomorphism and therefore p € Dp. a

By Theorem 4.2.3.1 and Theorem 4.3.2. one has the following:

Corollary (2, Proposition 2.31]. In e A-accessible category with pushouts pure mor-
phisms are codescent morphisms and so they are pushout stable regular monomor-

phisms.
4.3.3. In (7! Borger mentioned the following condition
(B): If erey is a regular monomorphism, so is ea.

Condition (B) does not hold in general (see [22] and [8] for counterexample). but it
is true under some conditions (see 7], 3.5(4) and Proposition 1.2(ii}), for example,

when the category has (Epi, RegMono)-factorization system.
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Theorem. Let C be a category with pushouts. If C satisfies (B), then fg € D

implies g € D for any morphisms f, g in C such that fg is defined.

Proof. Suppose g: A — B, f: B — C are morphisms such that fg is defined in

C. For any morphism z: 4 — X in C, we take the following pushout diagrams (1)

and (2):
g f
4 B C
z | (1) 2 o
X X +4B (X +,B)+5C
m (o]

Then (1)+(2) becomes a pushout diagram and so
om XN =2 (X+4B)+5C

is a regular monomorphism since fg € D¢. Hence 7 is a regular monomorphism by

(B) and therefore g € Dg¢. )

4.3.4. Now we consider the effective codescent morphism case. Let K be a locally
A-presentable category and let (E. p) be the A-directed colimit of (E;, p;)ies in
B/K in which each p; € £5. By Theorem 4.3.2, p € Dg. For the effectivity of p. it

suffices to prove that @, is essentially surjective. We have:

Proposition. Let K be ¢ locally A-presentable category and ((E. p). (t:i)ici) a A-
directed colimit of (E;, p;)ier in B/K in which each p; € £g. If (K, r: §) € Des*(p)

can be written as a A-directed colimit of (K;, r;; 6;) in Des*(p} :ch that all K;'s
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are A-presentable in K, then there-is (L, b) € B/K such that

&,(L, b) = (K, r; 6).

Proof. We distinguish the following cases:
CASE 1. K is A-presentable.

Since colim;(K +5 E;) = K +pg E, there are j; € [ and 8;: K = K+gE; for
all j > 7o such that

; i
K—21 —K+3E,

NP
[\’B-E-E

commutes. It follows that

(1 + tj)ﬁjrt_,- = 0rtj = ‘f‘TgtJ’ = (1 + tj)ﬂ'gj :

B

E

Y4
E;

rp e
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By (2, Proposition 1.62], 1+ t; is a monomorphism. So 8,7¢; = 7a; for all j > j.
Now it is routine to check (K, rt;; 6;) € Des*(p;) by looking at the following
commutative diagrams:

p; 1

B E; K
rp 72; 1k
K K+pE; ¢
Tj < I,Tt]‘ >
and
. )
K
0;
0, R +5E
7 g; +1 g+1
K +5 Ej _— K +5 EJ' +5 EJ'
7‘-1j+1
+¢;
K+gFE ] K-+gE+gFE
T+

Since (K, rt;: §;) € Des*(p;) and @, is an equivalence of categories, there is

(L;. l;) in B/K such that
(ppj([‘j7 l;} = (K. thl 9]).

where (L;, {;) is defined by the following equalizer diagram:
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in B/K.
Clearly, (Lj. lj);»j, is directed. Taking the directed colimit in the above gives a

new equalizer diagram:

It follows that

&(L. 1) = (K, r: 8).

CAsE 2. (K. 7; 0) can be written as a A-directed colimit of (K,, r;: 6;) with

A-presentable K;.
By Case 1, for each ¢ there is (L,, b;) € B/K such that
é(Lir b!) = (Kia T4 01)

Since @ is full and faithful, (L;, b;) is A-directed. Since & has the right adjoint, it

preserves colimits. Then



(K, r; 8) = colim (Kj, i 6;)
= colim ®(L;, b;)
= ®(colim (L, b;))
= ®((L, b)),

as desired. 0

A locally A-presentable category K has a representative set of all A-presentable
objects. We denote any such set by Pres,K and consider it as a full category of K.

Clearly, we have:

Proposition. Let B € ob(Pres,K). Suppose (E, p) is a A-directed colimit of
(E:,pi)ier tn B/K such that E, E; € ob(Pres,K). If each

(pi). : B/Pres K — E;/Pres, K
is comonadic, so is p. : B/Pres,K — E/Pres,K.

4.3.5. Let E be a category and K a locally A-presentable category. Suppose that

the cofibration P : E — K satisfies

(%) Desg(p) can be viewed as the category of Eilenberg-Moore coalgebra category
of p. 4 p! and p is codescent (effective codescent) with respect to P if and only if p,

is precomonadic (comonadic) for each p: B — E in K.

For example, if P is basic cofibration or if P°P satisfies the Beck-Chevalley con-
dition for each p: E — B in K, then P satisfies the above hypotheses.
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Clearly, if the cofibration P : E — K satisfies (db), all results in this section

remain true with respect to the cofibration P.

4.3.6. Conjecture. If K is a locally A-presentable category (\-accessible category
with pushouts) and B is a fized object of K, then £g is closed under A-directed

colimits. In particular, \-pure morphisms in K are effective codescent morphisms.

By the process we used in 4.3.5, we see that the above conjecture may depend

on an answer to the following:

Question. Let K be a locally A-presentable category (locally finitely presentable
category or A-accessible category with pushouts). and let T be a A-accessible comonad
over K. Is K7 a locally \-presentable category (locally finitely presentable category

or A-accessible category)? If yes. what do A-presentable objects of KT look like?
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