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Abstract

" In intuitionistic propositional logic, one of the so-called De Morgan’s laws is not
valid. This thesis studies the non intuitionistically valid one, namely, -(¢ A ¢} =
—¢V -, {(denoted by (DML)), with examples and applications in topology, algebra,
analysis, logic and topos theory. In particular, we recall the Gleason cover of a topos
which is a universal construction of a De Morgan topos covering the given one. This
construction is then used in connection with the Hahn-Banach theorem in any topos
of sheaves on a locale, and in order to obtain the real closure of an ordered field in
any topos of sheaves on a Boolean space. We also show that an algebraic analogue
of (DML) may be related to the Zariski spectrum of a ring. Finally, we examine

(DML) in the contexts of model theory and locale theory.



Résumé

Dans la logique propositionelle intuitioniste, une des lois de De Morgan n’est
pas valable. Cette thése étudie la loi qui est non intuitionellement valide, c’est a
dire, =(¢ A ¥) = —¢ V =), (dénoté par (DML)), avec des exemples et des applica-
tions en topologie, en algebre, en analyse, en logique, et dans la théorie des topos.
En particulier, nous rappelons le recouvrement de Gleason d’un topos qui est une
construction universelle d’un topos de De Morgan recouvrement le topos donné. En-
suite, cette construction est utilisé en connection avec le théoréme d’Hahn-Banach
dans un topos de faisceaux sur un locale et aussi pour obtenir la cloture réelle
d’un corps ordonné dans un topos de faisceaux sur un espace Booleén. De plus,
nous montrons que ’analogue algébrique de la (DML) peut étre relié au spectre de
Zariski d’'un anneau. Finalement, nous examinons la (DML) dans des contextes de

la théorie des modeles et de la théorie des locales.
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Introduction

In propositional logic, there are two identities that are called De Morgan’s laws.
In intuitionistic logic, only one of the De Morgan’s laws is valid. When we refer
to De Morgan’s law (denoted by (DML)) here, we mean the non intuitionistically
valid one, namely, —=(¢ A ) = ¢ V —1). A property that is equivalent to (DML)
is ¢ V 7—¢ = 1. In topology, we say that a space is extremally disconnected (i.e.,
the closure of every open subset in the space is open, i.e., clopen) if this property
holds for all open subsets in the space. This thesis presents various aspects of
De Morgan’s law with applications in topology, algebra, analysis, logic and topos
theory. In Chapter 1, we present the basic notions on lattices, locales, toposes and
logic that will be needed in the proceeding chapters. We refer the reader to the
sources [25],[18],[33], and [29] for more details. We have also relied on the notes for
the course on topos theory given by M. Bunge [4].

In Chapter 2, we present conditions equivalent to (DML) in a topos, due to
Johnstone [19]. The advantage of working in a De Morgan topos is that the not
necessarily valid Law of the Excluded Middle + ¢ V —¢ at least can be used in the
form - —¢ V =—¢ in the internal logic of the topos. We then proceed to analyse
two examples that illustrate some consequences of (DML). The first result, due to
Mulvey and Pelletier [36], shows that if one has a quotient map 7 : L — K of com-
pact regular locales in a De Morgan topos defined localically over Sets, any point of
the locale K may be lifted to a point of the locale L. The second example uses an
algebraic analogue of (DML) to connect the notion of extremal disconnectedness to
ring theory. In particular, it was shown by Niefield and Rosenthal [38], that if Ris a
commutative ring with identity and having no nilpotents, then the space Spec(R),
known as the Zariski spectrum of R, is extremally disconnected iff R satisfies the
algebraic analogue of (DML). In Chapter 3, we recall the construction and basic
properties of the Gleason cover of an arbitrary topos, taken from Johnstone [22].
The Gleason cover of a topos is a De Morgan topos by construction and has the cor-
responding universal property that given any geometric morphism with codomain

the given topos and with domain a De Morgan topos, it factors uniquely through



the Gleason cover. Its use will be apparent in the applications presented in Chapter
4 and Chapter 5. We then connect the Ore condition (i.e., any diagram of two
arrows in a category with common codomain embeds into a commutative square)
to (DML) in a topos, due to Johnstone {19], and to the notion of a relatively De
Morgan topos, due to Kock and Reyes [30]. A relatively De Morgan topos can be
defined in terms of its relatively complemented elements (Jibladze), i.e., the no-
tion of clopens and regular elements in a topological space or frame. We end this
chapter with a brief look at conditions equivalent to Booleaness and the notion of
complemented elements in connection to zero-dimensionality, both due to Bunge
and Funk ([5],(6]). In topology, a topological space is said to be zero-dimensional if
the clopen subsets of the space form a base for the topology.

In Chapter 4, we review the Dedekind real numbers in a topos and its completion,
called the MacNeille real numbers. We proceed to show that in a De Morgan topos,
the Dedekind reals and the MacNeille reals coincide. We then give an application
of the Hahn-Banach theorem, following Mulvey and Pelletier [37]. In Chapter 5, we
study the categorical logical analogue of (DML) and connect it to the notions of
model completion and the amalgamation property, due to Joyal and Reyes [26]. We
then proceed with an application, due to Bunge (3], namely, that the real closure
of an ordered field exists in any topos of sheaves on a Boolean space. Lastly, we
briefly present the conditions needed for a classifying topos to satisfy (DML), due
to Bagchi [1].

(DML) is an unusually interesting condition in that, while taking on quite seem-
ingly unrelated forms in different fields of mathematics, each of these equivalent
formulations have been independently recognized as an important one and used in
a variety of applications. For this reason, we believe that (DML) will continue to
be useful, particularly when the interactions between the many different forms that
it can take become better known. In this thesis, by bringing together, for the first
time, these different aspects of (DML), we hope to contribute to this worthwhile

pursuit.



Chapter 1

Preliminaries

1.1 Lattices
Definition 1.1

1. Let A be a partially ordered set (denoted poset), S be a subset of A. An
element a € A is a join (or least upper bound) for S, denoted by a =V S, if

(a) a is an upper bound for S, i.e., s < a for all s € S, and

(b) if b satisfies Vs € S(s < b), then a < b.

Dually, in any poset, we can consider the notion of meet (greater lower bound),
defined by reversing all the inequalities in the definition of join. We say
(A,V,0) and (A, A, 1) is called join-semilattice and meet-semilattice, respec-

tively.

2. A lattice A is a set with two binary operations V,A and two distinguished
elements 0,1, such that Vv (respectively, A) is associative, commutative and
idempotent and has 0 (respectively, 1) as unit element, and such that V and

A satisfy, for all a,b € A, the absorptive laws

aN{aVb)=a, aV(eaAb)=a.



(¥}

Moreover, A is called a distributive lattice if in addition Vv and A satisfy, for

all a,b,c € A, the distributive laws
aA(bVe)=(aAb)V(aAc),aV (bAc)=(aVh)A(aVc).

A homomorphism is a structure-preserving map. A lattice is said to be com-
plete if it has arbitrary joins and arbitrary meets(finite and infinite). Though
a homomorphism of complete lattices need not preserve meets. Note that a

lattice can be considered as a category with finite limits and all finite colimits.

. A Boolean algebra is a distributive lattice A equipped with an additional unary

operation - : A — A such that —a is a complement of a (i.e., ~a A a = 0 and
—aVa =1), for all a € A. Note that a Boolean homomorphism commutes

with -, and that -—a = a for all ¢ € A.

A Heyting algebra is a distributive lattice A equipped with an additional
binary operation — with the property that

(and)y <ciff a<(b—c),

for all a,b,c € A. The operation a — (—) is right adjoint to a A (—). The
negation (or pseudocomplement) of ¢ is —a = (& — 0) such that a A —-a = 0
but in general we do not have a vV —a = 1. This follows from the fact that —a
is not necessarily the set-theoretic complement of ¢ and ——a need not equal
a, for all @ € A. For example, it is known that the set O(X) of all open
subsets of a topological space X is a Heyting algebra in which the negation
of the open set U € O(X) is the union of all open subsets of X which do
not meet U, so is the interior of the set-theoretic complement of U, i.e., the
set-theoretic closure of U, and so, =——U is the interior of the closure of U.

Hence ——U may be larger than U.

Given a Heyting algebra A, we say a € A is regular (——-stable element) if
—=a = a. The set of all regular elements of A, with its induced order, is

denoted A--, and it is easy to verify that A__ is a Boolean algebra.
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A Boolean algebra B is a Heyting algebra since for all a,b,c € B
(aAb)<c iff a<-bVe,

so that one can take (b — ¢) = —bV ¢. The converse does not hold; for example, let
A be a totally ordered set with least and greatest elements 0 and 1. A is a Heyting
algebra, with implication defined by

a—>b =1 ifa<d

=b otherwise.
But A is not normally Boolean; in fact every a # 0 in A satisfies ——a = 1.
Definition 1.2
1. A subset I of a lattice A is said to be an ideal if

(a) 0 €1, and a,b € I impliesa Vb€ I; and

(b) I is a lower set; i.e.,a € I and b < a implies b € I.

For any a € A, we say the ideal | (a) = {b € A | b < a} is the principal ideal
generated by a. An ideal is said to be proper provided that 1 & I. A prime
ideal is a proper ideal satisfying (a A b € I) implies either a € T or b € I.
Dually,

2. A subset F of a lattice A is said to be a filter if

(a) 1 € F, and a,b € F impliesa A b € F; and

(b) a € F and a < bimplies b € F.

A filter F'is said to be proper provided that 0 &€ F. A prime filter is a proper
filter satisfying (aVV b € F') implies either a € F or b € F. A completely prime
filter F is a proper filter satisfying \/ B € F implies that there exists b € B
such that b € F. A filter F is mazimal if it is contained in no other filter, i.e.,

for any filter L such that F' C L one has F' = L.



We recall that a Stone space of a Boolean algebra B is a topological space with

g the set

D(a) = {F | a € F, Fmaximal filter},

for all a € B, forming a basis for the topology on the set of all maximal filters
on B. It is well known that the Stone space of B is a compact Hausdorff space.
The Stone space can equivalently be defined as the space of prime ideals P in the

Boolean algebra B with basic open sets of the form {P | a ¢ P}.

1.2 Frames and locales

Definition 1.3

1. The category Frm of frames is the category whose objects are lattices A with

all finite meets A and arbitrary joins V satisfying the infinite distributive law
anN V b; = v aAb;
i i

for each a € A and each subset {b; | i € I'} of A. A morphism of frames is a

function preserving finite meets and arbitrary joins.

2. The category Loc of locales is the opposite of the category Frm. The objects
in Loc are the same as in Frm; but a morphism of locales w : B — A is then

a mapping
m™:A— B

in Frm, called the inverse image mapping. A map of locales is said to be a
quotient map provided that its inverse image mapping is injective, which is

equivalent to its reflecting the order relation of the locales concerned.

It is easy to verify that for any topological space X, the set O(X) of all subsets

of X is a locale. Furthermore, for any continuous mapping f : X — Y, the map

e

O(f) : O(X) = O(Y)

6



of locales, of which the inverse image mapping f~! : O(Y) — O(X) is a map of
frames. The locale O(X) yields a functor

O : Topological spaces — Loc

from the category of topological spaces to the category of locales. This functor

admits a right adjoint (see [33])
Pts : Loc — Topological spaces

which assigns to each locale A the topological space Pts(A) obtained in the following

way.

Definition 1.4 A point of a locale A is defined to be a map of locales
z:1—2 A

to A from the locale 1 of open subsets of the singleton space.

The topological space Pts(A) is then obtained by endowing the set of points of
A with the topology of which the subsets

D(a) = {z € Pts(A) | z*(a) = 1}

for each @ € A are the basic open subsets. Any map of locales 7 : A — B induces

a continuous mapping
Pts(n) : Pts(A) — Pts(B)

by composition. It may be verified that the points of a locale A correspond bijec-
tively to the completely prime filters on A. A locale A is said to be spatial (ie., A
has enough points) provided that the coadjunction O(Pts(A)) — A is an isomor-
phism of locales. A locale A is spatial exactly if it has enough completely prime

filters, to ensure that
D(a) < D(b) implies a < b

for any a,b € A.
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Definition 1.5

1. A locale A is said to be compact provided that for any family (a;);c; of ele-
ments of A with V,¢;a; = 1 there exists a finite subfamily with a;, V---Va;, =

1.

