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Abstract 

In intuitionistic propositional logic, one of the so-called De Morgan's laws is not 

valid. This thesis studies the non intuitionistically valid one, namely, -(+ A $) = 

+V TS, (denoted by (DML)), with examples and applications in topology, algebra, 

alialysis, logic and topos theory. In particuiar, we recall the Gleason cover of a topos 

which is a universal construction of a De Morgan topos covering the given one. This 

construction is then used in connection with the Hahn-Banach theorem in any topos 

of sheaves on a locale, and in order to obtain the real closure of an ordered field in 

sny topos of sheaves on a Boolean space. We also show that an algebraic analogue 

of (DML) may be related to the Zariski spectrurri of a ring. Finally, we examine 

(DML) in the contexts of mode1 theory and locale theory. 



Résumé 

Dans la logique propositionelle intuitioniste, une des lois de De Morgan n'est 

pas valable. Cette thèse étudie la loi qui est non intuitionellement valide, c'est à 

dire, ~ ( 4  A 11,) = l q h  V l$, (dénoté par (DML)), avec des exemples et des applica- 

tions eri topologie, en algébre, en analyse, en logique, et dans la théorie des topos. 

En particulier, nous rappelons le recouvrement de Gleason d'un topos qui est une 

construction universelle d'un topos de De Morgan recouvrement le topos donné. En- 

suite, cette construction est utilisé en connection avec le théorème d'Hahn-Banach 

dans un topos de faisceaux sur un locale et aussi pour obtenir la clôture réelle 

d'un corps ordonné dans un topos de hisceaux sur u11 espace Booleén. De plus, 

nous montrons que l'analogue algébrique de la (DML) peut être relié au spectre de 

Zariski d'un anneau. Finalement, nous examinons la (DML) dans des contextes de 

la théorie des modèles et de la théorie des locales. 
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Introduction 
In propositional logic, there are two identities that are called De Morgan's laws. 

In intuitionistic logic, only one of the De Morgan's laws is valid. When we refer 

to De Morgan's law (denoted by (DML)) here, we mean the non intuitionistically 

valid one, namely, l ( q 5  A $) = l q b  V -+. A property that is equivalent to (DML) 

is 14 v 1-4 = 1. In topology, we say that a space is extremally disconnected (i.e., 

the closure of every open subset in the space is open, i.e., clopen) if this property 

holds for al1 open subsets in the space. This thesis presents various aspects of 

De Morgan's law with applications in topology, algebra, analysis, logic and topos 

theory. In Chapter 1, we present the basic notions on lattices, locales, toposes and 

logic that will be needed in the proceeding chapters. We refer the reader to the 

sources [25] ,[18], [33], and [29] for more details. We have also relied on the notes for 

the course on topos theory given by M. Bunge [4]. 

In Chapter 2, we present conditions equivalent to (DML) in a topos, due to 

Johnstone [19]. The advantage of working in a De Morgan topos is that the not 

necessarily valid Law of the Excluded Middle l- 4 V 14 at least can be used in the 

form i- 16 v l - Q ,  in the interna1 logic of the topos. We then proçeed to analyse 

two examples that illustrate some consequences of (DML). The first result, due to 

Mulvey and Pelletier 1361, shows that if one has a quotient map T : L + K of com- 

pact regular locales in a De Morgan topos defined localically over Sets, any point of 

the locale K may be lifted to a point of the locale L. The second example uses an 

algebraic analogue of (DML) to connect the notion of extrema1 disconnectedness to 

ring theory. In particular, it was shown by Niefield and Rosenthal [38], that if R is a 

commutative ring with identity and having no nilpotents, then the space Spec(R), 

known as the Zariski spectrum of R, is extremally disconnected iff R satisfies the 

algebraic analogue of (DML). In Chupter 3, we recall the construction and basic 

properties of the Gleason cover of an arbitrary topos, taken from Johnstone [22]. 

The Gleason cover of a topos is a De Morgan topos by construction and has the cor- 

responding universal property that given any geornetric morphism with codomain 

the given topos and with domain a De Morgan topos, it factors uniquely through 



the Gleason cover. Its use will be apparent in the applications presented in Chapter 

4 and Chapter 5. We then connect the Ore condition (i.e., any diagram of two 

arrows in a category with common codomain embeds into a commutative square) 

to (DML) in a topos, due to Johnstone [19], and to the notion of a relatively De 

Morgan topos, due to Kock and Reyes [30]. A relatively De Morgan topos can be 

defined in terms of its relatively complemented elements (Jibladze), i.e., the no- 

tion of clopens and regular elements in a topological space or frame. We end this 

chapter with a brief look at conditions equivalent to Booleaness and the notion of 

complemented elements in connection to zero-dimensionality, both due to Bunge 

and Funk ([5], [6]). In topology, a topological space is said to be zero-dimensional if 

the clopen subsets of the space form a base for the topology. 

In Chupter 4 ,  we review the Dedekind real numbers in a topos and its completion, 

called the MacNeille real numbers. We proceed to show that in a De Morgan topos, 

the Dedekind reais and the MacNeille reals coincide. We then give an application 

of the Hahn-Banach theorem, following Mulvey and Pelletier [37]. In Chapter 5, we 

study the categorical logical analogue of (DML) and connect it to the notions of 

mode1 completion and the amalgamation property, due to Joyal and Reyes [26]. We 

then proceed with an application, due to Bunge [3], namely, that the real closure 

of an ordered field exists in any topos of sheaves on a Boolean space. Lastly, we 

briefly present the conditions needed for a classifying topos to satisfy (DML), due 

to Bagchi [l]. 

(DML) is an unusually interesting condition in that, while taking on quite seem- 

ingly unrelatecl forrns in different fields o f  mathematics, each of these equivalent 

formulations have been independently recognized as an important one and used in 

a variety of applications. For this reason, we believe that (DML) will continue to 

be useful, particularly when the interactions between the many difTerent forms that 

it can take become better known. In this thesis, by bringing together, for the first 

time, these different aspects of (DML), we hope to contribute to this worthwhile 

pursuit. 



Chapter 1 

Preliminaries 

1.1 Lattices 

Definition 1.1 

1. Let A be a partially ordered set (denoted poset), S be a subset of A. An 

element a E A is a joén (or least upper bound) for S ,  denoted by a = V S, if 

(a) a is an upper bound for S, Le., s 5 a for al1 s E S, and 

(b) if b satisfies tls E S(s  5 b), then a 5 b. 

Dually, in any poset, we can consider the notion of meet (greater lower bound),  

defined by  reversing al1 the inequalities in the definition of join. We say 

( A ,  V, O) and ( A ,  A, 1) is called join-semilattice and meet-semilattice, respec- 

tively. 

2. A lattice A is a set with two binary operations V, A and two distinguished 

elements O, 1, such that V (respectiveiy, A)  is associative, commutative and 

idempotent and has O (respectively, 1) as unit element, and such that V and 

A satisfy, for al1 a ,  b E A, the absorptive luws 



Moreover, A is called a distributive lattice if in addition V and r\ satisfy, for 

al1 a,  b, c E A, the distributive laws 

a l \  ( b ~ c )  = ( a ~ b ) ~  ( a A c ) , a ~  ( b ~ c )  = ( U V  b) A ( a v  c).  

A homomorphism is a structure-preserving map. A lattice is said to be com- 

plete if it  has arbitrary joins and arbitrary meets(finite and infinite). Though 

a homomorphism of complete lattices need not preserve meets. Note that a 

lattice can be considered as a category with finite limits and al1 finite colimits. 

3. A Boolean algebra is a distributive lattice A equipped with an additional unary 

operation 1 : A + A such that -.a is a complement of a (i.e., -.a A a = O and 

l a  V a = l), for al1 a E A. Note that a Boolean homomorphism commutes 

with 1, and that --a = a for al1 a E A. 

4. A Heyting alyeOm is a distributive lattice A equipped with an additional 

binary operation + with the property that 

(a/\ b )  5 c iff a 5 ( b  + c ) ,  

for al1 a, b, c E A. The operation a --+ (-) is right adjoint to a A (-). The 

negation (or pseudocomplemerit) of u is -a = (a  + O )  such that a A l a  = O 

but in general we do not have a V Ta = 1. This follows from the fact that l a  

is not necessarily the set-theoretic complement of a and --.a need not equal 

a, for al1 a E A. For example, it is known that the set O ( X )  of al1 open 

subsets of a topological space X is a Heyting algebra in which the negation 

of the open set U E O ( X )  is the union of al1 open subsets of X which do 

not meet U, so is the interior of the set-theoretic complernent of U, Le., the 

set-theoretic closure of U ,  and so, 1-U is the interior of the closure of U. 

Hence 147 may be larger than U. 

6. Given a Heyting algebra A, we say a E A is regular (--stable element) if 

7-a  = a. The set of al1 regular elements of A, with its induced order, is 

denoted A,,, and it is easy to verify that A,, is a Boolean algebra. 



A Boolean algebra B is a Heyting algebra since for al1 a, b, c  E B 

( a ~ b )  5 c i f f  a <  i b V c ,  

so that one can take (b -t c)  = l b  V c. The converse does not hold; for example, let 

A be a totally ordered set with least and greatest elements O and 1. A is a Heyting 

algebra, with implication defined by 

a + b  = 1  i f a < b  

= b otherwise. 

But A is not normally Boolean; in fact every a # O in A satisfies 1-a = 1. 

Definition 1.2 

1. A subset I of a lattice A is said to be an ideal if 

(a) O E 1, and a, b  E I implies a V b E I; and 

(b) I is a lower set; i.e., a E 1 and b 5 a implies b E 1. 

For any a E A, we Say the ideal J. (a)  = { b  E A 1 b 5 a) is the principal ideal 

generated b y  a. An ideal is said to be proper provided that 1 @ 1. A prime 

ideal is a proper ideal satisfying (a  A b E 1) implies either a  E I or b E I. 

Dually, 

2. A subset F of a lattice A is said to be a filter if 

(a) 1 E F, and a, b E F implies a A b E F ;  and 

(b) a E F and a 5 b implies b E F. 

A filter F is said to be proper provided that O $! F. A prime filter is a proper 

filter satisfying (UV b E F) implies either a E F or b E F. A completely prime 

filter F is a proper filter satisfying V B E F implies that there exists b E B 

such that b f F. A filter F is maximal if it is contained in no other filter, Le., 

for any filter L such that F L one has F = L. 



We recall that a Stone space of a Boolean algebra B is a topological space with 

the set 

D(a) = { F  1 a E F, Fmaximal filter), 

for al1 a E B, forming a basis for the topology on the set of al1 maximal filters 

on B. It is well known that the Stone space of B is a compact Hausdorff space. 

The Stone space can equivalently be defined as the space of prime ideals P in the 

Boolean algebra B with basic open sets of the form {P 1 a fi! P). 

1.2 Frames and locales 

Definition 1.3 

1. The category F r m  of frames is the category whose objects are lattices A with 

al1 finite meets A and arbitrary joins V satisfying the infinite distributive law 

for each a E A and each subset {bi 1 i E 1} of A. A morphism of frames is a 

function preserving finite meets and arbitrary joins. 

2. The category Loc of locales is the opposite of the category Frm. The objects 

in Loc are the same as in Frm; but a morphism of locales K : B + A is then 

a mapping 

in Frm, called the inverse inzage mapping. A rnap of locales is said to be a 

quotient map provided that its inverse image niapping is injective, which is 

equivalent to its reflecting the order relation of the locales concerned. 

It is easy to verify that for any topological space X, the set 6 ( X )  of al1 subsets 

of X is a locale. Furthermore, for any continuous mapping $ : X -+ Y, the map 



of locales, of which the inverse image mapping f -' : O(Y) -t O ( X )  is a map of 

frames. The locale O(X) yields a functor 

O : Topological spaces + Loc 

from the category of topological spaces to the category of locales. This functor 

admits a right adjoint (see [33]) 

Pts : Loc + Topological spaces 

which assigns to each locale A the topological space Pts(A) obtained in the following 

way. 

Definition 1.4 A point of a locale A is defined to be a map of locales 

to A from the locale 1 of open subsets of the singleton space. 

The topological space Pts(A) is then obtained by endowing the set of points of 

A with the topology of which the subsets 

for each a E A are the basic open subsets. Any map of locales T : A -+ B induces 

a continuous mapping 

by composition. It may be verified that the points of a locale A correspond bijec- 

tively to the completely prime filters on A. A locale A is said to be spatial (ie., A 

has enough points) provided that the coadjunction O(Pts(A))  + A is a n  isomor- 

phism of locales. A locale A is spatial exactly if it has enough completely prime 

filters, to ensure that 

D(a) < D(b) implies a 5 b 

for any a, b E A. 



Definition 1.5 

1. A locale A is said to be compact provided that for any family of ele- 

ments of A with ViEl  ai = 1 there exists a finite subfamily with ai, v - V  ai, = 

1. 

2. A locale A is said to be regular provided that any b E A is the join of those 

a E A which are mther below b E A, denoted by a u b, in the sense that there 

exists c E A such that a A c = O and c V 6 = 1. 

3. A locale A is said to be completely regular if each O E A is the join of those 

a E A which are completely below b E A, where a is said to  be completely below 

O,  denoted by a U U ~ ,  provided that there exists an interpolation dik E A, for 

i = 0,1 , .  . ., and k = 0,1,. . . , ZZ, dependent on i, such that for al1 appropriate 

il k 

(a) dao = a and del = O; 

(b) dik a dikfl; 

Definition 1.6 A nucleus on a locale A is defined to be a map j  : A -t A satisfying 

1. ~ ( U A  15) = j (a)  A j ( b ) ,  2. a 5 j (a) ,  and 3. j ( j ( a ) )  = j(a),  

for al1 a, 6 E A. 

If j is a nucleus on A, we define the set of fixed poénts Aj = { a  E A 1 j (a )  = a ) .  

Since jj = j, the image of j is precisely Aj .  It is known that A j  is a frame, and 

j : A + Aj is a frame homomorphism, whose right adjoint is the inclusion A, -+ A. 

A sublocale of a locale A is defined to be a subset of the form A j ,  for some nucleus 

j .  Finally, we observe that for ariy element a in a locale A: 

1. The rnap j  = a V (-) : A -+ A is a nucleus and its corresponding sublocale is 

t (a ) .  Sublocales of this form are called closed sublocales. 

2. The map j = a + (-) : A + A is a nucleus and its corresponding sublocale 

is isomorphic to J. (a) .  Sublocales of this form are called open sublocales. 



3. A sublocale Aj is said to be dense if it contains OA (i.e., if j(O)=O). 

4. 11 : A -+ A is a nucleus and its corresponding sublocale is A,, = {a E A 1 
l i a  = a), i.e., the set of al1 regular elements of A. 

1.3 The 17-topology 

We begin by reminding the reader of some basic sheaf theory. Let C be a small 

category, and let SetscoP be the corresponding functor category. An object P : 

C" -+ Sets of SetscoP is called a presheaf on C. 

Definition 1.7 Let C be a small category with pullbacks. A Grothendieck pre- 

topology on C is defined as follows: for each object U of C, a set P(U) of farnilies of 

morphisms of the form {U. + U 1 .i E 1), called coveîzng families of the pretopology, 

such th& 

1. For any U ,  the farnily whose only rnernber (U 't U) E P(U). 

2. If V += U is a morphism ofC and {Ui + U 1 i E I )  E P(U),  then {V x u  Ui + 
v 1 2  E 1) E P(V). 

3. If {Ui 5 U 1 i E I )  E P(U) and { x j  % Ui 1 j E Ji} E P(Ui) for each i, then 

{h % u 1 i E 1, j E J ~ }  E P(u). 