2. A locale A is said to be regular provided that any b € A is the join of those
a € A which are rather below b € A, denoted by a <1 b, in the sense that there
exists ¢ € Asuch that aAc=0andecVvb=1.

3. A locale A is said to be completely regular if each b € A is the join of those
a € A which are completely below b € A, where a is said to be completely below
b, denoted by a <1<1b, provided that there exists an interpolation d;; € A, for
i=0,1,...,and £k =0,1,...,2% dependent on i, such that for all appropriate
ik
(a) dog = q and d01 = b;
(b) dix Qdigys;

(€) dik = dig1 2

Definition 1.6 A nucleus on alocale A is defined to be a map j : A — A satisfying
L. j(anb) = j(a) Aj(b), 2. @ < j(a), and 3. j(j(a)) = j(a),
for all a,b € A.

If j is a nucleus on A, we define the set of fized points A; = {a € A | j(a) = a}.
Since jj = j, the image of j is precisely A;. It is known that A; is a frame, and
J: A— Aj is a frame homomorphism, whose right adjoint is the inclusion 4; — A.
A sublocale of a locale A is defined to be a subset of the form A;, for some nucleus

j. Finally, we observe that for any element a in a locale A:

1. The map j =aV (—): A — A is a nucleus and its corresponding sublocale is

1 (a). Sublocales of this form are called closed sublocales.

2. Themap j =a — (-) : A — A is a nucleus and its corresponding sublocale

is isomorphic to | (a). Sublocales of this form are called open sublocales.

8
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3. A sublocale A; is said to be dense if it contains 04 (i.e., if j(0)=0).

4. == : A — A is a nucleus and its corresponding sublocale is A = {a € A |

——a = a}, i.e., the set of all regular elements of A.

1.3 The ——-topology

We begin by reminding the reader of some basic sheaf theory. Let C be a small
category, and let Sets¢” be the corresponding functor category. An object P :

C — Sets of Sets®” is called a presheaf on C.

Definition 1.7 Let C be a small category with pullbacks. A Grothendieck pre-
topology on C is defined as follows: for each object U of C, a set P(U) of families of
morphisms of the form {U; — U | i € I}, called covering families of the pretopology,
such that

1. For any U, the family whose only member (U = U) € P(U).

2. If V. — U is a morphism of C and {U; —» U | i € I} € P(U), then {V xyU; —
Vi]iel}eP(V).

3.U{U; B U|ieI}e PU)and {Vy; B U; | j € J;} € P(U;) for each i, then
v, B4 U\iel,je J;) € PU).

A presheaf F': C? — Sets is called a sheaf for the pretopology P such that the
diagram
FU) = [[FW) 2 TIFU: xu Uy)
i€l i,j
is an equalizer for every covering family {U; — U | i € I}. A sieve S on U is defined
to be a family of morphisms in C, all with codomain U, such that(V EN U)eS
implies (W 23 U) € S for any (W % V).

Definition 1.8 Let C be a small category. A site (C,J) is defined to be a small
category equipped with a Grothendieck topology. A Grothendieck topology on C is

9



defined by specifying, for each U of C, a set J(U) of sieves on U, called covering
sieves of the topology, such that

1. For any U, the maximal sieve {f | codomain(f) = U} € J(U).

2. IfSeJU)and V 4 U is a morphism of C, then the sieve f*(S) = {W %
V|fge S}

3. If S € J(U) and R is a sieve on U such that, for each V Lvin S, we have
f*(R) € J(V), then R € J(U).

We denote the full subcategory of Sets®” whose objects are J-sheaves by Sh(C, J).

Definition 1.9 (Lawvere-Tierney) Let £ be a topos. A topology in £ is a mor-
phism j : © — Q such that the diagrams

1 ™o 0350 and Ox0 5
true Ny 1§ i N 4 % 4 d i
0 0 QxQ D5 0

commute. If 7 is a topology, we write J > Q for the subobject classified by j,
and ; >— Q for the equalizer of j and 1 (equivalently, the image of 7, since j is

idempotent).

Remark 1.1 It is well known that if j is a topology in £ and X’ > X is a
monomorphism with classifying map X N Q, then o is j-dense iff h factors through

J > Q, and j-closed iff h factors through 2; >— €.

Definition 1.10 Let j be a topology in a topos £, F' an object of £.

1. F is said to be (j)-separated if, given any j-dense X’ >+ X and any pair
f
X 39 F such that fo = go, we have f = g.

2. F is said to be a (j)-sheaf if, given any j-dense X’ >~ X and any X' LF

there exists a unique X - F such that go = f.

Lemma 1.1 §; is a sheaf.

10



Proof. By Remark 1.1, morphisms X — §2; correspond to closed subobjects of X;
so it suffices to prove that if X' >— X is dense and Y’ >— X' is closed, there is a
unique closed subobject Y >— X such that Y N X' = Y’. But if we define Y to be
the closure of the composite Y’ > X' > X, it is immediate that Y N X' 2 Y";
and conversely, if Z >— X is any closed subobject with ZNX' =2 Y’ thenY' >~ Z
is dense (being the pullback of X’ > X)), and so Z is the closure of Y’ in X. O

We write Sh;(E) for the full subcategory of the topos £ whose objects are
sheaves. The topos Sh;(£) has a subobject classifier, namely the sheaf ;.

Theorem 1.1 (Lawvere-Tierney) Let € be a topos. Then —— is a topology in &,
and Sh--(€) is Boolean.

Proof. It is known that there is a bijection between topologies in £ and universal
closure operations on £. Thus we need only show that —— induces a closure oper-
ation on subobjects of X. Let X be any object of £. Then it is easily seen that
the unary operation on subobjects of X induced by — is order-reversing, and that
X' < ~X" iff X" < —X'. From this it follows that X' < ~—X' (take X" = —X")
and that - X' 22 -——=X'. It can be verified that the closure operation —— is univer-
sal; so = is a topology. Now to show that Sh_-(£) is Boolean, we need only show
that - is an internal Boolean algebra. This follows from the definition of (-,

i.e., that it is the equalizer of 1 and ——. O

Theorem 1.1 can also be explained by recalling the known result that a closure
operation is equivalent to a nucleus. And we have already seen in the previous
two sections that —— is a nucleus (in this case, on ) and the set 2, of regular
elements of €2, is Boolean.

The importance of the next result will be apparent when we recall the proof,
due to Johnstone [19], that certain conditions are equivalent to De Morgan’s law in

a topos.

11



Proposition 1.1 Let F' be an object of £. The following are equivalent:
1. F 1is separated.
2. The diagonal F >3 F x F is closed.

3. There exists a monomorphism F >— G, where G is a sheaf.
Proof. 1 = 2. Let F (>aﬁ)> F x F be the closure of A. Then a and b are equalized
by the dense subobject F > F, so they are equal; hence F' & F.
2 = 3. Since A is closed, its classifying map F x F < § factors through Q; > Q;
so the singleton map F >{i) QF factors through Qf. In general, it can be shown
that if H is a sheaf and X is any object of £, then HX is a sheaf. Since €, is a
sheaf by Lemma 1.1, Qf is a sheaf.

3 = 1. It can be shown that a subobject of a separated object is again separated.
a

Definition 1.11

1. (Lawvere) By a natural number object in a topos £, we mean an object N
together with morphisms 1 % N = N such that, for any diagram 1 5 X 2

X in &, there exists a unique N 4y X such that
15 N 3N
= N s T
X 5 X

commutes.

2. Let £ be a topos. £ is said to satisfy the aziom of choice (AC) if every object

of £ is projective, or every epimorphism in £ splits.

3. By a Boolean-valued model of Set Theory, we mean a topos £ which satisfies

(AC) and has a natural number object.

12
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Lastly, we need to define what is meant by an internally complete poset. Let
P = (P = P) be an internal poset in a topos. Then we have morphisms 1 (—) :
P — QP and | (=) : P - QF whose exponential transposes are respectively
the classifying maps of P, >» P x P and P >+ P x P. An internal poset P
is internally complete if there exists an order-preserving map QF Y P which is
internally left adjoint to the order-preserving map | (—). Recall that if P EN Q
and Q % P are order-preserving maps between internal posets, then f is said to
be internally left adjoint to g if P %) P x P factors through P, > P x P and
Q (f—g-$1) Q@ x @ through @,. It can be proved that

1. Q is an internally complete poset in any topos.

2. Let &, F be toposes, and & L, F a functor having a left adjoint L which
preserves pullbacks. If P is an internally complete poset in £, then TP is

internally complete in F.

1.4 Logic and toposes
Definition 1.12

1. Let the connective V be taken to be the supremum (of subobjects). A logical

category T is a cartesian category with

(a) images which are stable under pullbacks,

(b) finite sups of subobjects of a given object which are stable under pull-

backs. We say that V;c; A; = A is stable if for every B — A, Vie; B X4
A,; ~ B.

2. A logical morphism between logical categories f : T — T’ is a functor
which preserves finite inverse limits, images and finite sups. It is known that
Mod+(T) is the full subcategory of the functor category Func(7”,T) with
logical morphisms as objects. In particular, if 7' = Sets, then a model of a

theory T is an interpretation T <> Sets and clearly the category of all models

13
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of 7 in the topos Sets, denoted by Mod ge;s(T), is a full subcategory of the

functor category Sets’ .

3. A theory 7 in a first-order language L is said to be a geometric theory if all

its axioms are of the form

Vz(p(z) = ¥(z)) (1.1)

where @, 1) are geometric formulas, i.e., are built from the atomic formulas by
means of conjunction, disjunction, and existential quantification. An inter-
pretation M in a topos £ assigns to each geometric formula ¢(z) an object
in £, denoted by {z | #(z)}¥. An axiom of the form 1.1 is “true” for an

interpretation M if {z | ¢(z)}¥ is a subobject of {x | ¥(z)}M.

4. Let 7 and 7' be two geometric theories in the same language. Then 7 is a
quotient theory of 7' means that the axioms of 7' are a subset of those of 7.
This clearly implies that Modg(7) is a full subcategory of Mods(T") for any
topos £.

(1]

Coherent theories (or pretoposes) are categories having finite limits and finite
universal (or stable) disjoint sums (or coproducts). In addition these theories
have stable images and effective equivalence relations. It is said that a first-
order theory is coherent if it can be presented with axioms of the form 1.1
where ¢, are coherent formulas, i.e., are built from the atomic formulas by

means of A,V and 3, 1 (denotes true), | (denotes false). Negation is not

allowed.

6. Robinson theories are pretoposes such that for every X > Y, =X > Y
exists with the property X' A X =0 & X' < =X, for all X’ in the ordered
set of subobjects of Y.

A quotient S~!7, called a category of fractions, may be constructed in the

following way

14
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1. The (usual) calculus of fractions allows one to construct a category of frac-
tions. In particular, for a coherent theory, a calculus of fractions consists
of a set S of monomorphisms, to be inverted, and satisfying the following

conditions

(a) S includes all isomorphisms and is closed under composition and inverse

image.
(b) If A% B and B' > B, then f-'(B') e S= B' € S.

(c) If Ay >= By, Ay > B, € S, then A; + A, - Bi+B, € S.

2. One adds “formally” quotients of the new equivalent relations of the category

of fractions.

We end this chapter with the construction of a locale L given a propositional
geometric theory 7. This locale L is called the locale of the theory T. A proposi-
tional geometric theory T is a set whose members are called primitive propositions

together with a set of axioms, each of the form

PUA-- A (it Ao Athin)

in which ¢; and 1;; denote primitive propositions and in which the symbols A and
V are to be interpreted as conjunction and disjunction. We obtain the locale L by
considering the propositions which may be formed by taking arbitrary disjunctions
of finite conjunctions of primitive propositions, modulo the equivalence relation
of provable equivalence in the theory, together with the partial ordering given by
provable entailment in the theory. The following remarks establish that L is a

locale.

1. L has finite meets and arbitrary joins from the operations of finite conjunction

and arbitrary disjunctions in the theory 7.

2. The identity and zero elements of L correspond to the logical constants true

and false.
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3. It can be verified that finite conjunctions provably distribute over arbitrary

disjunctions.

This method of obtaining a locale L from a propositional theory 7 describes
constructively the nature of the points of L without supposing it has any. Recall
that a point z : 1 — A of a locale is an A \/-homomorphism z* : A —  into the
lattice Q of subsets of the singleton set 1. The lattice 2 can also be considered to
have identity element true and zero element false. Thus the points of the locale L
of the theory 7 correspond exactly to the models of the theory. Hence, L is spatial
exactly if it has enough points, or equivalently the theory 7 has enough models.

An example of the construction of a locale from a propositional geometric theory
is the locale Rg of real numbers in a topos £, due to Joyal and Tierney. It may be
described as follows. The primitive propositions which generate the propositional

geometric theory Fg are those given by

T € (g,7)

for each pair g, r of rationals, together with the following axioms which express that

the symbol z is to denote a real number lying in the open interval (g, r):

1. z € (¢,r) I false whenever q > r;

o

.x€(g,r) Nze(d,"Yrze(gVvd,rAT);
3. z€(¢g,r)Fze(q,r) V z€(¢,r) whenever g < ¢’ <1’ <1}

4. Tz € ((I7 T) H Vq<q'<r'<rm € (q', TI);

ot

true - V, o,z € (q,7).

Thus the locale R¢ of reals is clearly the locale of the theory Rg. Furthermore,
taking a model of the theory is equivalent to assigning to each rational ¢ and to
each rational r a truth value for the proposition that ¢ < z and the proposition
z<r.

The axioms precisely express that one obtains a Dedekind cut on the rationals

in the topos £. Thus, the space of points of the theory will be exactly the Dedekind
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reals in the topos, given the topology induced by rational open intervals. This
description of the locale Rg as a propositional geometric theory Rg as well as the
following consequence will be needed in the application of the Hahn-Banach theorem
in Chapter 4. Any A\-homomorphism from the locale L into a locale A may be
considered to be a model of 7 in that locale. The maps of locales from A to L are
therefore obtained by considering assignments to each primitive proposition of 7
an element of the locale A4, in such a way that the axioms of T are realized in the

locale.
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Chapter 2

\

DeMorgan’s law in toposes

In this chapter, we review De Morgan’s laws and the connection to extremal discon-
nectedness and then proceed to give a list of conditions equivalent to De Morgan’s
law in a topos, due to Johnstone [19]. We end this chapter by considering two re-
sults to illustrate topos-theoretical and algebraic aspects of De Morgan’s law. Both
results use the concept of a locale. The first result, due to Mulvey and Pelletier

[36], shows that if one has a quotient map
7: LK

of compact regular locales in a De Morgan topos £ defined localically over Sets, any
point of the locale K may be lifted to a point of the locale L. The second result,
due to Niefield and Rosenthal [38], uses ring theoretic results about De Morgan’s
law and relates them to extremal disconnectedness in ring theory.

There are two so-called De Morgan’s laws in propositional logic, namely

—(aV b) =-aA-b (2.1)

—(a A b) = —aV —b. (2.2)

The first De Morgan’s law 2.1 always holds in intuitionistic propositional logic,
thus in a locale in any topos. This follows from the adjointness of A and — in

any Heyting algebra H. However, the second De Morgan’s law 2.2, which we will
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denote by (DML), may fail to hold in general (> is always true). This follows from
the fact that —a is not necessarily the set-theoretic complement of @ and ——a need

not equal a, for all a € H (see Chapter 1).

Definition 2.1 A locale A is said to be eztremally disconnected if it satisfies the

following equivalent conditions:
1. The identity —(a A b) = —~a V —b holds for all a,b € A.
2. The identity —a V =~—¢ = 1 holds for all a € A.

3. Every —~—-stable element of A has a complement, i.e., A, coincides with the

subset A¢ of complemented elements of A.

4. A__ is a sublattice of A.

Remark 2.1

1. Note that condition 1. in Definition 2.1 is precisely (DML) and condition 2.

in Definition 2.1 is equivalent to saying that a locale A is a Stone algebra.

2. A space X is said to be extremally disconnected if the closure of every open

set in X is open (i.e. clopen).

3. In terms of locales, a topological space X is extremally disconnected iff the

locale O(X), of open subsets of X, is.

One example, due to Gleason, of the notion of extremal disconnectedness in
topology is the following theorem. Recall that for X, Y topological spaces, a topol-
ogy for a function space G C YX is admissible iff the map P : G x X — Y defined
by P(g,z) = g(z) is continuous.

Theorem 2.1 ([13]) The projective objects in the category of compact Hausdorff

spaces are precisely the extremally disconnected spaces.
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Proof. In ([13], Theorem 1.2), it was proved that in any category of topological

spaces and maps for which the following conditions were satisfied

1. All admissible maps are continuous.

2. If A is an admissible space and {p, ¢} is a two-element space, then A x {p, g}

and the projection maps of this space onto A are admissible.

3. If A is an admissible space and B is a closed subspace of A, then B and the

inclusion map of B into A are admissible.

a projective space is extremally disconnected. Thus conditions 1, 2, 3. above need
only be verified. Conversely, let A be an extremally disconnected compact space,
let B and C be compact spaces, let fi be a continuous map of B onto C, and let
f2 be a continuous map of A into C'. We must prove that there exists a continuous
map g of A into B such that fo = fy0g.

In the space A x B consider D = {< a,b >| f2(a) = f1(b)}. This set is clearly
closed and therefore compact. Since f; is onto, the projection 7, of A X B onto A
carries D onto A. It can be shown that since A and D are compact spaces and D is
mapped continuously onto A, there is a compact subset E of D such that m(E) = A
but m(Es) # A for any proper closed subset Ey of E. By the assumption that A
is an extremally disconnected compact space and F is clearly a compact space, it
can be shown that A is a homeomorphism where h is the restriction of 7, to E and
h(Ey) # A for any proper closed subset Fy of E. Let ¢ = my 0 h™!, where 7, is the
projection of A x B into B; this is the required map. Say a € A4; since h~!(a) € D,

f(m(h™(a))) = fa(m (k™' (a))) = fa(a).
Thus fo = fiomoh™l = fiog. ]

We now review the proof that certain conditions are equivalent to (DML) in a

topos. Recall that an object X is said to be decidable if the diagonal subobject
XA XxXhasa complement.
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Theorem 2.2 ([19], Theorem 1) The following conditions are equivalent in any

topos &:

1.

10.
11.
12.

13.

1.

(DML) holds;
The logical principle

PV -amd =t
holds; i.e., Q) is an internal Stone algebra in &;
The subobject 1 >{~> Q has a complement;
A subobject is ——-closed iff it has a complement;
An object is ——-separated iff it is decz’da»ble;
FEvery —~—-sheaf is decidable;
Q- is decidable;

i
( f) 12 = Q. is an isomorphism (2 denotes the coproduct of two copies of
1);

2 is an internally complete poset in £;
2 1is wnjective in €;

2 is a retract of Q);

2 1s a = —-sheaf;

Q.- is a sublattice of Q;

—=: Q2 = Q is a Heyting algebra homomorphism.

Proof. 1 = 2. Suppose (DML) holds. Let ¢y = ¢ and so ¢ V ¢ = t.

2 = 3. Let ¢ = 1g. Since ¢ classifies t and —¢ classifies 1 >f—> Q, and so it is

complemented, as ~¢ V -—¢ = ¢.
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3 = 4. Every ——-closed subobject is the negation of something. Suppose we have
a ——-closed subobject X’ >— X of the form =Y >— X. We have for ¢ : X — Q,
classifying Y >— X, that - classifies =Y >— X. Since any =Y >— X can be
expressed as a pullback of false and 1 >f—> Q) is complemented, then sois ~Y > X.
The converse is true in any topos.

4 = 5. By Proposition 1.1, an object is ~—-separated iff its diagonal is ~—-closed.
5 = 6. By Proposition 1.1, there exists a monomorphism F > G, where F' is a
sheaf iff F' is ——-separated iff F' is decidable.

6 = 7. By Lemma, 1.1, Q__ is a ~—-sheaf and so is decidable.

7 = 8. The global element 1 >t—> .-, has a complement, which must be 1 >f—> Q.-
since this is the largest subobject of 2 intersecting true trivially.

8 => 9. By 1. and 2. at the end of section 1.3 in Chapter 1, 2 is an internally
complete poset in Sh_.(€) and hence in £. By assumption, 2 ~ ©__, and therefore
2 is internally complete in £, as required.

9 = 10. Since 2 is an internally complete poset, we have the map

such that U | (=) ~ id. Thus 2 is a retract of Q2. Since Q is injective, so is 2% and
thus so is 2.

10 = 11. The inclusion (}) : 2 — Q. splits and so 2 is a retract of 2.

11 = 10. Since 2 is a retract of Q and € is injective, then so is 2.

10 = 12. Since 2 is decidable then it is ——-separated. The injectivity of 2 implies
that it is a ——-sheaf.

12 = 8. The diagram 1 - Q__ Liisa coproduct in Sh-.(£), so Q.- is the
associated ——-sheaf of 2 (since (2, is a sheaf and }t‘) is -—-dense). But since 2
is a ~—-sheaf, we must have that 2 ~ Q.

8 = 13. Since 2 >— Q is a sublattice, so is Q- >— Q.

13 = 14. By Theorem 1.1, = is a topology and so it commutes with A, ¢ and f.

It remains to see that it commutes with V, i.e., that

—1—|(¢ Vv (/)) =gV —h. (23)
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But Q- > € is a sublattice, so if ¢,y € Q_, i.e., ¢ = -=¢ and Y = =), then
their sup in Q is already the sup in Q- i.e., ¢Vt € Q.. This says that 2.3 holds.
Hence == : 0 — Q is a Heyting homomorphism.
14 = 1. Given that —— : Q — 2 is a Heyting homomorphism and ——— = =, we
have
~pV = i V i

= (V) by ld,

= (¢ A=—ap) by 2.1

=@ AY) by L4,

= (¢ AP).

This leads us to a useful result.

Theorem 2.3 ([19]) Let X be a topological space. Then the topos Sh(X) of sheaves
on X satisfies (DML) iff X is eztremally disconnected.

Proof. The idea behind the proof is as follows. A topological space X is extremally
disconnected iff O(X) is extremally disconnected by 3. in Remark 2.1 iff O(X)
satisfies (DML) by condition 1. in Definition 2.1 iff for every U € O(X), -U U
—=U =1 by condition 2. in Definition 2.1. It follows that € is an internal Stone

algebra in £, i.e., the topos Sh{X) satisfies (DML) by Theorem 2.2. a

Remark 2.2

1. An application of Theorem 2.3 in functional analysis is Burden’s proof of the
Hahn-Banach theorem for normed linear spaces in the category of sheaves on
a topological space X [8]. In particular, Mulvey and Pelletier point out that if
X is extremally disconnected, one has the Hahn-Banach theorem in its naive

form, that any linear functional

A < B

1
Rx
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on a subspace extends to the space while preserving the norm [37]. A brief
proof of the latter result will be shown in Chapter 4 and it depends on cer-
tain properties of extremally disconnected spaces which turn out to be conse-

quences of De Morgan’s law in the internal logic.

2. Theorem 2.3 can easily be generalized to the concept of locales, i.e., if £ is the
topos of sheaves on a locale L then the topos £ is a De Morgan topos iff the
locale L is extremally disconnected. Again, this is applied to the Hahn-Banach

theorem [37] and will be reviewed in Chapter 4.

We now look into the first result mentioned in the beginning of this chapter,

i.e., we will review the following theorem.

Theorem 2.4 ([36], Theorem 3.1) In any De Morgan topos £ defined localically

over Sets, any quotient map
7:L =+ K
of compact regular locales determines canonically a continuous mapping
Pts(m) : Pts(L) — Pts(K)
which is surjective.

In other words, under the conditions stated in Theorem 2.4 , any point of the
locale K may be lifted to any point of the locale L.

We first need to recall a few definitions and results. A regular filter F on a
locale L is a filter on L satisfying the condition that a € F' implies that there exists
b € F such that b <1 a. A regular filter is said to be mazimal provided that F is

proper, and that any proper regular filter which contains it is equal to it.

Proposition 2.1 Let L be a regular locale in any topos €. Then any completely

prime filter P on L is necessarily a mazimal regular filter on L.

Proposition 2.2 Let P be a regular filter on a compact regular locale L in any

topos £. Then P is completely prime if and only if P is prime.
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The proof of Proposition 2.1 and Proposition 2.2 are straightforward in the sense

that it is a matter of interpreting the definitions of the terms.

Proposition 2.3 ([86], Proposition 2.4) Let P be a mazimal regular filter on a

compact reqular locale L in a De Morgan topos £. Then P is prime.