A presheaf F : C u P  + Sets is called a sheaf for the pretopology P such that the 

diagram 

is an equalizer for every covering family {U; -t U 1 i E I ) .  A szeve S on U is defined 

to be a farnily of rnorphisrnç in C, al1 with codornain U, such that(V 4 U) E S 

irnplies (W 9 U) E S for any (W -% V). 

Definition 1.8 Let C be a small category. A szte (C, J) is defined to be a small 

category equipped with a Grothendieck topology. A Grothendieck topology on C is 



defined by specifying, for each U of C, a set J ( U )  of sieves on U, called covering 

sieves of the topology, such that 

1. For any U, the maximal sieve { f 1 eodomain( f) = U) E J ( U ) .  

2; If S E J ( U )  and V -4 U is a morphisrn of C, then the sieve f*(S) = {W % 

v I f9 E SI. 

3. If S E J ( U )  and R is a sieve on U such that,  for each V 4 U in S, we have 

f * (R) E J(V) ,  then R E J(U) .  

We denote the full subcategory of SetscoP whose objects are J-sheaves by Sh(C, J). 

Definition 1.9 (Lamvere-Tzerned Let E be a topos. A topology in E is a mor- 

phism j : R + R such that the diagrams 

commute. If j is a topology, we write J 1+ fl for the subobject classified by j, 

and nj H R for the equalizer of j and ln (equivalently, the image of j ,  since j is 

idempotent). 

Rernark 1.1 It is well known that if j is a topology in E and X 1  5% X is a 

rnonornorphisrn with classifying map X 3 fl, then O is j-dense iff h factors through 

.J H S2, and j-closed iff h factors through fij M a. 

Definition 1.10 Let j be s topology in a topos E ,  F an object of E. 

1. F is said to be (j)-separated if, given any j-dense XI A X and any pair 
f x 3, F such that fo = go, we have f = g. 

2. F iç said to be a (j)-sheaf if, given any j-dense X' 6 X and any X t  F 

there exists a unique X 3 F such that go = f. 

Lemma 1.1 Rj zs u sheaf. 



Proof. By R.emark 1.1, morphisms X -t C$ correspond to closed subobjects of X; 

so it suffices to prove that if X' >-t X is dense and Y' w X' is closed, there is a 

unique closed subobject Y H X such that Y n X' Y'. But if we define Y to  be 

the closure of the composite Y' H X' H X, it is immediate that Y n X' E Y'; 

and conversely, if Z H X is any closed subobject with ZnX1  - Y', then Y' w Z 

is dense (being the pullback of X' r+ X), and so Z is the closure of Y' in X. €ï 

We write Shj(E) for the full subcategory of the topos E whose objects are 

sheaves. The topos Shi(&) has a subobject classifier, namely the sheaf nj .  

Theorem 1.1 (Lawvere-Tierneg) Let & be a topos. Then 11 is a topologg zn E ,  

and Sh,,(E) i s  Boolean. 

Proof. It is known that there is a bijection between topologies in E and universal 

closure operations on E. Thus we need only show that 77 induces a closiire oper- 

ation on subobjects of X. Let X be any object of E .  Then i t  is easily seen that 

the unary operation on subobjects of X induced by 1 is order-reversing, and that 

X' 5 lx" iff X" 5 l x ' .  Rom this it  follows that X' 5 1-X' (take X" = l x ' )  

and that -.XI i 1 7 ~ X ' .  I t  can be verified that the closure operation -1 is univer- 

sal; so 17 is a topology. Now to show that Sh,,(E) is Boolean, we need only show 

that fi,, is an interna1 Boolean algebra. This follows from the definition of O,,, 

i.e., that it is the equalizer of ln and 11. O 

Theorem 1.1 can also be explained by rccalling the known result that a closure 

operation is equivalent to a nucleus. And we have already seen in the previous 

two sections that 17 is a nucleus (in this case, on Q) and the set Q,,, of regular 

elernents of Q, is Boolean. 

The importance of the next result will be apparent when we recall the proof, 

due to Johnstone [19], that certain conditions are equivalent to De Morgan's law in 

a topos. 



Proposition 1.1 Let F be a n  object of E .  The following are equivalent: 

1. F is separated. 

A 
2. The diagonal F H F x F is closed. 

3. There exists a rnonomorphism F H G, where G is a sheaf. 

- (a,b) 
Proof. 1 =+ 2. Let F H F x F be the closure of A. Then a and b are equalized 

by the dense subobject F H F ,  so they are equal; hence F G F. 

2 + 3. Since A is çlosed, its classifying map F x F 4 R factors through 4 r+ R; 
tl 

so the singleton map F % RF factors through 0;. In general, it can be shown 

that if H is a sheaf and X is any object of E, then H~ is a sheaf. Since nj is a 

sheaf by Lemma 1 .l, is a sheaf. 

3 1. It can be shown that a subobject of a separated object is again separated. 

a 

Definition 1.11 

1. (Lawvere) By a natural number object in a topos E, we mean an object N 

together with rnorpliisrris 1 4 N 4 N such that,  for any diagram 1 4 X '1 

X in ê, there exiçts a unique N 4 X such tbat 

cornmutes. 

2. Let E be a topos. E is said to  satisfy the axiom o j  choiee (AC) if every object 

of E is projective, or every epimorphism in E splits. 

3. By a Boolean-valued modal of Set Theory, we mean a topos & which satisfies 

(AC) and has a natural number object. 



Lastly, we need to define what is meant by an internally complete poset. Let 

P = (Pl 2 P) be an internal poset in a topos. Then we have rnorphisms t (-) : 

P -+ RP, and J (-) : P -+ QP whose exponential transposes are respectively 

the classifying maps of Pl z+ P x P and PF H P x P. An internal poset P 

is internally complete if there exists an order-preserving map QP % P which is 

internally left adjoint to  the order-preserving map 1 (-). Recall that if P Q 

and Q 3 P are order-preserving maps between internal posets, then f is said to 
(119f) be internally lejt  adjoint to g if P + P x P factors through Pl M P x P and 

(flll) 
Q 4 Q x Q through QI. It can be proved that 

1. R is an internally complete poset in any topos. 

2. Let E, 7 be toposes, and E 3 7 a functor having a left adjoint L which 

preserves pullbacks. If P is an internally complete poset in E, then T P  is 

intcrnally complete in F. 

1.4 Logic and toposes 

Definition 1.12 

1. Let the connective V be taken to be the supremum (of subobjects). A logécal 

ca tegoq  7 is a cartesian category with 

(a) images which are stable under pullbacks, 

(b) finite sups of subobjects of a given objeçt which are stable under pull- 

backs. We Say that ViEl  Ai = A is stable if for every B + A, Viel B X A  

Ai !l! B. 

2. A logical rnorphism between logical categories f : 7 + 7' is a funçtor 

which preserves finite inverse limits, images and finite sups. It is known that 

Mod-p(T)  is the full subcategory of the functor category Func(T1, 7) with 

logical morphisms as objects. In particular, if 7' = Sets, then a mode1 of a 

theory 7 is an interpretation 7 4 Sets  and clearly the category of al1 models 



of 7 in the topos Sets, denoted by ModSets(T)', is a full subcategory of the 

functor category setsT. 

3. A theory 7 in a first-order language L is said to be a geometric theory if al1 

its axioms are of the form 

where 4,11, are geometric formulas, i.e., are built from the atomic formulas by 

means of conjunction, disjunction, and existential quantification. An inter- 

pretation M in a topos & assigns to each geometric formula +(x) an ob.ject 

in E, denoted by {x 1 4 ( ~ ) ) ~ .  An axiorn of the form 1.1 is "true" for an 

interpretation iZ1 if {x 1 4 ( x ) I M  is a subobject of {x ( ~ J ( X ) } ~ .  

4. Let 7 and T be two geometric theories in the same language. Shen 7 is a 

quotient theory of Tt rrieans that the axioms of 7' are a subset of those of T. 

This clearly implies that ModE(T) is a full subcategory of ModE (7') for any 

topos E .  

5. Coherent theories (or pretoposes) are eûtegories having finite limits and finite 

universal (or stable) disjoint sums (or coproducts). In addition these theories 

have stable images and effective equivalence relations. It is said that a first- 

order theory is coherent if it can be presented with axioms of the form 1.1 

where q5,$ are coherent formulas, i.e., are built from the atomic formulas by 

means of A, V and 3, .f (denotes true), J. (denotes false). Negation is not 

allowed. 

6. Robinson theorées are pretoposes such that for every X tt Y, 1 X  >+ Y 

exists with the property X' A X = 0 -+ X' 5 lx, for al1 X' in the ordered 

set of subobjects of Y. 

A quotient FIT, called a category of fractions, may be constructed in the 

following way 



1. The (usual) calculus of fractions allows one to construct a category of frac- 

tions. In particular, for a coherent theory, a calculus of fractions consists 

of a set S of rnonomorphisrns, ta be inverted, and satisfying the following 

conditions 

(a) S includes al1 isomorphisrns and is closed under composition and inverse 

image. 

(b) If A 4 B and B' r+ B, then f-'(BI) E S + Bf E S. 

(c) If AI M Bi, AZ H B2 E S, then Al + A Î  -+Bi +B2 E S. 

2. One adds "forrnally" quotients of the new equivalent relations of the category 

of fractions. 

We end this chapter with the coristruction of a locale L given a propositional 

geometric theory 7. This locale L is called the locale of the theory 7. A proposi- 

tional geometric theory 7 is a set whose members are called primitive propositions 

together with a set of axioms, each of the form 

in which +i a d  dij denote primitive propositions and in which the symbols A and 

V are to be interpreted as conjunction and disjunction. We obtain the locale L by 

considering the propositions which may be formed by taking arbitrary disjunctions 

of finite conjiinctions of primitive propositions, modulo the equivalence relation 

of provable equivalence in the theory, together with the partial ordering given by 

provable entailment in the theory. The following remarks establish that L is a 

locale. 

1. L has finite meets and arbitrary joins from the operations of finite conjunction 

and arbitrary disjunctions in the theory T. 

2. The identity and zero elernents of L correspond to the logical constants true 

and false. 



3. It can be verified that finite conjunctions provably distribute over arbitrary 

disjunctions. 

This method of obtaining a locale L from a propositional theory 7 describes 

çonstructively the nature of the points of L without supposing it has any. Recall 

that a point x : 1 +- A of a locale is an A V-homomorphisrn x* : A + R into the 

lattice 52 of subsets of the singleton set 1. The lattice Cl ean also be considered to 

have identity element true and zero element f alse. Thus the points of the locale L 

of the theory T correspond exactly to the models of the theory. Hence, L is spatial 

exactly if it has enough points, or equivalently the theory 'T has enough models. 

An example of the construction of a locale from a propositional geometric theory 

is the locale RE of real numbers in a topos E, due to Joyal and Tierney. It may be 

described as follows. The primitive propositions which generate the propositional 

geometric theory RE are those given by 

for each pair q, T of rationals, together with the following axioms which express that 

the symbol z. is to denote a real number lying in the open interval ( q ,  r ) :  

1. x E (q ,  T )  I- false whenever q 2 r ;  

2 .  x E (q ,  T )  A x E (q', r') i- z E ( q  V q', r A T I ) ;  

3. z E (q ,  r )  i- x E ( q ,  r l )  V x E (q', r )  whenever q < q' < rt < r ;  

Thus the locale RE of reals is clearly the locale of the theory RE. Furthermore, 

taking a mode1 of the theory is equivalent to assigning to each rational q and to  

each rational r a truth value for the proposition that q < x and the proposition 

x < r. 

The axioms precisely express that one obtains a Dedekind cut on the rationals 

in the topos E .  Thus, the space of points of the theory will be exactly the Dedekind 



reals in the topos, given the topology induced by rational open intervals. This 

description of the locale RE as a propositional geometric theory RE as well as the 

following consequence will be needed in the application of the Hahn-Banach theorem 

in Chapter 4. Any AV-homomorphism from the locale L into a locale A may be 

considered t o  be a mode1 of 7 in that locale. The maps of locales from A to L are 

therefore obtained by considering assignments to each primitive proposition of 7 

an element of the locale A, in such a way that the axioms of 'T are realized in the 

locale. 



Chapter 2 

DeMorgan's law in toposes 

In this chapter, we review De Morgan's laws and the conneçtion to extrema1 discon- 

nectedness and then proceed to give a list of conditions equivalent to De Morgan's 

law in a topos, due to Johnstone [19]. We end this chapter by considering two re- 

sults to illustrate topos-theoretical and algebraic aspects of De Morgan's law. Both 

results use the concept of a locale. The first result, due to Mulvey and Pelletier 

[36], shows that if one has a quotient map 

of compact regular locales in a De Morgan topos E defined loca1ically over Sets, any 

point of the locale I< may be lifted to a point of the locale L. The second result, 

due to Niefield and Rosenthal [38], uses ring theoretic results about De Morgan's 

law and relates them to extrema1 disconnectedness in ring theory. 

There are two so-called De Morgan's laws in propositional logic, namely 

The first De Morgan's law 2.1 always holds in intuitionistic propositional logic, 

thus in a locale in any topos. This follows from the adjointness of A and + in 

any Heyting algebra H. However, the second De Morgan's law 2.2, which we will 



denote by (DML), may fail to hold in general (2 is always true). This follows from 

the fact that la is not necessarily the set-theoretic complement of a and lia need 

not equal a, for al1 a E H (see Chapter 1). 

Definition 2.1 A locale A is said to  be extremallp disconnected if it satisfies the 

following equivalent conditions: 

1. The identity ~ ( a  A b )  = l a  V -& holds for al1 a, b E A. 

2. The identity -a V - r i a  = 1 holds for al1 a E A. 

3. Every --stable element of A has a complement, i.e., A,, coincides with the 

subset AC of complemented elements of A. 

4. A,, is a sublattice of A. 

Remark 2.1 

1. Note that condition 1. in Definition 2.1 is precisely (DML) and condition 2. 

in Definition 2.1 is equivalent to  saying that a locale A is a Stone algebra. 

2. A space X is said to be extremally disconnected if the closure of every open 

set in X is open (i.e. clopen). 

3. In terms of locales, a topological space X is extremally disconnected iff the 

locale O ( X ) ,  of open subsets of X, is. 

One example, due to Gleason, of the notion of extrema1 disconnectedness in 

topology is the following theorem. Recall that for X, Y topological spaces, a topol- 

ogy for a function space G C Y" is admissible iff the map P : Ç x X x Y defined 

by P(g,  x) = g ( x )  is continuous. 

Theorem 2.1 ([13]) The projective objects in the category of compact Hausdorff 

spaces are precisely the extremall y disconnected spaces. 



Proof. In ([13], Theorem 1.2), it was proved that in any category of topological 

spaces and maps for which the following conditions were satisfied 

1. Al1 admissible maps are continuous. 

2. If A is an admissible space and {p, q )  is a two-element space, then A x {p, q }  

and the projection maps of this space ont0 A are admissible. 

3. If A is an admissible space and B is a closed subspace of A, then B and the 

inclusion map of B into A are admissible. 

a projective space is extremally disconnected. Thus conditions 1, 2, 3. above need 

only be verified. Conversely, let A be an extremally disconnected compact space, 

let B and C be compact spaces, let fi be a continuous map of 8 onto C, and let 

fs be a continuous map of A into C. We must prove that there exists a continuous 

map g of A into B siich that fs = fi o g. 

In the space A x B consider D = {< a, b > 1 f i (a )  = fl ( b ) ) .  This set is clearly 

closed and therefore compact. Since fi is onto, the projection nl of A x B ont0 A 

carries D onto A. It can be shown that since A and D are compact spaces and D is 

mapped continuously ont0 A, there is a compact subset E of D such that nl (E) = A 

but r l ( E O )  # A for any proper closed siihset Eo of E .  By the assumption that A 

is an extrernally disconnected compact space and E is clearly a compact space, it 

can be shown that h is a homeomorphism where h is the restriction of 7rl to E and 

h(Eo) # A for any proper closed subset Eo of E. Let g = 7r2 0 h-l, where n2 is the 

projection of A x B into B; this is the required map. Say a A; since h-' ( a )  E D, 

We now review the proof that certain conditions are equivalent to (DML) in a 

topos. Recall that an object X is said to be deciduble if the diagonal subobject 

X 3 X x X has a cornplement. 



Theorem 2.2 ([19], Theorem 1 )  The following condztéons are equivalent i n  any 

topos E:  

1. (DML) holds; 

2. The logical principle 

holds; ix., R zs an  intemal Stone algebra zn E ;  

f 
3. The svbobject 1 H Cl has a complernent; 

4. A subobjeet zs 7-cIosed 28 it has a complement; 

5. An objeçt 2s 17-separated zf it is decidable; 

6. Every -1-sheaf is decidable; 

7. Cl,, is decidable; 

8. (;) : 2 -i is an isornorphisrn (2 denotes the copmduct of two copies of 

1); 

9. 2 is un internally complete poset in E; 

10. 2 is  injective in E ;  

13. R,, is  (I sublattice of R; 

14. 11 : C! + Q is a Heyting algebra homomorphism. 

Proof. 1 + 2. Suppose (DML) holds. Let $ = i d ,  and so y$ V 1-4 = t. 
I 

2 + 3. Let Q = In. Since 4 classifies t and 19 classifies 1 H n, and so it is 

complemsnted, as 7 4  V 714 = t .  



3 =+ 4. Every 11-closed subobject is the negation of something. Suppose we have 

a -1-closed subobject X' >-+ X of the form 1Y H X. We have for $ : X + 0, 

classifying Y w X, that + classifies ?Y H X. Since any -Y H X can be 
f 

expressed as a pullback of false and 1 H R is complemented, then so is -.Y 2-t X. 

The converse is true in any topos. 

4 =+ 5. By Proposition 1.1, an object is -1-separated iff its diagonal is 7-1-closed. 

5 + 6. By Proposition 1.1, there exists a rnonomorphism F >-t G, where F is a 

sheaf iff F is -1-separated iff F is decidable. 

6 + 7. By Lemma 1.1, Q,, is a 1-sheaf and so is decidable. 
t f 

7 + 8. The global element 1 w O,, has a complement, which must be 1 H R,, 

since this is the largest subobject of R intersecting true trivially. 

8 =+- 9. By 1. and 2. at the end of section 1.3 in Chapter 1, Q,, is an internally 

complete poset in Sh,,(E) and hence in E. By assumption, 2 = Si?,, and therefore 

2 is internally cornplete in E, as required. 

9 + 10. Since 2 is an internally complete poset, we have the map 

such that U J. (-) E id. Thus 2 is a retract of fi2. Since Ci is injective, so is R2 and 

thus so is 2. 

10 + 11. The inclusion f : 2 + R,, splits and so 2 is a retract of R. (7 
11 * 10. Since 2 is s retract of !2 and il is injective, then so is 2. 

10 +- 12. Since 2 is decidable then it is -1-separated. The injectivity of 2 irnplies 

that it is a 71-sheaf. 

12 * 8. The diagram 1 4 Q,, 1 is a coproduct in Sh,,(E), so R,, is the 

associated -1-sheaf of 2 (since L2,, is a sheaf and f is ---dense). But since 2 

is a 17-sheaf, we must have that 2 N O,,. 
(7 

8 + 13. Since 2 H 0 is a sublattice, so is Q,, H a. 
13 * 14. By Theorem 1.1, 1- is a topology and so it commutes with A, t and f. 

It remains to see that it commutes with V, .i.e., that 



But O,, >+ Q is a sublattice, so if 4, $ E O,,, i.e., 4 = 7-16 and II, = TT$, then 

their sup in Q is already the sup in O,,, i.e., 4 V  S> E O,,. This says that 2.3 holds. 

Hence -.y : R + Q is a Heyting homornorphism. 

14 + 1. Given that 71 : R + R is a Heyting homomorphism and 1-1 = 1, we 

have 

This leads us to a useful result. 

Theorem 2.3 ([19]) Let X be a topological space. Then the topos S h ( X )  of sheaves 

on X satisfies (DML) zfl X is extremally clisconnected. 

Proof. The idea behind the proof is as follows. A topological space X is extremally 

disconnected iff O ( X )  is extrernally disconnected by 3. in Remark 2.1 iff O ( X )  

satisfies (DML) by condition 1. in Definition 2.1 iff for every U E O(X), 4 7  U 

-TU = 1 by condition 2. in Definition 2.1. It follows that LI is an interna1 Stone 

dgebra in &, Le., the topos S h ( X )  satisfies (DML) by Theorem 2.2. O 

Remark 2.2 

1. An application of Theorem 2.3 in functional analysis is Burden's proof of the 

Hahn-Banach theorem for normed linear spaces in the category of sheaves on 

a topological space X 181. In particular, Mulvey and Pelletier point out that if 

X is extremally disconnected, one has the Hahn-Banach theorem in its naive 

form, that any linear functional 

A B  

4 
Rx 



on a subspace extends to the space while preserving the norm [37]. A brief 

proof of the latter result will be shown in Chapter 4 and it depends on cer- 

tain properties of extremally disconnected spaces which turn out to  be conse- 

quences of De Morgan's law in the interna1 logic. 

2. Theorern 2.3 can easily be generalized to the concept of locales, i.e., if E is the 

topos of sheaves on a locale L then the topos E is a De Morgan topos iff the 

locale L is extremally disconnected. Again, this is applied to the Hahn-Banach 

theorem [37] and will be reviewed in Chapter 4. 

We now look into the first result mentioned in the beginning of this chapter, 

Le., we will review the following theorem. 

Theorem 2.4 ([36], Theorem 3.1) In  any De Morgan topos E defined localically 

over Sets, any quotéent map 

of compact regular locales determines canonically a continuoz~s mapping 

which is surjective. 

In other words, under the conditions stated in Theorem 2.4 , any point of the 

locale I( may be lifted to  any point of the locale L. 

We first need to recall a few definitions and results. A regular Jilter F on a 

locale L is a filter on L satisfying the condition that a E F implies that there exists 

b E F such that 6 a a. A regular filter is said to be maximal provided that F is 

proper, and that any proper regular filter which contains it is equal to it. 

Proposition 2.1 Let L be a regular locale i n  any topos E .  Then any completely 

prime Jilter P on L is  necessarily a maximal regulap. filter on L. 

Proposition 2.2 Let P be a regular filter on a compact regular locale L in  any 

topos E. Then P is completely prime zf and only if P is  prime. 



The proof of Proposition 2.1 and Proposition 2.2 are straightforward in the sense 

that it  is a rnatter of interpreting the definitions of the terms. 

Proposition 2.3 ([36], Propositàon 2.4) Let P be a max2mal regular filter o n  a 

compact regular locale L in a De Morgan topos E. Then P às prime. 

Proof. Suppose that al v a2 E P. It must be proved that ai E P or a2 E P. 

It can be verified that the compact regularity of the locale L implies that there 

exist bl a al, bz a a2 with bi V b2 E P. Next it will be shown that this allows 

regular filters F I ,  F2 to be constructed on the locale L, containing the filter P and 

containing al, a2 E L respectively, with the property that it  is not the case that 

both O E f i  and O E F2. By De Morgan's law in the topos E, it follows that Fl is 

false or F2 is false, i.e., that Fi is proper or f i  is groper. By the rnaximality of the 

regular filter P, one concludes respectively that O E FI or O E Fz equals P. Hence, 

that, (11 E P or a,z f P,  ar; reqiiired. 

The subsets Fi, F2 of the locale L, whose existence has just been asserted, are 

defined by 

for each i. It can be verified that each Fi is a regular filter on L. 

One of the Fi rnust be a proper filter, by an argument indicated above depending 

on De Morgan's law. For suppose O E FI and O E F2. Then there exists a, a' E L 

and c, cf  E P for which aAc 5 O,  AC' 5 O and bl QU,  b2aaJ. Then blVI>2 E P implies 

that a V a' E P, and c ,  c' E P implies that c A d E P. Hence, ( a  V a') A ( c  A c') E P. 

But (a v a') A ( c  A c f )  5 (a  A C )  V (a' A c') 5 O, contradicting the properness of the 

filter P. It  is therefore not the case that both O E Fl and O E F2. Thus, one of FI 

and Fz is a proper regular filter containing P, hence, by the maximality of P, equal 

to P. From which, again, it  follows that al E P or a2 E P, as required. [71 

Theorem 2.5 ([3G], Theorem 2.1) In any topos E in which (DML) is satisfied, 

the cornptetety prime filters on a compact regular locale L are prectsety the maximal 

regdur filters on L. 



Proof. (=+) It follows exactly from Proposition 2.1. 

(r) It follows from Proposition 2.2 and Proposition 2.3. 

We remind the reader that a filter P on L is said to extend a filter Q on K 

provided that **(x) E P for each x E Q. 

Lemma 2.1 ([36], Lemma 3.2) Let n : L -t I< be a quotient m a p  of locales i n  any  

topos E .  T h e n  any regular filter Q o n  K can be extended t o  a regular filter P on L, 

which is proper provided that Q i s  proper. 

Proof. Take P = {x E L ( 3 2  E Q n*((a ) x} to be the filter generated by the 

inverse image of the filter Q. The subset P is closed under finite rneets, by the fact 

that Q is and that n* preserves them. Equally, P is regular, by the fact that Q is 

and that n* preserves the rather below relation. Finally, O E P implies that O E Q, 

since the inverse image mapping is an ernbedding. So, Q proper implies P proper. 

O 

Lemma 2.2 ([36], Lemma 3.3) Let E be a topos defined over Sets. Then any proper 

regular filter P o n  a locale L in the topos E i s  contained in a proper regular .filter 

P' on  L which is externallg maximal. 

Proof. One is asserting that there exists a proper regular filter Pt on L which is 

maximal in the partially ordered set of proper regular filters having the extent of 

P and containing P. This is proved simply by observing that this set is inductive 

in the topos Sets, when ordered b y  inclusion, by taking unions of regular filters on 

the locale L. Applying Zorn's lemma externally in the topos Sets, there exists a 

rnaxirnal element Pt. O 

Lemma 2.3 ([36], Lemma 3.4) Let E be a topos defined localically over Sets. Then 

any  proper regular filter P o n  a locale L which i s  maximal externallg zs a maximal 

regular filter o n  L. 



Proof. Since the topos E is defined to be localically over Sets, it suffices to consider 

a proper regular filter P on L whose extent is a subobject of the terminal object 1 

of the topos E. It is then enough to show that any proper regular filter F defined 

over a subobject of the extent of P, on which it contains P, is actually equal to  P. 

But the union of such a filter with P is again a proper regular filter whose extent 

is that of P. Hence, it equals P by the external maximality of P. Thus, F is equal 

to P over its extent, which proves its maximality in the topos E. 0 

Proof. (Theorem 2.4) Any point of the compact regular locale K is given by a com- 

pletely prime filter on K, hence by a maximal regular filter on K, by Theorem 2.5. 

This may be extended to a proper regular filter on L, by Lemma 2.1, hence to a 

maximal regular filter on L, by Lemma 2.2 and Lemma 2.3. 0 

Remark 2.3 

1. Tlieorem 2.4 requires that E be a De Morgan topos. I t  is Proposition 2.3 that 

makes use of this requirement. 

2. Theorem 2.4 also requires that E be defined localically over Sets. It is this 

condition that allows Zorn's lemma to be applied in the topos concerned and 

it is Lemma 2.3 that makes use of this condition. 

3. It is clear that if the locales L and K are spatial, i-e., have enough points, any 

point of the locale K rnay be lifted to  a point of the locale L. Theorem 2.4 

holds even when this spatiality is not assumed. 

4. Theorem 2.4 will be needed in the application of the Hahn-Banach theorem 

in Chapter 4. 

5. Theorem 2.4 is a consequence of De Morgan's law in the interna1 logic of the 

topos. 

We devote the rest of this chapter to the algebraic analogue of extrema1 discon- 

nectedness, due to Niefield and Rosenthal [38]. That is, 



Theorem 2.6 ([38], Theorem 2) Let R be a commutative ring with identity and 

having no nilpotents. Then Spec( R) is extremally disconnected i$ R satisfies (DML). 

In this case, R is a Baer ring, i.e., a commutative ring such that the annihilator 

Ann(A) of A is a principal ideal generated by an idempotent e E R for al1 ideals A 

of R. 

The first step is to define the algebraic analogue of De Morgan's laws. This can 

be done by showing that the set of ideals of the ring R is a locale. Shen with the 

construction of Spec(R), known as the Zariski spectrum of the ring R, algebraic and 

ideal theoretic properties of R are connected to topological properties of Spec(R). 

Let R denote a commutative ring with identity and let Idl(R) and Rad(R) denote 

the lattice of ideals of R and the lattiee of radical ideals of R, respectively. Recall 

that an ideal A is rad2cal iff xn E A implies x E A. 

Idl(R) is a locale, since if A, B, C E Idl(R), then 

where C : B = { r  E R 1 r B  C C). The analogue of 4 = b -+ O for any element b 

in a locale is the operation O : B = { r  E R 1 T B  = 0) = Ann(B). Thus, it is clear 

that for any A, B E Idl(R), the following may be considered to be the algebraic 

analogues of De Morgan's laws for a ring R 

A related but weaker condition than (DML) is 

where a, b E R and (WDML) denotes Weak De Morgan's lau. 

We proceed to define the Zariski spectruna of the ring R. Let X = X ( R )  denote 

the set of prime ideals of R. There is a natural way of introducing a topology on 



the set X. If A, B, C E Rad(R), then = d m A n B  and C : B will again be 

radical, then it follows that Rad(R) is a locale with 

A n B E C  iff A C C : B .  

Let V(A) be the subset of X consisting of the prime ideals P containing a subset 

A of R, i.e., 

It  is known that the radical of an ideal A is the intersection of the prime ideals 

containing A, thus V(A) = V(rad(A)) = ~(a). Also, if P is a prime ideal 

containing AlA2 for AI, A2 E Idl(R) then either P > Al or P > A2. Hence 

V(AIA2) = V(A1) U V(A2). It can be checked that the sets V(A), A a subset of R, 

satisfy the axioms for closed sets in a topological space. 

Every open subset of X is the complement of the closed set V(A) and is of the 

form 

D(A)  = {P 1 A @ P, P prime) 

for al1 A E Id1 (R). 

The primes of Rad(R) are precisely the primes of ideals of R. Thus we may 

define a topological space X, whose elements are the primes of Rad(R), and such 

that X is equipped with the above topology. Hence the corresponding space X is 

denoted Speç(R). 

The next result gives conditions under which R satisfies algebraic (DML) . 

Theorem 2.7 ([38], Theorem 1 )  The following are eguivulent for a commutative 

ring R with identity. 

1 .  Ann(AB) = Ann(A) + Ann(B), for al1 A, B E Id1 (R).  

2. R satzsfies (DML) and R has no nilpotents. 

3. Ann(A) @ Ann(Ann(A)) = R, for every A E Idl(R). 



4. R is a Baer ring. 

5. R satisfies (WDML) and Ann(A) is principal, for euery A E Idl(R) . 

Proof. 1 =+ 2. Assume 1. holds. It is straightforward to prove that if R satisfies 

(WDML), then R has no nilpotents. R satisfies (DML) since 

(the last containment always holds). 