Proof. Suppose that a; Va; € P. It must be proved that a; € P or ay € P.
It can be verified that the compact regularity of the locale L implies that there
exist by <1 a1, by < ap with b V by € P. Next it will be shown that this allows
regular filters Fy, F> to be constructed on the locale L, containing the filter P and
containing a;,a; € L respectively, with the property that it is not the case that
both 0 € F; and 0 € F,. By De Morgan’s law in the topos £, it follows that Fj is
false or F; is false, i.e., that F} is proper or Fj; is proper. By the maximality of the
regular filter P, one concludes respectively that 0 € Fy or 0 € F;, equals P. Hence,
that a; € P or ay € P, as required.

The subsets Fi, F, of the locale L, whose existence has just been asserted, are
defined by

F,={zeL|3a€L3cePanc<zandb qa}

for each z. It can be verified that each F; is a regular filter on L.

One of the F; must be a proper filter, by an argument indicated above depending
on De Morgan’s law. For suppose 0 € F; and 0 € F;. Then there exists a,a’ € L
and ¢, ¢’ € P for which aAc < 0,a'Ac’ < 0and by <a, by<a’. Then b; Vb, € P implies
that aVa' € P, and ¢,¢’ € P implies that cA ¢’ € P. Hence, (aVd')A(cAc') € P.
But (ava)A(cAd) <(aAc)V(a'Ac) <0, contradicting the properness of the
filter P. It is therefore not the case that both 0 € F; and 0 € F5. Thus, one of F}
and F3 is a proper regular filter containing P, hence, by the maximality of P, equal

to P. From which, again, it follows that a; € P or a; € P, as required. (]

Theorem 2.5 ([36], Theorem 2.1) In any topos € in which (DML) is satisfied,

the completely prime filters on a compact reqular locale L are precisely the mazimal

reqular filters on L.
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Proof. (=) It follows exactly from Proposition 2.1.

(<) It follows from Proposition 2.2 and Proposition 2.3. a

We remind the reader that a filter P on L is said to eztend a filter Q on K
provided that 7*(z) € P for each z € Q.

Lemma 2.1 (/36], Lemma 3.2) Let m : L — K be a quotient map of locales in any
topos £. Then any regular filter Q@ on K can be extended to a regular filter P on L,
which is proper provided that @) is proper.

Proof. Take P = {z € L | Ja € @ n*(a) < z} to be the filter generated by the
inverse image of the filter ). The subset P is closed under finite meets, by the fact
that Q is and that 7* preserves them. Equally, P is regular, by the fact that Q is
and that 7* preserves the rather below relation. Finally, 0 € P implies that 0 € @),

since the inverse image mapping is an embedding. So, () proper implies P proper.

O

Lemma 2.2 ([36], Lemma 3.3) Let £ be a topos defined over Sets. Then any proper
reqular filter P on a locale L in the topos € ts contained in a proper regular filter

P' on L which is externally mazimal.

Proof. One is asserting that there exists a proper regular filter P’ on L which is
maximal in the partially ordered set of proper regular filters having the extent of
P and containing P. This is proved simply by observing that this set is inductive
in the topos Sets, when ordered by inclusion, by taking unions of regular filters on
the locale L. Applying Zorn’s lemma externally in the topos Sets, there exists a

maximal element P’. a

Lemma 2.3 ([36], Lemma 3.4) Let £ be a topos defined localically over Sets. Then
any proper reqular filter P on a locale L which is mazimal externally is a mazrimal

reqular filter on L.
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Proof. Since the topos £ is defined to be localically over Sets, it suffices to consider
a proper regular filter P on L whose extent is a subobject of the terminal object 1
of the topos £. It is then enough to show that any proper regular filter F' defined
over a subobject of the extent of P, on which it contains P, is actually equal to P.
But the union of such a filter with P is again a proper regular filter whose extent
is that of P. Hence, it equals P by the external maximality of P. Thus, F is equal

to P over its extent, which proves its maximality in the topos &. 0

Proof. (Theorem 2.4) Any point of the compact regular locale K is given by a com-
pletely prime filter on K, hence by a maximal regular filter on K, by Theorem 2.5.
This may be extended to a proper regular filter on L, by Lemma 2.1, hence to a

maximal regular filter on L, by Lemma. 2.2 and Lemma, 2.3. O

Remark 2.3

1. Theorem 2.4 requires that £ be a De Morgan topos. It is Proposition 2.3 that

makes use of this requirement.

2. Theorem 2.4 also requires that £ be defined localically over Sets. It is this
condition that allows Zorn’s lemma to be applied in the topos concerned and

it is Lemma 2.3 that makes use of this condition.

3. It is clear that if the locales L and K are spatial, i.e., have enough points, any
point of the locale K may be lifted to a point of the locale L. Theorem 2.4

holds even when this spatiality is not assumed.

4. Theorem 2.4 will be needed in the application of the Hahn-Banach theorem
in Chapter 4.

5. Theorem 2.4 is a consequence of De Morgan’s law in the internal logic of the

topos.

We devote the rest of this chapter to the algebraic analogue of extremal discon-

nectedness, due to Niefield and Rosenthal [38]. That is,
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Theorem 2.6 (/38], Theorem 2) Let R be a commutative ring with identity and
having no nilpotents. Then Spec(R) is extremally disconnected iff R satisfies (DML).

In this case, R is a Baer ring, i.e., a commutative ring such that the annihilator
Ann(A) of A is a principal ideal generated by an idempotent e € R for all ideals A
of R.

The first step is to define the algebraic analogue of De Morgaﬁ’s laws. This can
be done by showing that the set of ideals of the ring R is a locale. Then with the
construction of Spec(R), known as the Zariski spectrum of the ring R, algebraic and
ideal theoretic properties of R are connected to topological properties of Spec(R).
Let R denote a commutative ring with identity and let Idl(R) and Rad(R) denote
the lattice of ideals of R and the lattice of radical ideals of R, respectively. Recall
that an ideal A is radical iff 2™ € A implies z € A.

Idl(R) is a locale, since if A, B,C € Idl(R), then

A-BCC iff ACC:B

where C : B = {r € R| rB C C}. The analogue of —=b = b — 0 for any element b
in a locale is the operation 0 : B = {r € R | rB = 0} = Ann(B). Thus, it is clear
that for any A, B € Idl(R), the following may be considered to be the algebraic

analogues of De Morgan’s laws for a ring R:

Ann(A + B) = Ann(A) N Ann(B) (2.4)

Ann(AN B) = Ann(A) + Ann(B) (2.5)
A related but weaker condition than (DML) is
Ann(a) + Ann(b) = Ann(ab) (2.6)

where a,b € R and (WDML) denotes Weak De Morgan’s law.
We proceed to define the Zariski spectrum of the ring R. Let X = X(R) denote

the set of prime ideals of R. There is a natural way of introducing a topology on
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the set X. If A,B,C € Rad(R), then vVAB = VAN B and C : B will again be
radical, then it follows that Rad(R) is a locale with

AnNnBCC iff AcC:B.

Let V(A) be the subset of X consisting of the prime ideals P containing a subset
Aof R, ie.,

V(A) = {P| AC P, P prime}.

It is known that the radical of an ideal A is the intersection of the prime ideals
containing A, thus V(A4) = V(rad(4)) = V(vVA). Also, if P is a prime ideal
containing A;A, for A, A, € IdI(R) then either P D A, or P D A,. Hence
V(A1Ay) = V(A)UV(A,). It can be checked that the sets V(A), A a subset of R,

satisfy the axioms for closed sets in a topological space.

Every open subset of X is the complement of the closed set V(A) and is of the

form
D(A)={P | A¢ P,P prime}

for all A € Idl(R).
The primes of Rad(R) are precisely the primes of ideals of R. Thus we may
define a topological space X, whose elements are the primes of Rad(R), and such

that X is equipped with the above topology. Hence the corresponding space X is
denoted Spec(R).

The next result gives conditions under which R satisfies algebraic (DML).

Theorem 2.7 ([/38], Theorem 1) The following are equivalent for a commutative

ring R with identity.
1. Ann(AB) = Ann(A) + Ann(B), for all A, B € Idl(R).
2. R satisfies (DML) and R has no nilpotents.
3. Ann(A) & Ann(Ann(A)) = R, for every A € IdI(R).
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4. R is a Baer ring.

5. R satisfies (WDML) and Ann(A) is principal, for every A € Idl(R).

Proof. 1 = 2. Assume 1. holds. It is straightforward to prove that if R satisfies
(WDML), then R has no nilpotents. R satisfies (DML) since

Ann(A N B) C Ann(AB) C Ann(A) + Ann(B) C Ann(A N B)

(the last containment always holds).

2 = 3. Suppose R satisfies 2. Since R has no nilpotents, AN Ann(A) = 0. Applying
(DML), we get

Ann(A) + Ann(Ann(A)) = Ann(A N Ann(A)) = Ann(0) = R.

Thus, Ann(A) @ Ann(Ann(A)) = R.

3 = 4. Suppose Ann(A)@ B =R. Thenl =z +y, wherez € Aand y € B. A
straightforward calculation shows that z° = z and Ann(A) = Rx.

4 = 5. If R is a Baer ring then for every A € Idl(R), there exists an idempotent
e € R such that Ann(A) = Re. Since Re = Ann(l — e) and 1 — e is idempotent
when e is, it follows that R is Baer iff for every ideal A, there exists an idempotent
e € R such that Ann(A) = Ann(e). Clearly Ann(A) is principal for every ideal A

of R. It can be shown, by a straightforward proof, that if e, ¢’ are idempotent then
Ann(ee’) = Ann(e) + Ann(e').

Thus R satisfies (WDML).

5 = 1. Suppose 5. holds. It can be proved that if Ann(A) = Ann(A’) and
Ann(B) = Ann(B'), then Ann(AB) = Ann(A'B’). Since R satisfies (WDML)
and using the preceding result, we need to show that for every ideal A, Ann(A) =

Ann{a), for some a € R. Since the annihilator of every ideal is principal, we can

write Ann(A) = Rz and Ann(z) = Ra. Then

Ann(a) = Ann(Ra) = Ann(Ann(z)) = Ann(Ann(Rz)) = Ann®(A) = Ann(A).
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Lemma 2.4 (/38], Lemma 4) If R has no nilpotents, then the closure of D(A) in

Spec(R) is given by D(A) = V(Ann(A)).

Proof. Let P € D(A),ie., A ¢ P, P prime. Then Ann(A) C P since A-Ann(A) =
0 and P € V(Ann(A)). Hence D(A) C V(Ann(A)), and so D(A) C V(Ann(A)).
Conversely, if P € V(Ann(A)), i.e., Ann(A) C P, then we must show that every
open neighbourhood of P meets D(A). Let D(B) be such an open set, i.e., B ¢ P.
Then B ¢ Ann(A). Hence, AB # 0. Since R has no nilpotents, 0 C /AB, where

J/ denotes the prime radical of an ideal. Therefore,

D(A)N D(B) = D(VAB) # D(v/0) = 0.

Finally, we present the proof of Theorem 2.6.
Proof. It is well known that if R has no nilpotents, then A is a direct summand
of R iff V(A) is an open subset of Spec(R). Using this and Theorem 2.7, 2 < 3.,
R satisfies (DML) iff Ann(A) is a direct summand of R iff V(A4nn(A)) is open, for

all A. By Lemma 2.4, V(Ann(A)) is open, for all A, iff D(A) is open, for all A, iff
Spec(R) is extremally disconnected. ]

In Chapter 4, an application of the Hahn-Banach theorem in functional analysis

will be shown to be a consequence of the algebraic (DML).
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Chapter 3

The Gleason cover and relatively

De Morgan toposes

In this chapter, we recall the construction and the basic properties of the Gleason
cover of an arbitrary topos, as shown by Johnstone [22]. We then review the Ore
condition in the instance that the base topos is Boolean, due to Johnstone [19], and
in the instance that the base topos is arbitrary, due to Kock and Reyes [30]. The first
result is a consequence of De Morgan’s law (DML) while the latter uses the notion
of relatively complemented elements of a frame, given by Jibladze (March 1990),
and is a consequence of the notion of relatively De Morgan, as studied by Kock
and Reyes [30]. We end this chapter with a brief look at conditions equivalent to
Booleaness in terms of weakly closed sublocales and closed sublocales for any locale
in the Boolean topos and the identification of the frame of nuclei on a locale X with
the opposite of weakly closed sublocale of X (originally proved by Jibladze), due ‘
to Bunge and Funk [5]. Lastly, zero-dimensionality is defined using the relatively
complemented elements of a frame, due to Bunge and Funk [6].

The Gleason cover 7€ of a topos £ has two main properties. One is that the

map e : Y€ — & is a surjective geometric morphism and the other is that the topos

€ satisfies (DML).

Definition 3.1 (/22/) The Gleason cover Y€ of a topos £ is defined to be the topos

32



of &-valued sheaves for the finite cover topology on the internal Boolean algebra
Q--, or equivalently the topos £[/dl(f2...)] of canonical sheaves on the internal

locale of ideals of .-, i.e., E[IdI(§2--)] = Sh(ETH--)7),

We recall Theorem 2.2 that a topos £ satisfies (DML) iff the internal Boolean
algebra €2, coincides with 2. Also note that the Gleason cover of £ may be defined
as the internal “Stone space” of the locale Q- (see Chapter 1). We begin by
explaining some of the terms in the definition above.

The localic £-topos corresponding to the internal locale A, £[A] is a sheaf subto-
pos of the presheaf topos £4”. We need to define the Lawvere-Tierney topology
and the subobject classifier in £4° [21].

Define a map j : Sv(A) — Sv(A) by

J(<R,a>)=<|{(\VR),a >,
A

where Sv(A) is the object of sieves on A, i.e., the monomorphism Sv(A) > Q4 x A
and for < R,a >€ Q4 x A,

< R,a>c Sv(A) & (Vz € R)((z < a) A (Ybe A)(b < z — b e R)).

The topology j is called the internal canonical topology on A and £{A] is defined
to be Sh;(£4™). The map @ : A; x4 Sv(A) — Sv(A) makes Sv(A) — A into an

internal presheaf on A; specifically,
a(<<ba> < Ra>>)=< RN |(b),b>,

and this presheaf is the subobject classifier in £4°”. Thus the subobject classifier
in £[A] is the presheaf on A defined by A; 2% A. Since the subobject classifier of
E[A] is the equalizer of j and id, the canonical topology j splits as the top line of

Sv(4) —» A > Sv(A)
{ ! < do, dy > i
Q4xA —» AxA > Q4 x A
Va x1 (=) xid
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where the vertical arrows are monomorphisms.
Let A be a meet-semilattice. A coverage C on A will mean a function which
assigns to each a € A a set C(a) of subsets of | (a), called coverings of a, with the

following “meet-stability” property:
SeCa) > {sAb|se S}eCh)
for all b < a. A C-ideal of A, I, is defined to be a lower set and satisfies
ASeC@)(SCI)—acel

for all @ € A. Notice that for a distributive lattice A, taking C(a) to be the set of
all finite subsets of A with join a, is a coverage on A and that a C-ideal is the same

thing as an ideal of A.

Proposition 3.1 For any site (A, C), meaning a meet-semilattice A equipped with
a coverage C, C-Idl(A), ordered by inclusion, is a frame, and it is the free frame

on (A,C), i.e., there is a meet-lattice homomorphism
AL c-1di(A),

which “transforms covers to joins”, in the sense that, for everya € A and S € C(a),

fla) =Veoram{f(s) | s € S} and f is universal among such maps.

Proof. First we show that C-IdI(A) is a sublocale of the free frame DA where
DA denotes the set of all lower subsets of A and let : A — DA send a to | (a).

It is clear that an arbitrary intersection of C-ideals is a C-ideal, so if we define

j:DA— DAby
i(S)={I eC-1Idi(A)| I2 S}

then we have S C j(S) = 7(7(S)) for any S, and the image of j is precisely C-IdI(A).
So we need only show that j preserves finite intersections.

Let S, T € DA and write I for j(SNT). Consider

J={acA|(Vs€S)anse )}
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it is clear that T C J, since SNT C I. We will show that J is a C-ideal. Suppose
U € C(a),U C J; then for every s € S we have {uAs|u e U} € ClaAs) by
meet-stability of C, and {u A s | u € U} C I by the definition of J. Since [ is a
C-ideal, we deduce a A s € I for all s € S, and hence a € J.

Now if we define

K={acA|(VteJ)(antel)},

then a similar argument shows K is a C-ideal, and S C K since SNJ C I. But
now we have j(S)Nj(T) C KNJ C I =j(SNT); the reverse inclusion is trivial
since 7 is order-preserving. So j is a nucleus, and C — Idl(A) is a sublocale of DA.

Now, it is clear that for any S € C(A) we have

a€j(Uli(s) | s € S}

so that the composite map
A9 p 4 (DA); = C - Idi(A)

transforms covers to joins. It is straightforward to verify that f is universal among

such maps. O

Corollary 3.1 The set Idl(A) of ideals of a distributive lattice A is a frame under
the inclusion ordering. Moreover, the assignment A w Idl{A), is a left adjoint to
the forgetful functor Frm — DLat where Frm is the category of frames and DLat

15 the category of distributive lattices and homomorphisms.

Proof. Take C to be the coverage on A defined by finite joins. Then a C-ideal of
A is just an ideal in the usual sense; and a meet-semilattice homomorphism A — B

transforms covers in C' to joins iff it is a lattice homomorphism. O

Proposition 3.2 Let B be an internal Boolean algebra in a topos £, and let Idl(B)
be the locale of ideals of B. Then Idl(B) is a Stone algebra iff B is internally

complete.
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Proof. ([22]) Assume that B is complete. If I is an ideal of B, then the negation
of I in Idl(B) is seen to be

J=-I={beB|VieIiAb=0)}> B.

Since B is complete (and hence a frame), then J >— B above is closed under
arbitrary joins in B and so J =], (V J). Therefore, J = ~I is a principal ideal. In
particular, every ——-closed ideal in B is principal, hence complemented in Idl(B).

Thus Idl(B) is a Stone algebra. Conversely, if Idl(B) is a Stone algebra, then the

principal ideal map
B*S rdqiB)

identifies B with the subframe of Idl(B) consisting of the complemented elements of
Idl(B), and by “Stone algebra” these agree with the =—-closed elements of Idl(B),
i.e., with (Idl(B))-~. Since the latter is a complete Heyting algebra, so is B.

Therefore, B is a complete Boolean algebra. a

In other words, for a Boolean algebra B, the locale Idl(B) (or equivalently the

space SpecB) is extremally disconnected iff B is complete.
Corollary 3.2 ({22], Corollary 1.2) For any topos £, v€ satisfies (DML).

Proof. The locale Idl(f2--) is an internal Stone algebra in £ by Proposition 3.2 iff
E(1dl(2--)] is De Morgan by Theorem 2.2. a

Our next step is to show that the canonical geometric morphism e : v€ — & is
surjective. But first we need to study certain properties of the lattice Q.

Given a locale A, we have an order preserving map
pa:A—Q,
namely the classifying map of 14 : 1 > A and an order-preserving map
a2 00 Va gy
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where 84 is the transpose of the classifying map of (true,14) : 1 > Q x A, i.e.,

A(p) =Va{a€ A|(a=14) Ap}. It can be shown that A4 preserves finite meets

and is internally left adjoint to p4.

Definition 3.2 A locale A is said to be nontrivial if | —(04 = 14), i.e., 2 (9’—;) A

is a monomorphism or equivalently p,(0,) =false.
An internal locale satisfying the following conditions is called consistent.

Lemma 3.1 (/21], Lemma 2.8) The following conditions on a locale A are equiva-

lent:
1. E[A] = & is surjective;
2. pars = lao;
3. Aa is monomorphic;

4. pa is epimorphic;

5. The following diagram is a pullback
1 —» 1
true | 1 14
R - A
Aa

Proof. 1 & 2. The localic morphism £[A] — £ is surjective iff pgr4 = 1 is trivial.
2 = 3 and 4. is trivial, and the converse follows from the adjunction (Aq  pa).
5. follows from 3. since the given diagram always commutes.

5 = 2. Since we can deduce that psA, classifies true. (]

Lemma 3.2 ([21], Lemma 4.4) Let A be a distributive lattice in E. The following

are equivalent:
1. A is nontrivial;
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2. Idl(A) is nontrivial;

8. Idl(A) is consistent.

Proof. 3 = 2. is trivial; and 2 = 1. since A is (isomorphic to) a sublattice of
Idl(A).
1 = 3. Consider the map I : Q - Q4 defined by

I(p)={a € A| (a=04)Vp}

So I{p) is an ideal of Idl(A). Then = I(p) = A & p since, if I(p) = A then
1,4 € I(p) but A is nontrivial, i.e., = =(04 = 14), then I(p) = A = p. Conversely,
if we have p then a could be any a € A. Thus, pua)(I(p)) = p. Therefore, pra4)

is epimorphic, as desired. a

Corollary 3.3 ([22], Corollary 1.4) The canonical map e : v€ — & is surjective.

Proof. Since the locale Q- is nontrivial, it follows that Idl(Q2_.) is consistent by

Lemma 3.2 iff the localic morphism E[IdI(Q2--)] — £ is surjective by Lemma 3.1.
[

We now introduce the notion of a minimal locale.

Lemma 3.3 (/21], Lemma 2.9) A locale A is called minimal if the following con-

ditions are equivalent:

1. The following diagram is a pullback

1 - 1
04 | 4 false
A = Q
PaA

2. ps commutes with negation.
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3. For any object X of £, the only nontrivial closed sublocale of X*A in £/ X is
the whole of X*A.

Proof. 1 & 2. In any Heyting algebra A, we have = (-a = 14) ¢ (@ = 04). But
condition 1. says |= (@ = 0,4) ¢» ~(a = 1,), and 2. says = (ma =1) & ~(a =1).
1 ¢ 3. The closed sublocale of X*A corresponding to an X-element X — A is

nontrivial iff

X = 1

a | 1 false
A = Q

PA

commutes. Each of the two conditions says that the unique such e is X — 1 2 A.

O

Lemma 3.4 ([21], Lemma 2.10) If A is @ minimal locale, then ps maps A iso-
morphically onto Q..

Proof. By condition 2. of Lemma 3.3, p, certainly maps A_- into 2. It does so

monomorphically, since for variables a, b of type A, we have

E(a=0b) < (maAb=aA-b=0,), and ps preserves finite meets and negation.

And it does so epimorphically, since from
pa(mmAa(P)) A -p < pa(==Aa(p)) A para(-p) = pa(04) = false
we deduce = pa(——Aa(p)) = -p. ]

By construction of the Gleason cover, Idl(2--) is a minimal locale by considering
the Boolean algebra Q. of ~—-stable truth-values in £. Since the negation of the
maximal element true: 1 > Q__ is false : 1 > Q__, it is clear that the unique

proper ideal of ., is the singleton {false} [20]; so if p : Idl(2-.-) — Q is the
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classifying map of the maximal element 'Q__1:1 > I dl(Q--) then the diagram

1 - 1

{false} 3 d false
Idi(Q--) & Q

is a pullback. Furthermore, the surjection e : ¥£€ — £ is minimal in the sense that
there is no proper closed subtopos of ¥€ which maps surjectively to £. By the

property that Idi(Q2--) is minimal, the following diagram commutes

(TdH Qo)) = Qo

2 l
MdQ..) % 9

Remark 3.1 Recall Theorem 2.1 that the projective objects in the category of
compact Hausdorff spaces are precisely the extremally disconnected spaces. Glea-
son also showed that for every compact Hausdorff space X, there is a surjection
e : X — X where vX is projective, i.e,, 7X is extremally disconnected. This
can be seen by considering the Stone space vX = Spec((O(X))--) where the set
(O(X))-- of all regular elements of O(X), is a complete Boolean algebra. Fur-
thermore, the surjection e is “minimal” in the sense that there is no proper closed
subspace of vX which maps surjectively to X. The extremal disconnectedness
of X and the minimality of e characterizes yX up to homeomorphism over X.
Johnstone’s construction of the Gleason cover is the topos-theoretic analogue of the

projective cover constructed in this remark.

The (2-) category LTop/E of localic £-toposes is equivalent to the (2-) category
Loc(€) of internal locales in £ (see [21]). Thus the above diagram of internal locales
in £ can be translated into a diagram of localic £-toposes, and it can be deduced

that this diagram

Sh-—-(v€) 3 Sh._(€)

\J 1
vE = £
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commutes in Top where the vertical arrows are the canonical inclusions.
We have already seen that the Gleason cover v£€ may be constructed for any
topos £. Suppose now that we are given the following two cases, i.e., the topos £

is De Morgan and the topos £ is Boolean, respectively.