2 3. Suppose R satisfies 2. Since R has no nilpotents, AnAnn(A) = O. Applying 

(DML), we get 

Thus, Ann(A) $ Ann(Ann(A)) = R. 

3 4. Suppose Ann(A) @ B = R. Then 1 = x + y, where x E A and y E B. A 

straightforward calculation shows that x2 = x and Ann(A) = Rx. 

4 5. If R is a Baer ring then for every A E Idl(R),  there exists an idempotent 

e E R such that Ann(A) = Re. Since Re = Ann(1 - e )  and 1 - e is idempotent 

when e is, it follows that R is Baer iff for every ideal A, there exists an idempotent 

e E R such that Ann(A) = Ann(e). Clearly Ann(A) is principal for every ideal A 

of R. It c m  be shown, by a straightforward proof, that if e, ef are idempotent then 

Thus R satisfies (WDML). 

5 + 1. Suppose 5. holds. It can be proved that if Ann(A) = Ann(Ai) and 

Ann(B) = Ann(B1), then Ann(AB) = Ann(AtB'). Sinçe R satisfies (WDML) 

and using the preceding result, we need to show that for every ideal A, Ann(A) = 

Ann(a), for some a E R. Since the annihilator of every ideal is principal, we can 

wnte Ann(A) = Ra: and Ann(x) = Ra. Then 



Lemma 2.4 ([38], Lenama 4)  If R has no nilpotents, then the closure of D(A)  in 

Spec(R) is given by D(A) = V(Ann(A)). 

Proof. Let P E D(A), i.e., A (f P, P prime. Shen Ann(A) c P since A- Ann(A) = 
- 

O and P E V(Ann(A)). Hence D(A)  C V(Ann(A)), and so D(A) c V(Ann(A)). 

Conversely, if P E V(Ann(A)), i.e., Ann(A) c P,  then we must show that every 

open neighbourhood of P meets D(A) .  Let D ( B )  be such an open set, Le., B @ P. 

Then B @ Ann(A). Hence, AB # O. Since R has no nilpotents, O c m, where 

J denotes the prime radical of an ideal. Therefore, 

Finally, we present the proof of Theorem 2.6. 

Proof. It is well known that if R has no nilpotents, then A is a direct summand 

of R iff V(A) is an open subset of Spec(R). Using this and Theorem 2.7, 2 ¢-, 3., 

R satisfies (DML) iff Ann(A) is a direct summand of R iff V(Ann(A))  is open, for 

al1 A. By Lemma 2.4, V(Ann(A)) is open, for al1 A, iff D ( A )  is open, for al1 A, iff 

Spec(R) is extrernally disconnected. 0 

In Chapter 4, an application of the Hahn-Banach theorem in functional analysis 

will be shown to be a consequence of the algeliraic (DML). 
' 



Chapter 3 

The Gleason cover and relat ively 

De Morgan toposes 

In this chapter, we recall the construction and the basic properties of the Gleason 

cover of an arbitrary topos, as shown by Johnstone [22]. We then review the Ore 

condition in the instance that the base topos is Boolean, due to Johnstone [19], and 

in the instance that the base topos is arbitrary, due to Kock and Reyes (301. The first 

result is a consequence of De Morgan's law (DML) while the latter uses the notion 

of relatively complemented elements of a frame, given by Jibladze (March 1990), 

aiid is a consequence of the notion of relatively De Morgan, as studied by Kock 

and Reyes [30]. We end this chapter with a brief look at  conditions equivalent to 

Booleaness in terms of weakly closed sublocales and closed sublocales for any locale 

in the Boolean topos and the identification of the frame of nuclei on a locale X with 

the opposite of weakly closed sublocale of X (originally proved by Jibladze), due 

to Bunge and Funk [5]. Lastly, zero-dimensionality is defined using the relatively 

complemented elements of a frame, due to Bunge and Funk [6]. 

The Gleason cover y& of a topos E has two main properties. One is that the 

map e : y& + C is a surjective geometric morphism and the other is that the topos 

y& satisfies (DML). 

Definition 3.1 ([22]) The Gleason cover yE of a topos E is defined to be the topos 



of E-valued sheaves for the finite cover topology on the internal Boolean algebra 

R,,, or equivalently the topos &[Idl(R,,)] of canonical sheaves on the internal 

locale of ideals of R,,, i.e., E[ldl (R,,)] = s ~ ( E ~ ~ ( ~ - - ) " ~  ). 

We recall Theorem 2.2 that a topos E satisfies (DML) iff the internal Boolean 

algebra O,, coincicles with 2. Also note that the Gleason cover of E may be defined 

as the interna1 "Stone space" of the locale O,, (see Chapter 1). We begin by 

expiaining some of the terms in the definition above. 

The localic E-topos corresponding to the internal locale A, E[A] is a sheaf subto- 

pos of the presheaf topos EAoP. We need to define the Lawvere-Tierney topology 

and the subobject classifier in 1211. 

Define a map j : &(A) -+ Sv(A)  b y  

where Sv(A)  is the object of sieves on A, Le.,  the monomorphism SV(A)  H 12" x A 

and for < R,U >E f iA x A, 

< R,a >E Sv(A) tt (Vx E R)((x 5 a )  /\ ( V ~ E  A)(b 5 x -t b E R ) ) .  

The topology j is called the internal canonical topology on A and &[A] is defined 

to be Shj(EAO'). The map a : Al x~ Sv(A) + SV(A) makes Sv(A)  + A into an 

internal presheaf on A; specifically, 

and this presheaf is the subobject classifier in &"OP. Thus the subobject classifier 

in &[A] is the presheaf on A defined by Al 3 A. Since the subobject classifier of 

&[A] is the equalizer of j and id, the canonical topology j splits as the top line of 



where the vertical arrows are monomorphisms. 

Let A be a meet-sernilattice. A coverage C on A will mean a function which 

assigns to each a E A a set C(a) of subsets of J. (a), called coverings of a,  with the 

following "meet-stability" property: 

for al1 b 5 a. A C-ideal of A, 1, is defined to be a lower set and satisfies 

for al1 a E A. Notice that for a distributive lattice A, taking C ( a )  to  be the set of 

al1 finite subsets of A with join a, is a coverage on A and that a C-ideal is the same 

thing as an ideal of A. 

Proposition 3.1 For any site (A,  C), meaning a meet-semilattice A equipped with 

a coverage C, C-Idl(A), ordered by inclusion, is a frame, and it is the free frarne 

on (A, C )  , i. e., there 2s a meet-lattice homomorphism 

which "transforms covers to  joins", i n  the sense that, for everg a E A and S E C(a),  

f (a) = Vc-ldl(n){ f (s) 1 s E S )  and f is universal arnong such maps. 

Proof. First we show that C-IdZ(A) is a sublocale of the free frame DA where 

DA denotes the set of al1 lower subsets of A and let 17 : A + DA send a to J. (a). 

It is clear that an arbitrary intersection of C-ideals is a C-ideal, so if we define 

j : D A - + D A b y  

then we have S j (S)  = j ( j (S) )  for any S, and the image of j is precisely C-Idl(A). 

So we need only show that j preserves finite intersections. 

Let S, T E DA and write I for j(S Ti T). Consider 



it is clear that T C J, since S n T C I. We will show that J is a C-ideal. Suppose 

U E C(a) ,  U E J ;  then for every s E S we have {TL  /\ s 1 u E U) E C ( a  A s) by 

meet-stability of C, and { u  A s 1 u E U) C I by the definition of J. Since I is a 

C-ideal, we deduce a s E I for al1 s E S, and hence a E J .  

Now if we define 

K = { a  E A 1 (Vt E J ) ( a A t  E I ) ) ,  

then a similar argument shows K is a C-ideal, and S C K since S n J C 1. But 

now we have j (S) n j (T)  C K n J I = j(S n T); the reverse inclusion is trivial 

since j is order-preserving. So j is a nucleus, and C - Id l (A)  is a sublocale of DA. 

Now, it is clear that for any S E C ( A )  we have 

so that the composite map 

transforms covers to joins. It is straightforward to verify t h a t  $ is universal among 

such maps. O 

Corollary 3.1 The set Icll(A) of ideals of a distributive lattice A zs a frame under 

the incluséon ordering. Moreover, the assignment A H Idl(A), is a left adjoint to 

the forgetj'ul functor Frm -t DLat where Frm is the category offrames and DLat  

is  the category of distributive lattices and homomorphisms. 

Proof. Take C to be the coverage on A defined by finite joins. Shen a C-ideal of 

A is just an ideal in the usual sense; and a meet-semilattice homomorphism A + B 

transforms covers in C to joins iff it is a lattice homomorphism. 0 

Proposition 3.2 Let B be an interna1 Boolearr algebra in a topos E, and let Idl (B)  

be the locale of ide& of B. Then Id l (B)  zs a Stone algebra if l  B is internul./ 

comptete. 



Proof. ([22]) Assume that B is complete. If I is an ideal of B, then the negation 

of I in Idl(B) is seen to be 

Since B is complete (and hence a frame), then J w B above is closed under 

arbitrary joins in B and so J =J. ( V B  J). Therefore, J = T I  is a principal ideal. In 

particular, every 71-closed ideal in B is principal, hence complernented in I d l ( B ) .  

Thus I d l ( B )  is a Stone algebra. Conversely, if Idl(B) is a Stone algebra, then the 

principal ideal rnap 

identifies B with the subframe of I d l ( B )  consisting of the complemented elements of 

Idl(B) ,  and by "Stone algebra" these agree with the -.--closeci elements of Id1 ( B )  , 
i-e., with (Idl(B)),,. Since the latter is a complete Heyting algebra, so is B. 

Therefore, B is a complete Boolean algebra. O 

In other words, for a Boolean algebra B, the locale Id1 (B) (or equivalently the 

space SpecB)  is extremally disconnected iff B is cornplete. 

Corollary 3.2 ([22], Corollury 1.2) For any topos E ,  y£ satisjîes (DML). 

Proof. The locale Idl(n,,) is an interna1 Stone algebra in E by Proposition 3.2 iff 

&[Idl(Q,,)] is De Morgan by Theorem 2.2. a 

Our next step is to show that the canonical geometric morphism e : y& -+ E is 

surjective. But first we need to study certain properties of the lattice il,,. 

Given a locale A, we have an order preserving map 

namely the classifying map of IA : 1 H A and an order-preserving map 



where BA is the transpose of the classifying map of (true, lA) : 1 % R x A, i.e., 

XA(p) = VA{a E A ( (a  = In) A p}. It can be shown that Xa preserves finite rneets 

and is internally left adjoint to p ~ .  

(021) Definition 3.2 A locale A is said to be nontrivial if - (OA = lA), i.e., 2 --+ A 

is a monomorphism or equivalently pn(OA) =faIse. 

An interna1 locale satisfying the following conditions is called consistent. 

Lemma 3.1 ([21], Lemma 2.8) The following conditions on a locale A are equiva- 

lent: 

1. £[A] + ê is surjective; 

4.  PA is epimorphic; 

5. The followin,g diagram 2s a pullback 

1 + 1 

true 3, 4 1~ 

S 2 A  

A 

Proof. 1 @ 2. The loçalic morphism £ [ A ]  -+ E is surjective iff pAXA = 1 is trivial. 

2 + 3 and 4. is trivial, and the converse follows from the acljunction ( A A  i P A ) .  

5 .  follows from 3. since the given diagram always cornmutes. 

5 + 2. Since we can deduce that  pAXn classifies true. 0 

Lemma 3.2 ([21], Lemma 4.4) Let A be u distributive lattice in E .  The following 

are equivalent: 

1. A is nontrivial; 



2. I d l ( A )  i s  nontrivial; 

3. Id1 (A)  2s consistent. 

Proof. 3 + 2. is trivial; and 2 1. since A is (isomorphic to) a sublattice of 

I d l ( A )  . 
1 + 3. Consider the map 1 : Ci -t CiA defined by 

So I ( p )  is an ideal of I d l ( A ) .  Then I ( p )  = A +t p since, if I ( p )  = A then 

ln E I ( p )  but A is nontrivial, i.e., + i ( O A  = 1 A ) ,  then I ( p )  = A -+ p. Conversely, 

if we have p then a could be any a E A. Thus, p 1 , q a ) ( I ( p ) )  = p. Therefore, p r d q ~ )  

is epimorphic, as desired. El 

Corollary 3.3 ([22], Corollary 1.4) The canonical map e : y& -+ E is  surjective. 

Proof. Since the locale Ci,, is nontrivial, it follows that Idl(R,,) is consistent by 

Lemma 3.2 iff the localic morphism E[Idl(C!,,)] -+ E is surjective by Lemma 3.1. 

D 

We now introduce the notion of a minimal locale. 

Lemma 3.3 ([21], Lernma 2.9) A locale A is called minimal if the following con- 

ditzons are equivalent: 

1. The jollowing diagram is a pullback 

1 + 1  

OA 3- J, false 

A + Q  

PA 

2. PA cornmutes with negation. 



3. For any object X of E,  the only nontrivial closed sublocale of X'A in EIX is 

thde whole of X*A. 

Proof. 1 H 2. In any Heyting algebra A, we have + (-.a = l a )  u (a  = Oa). But 

condition 1. says (a = On)  tt -(a = ln), and 2. says ( l a  = 1) tt -(a = 1). 

1 3. The closed sublocale of X * A  corresponding to an X-element X 3 A is 

nontrivial iff 

X - r l  

a k  J f a l s e  

A . 0  

P A  

commutes. Each of the two conditions says that the unique such a is X + 1 3 A. 

O 

Lemma 3.4 ([Zl], Lemma 2.10) I f  A is a rnznzmal locale, then p~ maps A,, iso- 

morphically onto O,,. 

Proof. By condition 2. of Lemma 3.3, pn certainly maps A,, into R,, . I t  does so 

monomorphically, since for variables a, b of type A, we have 

(a  = 6 )  tt (-.a A 6 = a A 41 = O n ) ,  and p~ preserves finite meets and negation. 

And i t  does so epimorphically, since from 

we deduce pA(- -Xa(p) )  = 11p.  0 

By construction of the Gleason cover, Id1 (R,,) is a minimal locde by considering 

the Boolean algebrs R,, of 7-stable truth-values in E. Since the negation of the 

maximal element t rue  : 1 H R,, is false : 1 H R,,, i t  is clear that the unique 

proper ideal of Cl,, is the singleton { fa l se )  [ZO]; so if p : Idl(O,,) -t C! is the 



classifying map of the maximal element ralll : 1 H Idl(R,,) then the diagrarn 

1 -+ 1 

{f alse} -1 J. false 

Idl(R,,) 4 R 

is a pullback. Furthermore, the surjection e : TE + E is minimal in the sense that 

there is no proper closed subtopos of y£ which maps surjectively to E. By the 

property that Idl(R,,) is minimal, the following diagram cornmutes 

Remark 3.1 Recall Theorem 2.1 that the projective objects in the category of 

compact Hausdorff spaces are precisely the extremally disconnected spaces. Glea- 

son also showed that for every compact Hausdorff space X, there is a surjection 

e : yX -+ X where yX is projective, Le., yX is extremally disconnected. This 

can be seen by considering the Stone space yX = Spec((O(X)),,) where the set 

(O(X) ) , ,  of al1 regular elements of O ( X ) ,  is a cornplete Boolean algebra. Fur- 

thermore, the surjection e is "minimal" in the sense that there is no proper closed 

subspace of yX which maps surjectively to  X. The extrema1 disconnectedness 

of yX and the minimality of e characterizes yX up to homeomorphism over X. 

Johnstone's construction of the Gleason cover is the topos-theoretic analogue of the 

projective cover constructed in this remark. 