Corollary 3.4 ([22], Corollary 1.5) e : Y€ — &€ is an equivalence iff € satisfies
(DML).

Proof. If e : & — £ is an equivalence then & satisfies (DML) follows from
Corollary 3.2. Conversely, £ satisfies (DML) is equivalent to Q.. = 2, and so
Idl(2--) = Idi(2). By condition 3. of Lemma 3.1, Idl(2) = Q. But Q is the

terminal object in the category of internal locales in £ and so £[QQ] =~ £. a

Corollary 3.5 (/22], Corollary 1.7) v€ is Boolean iff £ is.

Proof. If £ is Boolean, then it satisfies (DML) and so £ is Boolean by Corol-
lary 3.4. Conversely, if v&€ is Boolean, then the inclusion Sh_-(€) <« & is equivalent

to the composite Sh--(v€) = v€ 5 €. Therefore Sh_(€) — £ is surjective and

so £ is Boolean. 0o

We now look into the Ore condition and its connection to De Morgan’s law and
to the notion of relatively De Morgan. In order to define the latter, we will need to
define the notion of relatively complemented elements of a frame.

We say that a category C satisfies the Ore condition if every diagram of two

arrows with common codomain embeds into a common square.

Theorem 3.1 ([19], Proposition 1.1) Let C be a small category and let C = S be
the topos of presheaves where the base topos S is Boolean. The topos C is De Morgan
iff C satisfies the Ore condition.

Proof. In €, Q is the presheaf C — { sieves on C}, and false is the global element
which picks out the empty sieve on each object. Condition 3. of Theorem 2.2 is thus

equivalent to saying that the nonempty sieves form a subpresheaf of (2, i.e., that
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any pullback of a nonempty sieve is nonempty. Now if f and g are two morphisms
of C with the same codomain, the pullback along g of the sieve generated by f is
nonempty iff there is a morphism of C factoring through both f and g, i.e., iff there

is a commutative square

The converse is easy. )

Consider now the case that the base topos S of the topos C of S-valued presheaves
on C is arbitrary where C is a category object in S. We will recall the proof,
that in this case, C satisfies the Ore condition iff the presheaf topos C is relatively
De Morgan.

We need to define what is meant by a relatively De Morgan frame and thus a
relatively De Morgan topos. We begin by recalling the notion of relatively comple-
mented elements of a frame, i.e., the clopen and regular elements in a frame.

Let A be a frame. Given the map 7 : D — A where D is an arbitrary set and 7

is often taken to be the inclusion of a subset, we consider the following two subsets

of A,

Clp(A)={a€ Alla= \/(a+ N} (3.1)
reD
Reg(A)={acAla= A\ (a— )) = A} (3.2)
AeD

Remark 3.2

1. Note that 1 = V,(a <> A) where ) ranges over the set  of truth values is a
generalization of the law of the excluded middle 1 = a V —a. This generaliza-

tion is due to Jibladze.
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2. For afixed d € A, (— — d) — d is a nucleus on the frame A. Thus for d = 04,
the set of fixpoints for this particular nucleus are the elements a € A such
that a = ——a (since —a = a — 0 in any Heyting algebra) and so we get the

usual notion of regular elements of a frame. For 7: D — A,

A== =2 (3.3)

XeD
is a nucleus Lp and the set of fixpoints for Lp is by definition Reg(A). It is

easy to see that a = Ayep(a = A) — A implies a = ——a.

3. If A = O(X), the frame of open subsets of a topological space X, and D =
{04, 14} then Cip(A) and Reg(A) are the clopen and the regular open subsets,

respectively.
Proposition 3.3 ([30], Proposition 1.1) For any 7: D — A, Cip(A) C Reg(A).

Proof. Let a € Clp(A), so 14 = V(e <> A) where ) ranges over D. We should
prove Ay(a — A) = X < a (the other inequality always holds). It suffices to see
that for any b with b < (a — A) = X for all A € D we have b < a. The assumption

on b may be reformulated
bA(a— X) <AV (3.4)

Since 14 = V,(a ¢ A), b is covered by the family {bA(a — A} | A € D}, so it
suffices to prove that b A (a = A) < a. But

bA(a AN)=bA(a=> M)A (a2 A) < AA(a+ A) < AA (A= a) <a,

using 3.4 for the first inequality. 0

Proposition 3.4 ([30], Proposition 1.2) For any 7 : D — A, the following cond:-

tions are equivalent:
1. Clp(A) C A has a left exact left adjoint (which is necessarily given by 3.3);
2. Clp(A) = Reg(A);
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3. Foralla € A, 14 =V, [As(a = 6) = 8] & X where A and § range over D.

Proof. 1 = 2. Assume 1. Combining the assumed left adjoint with the inclusion
Clp(A) C A, we get a nucleus P on A with Clp(A) as its fixpoint set. Since
Clp(A) C Reg(A), by Proposition 3.3, we have the opposite inequality for the
corresponding nuclei, so Lp < P. To see Lp = P (which implies 2.), it thus suffices
to see that P < Lp. Since Lp is the largest nucleus fixing (the image under 7 of)
D, it suffices to see that P fixes that image, i.e., to see that 7(8) € Clp(A) for every
d € D. But (omitting 7 from notation),

VB A 2de =1,
A

whence § belongs to Clp.

2 = 1. Since Reg(A) C A has a left exact left adjoint (given by the nucleus Lp).
2 = 3. Since As(a — &) — & € Reg(A), it belongs also to Clp(A).

3 = 2. Every element of the form As(a — §) — 4 is in Clp(A); but every element of
Reg(A) is of this form, so Reg(A) C Clp(A), hence by Proposition 3.3, Reg(A) =
Clp(A). ]

Definition 3.3 (/320]) Let A be a frame in a topos S and 7 : {25 — A the unique
frame map. Then A is relatively De Morgan if Reg(A) = Clp(A) (with A ranging
over {15 in 3.1 and 3.2).

Let 8 : £ — S be a geometric morphism and 7 : 8*Q2s — ()¢ as the canon-
ical comparison map which classifies the monic 3*(true) : *1 >—= (*Qs. Now
Definition 3.3 can be defined for a geometric morphism with 7 : §*Qs — Q¢ as
T7:05 = A

Definition 3.4 ([30]) Let 8: £ — S be a geometric morphism. We let Clp(£2¢) C
Qe and Reg(Qe) C Qg refer to the comparison map 7 : 3*Qs — Qg. Then € is
relatively De Morgan over S if Reg(Qlg) = Clp(€¢) (with A ranging over 8*(s in
3.1 and 3.2). '
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Proposition 3.5 ([30], Proposition 2.1) The subobject Clp(le) C Q¢ equals the
image of §*Qs — Qg. More generally, for any 7 : D — Q¢ in a topos €, the
extension of the formula (with free variable ranging over Q¢ ),
true = \/ (a & 7(})) (3.5)
AeD

equals the image of T.

Proof. The element true € (2 is ‘inaccessible by sup’ in the sense that true =
sup U (for U C Q) implies true € U; for any subset U C ¢, sup U equals the
truth value of the statement true € U. Thus the formula 3.5 is equivalent to the

formula
X € D true = (a + 7()))
and then again to
Ire Da=1(N),
whose extension clearly is just the image of 7. a

Let us now look into the case that C satisfies the Ore condition where C is a
category object in an arbitrary topos S. The geometric morphism 8 : ¢ — S is
open by ([23], Proposition 2.6) where C is the topos of S-valued presheaves on C.
Recall that an open geometric morphism 8 : £ — S implies that 7 : 8*Qs — Q¢
is a monomorphism and therefore 7 may be omitted from 3.1 and 3.2. Thus 7 :
B*€Qls — Qs is monic.

In general, an open geometric morphism 3 : £ — S is relatively De Morgan
iff the canonical comparison map 7 : 8*Qs — Q¢ has a left adjoint. This follows
from the fact that if £ is relatively De Morgan then Reg(Q¢) = Clp(f2¢) which is
equivalent to Clp(Qs) C Q¢ has a left adjoint (by Proposition 3.4) and thus 7 has
a left adjoint (by Proposition 3.5).

Theorem 3.2 ([30], Theorem 38.1) The open geometric morphism B : C — S is
relatively De Morgen iff C satisfies the Ore condition.
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Proof. We may argue as if S were Sets, provided the argument is positive and
constructive. Let C be a category in S. We describe the canonical 7 : 8*Qs — Q¢

where £ = C. For C € C an object, 7¢ is the unique frame map
Qs = B*Qs(C) = P(y(C)),

where P(y(C)) denotes the set (frame) of subfunctors of the representable functor
¥(C) = home(—, C). We describe a left adjoint left inverse o for 7¢, namely given

by
o(R) = || R is inhabited|| (3.6)

for any subfunctor (sieve) R C y(C), where ||...|| denotes ‘truth value of ...’.
Clearly a(c()) = A; and if f € R(D), R is inhabited, so f € 7¢(|| R is inhabited]|),
s0 R C 7¢(o(R)).

Assume that C satisfies the Ore condition. To prove that ¢ — S is De Morgan
is equivalent to proving that 7 : 8*Qs — §; has a left adjoint. We have already
pointwise a left adjoint, given by the description 3.6. It suffices to see that o¢ is

natural in C, i.e., to prove that for each f : D — C the diagram

P((C)) = P(y(D))
oc d { op
Qs — Qs
id
commutes, where the top map ( to a sieve R C y(C) associates the set of arrows
g with codomain D and with fo g € R. Now let R € P(y(C)) be a sieve on C.
Assume o¢(R) is true, so R is inhabited, say witnessed by (h : C' — C) € R.
Completing the square
p L c
h 1 T h
D -
we get that ((R) is inhabited (witnessed by k'), so op(¢(R)) is true. This implies
that o¢(R) < op(C(R)). The other inequality op(¢(R)) < oc¢(R) is trivial: if
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op(¢(R)) is true, ((R) is inhabited which implies that R is inhabited, so o¢(R) is
true.

Conversely, if ¢ — S is relatively De Morgan, 7 : 8*Qs — Qs has a left ad-
joint, hence the pointwise left adjoint o¢ of 7¢ is natural in C. Contemplating
the naturality square above for f : D — C and applying it to the principal sieve
generated by h, we get that the sieve of those A’, which fit in the Ore square above,
is inhabited. Thus C satisfies the Ore condition. O

Remark 3.3

1. The notion of relatively Boolean can also be defined in‘ terms of relatively
complemented elements. For a frame A in S, A is relatively Boolean if A =
Clp(A). Moreover, for a geometric morphism 3 : £ — S with the comparison
map 7 : 3*Qs — Q¢, € is relatively Boolean over S if Qs = Clp(Qg) or

equivalently the canonical map $*Qs — (¢ is an isomorphism.

2. If S is a Boolean topos, i.e., s =1+ 1 (so also 5*Qs = 1 + 1), the notion
of relatively Boolean and relatively De Morgan can be defined as the usual

notion of Boolean and De Morgan.

3. It is clear that if S is a Boolean topos in Theorem 3.2 then we get exactly the

conditions in Theorem 3.1.

We now look into conditions equivalent to Booleaness, by Bunge and Funk ([5],
Theorem 3.4).

We need to recall some new concepts. Let O(X) denote the frame of opens for a
locale X. Let Sub(X) denote the coframe of sublocales of a locale X and let Cl(X)
denote the coframe of closed sublocales of X. A sublocale B € Sub(X) is said to
be weakly closed if every strongly dense inclusion B — B', B’ € Sub(X), is an
isomorphism. Recall that a morphism of locales Y 4, X is said to be strongly dense
if f is dense under pullbacks along every closed sublocale of the terminal locale 1

[24]. Let W(X) denote the poset of weakly closed sublocales of X. W(X) is a
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subcoframe of Sub(X) [17], and it contains CI(X), i.e., O(X), as a subcoframe.
It was shown that W(X) =~ hom(O(X), Sub(1)) and that W,(X) ~ hom(0(X),Q)
where W,(X) denotes the poset of weakly closed sublocales of X with open domain
([5], Theorem 3.2 and Theorem 3.3, respectively).

Theorem 3.3 ([5], Theorem 8.4) Let S denote an elementary topos. Then the

following are equivalent:
1. S is Boolean;
2. For all locales X in S, Cl(X) = W(X);
3. For all objects T in S, CI(T) = W(T);
4. For all locales X in S, W,(X) = W(X);
5. Wo(1) = W(1).
Proof. cf. [5]. O

The next theorem, due to Bunge and Funk, identifies the frame of nuclei on a
locale X with W(X), i.e., the frame of weakly closed nuclei on @(X). It is a new
proof of Jibladze’s theorem [17] (with no appeal to Wigner [44]).