The (2-) category LToplê of localic E-toposes is equivalent to the (2-) category 

Loc(E) of internal locales in E (see (211). Thus the above diagram of internal locales 

in E can be translated into a diagram of Ioçalic E-toposes, and it can be deduced 

that this diagram 



comrnutes in Top where the vertical arrows are the canonical inclusions. 

We have already seen that the Gleason cover y& may be constructed for any 

topos E. Suppose now that we are given the following two cases, i.e., the topos E 

is De Morgan and the topos E is Boolean, respectively. 

Corollary 3.4 ([22, Comllary 1.5) e : y& -t & is an equivalence zflê satisfies 
(DML). 

Proof. If e : y& + ê is an equivalence then E satisfies (DML) follows from 

Corollary 3.2. Conversely, E satisfies (DML) is equivalent to R,, 2 2, and so 

Idl(Q,,) Id1 (2). By condition 3. of Lemma 3.1, Id1 (2) 2 a. But Q is the 

terminal object in the category of interna1 locales in E and so E[n] = E .  C71 

Corollary 3.5 ([22], Corollary 1.7) yE is Boolean i f l  E is. 

Proof. If E is Boolean, then it satisfies (DML) and so yE is Boolean by Corol- 

lary 3.4. Conversely, if yE is Boolean, then the inclusion Sh,,(E) c+ E is equivalent 

to the composite Sh,,(yE) 2 yE 3 E. Therefore Sh,,(t) v E is surjective and 

so E is Boolean. III 

We now look into the Ore condition and its connection to De Morgan's law and 

to the notion of relatively De Morgan. In order to define the latter, we will need to 

define the notion of relatively cornplemented elements of a frame. 

We say that a category C satisfies the Ore condition if every diagram of two 

arrows with common codomzzin embeds into a common square. 

Theorem 3.1 ([19], Proposition 1.1) Let C be a small categorg and let k = Sc"' be 

the topos of presheaeies where the base topos S is Boolean. The topos C  ̂ is De Morgan 

i f l C  satisfies the ore condition. 

Proof. In C, fl is the presheaf C ct { sieves on C}, and f alse is the global elernent 

which picks out the empty sieve on each object. Condition 3. of Theorem 2.2 is thus 

equivalent to saying that the nonempty sieves form a subpresheaf of Q, i.e., that 



any pullback of a nonempty sieve is nonempty. Now if f and g are two morphisms 

of C with the same codomain, the pullback dong g of the sieve generated by f is 

nonempty iff there is a morphism of C factoring through both f and g, i.e., iff there 

is a commutative square 

The converse is easy. 0 

Consider now the case that the base topos S of the topos c of Svalued presheaves 

on C is arbitrary where C is a category object in S. We will recall the proof, 

that in this case, C satisfies the Ore condition iff the presheaf topos c is relatively 

De Morgan. 

We need to  define what is meant by a relatively De Morgan frame and thus a 

relatively De Morgan topos. We begin by recalling the notion of relatively comple- 

mented elements of a frame, i.e., the clopen and regular elements in a frame. 

Let A be a. frame. Given the map r : D + A where D is an arbitrary set and T 

is often taken to be the inclusion of a subset, we consider the following two subsets 

of A, 

Remark 3.2 

1. Note that 1 = VA(a +t A) where X ranges over the set i2 of truth values is a 

generalization of the law of the excluded middle 1 = a V l a .  This generaliza- 

tion is due to Jibladze. 



2. For a fixed d E A, (- -t d) -t d is a nucleus on the frame A. Thus for d = O A ,  

the set of fixpoints for this particular nucleus are the elements a E A such 

that a = --a (since -a = a -+ O in any Heyting algebra) and so we get the 

usual notion of regular elements of a frame. For T : D + A, 

is a nucleus LD and the set of fixpoints for LI, is by definition Reg(A).  It is 

easy to see that a = AArD(a + A) + X implies a = - l a .  

3. If A = O(X), the frame of open subsets of a topological space X, and D = 

{ O A ,  lA) then Clp(A) and Reg(A) are the clopen and the regular open subsets, 

respect ively. 

Proposition 3.3 ([30], Proposition 1.1)  For any T : D + A, Clp(A) C Reg(A). 

Proof. Let  a E CIp(A), so lA = V,(a ++ A) where X ranges over D. We should 

prove AA(a + A) + X 5 a (the other inequality always holds). It suffices to see 

that for any b with b < (a + A) -+ X for al1 X E D we have b 5 a. The assumption 

on O may be reformulated 

Since ln = VA(a tt A),  b is covered by the family ( 6  A ( a  + A) 1 X E D } ,  so it 

suffices to prove that b A ( a  + A) I a. But 

using 3.4 for the first inequality. a 

Proposition 3.4 ([30], Proposition 1.2) For a n y  r : D + A, the following condi- 

tions are equivalent: 

1 .  Clp(A) C A has a left exact left adjoint (which is necessarily given by  3.3); 



3. For al1 a E A, l A  = Vx[l\,(a + 6) + 61 tt X where X and 6 range over D. 

Proof. 1 2. Assume 1. Combining the assumed left adjoint with the inclusion 

Clp(A) C A, we get a nucleus P on A with Clp(A) as its fixpoint set. Since 

Clp(A)  C Reg(A),  by Proposition 3.3, we have the opposite inequality for the 

corresponding nuclei, so LD 5 P. To see LD = P (which implies 2.), it  thus suffices 

to  see that P 5 LD. Since LD is the largest nucleus fixing (the image under r of) 

D, it suffices t o  see that P fixes that image, i.e., to see that ~ ( 6 )  E Clp(A) for every 

6 E D. But (ornitting T from notation), 

whence 6 belongs to Clp .  

2 1. Since Reg(A) C: A has a left exact left adjoint (given by the nucleus L D ) .  

2 + 3. Since Aa(a + 6) -t 6 E Reg(A), it belongs also to Clp(A). 

3 2. Every element of the form Aa(a + 6) -+ 6 is in Clp(A); but every dement of 

Definition 3.3 ([30]) Let A be a frame in a topos S and r : Os --+ A the unique 

frame map. Then A is relatively De Morgan if Reg(A) = Clp(A) (with X ranging 

over as in 3.1 and 3.2). 

Let ,6 : E -t S be a geometric morphism and T : B*Rs + RE as the canon- 

ical comparison map which classifies the monic B*(true) : B*1 - P*Rs. Now 

Definition 3.3 çan be defined for a geometric morphism with T : P*Rs + RE as 

T : fis + A. 

Definition 3.4 ([30]) Let ,O : E -+ S be a geometric morphism. We let Clp(RE) E 

fiE and Reg(!&) C RE refer to the comparison map T : P*QS -+ OE. Then E is 

relatively De Morgan over S if Reg&) = Clp(S2&) (with X ranging over ,8*ils in 

3.1 and 3.2). 



Proposition 3.5 ([3O], Proposition 2.1) The subobjeet C lp (RE)  C QE epuals the 

image of 2s RE. More generally, for any T : D + nE in o topos E,  the 

extension of the formula (with free variable ranging over a&), 

true = V ( a  +, r(X)) 
AED 

equals the image of T .  

Proof. The element true E $28 is 'inaccessible by sup' in the sense that true = 

sup U (for U E f iE )  implies true E U; for any subset U E i lE, sup U equals the 

truth value of the statement true E U. Thus the formula 3.5 is equivalent to the 

formula 

3X E D true = ( a  tt r(X)) 

and then again to 

whose extension clearly is just the image of T .  0 

Let us now look into the case that C satisfies the Ore condition where C is a 

category object in an arbitrary topos S. The geometric rnorphism P : C -t S is 

open by ([23], Proposition 2.6) where C is the topos of S-valued presheaves on C. 

Recall that an open geometric rnorphism P : E -t S implies that T : P*!& -t fiE 

is a monomorphism and therefore T may be omitted from 3.1 and 3.2. Thus 7 : 

P*Rs + Qe is monic. 

In general, an open geometric rnorphism ,û : E -t S is relatively De Morgan 

iff the canonical cornparison map T : ,û*!& -+ fia has a left adjoint. This follows 

from the fact that if E is relatively De Morgan then Reg(&) = Clp(!&) which is 

equivalent to Clp(RE)  ilE has a left adjoint (by  Proposition 3.4) and thus T has 

a left adjoint (by  Proposition 3.5). 

Theorem 3.2 @O], Theorem 3.1) The open geornetrie morphism P : (? + S is 

relatively De Morgan i f f  C sat2sfies the Ore condztion. 



Proof. We may argue as if S were Sets, provided the argument is positive and 

constructive. Let C be a category in S. We describe the canonical r : B*ns + Re 

where E = c. For C E C an object, TC is the unique frame rnap 

where P ( y  (C) ) denotes the set (frame) of subfunctors of the representable functor 

v(C) = /mmc (-, C). We describe a left adjoint left inverse cr for TC, namely given 

by 

for any subfunctor (sieve) R C y (C), where II . . .Il denotes 'truth value of . . .'. 
c1early (T(T&)) = A; and if f E R(D),  R is inhabited, so f E ~ ~ ( l l R  i s  inhabitedll), 

so R C w ( u ( R ) ) .  

"Assume that C satisfies the Ore condition. To prove that c + S is De Morgan 

i s  équivalent to proving that r : B*Qs -+ Re has a left adjoint. We have already 

pointwzse a left adjoint, given by the description 3.6. It suffices to see that oc is 

natural in C, Le., to prove that for each f : D + C the diagram 

comrnutes, where the top map ( to a sieve R C y(C) associates the set of arrows 

g with codomain D and with f o g E R. Now let R E P ( y ( C ) )  be a sieve on C. 

Assume ac(R) is hue,  so R is inhabited, Say witnessed by (h : C' -t C) E R. 

Completing the square 

we get that C(R) is inhabited (witnessed by h'), so oD(C(R)) is true. This implies 

that ac(R) 5 oD(C(R)). The other inequality a&@)) < oc(R) is trivial: if 



oD (C(R)) is true, C(R) is inhabited which implies that R is inhabited, so ac(R) is 

true. 

Conversely, if -t S is relatively De Morgan, T : P*Os -+ Re has a left ad- 

joint, hence the pointwise left adjoint oc of TC is natural in C. Contemplating 

the naturality square above for f : D -t C and applying i t  to  the principal sieve 

generated by h, we get that the sieve of those h', which fit in the Ore square above, 

is inhabited. Thus C satisfies the Ore condition. 0 

1. The notion of relatively Boolean can also be defined in terms of relatively 

complemented elements. For a frame A in S, A is relatively Booleun if A = 

Clp(A).  Moreover, for a geometric morphism P : E -+ S with the cornparison 

map T : B*OS + RE, ê is relatively Boolean over S if ClE = CIp(RE) or 

equivalently the canonical map P*Os 2s QE is an isomorphism. 

2. If S is a Boolean topos, i.e., Rs = 1 + 1 (so also ,û*Qs = 1 + l), the notion 

of relatively Boolean and relatively De Morgan can be defined as the usual 

notion of Boolean and De Morgan. 

3. I t  is clear that if S is a Boolean topos in Theorem 3.2 then we get exactly the 

conditions in Theorem 3.1. 

We now look into conditions equivalent to Booleaness, by Bunge and Funk ([5], 

Theorem3.4). . 

We need to recall some new concepts. Let O(X) denote the frame of opens for a 

locale X. Let Sub(X) denote the coframe of sublocales of a locale X and let C l ( X )  

denote the coframe of closed sublocales of X. A sublocale B E Sub(X) is said to 

be weakly closed if every strongly dense inclusion B v B', B' E Sub(X), is an 
i isornorphism. Recall that a morphism of locales Y -t X is said to be strongly dense 

if f is dense under pullbacks dong every closed sublocale of the terminal locale 1 

[24]. Let W ( X )  denote the poset of weakly closed sublocales of X. W ( X )  is a 



subcoframe of Sub(X) [17], and it contains C l ( X ) ,  i.e., O(X)OP, as a subcoframe. 

It was shown that W ( X )  = hom(O(X),  Sub(1)) and that Wo(X) cz hom(O(X), 0) 

where Wo(X) denotes the poset of weakly closed sublocales of X with open domain 

([5], Theorem 3.2 and Theorem 3.3, respectively) . 

Theorem 3.3 ([5], Theot-em 3.4) Let S denote an elementary topos. Then the 

following are equivalent: 

1. S zs Boolean; 

2. For all locales X in S ,  CI(X) = W ( X ) ;  

3. For aU objects T in S, CZ(T) = W (T); 

4 .  For al1 locales X in S, W.(X) = W ( X ) ;  

Proof. cf. [5]. 

The next theorem, due to Bunge and Funk, identifies the frame of nuclei on a 

locale X with W ( X ) q ,  i.e., the frame of weakly closed nuclei on O ( X ) .  It is a new 

proof of Jibladze's theorem [l?] (with no appeal to Wigner [44]). 

In [34], it was shown that nuclei j on the frame O(X), for an arbitrary locale 

X, are characterized by the identity 

vu, v E O ( X ) ,  (LI -t jV) = (jU -4 jV). 

Restricting to Q, we- obtain, 

where v* : fi + O(X) (since v : X + 1) and k : Q -t O(X) is the composite jv*. 

Let Nx denote the collection, ordered pointwise, of al1 functions k that satisfy 3.7. 

Such a function is called an Q-nucleus on O(X) [17]. 



Theorem 3.4 ([SI, Theorem 4.1)(Jibladze) For any locale X (with structural mor- 

phzsm v), the m a p  

is an isomorphism of posets. In particular, Nx is a fmrne. 

Pmof. cf. [5]. O 

We end this chapter with the following result. In [6], Bunge and Fùnk use the 

notion of a relatively complemented element of a frame to prove that any spread (de- 

fined shortly) for a geometric morphism over a base topos S is zero-dimensional over 

S in the (2-) category of elementary toposes, bounded geometric morphisrns and 

natural transformations (between inverse image functors of geometric morphisms) 

and denote this (2-) category by Top. Recall that in topology, a topological space 

X is said to be zero-dimensional if the clopen subsets of X form a base for the 

topology. Consider a diagram 

in Top where q5 is localic, i.e., that E is equivalent to the topos of sheaves over F 

on the frame &aE. Consider the composite morphism 

where the second morphism is the unique frame rnap. We now let the notion of C l p  

refer to this morphism; we have the object of S-complemented elements of 4*QE: 

We define the terminology mentioned so far. 



Definition 3.5 

1. A geornetric morphisrn K 3 KI is said to be bounded ([18],[40]) if there is 

a K E K' and a morphisrn D -t $*K in IC,  said to be a generating family 

(for K over I C I ) ,  such that every X E K, there is a morphism I 4 K and a n  

epimorphism A -» X, where the following diagram is a pullback 

2. Let E 4 S denote an arbitrary geometric morphism in Top. A morphism 

E ht E' in & is callecl S-definable [2], or just definable, if i t  arises as a pullback 

for some morphism 1 4 J in S. 

3. In a diagram 

in Top,  q!~ is said to be a spread over S if there is a generating fimily E + 4'F 

for E over F which is definable. 

4. If M is a complete join-semilattice in a topos F, then a morphism K + M 

sup-generates M when Cl" -t QM y M is an epirnorphism. 

5. A localic geornetric morphism E 3 F over S will be said to be zero-dimensional 

over S if the frame #,ne is supgenerated by its sublattice Clps(Q&). 



Theorem 3.5 ([6], Theorem 1.15). Any spread over S is zero-dimensional over 

S.  

The proof uses two results. One is that a geornetric rnorphism £ 4 F over S is 

a spread iff # is localic and the morphism 

sup-generates the frarne 4,& where r : u*Qs + nE classifies the monic îlr(true) : 

d l  -t u*Qs (see [6], Proposition 1.4). The second is that for any localic geometric 
+ morphism E + F over S, the morphism 4.7 : -+ $,OE factors through 

Clps (4. RE) (see [6], Proposition 1.14). 

It was remarked in [6] that for any locale X and any morphism I 3 O(X), the 

object of çlopens C l p ( X )  for m is contained in the object of weakly closed elements 

of O(X) for rn, due to G.E. Reyes. 



Chapter 4 

Application I: The Hahn-Banach 

theorem 

In this chapter, the following two results, in relation to the real numbers in a topos, 

will be revealed. The first result is that in a De Morgan topos E the object of 

Dedekind reals in E ,  denoted RE, coincides with its order-completion the MacNeille 

reals, denoted *RE [19]. The second result is that the object *RE of MacNeille reds in 

E is isomorphic to e,(R+), where e : yE + E is the canonical geometric morphism 

arid yC is the Gleason cover of a topos E [22]. We will then use these two results to 

show that the Hahn-Banach theorem may serve as an example of the occurrence of 

extremal disconnectedness in functional analysis. 

We dedicate the first part of this chapter to review the real numbers in a topos 

1. 

The Dedekind reals RE of the topos £ are constructed from the rational numbers 

QE of E by considering the subset ~ Q E  x S2Q" consisting of ail pairs x = (L, U )  

satisfying the following conditions: 

1. 3 p € Q E  p € L a n d d q € & ~  ~ E U  (L and U are inhabited); 

(L is an open lower section) 

(U is an open upper section); 

3. P E L  A q ~ U + p < q  (L and U are disjoint); 



4. p < q + p ~ L v p ~ U  (L and U are adjacent). 

The MacNeille reals, *RE are constructed explicitly from the rationals QE by 

considering the subset C ~ Q E  x ClQ& consisting of al1 points x = (L ,  U) satisfying the 

following conditions: 

In general, for any poset A, the MacNeille completion of A can be constructed 

and is denoted M(A).  The construction of M(A)  is as follows: if A is a poset and 

S & A, we will write u(S) for the set of upper bounds for S and 1(S) for the set of 

lower bounds for S. We define a cut in A to be a pair of subsets (L ,  U) such that 

L = 1(U) and U = u(L). The set of al1 cuts in A, ordered by ( L I ,  Ui) 5 (Lz7 U2) iff 

L1 Ç L2 (or equivalently Ul > U2) is denoted by M ( A ) .  For every element a E A, 

the pair ($(a) ,  ( a ) )  is a cut in A, which we denote by rn(a); a cut (L, U) is of this 

form iff L n U is nonempty. We are interested in the following proof. 

Theorem 4.1 For any poset A, M(A)  is a cornplate lattice and the embeddzng 

m : A -+ &!(A)  preserves all joins and meets whr'ch eÿasl in A. 

Proof. Let S be a subset of M ( A ) .  Consider the set 

Lu = n { ~  1 (L,U) E S} .  

Since Lo C L for every ( L ,  U) E S, we have u(LO) > U for every (L, U )  E S ,  and 

lience l (u(LO)) C n { L  1 (L ,  U) E S }  = Lo. So (4, u(Lo))  is a cut in A and is 

clearly the greatest lower bound of S. To construct the joins in M ( A ) ,  consider the 

set 

vu = U{U 1 (L ,  U )  E S ) .  

Since (Io > U for every ( L I U )  E S ,  we have Z(Uo) C L for every (L,  U )  E S, 

and hence u(l(Uo)) > U{U 1 ( L ,  U) E S) = U& So (Z(Uo), Uo) is a cut in A and 



it is clearly the least upper bound of S. Now if a = AS in A, then we have 

4 (a) = n{$ ( s )  1 s E S); so rn preserves al1 such meets. Similarly if a = V S in A, 

t hen we have t (a) = U {T (s) 1 s E S )  ; so m preserves al1 such joins. 0 

Thus the lattice of MacNeille reals, *&, is the order-completion of the Dedekind 

reals, RE in the topos E. It may also be seen that any Dedekind real is again a 

MacNeille real since there is an embedding 

where na preserves al1 meets and d l  joins which exist in RE. 

In addition, if E is a De Morgan topos then we have the following theorem. 

Theorem 4.2 ([19], Prop 1.3) In o De Morgan topos E with a natural nurnber 

object, the object RE of Dedekind real numbers in E coincides with the object *RE of 

MacNeille real numbers. 

Proof. By Theorem 4.1, every Dedekind real is a MacNeille real in E. To provc the 

converse. Let (L, U) Le a MacNeille real. Since L is a lower section, we have that 

Since Q satisfies trichotomy, 

Hence from condition 2. in which the MacNeille reals satisfy, we deduce 

Similarly, since U is an upper section, we have that 



Again from condition 2. in which the MacNeille reals satisfy, we deduce 

Now suppose that q' < q and define q" = $(q + ql) .  Then since i- V is 

satisfied in E, we have 

But from the first half of this disjunction, we deduce ( q  E U) and from the second 

half, we deduce ~ ( q "  E U). Since L and U are disjoint, we get (q' E L). Shen 

(L, U )  is a Dedekind real as required. By applying this argument to generalized 

elements of *RE, we deduce that the inclusion m, : RE -+ *RE is an isomorphism. O 

Notice that since the Gleason cover yE of the topos E satisfies (DML), the object 

of Dedekind real numbers in TE coincides with the object *IL,& of MacNeille 

real numbers in y&. 

In [22], it was stated that the Dedekind real numbers in yE correspond to the 

classifying topos for the propositionai theory of real numbers (see Chapter l), or 

equivalently to the locale morphism 

in E, where L(R)  is the locale of forma1 real numbers in E [12]. 

The locale L(R)  is generatecl by the forma1 rational intervals (q, r), 

( q  E Q ii {-M}, r E Q U {CO)), subject to the relations: 



Proposition 4.1 ([ZZ], Proposition 2.3) There is a bijection between Dedekind real 

numbers in yE and MacNeille renls in E .  

Proof. Given a Dedekind real number x in yê, regard it as a locale map Id1 (a,,) -t 

L(R) in ê. By the definition of L(R) ,  such a map is determined by the effect of its 

inverse image x* on the rational intervals (q, r); and x* must preserve the relations 

given above. Define 

we shall show that (L, U) is a MacNeille real in E. 

From relations 1 and 5. above, and compactness of Idl(R,,), we deduce 

whence 

34 E &(q E L) A 3 r  E Q(r E U). 

Again frorn relation 5. above, we deduce, 

and its dual, the converse implications being an easy consequence of relation 3. 

above. The disjointness of L and U follows from 2 and 3., since from ( q  E L) /\ (r  E 

U )  we deduce x*(q, r) = il,, and hence q < r. Finally, we observe that for ideals 

1, J of R,, we have 

since i ( I  = a,,) + (1 = O ) ,  and so (taking 1 = z*(q, oo), J = x*(-oo, r), and 

using relation 4. above) we deduce 

and d d l y  q < T A ~ ( r  E U )  + q E L. So (L, U )  is a MacNeille real. 



Conversely, suppose given a MacNeille real (L, U) in E; then we define x : 

Idl(R,,) -, L(R) by 

First we have to show that x*(q , r )  is indeed an ideal of Q,,; it is obviously 

downward-closed. Suppose pl ,  p2 are such that 

for i = 1,2. Then since (pl E L V q 2  E L) -t min(ql, q2) E L, we have 

and clearly q < min(ql, q2). From this and the dual argument, we deduce 

so x* (q, r )  is an ideal of R,,. 

Next, it must be verified that a* preserves the relations 1-5. above (see [22]). 

Lastly, we have to show that the two constructions we have defined are inverse 

to  each other. One way round is easy; for the other, we have to show that if (L, U )  

is a MacNeille real, then . 

q E L ++ (3q'> q)-(q' E L). 

But this follows since -+q' E L) implies ~ ( q '  E U ) .  0 

Finally, we obtain the second result mentioned in the beginning of this chapter. 

Corollary 4.1 ([22], Corollary 2.4) The object *RE of MacNeille reals in E zs zso- 

morphic t u  e , ( G E ) ,  where e : yE + E i s  the canonical geometric morphism. 

Proof. Proposition 4.1 establishes a bijection between the global elements of these 

two objects; to  show that they are isomorphic, we have to extend this bijection 

(naturally in X) to their X-elements for an arbitrary object X of E. But we may 



do this simply by repeating the argument of Proposition 4.1 in the topos E/X, 

bearing in mind that the Gleason cover of E / X  is (y&)/e*X. O 

We recall from functional analysis, the Hahn-Banach theorem in its classical 

Theorem 4.3 (Hahn-Banach) If A is a subspace of a normed linear space B and 

2f p is a bounded h e u r  functional on  A, then p can be extended to  a bounded linear 

functional u on B so that llull = IIpII, where the norm llull and Ilpll are com,puted 

relative to the domain of Y and p; explicitly, 

We are interested in the constructive proof of the Hahn-Banach theorem within 

a geometric context in any Grothendieck topos E. That is, we will study the 

Hahn-Banach theorem in the following form: 

Theorem 4.4 ([37]) Let A be a subspace of a sernznormed space B in a topos E o f  

sheaves on u locale. Then any linear yunctéonal on  the subspace A rnay be extended 

to  a h e u r  *functional on  B having identical n o m .  

Remark 4.1 

1. The observation that the Hahn-Banach theorem may be examined within a 

geometric context and that working with locales, which classically generalizes 

the lattice of open sets of a topological space without reference to its points, 

both contribute to the constructive context mentioned above. In fact, working 

within a constructive context avoids the dependence of the Axiom of Choice 

as in the proof of the Hahn-Banach theorem in its classical form. 



2. The concept of locales allows one to apply the Hahn-Banach theorem in topol- 

ogy and algebra. For example, one rnay take the locale in Theorem 4.4 to be 

O ( X ) ,  the set of al1 open subsets of a topological space X, in topology, and 

Idl(R), the lattice of ideals of a commutative ring R with identity, in algebra. 

These notions will be pointed out towards the end of this chapter. 

We will first need to define what is meant by a seminormed space and a linear 

functional. It  is known that given a propositional geometric theory 7, one may 

construct a locale, and this locale is called the locale of the theory 7 (see Chapter 

1). This construction will then be applied to obtain a description of the unit bal1 

of the dual of a seminormed space by considering the theory of linear functional of 

norm not exceeding one on the seminormed space. We will then recall that the dual 

locale of a seminormed space is a compact, completely regular locale. Finally, we 

will recall the proof of Theorem 4.4. I t  will be assumed that E is a Grothendieck 

topos. 

Definition 4.1 ([37]) A seminormed space B in the topos E is a linear space B 

over the field of rationals in E ,  together with a mapping 

from the positive rationals in E to the set of subsets of B, satisfying the following 

condit ions: 

3. a E N ( q )  A a' E N(q') -t a +  u' E N ( q  + q'); 



whenever a,  a' E B and q,  q' E QE+. 

In other words, the seminorm is defined in terms of the open balls about zero 

and hence the mapping 

assigns to  each positive rational q the open bal1 around zero of radius q.  

In particuIar, the real numbers of the topos E ,  i.e., the Dedekind reals RE, are 

a seminormed space with respect to the open balls which may be defined in terms 

of the absolute value which exists on RE by writing 

for each q E GE+. 

Definition 4.2 (371) A linear functional of norm not exceeding one on a semi- 

normcd space B in the topos E is a linear map 

to the seminormed space RE of real numbers, satisfying the condition: 

Va E B Vq E QQ+ ( a  E N(q)  + &) E NR((I ) ) .  

Definition 4.3 ([37]) The theory of linear functionals of n o m  not exceeding one 

on a seminormed space B in a topos E is the propositional geometric theory FnB 

obt ained by taking a primitive proposition 

for each a E B and each pair r, s E QE together with the following axioms: 

1. true i- O E (r,  s)  whenever r < 0 < s; 

2. O E (r, s) l- f alse otherwise; 

3. u E (r, S )  î- -a E (-s, -r); 



4. a E (r, s) i- ta E (tr, t s )  whenever t > 0; 

5. a E (r, s) A a' E (r', s') k a + a' E (r f r ' ,s + s'); 

6. a E (r, S) i- a E (r, s') V a E (r', s) whenever r i r' < s' < s; 

7. true F a E (-1,1) whenever a E N(1); 

8. a E ( r , s )  H V,,,I,,t,, a E ( r ' , ~ ' ) .  

The dual locale Fn  B of the seminormed spaces B is the locale of the theory 

7nB of linear functionals on B of norm not exceeding 1. The locale Fn B is the 

constructive generalization of that of the weak* topology on the unit bal1 of the 

dual of the seminormed space B. 

In general, the points of the locale of the theory correspond exactly to the models 

of the theory. In the case of the dual locale F n  B, the correspondence between the 

models M of the theory 3nB and their linear functionals p : B + RE of n o m  not 

exceeding one is given by the relationship 

for each a E B and each pair r, s of rationals in the topos E [37]. It was shown that 

each linear functional 

of norm 5 1 on the seminormed space B gives a mode1 of the theory by making the 

primitive propositions a E (r, s) true. That is, the statement r < p(a)  < s follows 

from the observation that axioms 1-5. in Definition 4.3 are a direct consequençe of 

the lineasity of p, that axiom 7. holds since p is norm-decreasing, and that axioms 

6 .  and 8. are valid since values of p are Dedekind reals. 

Now to show that any model M of the theory FnB arises from a unique linear 

functional p : B + RE of norm 1 on the seminormed space B. This was done by 

showing first that  any model M of the theory F n B  assigns to each a E B a Dedekind 



real p(a) E RE by defining its lower and upper cuts to consist, respectively, of those 

r, s E QE for which 3r', s' E QE such that the propositions 

a E (r,  S I )  and a E (r', s)  

are validated in the model and then verifying the axioms 1-4. for Dedekind reals. 

Secondly, that the mapping p : B -> RE determined by the model of the theory 

FnB is a linear functional on a seminormed space B of norm 5 1. Thus the points 

of the dual locale F n  B are exactly the linear functionals on the seminormed space 

B of norm < 1. 

At this point, we recall Theorem 2.4. In the case of the Hahn-Banach theorem, 

the canonical map 

of dual locales is a quotient map, for any subspace A of a serninormed space 3 in the 

topos. Thus if F n  B is a compact regular locale and the topos satisfies the required 

conditions in Theorem 2.4, then this theorem may be used. It turns out that the 

dual locale Fn B is indeed compact regular, in fact it  is compact, completely regular 

by a constructive form of Alaoglu's Theorem. 

Theorem 4.5 ([37], Theorem 3) For a seminormed space B in u topos E ,  the dual 

locale Fn B is a compact, completely regular locale. 

Proof. To establish the complete regularity of Fn B, we first observe that since 

each element of the locale may be expressed in the form 

and since the completely below relation distributes over finite conjunctions, it suf- 

fices to show that each proposition a E (r, s) is the join of elernents completely 

below it. But by axiom 8. in Definition 4.3, a E (r, s) is provably equivalent to 



So, by establishing that 

a E (r', s') Q QU E (r, s) whenever r < r' < s' < s, 

we will have accomplished Our goal. In fact we note that we need only prove that 

a E (r', s') Q a E (T ,  s)  whenever r < r' < s' < s, 

since an interpolation indexed by i, k can then be obtained to show that a E (r', s') Q 

d a  E (r, s) by defining 

and letting the i, kth element of the interpolation be a E (rik, sik) for each i = 

0,1, ... and k =0,1 ,  . . . ,  2i. 
To prove this assertion involving the rather bclow relation, let r < r' < s' < s 

be given, and choose a positive rational t such that  a E N(t). Evidently, it  may be 

assumecl that -t < r and s < t. Then i t  is asserted that the proposition 

pIays the role of the  element of the locale required in proving that 

a E (r', s') Q a E (r, s) . 