In [34], it was shown that nuclei j on the frame O(X), for an arbitrary locale

X, are characterized by the identity
YU,V € O(X), (U = jV) = (U — jV).
Restricting to €2, we. obtain,
Yw,w' € Q, (v'w — k') = (kw = kw'), (3.7

where v* : @ = O(X) (since v : X — 1) and &k : @ — O(X) is the composite jv*.
Let Nx denote the collection, ordered pointwise, of all functions k that satisfy 3.7.

Such a function is called an Q-nucleus on O(X) [17].
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Theorem 3.4 ([5/, Theorem 4.1)(Jibladze) For any locale X (with structural mor-
phism v), the map

W(X)* — Nx;j — jur,
is an isomorphism of posets. In particular, Nx is a frame.
Proof. cf. [5]. |

We end this chapter with the following result. In [6], Bunge and Funk use the
notion of a relatively complemented element of a frame to prove that any spread (de-
fined shortly) for a geometric morphism over a base topos § is zero-dimensional over
S in the (2-) category of elementary toposes, bounded geometric morphisms and
natural transformations (between inverse image functors of geometric morphisms)
and denote this (2-) category by Top. Recall that in topology, a topological space
X is said to be zero-dimensional if the clopen subsets of X form a base for the

topology. Consider a diagram

e % F
u \o v
S

in Top where ¢ is localic, i.e., that £ is equivalent to the topos of sheaves over F

on the frame ¢,{¢. Consider the composite morphism
’U*QS — Q}' — ¢*Qg,

where the second morphism is the unique frame map. We now let the notion of Clp

refer to this morphism; we have the object of S-complemented elements of ¢,Q¢:

Clps(¢.Q2e) = {U € 6.0 | 1.0, = V (U w)}

wEv*Ns

We define the terminology mentioned so far.
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Definition 3.5

1. A geometric morphism K % K’ is said to be bounded ([18],[40]) if there is
a K € K' and a morphism D — ¢*K in K, said to be a generating family
(for K over K'), such that every X € K, there is a morphism I = K and an

epimorphism A —» X, where the following diagram is a pullback

A —= D
\ X
I = YK
V*a

2. Let £ & S denote an arbitrary geometric morphism in T'op. A morphism

E % E'in € iscalled S- definable [2], or just definable, if it arises as a pullback

E 5 FE
1 3
wl = u*J
u*a
for some morphism I = J in S.
3. In a diagram
e 45 F
v\ v
S

in Top, ¢ is said to be a spread over S if there is a generating family £ — ¢*F
for £ over F which is definable.

4. If M is a complete join-semilattice in a topos F, then a morphism K — M

sup-generates M when QF — QM l/} M is an epimorphism.

5. A localic geometric morphism £ 2, F over S will be said to be zero-dimensional

over S if the frame ¢, is sup-generated by its sublattice Clps(¢.$¢).
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Theorem 3.5 ([6], Theorem 1.15). Any spread over S is zero-dimensional over
S.

The proof uses two results. One is that a geometric morphism & % Fover Sis

a spread iff ¢ is localic and the morphism
¢*T : ¢*U*QS — (ﬁtﬂs

sup-generates the frame ¢,Q¢ where 7 : u*Qs — Q¢ classifies the monic u*(true) :
u*l = u*Qg (see [6], Proposition 1.4). The second is that for any localic geometric
morphism & 4 F over S, the morphism ¢.7 : ¢,u*Qs — ¢,8¢ factors through
Clps(9.¢) (see [6], Proposition 1.14).

It was remarked in [6] that for any locale X and any morphism I = O(X), the
object of clopens Clp(X) for m is contained in the object of weakly closed elements

of O(X) for m, due to G.E. Reyes.
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Chapter 4

Application I: The Hahn-Banach

theorem

In this chapter, the following two results, in relation to the real numbers in a topos,
will be revealed. The first result is that in a De Morgan topos £ the object of
Dedekind reals in £, denoted Ry, coincides with its order-completion the MacNeille
reals, denoted *R;¢ [19]. The second result is that the object *R¢ of MacNeille reals in
& is isomorphic to e,(R,¢), where e : y€ — £ is the canonical geometric morphism
and € is the Gleason cover of a topos £ [22]. We will then use these two results to
show that the Hahn-Banach theorem may serve as an example of the occurrence of
extremal disconnectedness in functional analysis.

We dedicate the first part of this chapter to review the real numbers in a topos

The Dedekind reals R¢ of the topos £ are constructed from the rational numbers
Q¢ of € by considering the subset Q9 x Q¢ consisting of all pairs 2 = (L, U)

satisfying the following conditions:

1. 3pe Qe pecLandJqe Qs qe U (L and U are inhabited);
2.pelL & P >ppeL (L is an open lower section)

geUe 3 <qqgdel (U is an open upper section);
3.peELANgeU—sp<g (L and U are disjoint);
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4. p<qgq—opeLvpelU (L and U are adjacent).

The MacNeille reals, *Rg are constructed explicitly from the rationals Q¢ by
considering the subset Q% x Q%¢ consisting of all points z = (L, U) satisfying the

following conditions:

1. 3pe Qe peLandIqe Qs q € U;

2. peL W >pVYqelU qg>p
geU+3d<qVpel p<q.

In general, for any poset A, the MacNeille completion of A can be constructed
and is denoted M(A). The construction of M(A) is as follows: if A is a poset and
S C A, we will write u(S) for the set of upper bounds for S and [(S) for the set of
lower bounds for S. We define a cut in A to be a pair of subsets (L, U) such that
L =1(U) and U = u(L). The set of all cuts in A, ordered by (Ly,U;) < (L2, Uz) iff
L, C L, (or equivalently U; O Us) is denoted by M (A). For every element a € A,
the pair ({(a),1(a)) is a cut in A, which we denote by m(a); a cut (L, U) is of this

form iff L N U is nonempty. We are interested in the following proof.

Theorem 4.1 For any poset A, M(A) is a complete lattice and the embedding

m: A — M(A) preserves all joins and meets which exist in A.
Proof. Let S be a subset of M(A). Consider the set
Ly=[W{L|(L,U)e S}

Since Ly C L for every (L,U) € S, we have u(Ly) 2 U for every (L,U) € S, and
hence I(u(Lo)) € N{L | (L,U) € S} = Ly. So (Lg,u(Lyg)) is a cut in A and is
clearly the greatest lower bound of S. To construct the joins in M (A), consider the

set
Uy =\ J{U | (L,U) € S}.

Since Uy 2 U for every (L,U) € S, we have {{Uy) C L for every (L,U) € S,
and hence u(l(Up)) 2 U{U | (L,U) € S} = Us. So ({(Up),Uy) is a cut in A and
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it is clearly the least upper bound of S. Now if @ = AS in A, then we have
L(a) =N{l(s) | s € S}; so m preserves all such meets. Similarly if a =V S in A,
then we have 1(a) = U{1(s) | s € S}; so m preserves all such joins. O

Thus the lattice of MacNeille reals, *Rg¢, is the order-completion of the Dedekind
reals, Re in the topos £. It may also be seen that any Dedekind real is again a

MacNeille real since there is an embedding
m: Rg — *Rg

where m preserves all meets and all joins which exist in Rg.

In addition, if £ is a De Morgan topos then we have the following theorem.

Theorem 4.2 ([19], Prop 1.3) In a De Morgan topos £ with a natural number
object, the object Rs of Dedekind real numbers in £ coincides with the object *R¢ of

MacNeille real numbers.

Proof. By Theorem 4.1, every Dedekind real is a MacNeille real in £. To prove the

converse. Let (L,U) be a MacNeille real. Since L is a lower section, we have that
"eLAd<q — d€L
(e L)nd" €L — =(d <)
- ¢ >q".
Since () satisfies trichotomy,
-(¢' € L) - Vq" € L(¢" < ¢').
Hence from condition 2. in which the MacNeille reals satisfy, we deduce
¢ <qgA-(g eL)—>qelU.
Similarly, since U is an upper section, we have that
d"eUNG"<q — qeU
~(geU)A" €U — —(¢" <q)
- ¢"'>q
-(geU) — Vq'€Ulqg<q").
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Again from condition 2. in which the MacNeille reals satisfy, we deduce
gd <qA-(qeU)—q €L

Now suppose that ¢' < ¢ and define ¢" = (g + ¢'). Then since - —¢ V ——¢ is
3

satisfied in £, we have
=(¢" € L) v -~(q" € L).

But from the first half of this disjunction, we deduce (¢ € U) and from the second
half, we deduce —(¢” € U). Since L and U are disjoint, we get (¢’ € L). Then
(L,U) is a Dedekind real as required. By applying this argument to generalized

elements of *Rg¢, we deduce that the inclusion m : Rg — *R¢ is an isomorphism. [

Notice that since the Gleason cover ¥€ of the topos £ satisfies (DML), the object
R.,¢ of Dedekind real numbers in y&€ coincides with the object *R,s of MacNeille

real numbers in y&.
In [22], it was stated that the Dedekind real numbers in v&€ correspond to the
classifying topos for the propositional theory of real numbers (see Chapter 1), or

equivalently to the locale morphism
1dl(2-) = L(R)

in £, where L(R) is the locale of formal real numbers in £ [12].
The locale L(R) is generated by the formal rational intervals (g, r),

(g € QU {—o0},7 € QU {o0}), subject to the relations:
1. (—oo,00) = 1;
2. (g,r)=0ifg>r;
3. (q1,71) N (ga,m2) = (mam"(‘h,Q:z)amm(Tl,Tz));
4. (q1,71) V (g2,72) = (q1,72) if @1 < g <71 <135
5 (g,7)=V{(d,") |g<d <7 <r}
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Proposition 4.1 ([22], Proposition 2.8) There is a bijection between Dedekind real

numbers in ¥E and MacNeille reals in .

Proof. Given a Dedekind real number z in v€, regard it as a locale map Idl(Q2--) —
L(R) in £. By the definition of L(R), such a map is determined by the effect of its
inverse image z* on the rational intervals (g, r); and z* must preserve the relations

given above. Define

L={g€Q|x*(g,00) =Q_},U={r € Q|z*(—00,7) = Q- };

we shall show that (L, U) is a MacNeille real in £.

From relations 1 and 5. above, and compactness of Idl(f2--), we deduce
Jg,r € Q(z*(¢,7) = Q)
whence
dgeQ(ge L)YANIr e Q(r e U).
Again from relation 5. above, we deduce,
ge L3¢ >q(d € L)

and its dual, the converse implications being an easy consequence of relation 3.
above. The disjointness of L and U follows from 2 and 3., since from (q € L)A(r €

U) we deduce z*(q,7) = Q.- and hence q < r. Finally, we observe that for ideals
I, J of Q.- we have

IVI=Q )A-(I=0.)—(J=02-)

since ~(] = Q..) = (I = 0), and so (taking I = z*(g,00),J = z*(—o0,r), and

using relation 4. above) we deduce
g<rA-(geL)—-relU,
and dually ¢ < 7 A—~(r € U) = ¢ € L. So (L,U) is a MacNeille real.
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Conversely, suppose given a MacNeille real (L,U) in &; then we define z :
Idl(Q2--) = L(R) by

z*(g,r)={p€ Q| (3¢ > )3 <r)(p— —~(¢' € LAT € U))}.

First we have to show that z*(g,r) is indeed an ideal of €).-; it is obviously

downward-closed. Suppose p;, po are such that
(3¢ > ¢)(pi > (@ € L))
for i = 1,2. Then since (¢, € LV ¢ € L) = min(qy,q2) € L, we have
—={p1 V p2} = —~(min(q1, q) € L);

and clearly ¢ < min(q, ¢2). From this and the dual argument, we deduce

p1 € 2*(¢,m) Apy € 2 (q,7) = (-~ (p1 V p2)) € 2*(g,7),

so z*(g,r) is an ideal of Q2.
Next, it must be verified that z* preserves the relations 1-5. above (see [22]).
Lastly, we have to show that the two constructions we have defined are inverse

to each other. One way round is easy; for the other, we have to show that if (L,U)

is a MacNeille real, then
g€ L+ (39" > q)(q € L).
But this follows since ~—(¢’ € L) implies ~(q' € U). a
Finally, we obtain the second result mentioned in the beginning of this chapter.