Firstly, its conjunction with a E (r', s') is provably false, by observing that 

a E (r', s') A a E (s', t )  î- false. 

Eqiially, one has that 

a E ( - t ,  r') A a E (r.', 4 )  i- false, 

yielding the required result. However, on the other hand, one has that the disjunc- 

tion of the proposition with a E (r ,  s) is provably true, by observing that 

true l- a E (4, t ) ,  
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by axioms 7 and 4., so that axiom 6. applied successively yields that 

since -t < r < r' < s' < s < t ,  giving the required result. Hence, 

a E (r', s') Q a E (T ,  s) 

whenever T < r' < S' < S. The locale Fn B is therefore completely regular, by the 

preceding remarks. 

In showing that Fn B is compact, we examine the way in which the dual locale 

is obtained: we are given firstly the finitary part of the theory by means of axioms 

1-7. and then an additional infinitary axiom S. Consider now the finitary geometric 

theory 7 n I B  obtained from F n B  by replacing axiom 8. by its finitary half: 

8'. a E (r', S I )  t- a E (r,  s)  whenever r < r' < s' < S .  

Clearly, the locale Fnl B obtained from FnlB, being the lattice of ideais of the 

distributive lattice determinecl by FnfB,  is compact. Now there is an  inclusion 

map of locales 

of whidl the inverse image mapping is the canonical homomorphism corresponding 

to adding the axiom 

8". a E (r,  s )  I- V,,,.I,,~,, a E (r', s') 

to the finitary theory. The fact that Fn B is compact will be a consequence of 

showing that F n  B is actually a retract of Fnf B, sinçe any retract of a compact 

locale is again compact. The retraction map 

is the map of which the inverse image assigns to each proposition a E (T, s) the 

proposition V,,,t,,t,, a E (r', SI). 

Evidently, if this is indeed a map of locales, then it provides a retraction of the 

inclusion F n  B + F n f  B, for the inverse image of any element of Fn B of the form 



a E (r, s) under its composite with the retraction is exactly V,,,t,,t,, a E (r', s'). 

But, in the locale Fn B this is equal to the elernent a E ( r , s ) ,  since these are 

provably equivalent in the theory F n B  by axiom 8. 

To see that this assignrnent does determine a map of locales, i t  is only necessary 

to prove that each axiom of the theory F n B  is validated in the locale F n j  B when 

a E (r, s) is interpreted by V,,,,,,,,, a E (r', sr ) .  The calculations involved are 

straightforward. a 

We need to make the following observations before we may recall the proof of 

the Hahn-Banach theorem. One is that the topos fi B of sheaves on the locale Fn 

B i s  the classifying topos (see [18j) of the theory FnB. Secondly, reconsider Defini- 

tion 4.2 of a linear functional. It was observed by Burden [8] that the Hahn-Banach 

theorern fails t o  hold in its naive formulation if this definition of linear functional is 

to be used. The problem arises because the Dedekind reals are not constructively 

complete with respect to their partial ordering ([9],[42]), as seen in the beginning 

of this chapter. For instance, there exist bounded inhabited subsets of RE which 

fail to have a least upper or a greatest lower bound. It is for this reason that a 

seminorm does not exist on a seminormed space B in the conventional sense, i.e., 

the formula 

because it does not describe, in general, a real number in the topos. Recall that the 

Dedekind reals RE in a topos E admit an order-completion, the MacNeille reals *RE. 

Thus this problem may be corrected provided that one considers functionals from 

the seminormed space B into the MacNeille reals 'RE in the topos E .  Note that 

the linear functionals in this case are written as linear *functionals. The advantage 

here is that any non-empty subset of the MacNeille reals which is bounded above 

will have a supremum and dually for infima of subsets which are bounded below. 

We are now ready to prove Our main application in this chapter, i-e., Theo- 

rem 4.4, the Hahn-Banach theorem. 



Proof. (Theorem 4.4) The proof depends on the existence of the Gleason cover of 

the topos 8. Recall Chapter 3, that given any topos &, there exists a cover 

e : y E - t E .  

Consider a linear *functional of norm 5 1 on a subspace A of a seminormed 

space B in the topos E 

A V B  

P -1 
*RE 

By Corollary 4.1, we know that *RE = e , q E .  It is equivalent to consider a lin- 

ear functional of norm 5 1 on the inverse image of e*A which is a subspace of a 

seminormed space e*B in the topos yC by the adjointness of the direct and inverse 

image functors. Thus we obtain the following diagram 

in y&, where, because y& is a De Morgan topos, the Dedekind reals in y&, 

coincide with the MacNeille reals, *qE as seen in the beginning of this chapter. 

Passing back dong the adjointness, it may be seen that the extension of the linear 

*functional in £ is equivalent to the extension of the linear functional in the Gleason 

cover of E. 

Applying the Hahn-Banach theorem to the subspace e*A of the seminormed 

space e*B in the Grothendieck topos y£, ive obtain a quotient map 

of compact completely regular locales in y&. 

Now Theorem 2.4 can be appIied to this quotient map 



of dual locales in the topos y&. The point of the locale F n  e*A which corresponds 

to a linear functional 

may be lifted to a point of the locale Fn e*B which corresponds to a linear functional 

which is the required extension. Thus we obtain the following diagram 

in y&. By adjointness, this provides an extension of the linear *functionaI of norm 

< 1 to  a linear *functional of norm < 1 on the seminormed space B. Thiis we 

obtain the following diagram 

in I ,  as required. 13 

Since the conditions in which the Hahn-Banach theorem holds has been estab- 

lished in the topos of sheaves on a locale, one may apply these results in the topos 

of sheaves on a topological space X where O(X) is the locale of open subsets. 

Example : Burden's proof of the Hahn-Banach theorem [BI in the category of 

sheaves on a topological space X considered functionals from the serninormed space 

B into the MacNeille reals though there was no mention of the notion of extremally 

disçonnectedness. In [37], the connection to extremally disconnected spaces was 

investigated and Burden's proof of the Hahn-Banach theorem was proved in the 

following form: 



Theorem 4.6 ((371, Theorern 1) If A is a subspace of the seminormed space B i n  

the category of sheaves on a topological space X ,  then nny linear *functional 

rnay be extended to  a linear *functional 

on the seminormed space B having identical norrn. 

It may be remarked that the sheaf Rx of continuous real functions on X are not 

constructively complete with respect to  their partial ordering and so as explained 

earlier in this chapter, the MacNeille reals *Rx in the category of sheaves on the 

topological space X must be considered. In this case, the MacNeille reals are given 

by the  pairs f = ( j ,  f^) conçisting of a lower semicontinuous real function f and an 

upper seinicontinuous real function f satisfying the condition that f is the greatest 

lower semicontinuous function less than f ,  and f is the least upper semicontinuous 

function greater than f. The proof of the Hahn-Banach theorem in this form, again 

depends on the Gleason cover. In other words, given any topological space X, there 

cxists the canonical geometric morphism e : y X  + X where the Gleason cover 

yX is extremally discomieçted (see Remark 3.1). Thus the topos of sheaves on 

the topological space yX satisfies (DML) and so the Dedekind reals and the 

MacNeille reals *qx coincide. By Corollary 4.1, the MacNeille reals *Rx are the 

direct image of the Dedekind reals qx-. Algebraically, if the topological space yX 

is extremally discorinected, t hen the ring C (y X) of coritinuous real-vduecl functions 

on yX satisfies (DML), i.e., C(yX) is a Baer ring (1381, Theorem 3). This concludes 

our example. 

In conclusion, if E is a topos of sheaves on a locale L, then every linear functional 

on a subspace of a seminormed space in E has a n  extension precisely if the locale 

L is extremally disconnected. Of course this occurs exactly if the topos E defined 

localically over Sets  is a De Morgan topos, and so the Hahn-Banach theorem applies 

naively exactly if the locale is extrernally disconnected. 



Chapter 5 

Application II: The real closure of 

an ordered field, De Morgan's law 

and classifying toposes 

In this chapter we will define what is rneant by De Morgan's law (DML) in ca tc  

gorical logic, due to Joyal and Reyes [26]. Our first application will be the proof of 

the existence of the real closure of an ordered field in any topos E of sheaves on a 

Boolean space as shown by Bunge [3] .  The proof in [3] irnplicitly rnakes use of the 

Gleason cover of E as remarked by Johnstone. The second application will be the 

conditions needed for a elassifying topos of a geometric theory 7 to satisfy (DML), 

due t o  Bagchi (11. 

Notions in model theory such as existentially complete structures, model corn- 

panions and mode1 completions of a theory 7 may be studied in the framework of 

categorical logie. But first, we remind the reader of the definitions of these well 

known notions in model theory. Let f be a first order language, and let 7 and 7' 

be two theories in C. 

Definition 5.1 

1. The rnap M 4 N E Mo&(T) is an extension if for every primitive relation 



R (including =) of the language of 7, the diagram 

Mn N'L 

t t 
M W )  + N ( W  

is a pullback. 

2. Let M and M' be structures. M' is said to be an elementary extension of M ,  

denoted M i M t ,  iff 

(a)  M t  is an extension of M, M c MI, and 

(b) Ml is elernentarilp equivalent to M ,  denoted M = Ml,  Le., if for any 

sentence X, either M X and Ml X or M 1 X  and il/It lx. 

3. A substructure M of a structure Mt is said to be existentially complete in M' 

if every existential sentence which is defined in M and truc in Ml is truc in 

M also. 

4. The theory 7' is said to be model-consistent relative to 7 if each model of 7 

can be embedded in a model of T .  

5. The theories 7 and T are said to be mutually model-consistent if each is 

model-consistent relative to the other. 

6. The theory '7 is said to be modeLcomplete relative to T if whenever BI is a 

model of 7, Mt and M" are rnodels of 7' and contain M as a substructure, 

and X is a sentence defiried in M, then M' satisfies X iff M" satisfies X. If 

T* is model-complete relative to itself, then 'T is said to be model-complete. 

In other words, T is rnodel-complete iff whenever a model Mt of T is an 

extension of a model M of T ,  then M' is an elementary extension of M. 

7. The theory T* is called a model completion of T if 

(a) 7' contains 7, 

(b) 7' is model-consistent relative to 7, and 



( c )  T* is model-complete relative to 7. 

I t  is known that if 7' is a model completion, then 7' is model-complete itself. 

8. The theory T is called a model companzon for 7 if 

(a) 7 and 7' are mutually model-consistent, and 

(b) T is model-complete. 

9. A theory is said to have the amalgamatzon property if whenever M, Mt and 

M"' are models of the theory and M is a substructure of both M' and MW, 

then there is a model M"' of the theory such that the following diagram 

commu t es 

where + denotes S .  

Let us now look at some examples. An algebraically closed field is existentially 

complete in the sense that every existential sentence defined in it  and true in some 

extension of it is slready true in it. Moreover, let 7 be the theory of fields and 7' 

be the theory of algebraically closed fields. Tlien, 'P is model-consistent relative 

to  7, for every field is containecl in an algebraically closed field. Furthermore, 7' 

is model-complete relative to T. Since T contains T, T is a model completion 

of 7 (up t o  logical equiwlence). The latter implies by definition that 7* is a 

model companiori of 7 (the converse is not necessarily true, since the theory of real 

closed fields is not model-complete relative to the theory of formally real fields). 

By Proposition 5.1 (below), 7 has the amalgamation property. Another exarnple is 

that the theory of real closed ordered fields is the model completion of the theory 

of ordered fields. Note that some theories may fail to have a model cornpanion, as 



for instance the theory of groups. In this situation, the notion of finite and infinite 

forcing must be examined. 

In the case that the theory 7 is coherent, notions in model theory may be related 

to (DML). We want to show the categorical logic analogue to the classical 

Proposition 5.1 Let 7' be a model cornpanion o f 7 .  Then the following are equiv- 

alent: 

1. T 2s a rnodel completion of T. 

S. 7 has the amalgamation property. 

Let us recall that in categorical logic, a model of s theory 7 is an interpretation 

7 Sets. It is known that the category of al1 models of 7, Mod(7) is a full 

subcategory of the functor category setsT. 

A site is constructed consisting of a coherent theory 7 viewed as a category with 

a Grothendieck topology on 7 defined as follows: for each rnonomorphism A A B 

in 7, let F, be the family of monomorphisms 

Let C 

ning t 

be the Grothendieck topology generated by those families 

,hrough the monomorphisms of T. A model of 7 is existent 

transforms families from C into surjective families in Sets. 

Fj,  with j run- 

ially closed iff it  

In the case that the topology C is finitary, i.e., that the covering farnilies 

{ A  A B} u {A' H B 1 A' A A = 0) 

can be refined into finite covering families of the topology C, the coherent theory 

C - ' 7  (see Chapter 1) is the model companion of 7. 



Remark 5.1 

1. The Grothendieck topology C on a coherent theory 7 was motivated by the 

result that if M is a model of T then M is existentially closed iff for any 

monomorphism A >+ B in 7, we have 

M ( B ) = M ( A ) U  U M (A'). 
A i ~ A = O , A ' w B  

2. Recall that given a propositional geornetric theory, one may construct a locale. 

Similarly, any distributive lattice D generates a coherent theory 7. The 

models of 7 are exactly the prime filters of D and the existentially closed 

models are exactly the maximal filters of D. 

The logical aspect of (DML) can be realized as a condition on a theory 7, that 

is, l ( A l  A AZ)  = l A i  V 7A2 for Al,  Aî H B E 7. An equivalent condition is that 

-iA i/ 1 1 A  = B for al1 A M B E 7-. 

Thus, the f'ollowing result is obtained. 

Proposition 5.2 ([26]) Let 7 be a coherent theory. Then 7 admits a model com- 

panion and M o d ( T )  has the amalgamation property z;ff for each B E 7, the lattice 

of subobjects of B admits a negation satisfging T A  V -TA = B. 

Remark 5.2 

1. It is exactly this case where T admits a mode1 completion. 

2. Recall Theorem 3.1 that for a Boolean topos S and an interna1 category C in 

the topos SC'', C satisfies the Ore condition iff SCo" is De Morgan. This is 

equivalent to saying that any diagram 

in COP can be embedded in a communative square. This occurs exactly when 

M o d ( 7 )  h a  the arnalgamation property. 



An interpretation 7 ft E of 7 in an arbitrary topos E rnay be extended to  the 

Robinson theory 7, generated by 7: 

Consider the diagram 

T It E Y Sets 

A mode1 M of E is said to be generzc if M o K is an interpretation of T-, which 

preserves negation. In this case A l  o K must coincide with the unique extension 

of M O I to 7,. A necessary and sufficient condition for M to be generic is that 

M 0 K transforrns dense monomorphisms of T-, into isomorphisms. Note that if 

M is a model of £ the composite M o K does not preserve negation in general. I t  

is clear that 7, must be a theory that best approximates 7 and aclmits a model 

completion. 

Next recall, from Chapter 3, the diagram 

where i is the çanonical inclusion, e is the canonical geometric morphism and, yE 

is the Gleason cover of a topos E. Note that SA,,(&) is a Boolean-valued model 

of set theory (see Chapter 1). It is exactly this diagram that will be needed in the 

following results leading up to and including the proof of the first application. We 

will make use of the following observations: 

1. Any Boolean algebra B may be extended to a çomplete Boolean algebra *B, 

i-e., the MacNeille completion of B, such that the elements of *B are the 

17-closed elements of the frame I d @ ) .  ' 

2. The Gleason cover yE of ûny topos E = ShIc(B) of sheaves on a Boolean 

algebra B for the finite cover topology is y(ShJ,(B)) = Shfc(*B). 



3. (Shsc(B)),, = Sh, (*B) ~t Sh  fC(B) must factor through the Gleason cover, 

since it is Boolean and hence De Morgan, and the rninimality of the latter 

says that in the factorization 

with e a surjection and i is flat, i.e., i is an inclusion for which i, preserves 

first-order logic (b', -+, 1) 1321. 

Lernma 5.1 Let 7 be a coherent t h e o ~ y ,  B Be a complete Boolean algebra and let 

J be the subtopos of Shjc(B) given by the -7- topology. If M + N E M o d s i L , ( ~ )  (r), 
then i M  3 ilV E M O ~ ~ , ~ , ~ ( ~ ) ( ' J ) .  

Proof. ([7]) Since Sh,(B) satisfies the axiorn of choice (Le., epimorphisms split), 

i preserves images and it is enough to show that i preserves V (i preserves A, t 
automatiçally since it has a left adjoint). But this follows by using characteristic 

morphisms, from the fact that B v S1 E Shfc(B) preserves V, whenever B is 

complete. (In topological terms: in an extremally disconnected Stone space, the 

regular open sets coincide with the clopen sets and the supremum of two clopen is 

just their union). CI 

The following definitions and results will be needed for Our first application in 

which the existence of the real closure of an orclered field in a topos of sheaves on 

a Boolean algebra B is proved. 

Definition 5.2 ([3], Definition 1.2) Let M and N be categories of structures for 

a languüge L, with M a subcategory of N. It is said that M has the prime rnodel 
J extension property in Af if: given K E N, there exists an extension K -t K E N,  

with R E M such that for any extension K 4 Kt E N, with Kt E M, there exists 

a (not necessarily unique) extension ?j : K + Kt ,  such that the following diagram 



comrnutes 

Let 7 -t 7 be a quotient of coherent theories. Let E be a Grothendieck topos. 

Definition 5.3 (131, Definition 2.1) A pair < $(y), 4 ( x , g )  > of formulas (of the 

language of 7 + 7) is called a 7-defining pair if 

Definition 5.4 ([3], Definition 2.2) There is a geometrzc equzvalence on 'f-defining 

pairs in E ,  provided that given any two 7-defining pairs < $, 4 > and < $', 4' >, 
<tCI +> thme cxists a coherent formula such that for any K E ModE(T) ,  if K 

+(a) and K +'(at), then i t  follows that 

' (a ,  a') tt Vx [$(z, a) tt #(x, a')] } . K l= {e<,,45 

Definition 5.5 ([3], Definition 2.3) The quotient 7 + 7 has the Sturm property 

in E if given that 

with +, 4 open and coherent, and given I( E M o d E ( 7 ) ,  with IC $(a) ,  there 

exists a çoherent formula $(s, y) with < +,$ > T-defining, such that 

Theorem 5.1 ([3], Theorem 2.4) Let 7 -+ 7 be o quotient of coherent theories 

such that T zs consistent and can be axiomatized 6y seqsents of the f o m  $(y) + 
3x4(x ,  y), with +, q5 open and coherent. Assume that 7 -t 7 has the Sturm property 

i n  u Grothendieck topos E and that there is a geometric equiualence of 7 - d e j n i n g  

pairs i n  E. Then, MO&(T) has the prime mode1 extension property in  M o d E ( 7 ) .  



Proof. For K E Mod&T), form the coproduct 

On K*, an equivalence relation is defined via the subobject E of K* x K* given by 

Let E ~ ~ ~ K *  't l? be a coequalizer diagram. We rnake R into a structure in the 

obvious way. For b E K, the notation b = makes explicit a representative 

for the equivalence class b. If a(yl , .  . . , gn) is an n-ary relation symbol, and if 

b i ,  . . . , b, E K are such that bi = [ G ~ < ~ , ~ , ~ ~ > ] ,  then letting K P a(b1,. . . , bn) iff 

Ic '~'91 - -  IJyn[(Ai=l...n 4i(yi, ai)) + &(pi, . . . , h ) ] ,  is independent of the choice of 

representatives and extends to al1 open coherent formulas cu(yl,. . . , y,). 
The crucial part is to prove that K E &1odE(7). Consider an axiorn for 7 as 

in the staternent of the theorem, and suppose that IC' @ ( b ) ,  where b = hl ,  . . . , bn, 
with bi = Define new formulas 

( X  2) = Y Y i i  /\ &(x, y)) -t +(x, 1/17 . . . , l/n)], 
i=l ... n i=l ... B 

where z = zl n - -  - n x,, corresponds to a = al n - - - n an. 

Note that 

and that K $*(a).  

By the Sturm property, a coherent formula 4' (s, z) exists for which < $*, 6' > 

is 7-definhg and also I( V X [ ~ ( X ,  a) + @(z, a)] .  

Denoting a by ao, $* and &, respectively, by $0 and the above rnay be 

rewritten as follows 



and hence expresses the relation 

by letting bo = [ao,~o,40,] .  Therefore, K 3x$(x,  b), as required. 

A morphism K 4 K can be defined a s  the composite K 1; K* 4 K, where f '  is 

the injection into the coproduct corresponding to the %lefining pair < y = y, z = 

y >, and is easily shown to be an extension. To verify that it  is a prime extension to 

a model of 7 in I, let K 4 K' be an extension with Kt  a mode1 of 7 in E. Define 

l? 4 Kr as follows. Given b E K, say b = [a<+,+], let 96 be the unique x for which 

1 '  4 .  a ) .  If also b = [a,qt,u,], from K V . N [ ~ ( X ,  a )  tt #(x, a')] follows 

from K' Vs[$(z, ga) tt #(x, ga')] and, therefore, Sb is well clefined. Finally, 

.g 0 f = 9 since, given any a E K ,  ij( f a )  = g([~<~,=, ,~=,>]) ,  and the unique x for 

whiçh K' (x = ga) is i j ( fn)  = ga. 0 

It was remarked ([3], Remark 2.6) by Johnstone that  the argument which will be 

used to prove our first application works for any topos E for which we know how to 

construct real closures in Sh,,(ê), e.g., for any localic Grothendieck topos E ,  since 

then Sh,,(E) is a Boolean-valued model of Set Theory. Thus for E = Shf,(B),  the 

proof of the real closure of an ordered field make up an instance of the factorization 

of the inclusion Sh,,(E) -+ ê through the Gleason cover of E. Also note that  since 

Sh,(*B) is a Boolean-valued model of Set Theory, real closures exist there. We are 

now ready for the proof of Our first application. 

Theorem 5.2 Let B be a Boolean algebra and let K be a n  orderedfield in ShI,(B). 

Then, K hus a real closure. 

Proof. ([3]) Let Ic E Mo&,,,(q(T). The theory 7 of real closed fields is the 

quotient of the (universal) theory 7 of ordered fields by the axioms 

z 2 O * 3y(y2 = 2) 

true =Ely(y71+1 + ~ , ~ c , y ' '  + - + xo), for each n even. 



Hence, it h a .  the axiomatization required by Theorem 5.1. Embed B into a complete 

Boolean algebra *B and eonsider the geometric morphisms 

Since Sh,,(*B) is a Boolean-valued mode1 of Set Theory, the ordered field ae*K E 

Modsh, ('7-) hm a real closure 

ae* K A I( 

with K E M 0 d ~ , ~ , ( . ~ ) ( 7 ) .  Since i is flat, i t  preserves finitary logic, and so il? is a 

real closed field in Sh,(*B). Moreover, since e*K is an ordered field, we still have 

an extension 

Sturm's theorem ([11],[15]) gives an algorithm which makes sense in any topos, 

provided the ordered field one applies it to  is already contained in some real closed 

field. Such being the case for e*K above, we use i t  in order to establish what 

we have called the Sturm property [Definition 5.51 for 7 -+ 7 in ShI,(B). Let 

I( + 1/>(â), where 7 i- Vy[+(y) + 3x+(x, y)]. Then, also e*K $(e*a) as well as 

il? @@*a), since ?1, is coherent. By Sturm's theorem, there exists k > O and 7- 

defining pairs < $ j ,  dj >>j=i,...,k, with $j, +j coherent, S U C ~  that for some 1 5 j 5 k, 

7 t Vg[ll>(g) -t $ j ( ~ ) ] ,  while for a11 1 5 j 5 k, e*K VZ[$~(X,~*U) -+ &(x, e'a)]. 

Let jo be the smallest j for which 

and let 6 = $ j o .  Shen, < II>, 6 > is T-defining and 

from which i t  follows [7] that 



and therefore, since e* is faithful, that 

In other words, 

as desired. The geometric equivalence on 7-definhg pairs in Shjc(B)  is established 

similarly. O 

Remark 5.3 Sturm's algorithm gives the number of roots of relevant polynornials 

over e*K in any real closed extension of e * K  and these roots are "definable" over 

e*Ii'. Now, Shj,(*B) is the Gleason çover of Shj,(B), thus the geometric morphism 

e : Slt fC(*B) -+ Shfe(B) is a surjection, i.e., e* is faithful and therefore e* reflects 

the definability of these roots back to K. This fact allows us to add them to K 

formally in order to get the real closure K -+ f( in Shp(B) .  

We now look into our second application, by Bagchi [l], that the conditions 

under which the triith-value object of a classifying topos (see [18]) of a geometric 

t,heory 7 satisfies De Morgan's law (DML). 

Let Bw be the class of pseudocomplemented distributive lattices with O and 1. 

This class is called the class of distributive palgebras. B, is the equational class 

axiomatized by the axioms for the class of distributive lattices with O and 1 together 

with the following axioms, due to Weispfenning [43], 

3. Vx, y (x A -(x A 3) = x A i y ) .  

Then the equational subclasses of Bu are the members of the following w-chain: 



where contains only the trivial algebra with O = 1. Bo is the class of Boolean 

algebras and is axiomatized by the axiorns for distributive palgebras and Vx(z V 

~x = 1). BI is the class of Stone algebras and is axiomatized by the axioms for 

distributive palgebras and Vx(1x V l l x  = 1). In general for al1 r 2 1, Br is 

axiomatized by the axioms for distributive palgebras and by the axiom Ir [31] as 

fol~ows: 

Ir may be rewritten as the following equation 

Remark 5.4 

1. The axioms characterizing the class of Stone algebras, Bi (r = 1)) are precisely 

(DML). 

2. The axioms characterizing Br) for r 2 2, are weaker than De Morgan's law 

(WDML) [19]. 

3. Any complete Heyting algebra is a distributive palgebra. 

We need to introduce more new concepts. Assume the language 13 is a countable 

relational language. Let E:(Mod(T)) be the lattice of equivalence classes (with 

respect to 7-provability) of existential positive formulas for some theory 7 and let 

D E Z ( M o d ( 7 ) )  be the lattice of equivalence classes (with respect to 7-provability) 

of srbitrary disjunctions of existential positive formulas for some theory 7 where 

the subscript n indicates the free variables of the formulas under consideration are 

among xl , . . . , x,. For every n E w ,  EZ(Mod(7)) is a sublattice of DE,+ (Mod(7)) 

and both lattices are distributive lattices with O and 1 as follows. 

Definition 5.6 

1. #MOd(T) = {$J E DE: 1 Mod(7) t$ et Ij>) where M o d ( T )  0 rneans that 6 

holds in every mode1 of 7. 



2. For every <P c DE;(Mod(7) ) ,  

3. Let 4, 1C> E DE: ( M o d ( 7 ) )  be given, the operations A, V, +, tt refer to the log- 

4. For every Q> c E;(Mod(T)) ,  

I sp(@) = ideal spanned by 8 in EZ(Mod(7)).  

I d l ( M o d ( 7 ) )  = {aMO"n c E$ ( M o d ( 7 ) )  1 @MOd(T)  zs an ideal). 

Definition 5.7 Let L be a distributive lattice with O and 1. L is called a distribu- 

tive arithmetical lattice iff 

1. Comp(L)  = { a  E L 1 a is compact) is a sublattice of L containing 1, and 

2. for every a E L, a = V{b E Comp(L) 1 b 5 a } .  

Let L be a complete Heyting algebra. It is known that for every a E L, L<. - = 

{ b  E L 1 b < a) is a complete Heyting algebra with the symbols O', l', A', v', +', 1' 
defined as follows: 



Proposition 5.4 In view of Proposition 5.3, we may define the map 

h : DE,+(MO~(T) )  -+ I ~ ~ ( E , + ( M o ~ ( T ) ) )  : (V 9)M0d(T) ct I S ~ ( @  M ~ ~ ( ' O ) .  

h is a lattice isornorphism with inverse 

ht : I & ( E ; ( M o ~ ( T ) ) )  + D E , + ( M O ~ ( T ) )  : I V VI .  

Proof. h is clearly injective and surjective, and by Proposition 5.3, both h and ht 

preserve order. Moreover hC is clearly the inverse of h. CII 

We are now ready for the first conditions in which the rt" Lee identity Ir is 

satisfied. 

Proposition 5.5 ([l], 111.18) Let L be a distributive arithmetical lattice. Then, 

fo r  every a E Comp(L),  L<. - satisfies Ir w L satisfies Ir. 

Proof. (+) This is immediate as 1 E Comp(L) and L = LSl. 

(e) Let a E Comp(L) and (y i  E L<, - 1 O E 0,. . . , r) be given such that for al1 

i , j  € 0  ,..., r , i # j + 1 ~ i r \ ' y ~ = O .  H e n c e f o r a l l i , j ~ O  ,..., r , i # j = + u ~ ~ A 1 ~ i =  

Yi  A' yj = O. Hence by assumption ViEO ,..., ,.(-yi) = 1. Hence Vico ,..., ,.("2/i) = 

Vie0 ,..., ~ ( T W  A a )  = (ViE0 ,..., r -yi) A a = 1 A a = a = 1'. AS a E C O ~ ~ ( L )  was 

arbitrary, this establishes the result. 0 



Corollary 5.1 ([1], 111.19 For every n E w,  ( D E L ( M o d ( 7 ) )  satzsjies I:) ++ (for 
every 4M0d(T) E E,+ ( M o d ( T ) ) ,  DEz(Mod(7 ) )  , , ~ , d , ,  - satisfies I:)). 

Proof. D E $ ( M o d ( n )  is a distributive arithrnetical lattice with 

E:(Mod(7) )  = Com,p(DE:(Mod('T))). 

Let Sh(C, J) be the classifying topos of a geometric theory 7. Let the sieve R on 

the object {z 1 X (x)) be given. Then C?{x 1 X (x)) denotes the collection of sieves on 

the object {x 1 X(x)) and S ~ J { X  1 X (x) } denotes the collection of J-closed sieves on 

the object {z 1 X(x)). Note ([l], Corollary IV.19) that I ~ Z ( E ~ ( M O ~ ( ~ ) ) < ~ M ~ ~ I ~ T ~ )  - 

and QJ{x 1 X ( x ) )  are isomorphic as lattices. 

I t  is precisely this next result that allowed Bagchi to reduce the problem of 

determining the conditions under which the truth-value object of a classifying topos 

of a geometric theory 7 satisfies the identity 1, to the problem of determining the 

conditions under which, for every n E w ,  DE$(&fod(T)) satisfies Ir.  Note that 

the satisfaction or forcing relation, denoted (t, used in the next proof, is defined 

as follows [26]. Let (C, J )  be a site and C be a first-order language. Let U be a 

set-valued functor on C and U 4 Ü its associated sheaf. The inverse image q-l is 

a lattice isornorphism between the subsheaves of and the closed subfunctors of 

U .  A formula 4 whose free variables are among XI, . . . , x,, will be interpreted as a 

rnonornorphic subfunctor 4 H U". For (al,. . . , a,) E ?(A), where each ai E U ( A ) ,  

and is denoted by Alk &[al, .  . . , an]- 

Corollary 5.2 (111, IV.20) Sh(C, J )  Ir * for every n € w, DE:(Mod(T)) + 
Ir * 
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