Corollary 4.1 ([22], Corollary 2.4) The object *Rg¢ of MacNeille reals in € is iso-

morphic to e.(R,¢), where e : v€ — & is the canonical geometric morphism.

Proof. Proposition 4.1 establishes a bijection between the global elements of these
two objects; to show that they are isomorphic, we have to extend this bijection

(naturally in X) to their X-elements for an arbitrary object X of £. But we may
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do this simply by repeating the argument of Proposition 4.1 in the topos £/X,
bearing in mind that the Gleason cover of £/X is (v€)/e*X. O

We recall from functional analysis, the Hahn-Banach theorem in its classical

form:

Theorem 4.3 (Hahn-Banach) If A is a subspace of a normed linear space B and
if p is a bounded linear functional on A, then u can be extended to a bounded linear
functional v on B so that ||v|| = ||u||, where the norm ||v|| and ||p|| are computed
relative to the domain of v and u; explicitly,

el = sup L ECOL e 4L = sup {20 2 e gl
ll=Il ll=l|

We are interested in the constructive proof of the Hahn-Banach theorem within

a geometric context in any Grothendieck topos £. That is, we will study the

Hahn-Banach theorem in the following form:

Theorem 4.4 ([37]) Let A be a subspace of a seminormed space B in a topos € of

sheaves on a locale. Then any linear *functional on the subspace A may be eztended

A —= B
[TV 4
*RE

to a linear *functional on B having identical norm.

Remark 4.1

1. The observation that the Hahn-Banach theorem may be examined within a
geometric context and that working with locales, which classically generalizes
the lattice of open sets of a topological space without reference to its points,
both contribute to the constructive context mentioned above. In fact, working
within a constructive context avoids the dependence of the Axiom of Choice

as in the proof of the Hahn-Banach theorem in its classical form.
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2. The concept of locales allows one to apply the Hahn-Banach theorem in topol-
ogy and algebra. For example, one may take the locale in Theorem 4.4 to be
O(X), the set of all open subsets of a topological space X, in topology, and
Idi(R), the lattice of ideals of a commutative ring R with identity, in algebra.

These notions will be pointed out towards the end of this chapter.

We will first need to define what is meant by a seminormed space and a linear
functional. It is known that given a propositional geometric theory 7, one may
construct a locale, and this locale is called the locale of the theory T (see Chapter
1). This construction will then be applied to obtain a description of the unit ball
of the dual of a seminormed space by considering the theory of linear functional of
norm not exceeding one on the seminormed space. We will then recall that the dual
locale of a seminormed space is a compact, completely regular locale. Finally, we
will recall the proof of Theorem 4.4. It will be assumed that £ is a Grothendieck

topos.

Definition 4.1 ([37]) A seminormed space B in the topos £ is a linear space B

over the field of rationals in £, together with a mapping
N : Qg+ — QB

from the positive rationals in £ to the set of subsets of B, satisfying the following

conditions:

—

.a€ N(g) « 3¢ <q ac N(q)

2. 3¢ a € N(qg);

3. a€ N(q) A d € N(¢) »a+d € N(g+');
4. a € N(¢') — qa € N{qq');

5. a € N(g) = —a € N(q);

6. 0 € N(q);
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whenever a,a’ € B and ¢,¢' € Q¢

In other words, the seminorm is defined in terms of the open balls about zero

and hence the mapping
N . Qg+ — QB

assigns to each positive rational g the open ball around zero of radius q.
In particular, the real numbers of the topos £, i.e., the Dedekind reals Rg, are
a seminormed space with respect to the open balls which may be defined in terms

of the absolute value which exists on Rg by writing

Nr(g) = {z € Re | [z]< q}

for each g € Q¢.

Definition 4.2 ([87]) A linear functional of norm not exceeding one on a semi-

normed space B in the topos £ is a linear map
BB — Rg

to the seminormed space Rg of real numbers, satisfying the condition:

Va € B Vg € Q" (a € N(q) — p(a) € Ne(q)).

Definition 4.3 ([37]) The theory of linear functionals of norm not ezceeding one
on a seminormed space B in a topos £ is the propositional geometric theory FuB

obtained by taking a primitive proposition
a € (r,s)
for each a € B and each pair r, s € Q¢ together with the following axioms:
1. truet 0 € (r,s) whenever r < 0 < s;
2. 0 € (r, s) I false otherwise;
3. a€(r,s) F—a€ (—s,—r);
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4. a € (r,s) - ta € (tr,ts) whenever t > 0;

5.a€(r,s) ANd e(r,d)Fa+ad €(r+r',s+5');

6. a€(r,s)Fa€(r,s) Vae (r,s) whenever r <1’ < ¢’ < s;
7. true - a € (—1,1) whenever a € N(1);

8. ac (T? S) H Vr<r'<s’<s ac€ (T', 5’)-

The dual locale Fn B of the seminormed spaces B is the locale of the theory
JFnB of linear functionals on B of norm not exceeding 1. The locale Fn B is the
constructive generalization of that of the weak™ topology on the unit ball of the
dual of the seminormed space B. |

In general, the points of the locale of the theory correspond exactly to the models
of the theory. In the case of the dual locale Fn B, the correspondence between the
models M of the theory FnB and their linear functionals p : B — Rg of norm not

exceeding one is given by the relationship

MEac (rs) iff r<pla)<s

for each a € B and each pair 7, s of rationals in the topos £ [37]. It was shown that

each linear functional
T B — Rg

of norm < 1 on the seminormed space B gives a model of the theory by making the
primitive propositions a € (r, s) true. That is, the statement r < u(a) < s follows
from the observation that axioms 1-5. in Definition 4.3 are a direct consequence of
the linearity of u, that axiom 7. holds since u is norm-decreasing, and that axioms
6. and 8. are valid since values of y are Dedekind reals.

Now to show that any model M of the theory FnB arises from a unique linear
functional p : B — R of norm < 1 on the seminormed space B. This was done by

showing first that any model M of the theory FnB assigns to each a € B a Dedekind
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real i(a) € Re by defining its lower and upper cuts to consist, respectively, of those

r, s € Q¢ for which 7', s’ € Q¢ such that the propositions
a€(rs) and a€ (r,s)

are validated in the model and then verifying the axioms 1-4. for Dedekind reals.
Secondly, that the mapping i : B — Rg determined by the model of the theory
FnB is a linear functional on a seminormed space B of norm < 1. Thus the points
of the dual locale F'n B are exactly the linear functionals on the seminormed space
B of norm < 1.

At this point, we recall Theorem 2.4. In the case of the Hahn-Banach theorem,

the canonical map
FnB—FnA

of dual locales is a quotient map, for any subspace A of a seminormed space B in the
topos. Thus if Fn B is a compact regular locale and the topos satisfies the required
conditions in Theorem 2.4, then this theorem may be used. It turns out that the
dual locale Fn B is indeed compact regular, in fact it is compact, completely regular

by a constructive form of Alaoglu’s Theorem.

Theorem 4.5 ([87], Theorem 8) For a seminormed space B in a topos £, the dual

locale Fn B is a compact, completely reqular locale.

Proof. To establish the complete regularity of Fn B, we first observe that since

each element of the locale may be expressed in the form

\/a1 € (r;,s1)A---ANay, € (Tn, Sn)

and since the completely below relation distributes over finite conjunctions, it suf-
fices to show that each proposition a € (r,s) is the join of elements completely
below it. But by axiom 8. in Definition 4.3, a € (r, s) is provably equivalent to

V ae(,s).

r<r'<s'<s
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So, by establishing that
a € (r',¢') <<a € (r,s) whenever r <r' <s' < s,

we will have accomplished our goal. In fact we note that we need only prove that
a€ (r',s') <a € (r,s) whenever r <r' < s <s,

since an interpolation indexed by ¢, k can then be obtained to show that a € (17, s) <

da € (r,8) by defining

Tik = (k/2z)'f' + (1 - (k/2z))7"
Sik = (k/2i)8 -+ (1 - (k/2i))sl

and letting the ¢, kth element of the interpolation be a € (ri,si) for each i =
0,1,...and £ =0,1,...,2%

To prove this assertion involving the rather below relation, let r < 7 < §' < s
be given, and choose a positive rational ¢ such that « € N(¢). Evidently, it may be

assumed that —t < r and s < £. Then it is asserted that the proposition
a€ (—t,rYVvae(dt)

plays the role of the element of the locale required in proving that
a€(r',s')<ace(rs).

Firstly, its conjunction with a € (', s'} is provably false, by observing that

a€ (r',sYANa € (s,t) & false.
Equally, one has that
a € (—t,7')ANa € (,s) F false,

yielding the required result. However, on the other hand, one has that the disjunc-

tion of the proposition with a € (7, s) is provably true, by observing that
truet a € (—t,t),
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by axioms 7 and 4., so that axiom 6. applied successively yields that
truet-a € (~t,7')Vae (r,s)Vae (s,1),
since —t <7 < 7' < ¢’ < s < t, giving the required result. Hence,
a€(r,s)<ae(rs)

whenever r < ' < ' < s. The locale Fn B is therefore completely regular, by the
preceding remarks.

In showing that Fn B is compact, we examine the way in which the dual locale
is obtained: we are given firstly the finitary part of the theory by means of axioms
1-7. and then an additional infinitary axiom 8. Consider now the finitary geometric
theory Fn;B obtained from FnB by replacing axiom 8. by its finitary half:

8.a€(rs')kac (r,s) wheneverr <1’ < ¢’ <s.

Clearly, the locale Fh 7 B obtained from FnyB, being the lattice of ideals of the
distributive lattice determined by Fn;B, is compact. Now there is an inclusion

map of locales
FnB — an B,

of which the inverse image mapping is the canonical homomorphism corresponding
to adding the axiom

8. a€(r,s)F Vicregesa € (', 5)
to the finitary theory. The fact that Fn B is compact will be a consequence of
showing that Fn B is actually a retract of Fn; B, since any retract of a compact

locale is again compact. The retraction map
FnyB— FnB

is the map of which the inverse image assigns to each proposition a € (r,s) the
proposition V, ¢y cscsa € (1, 8').
Evidently, if this is indeed a map of locales, then it provides a retraction of the

inclusion Fn B — Fny B, for the inverse image of any element of Fn B of the form
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a € (r,s) under its composite with the retraction is exactly V,cpcpcsa € (7, 5').
But, in the locale Fn B this is equal to the element a € (r,s), since these are
provably equivalent in the theory FnB by axiom 8.

To see that this assignment does determine a map of locales, it is only necessary
to prove that each axiom of the theory FnB is validated in the locale Fn; B when
a € (r,s) is interpreted by V,cpegcsa € (r',8"). The calculations involved are

straightforward. O

We need to make the following observations before we may recall the proof of
the Hahn-Banach theorem. One is that the topos Fn B of sheaves on the locale Fn
B is the classifying topos (see [18]) of the theory FnB. Secondly, reconsider Defini-
tion 4.2 of a linear functional. It was observed by Burden [8] that the Hahn-Banach
theorem fails to hold in its naive formulation if this definition of linear functional is
to be used. The problem arises because the Dedekind reals are not constructively
complete with respect to their partial ordering ([9],[42]), as seen in the beginning
of this chapter. For instance, there exist bounded inhabited subsets of Rg which
fail to have a least upper or a greatest lower bound. It is for this reason that a
seminorm does not exist on a seminormed space B in the conventional sense, i.e.,

the formula

lal] =inf{qg € @" | a € N(g)}

because it does not describe, in general, a real number in the topos. Recall that the
Dedekind reals Rg in a topos £ admit an order-completion, the MacNeille reals *Re.
Thus this problem may be corrected provided that one considers functionals from
the seminormed space B into the MacNeille reals *Rg in the topos £. Note that
the linear functionals in this case are written as linear *functionals. The advantage
here is that any non-empty subset of the MacNeille reals which is bounded above
will have a supremum and dually for infima of subsets which are bounded below.
We are now ready to prove our main application in this chapter, i.e., Theo-

rem 4.4, the Hahn-Banach theorem.
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Proof. (Theorem 4.4) The proof depends on the existence of the Gleason cover of

the topos £. Recall Chapter 3, that given any topos £, there exists a cover
e:vy€ = E.

Consider a linear *functional of norm < 1 on a subspace A of a seminormed

space B in the topos £

A <= B
TR
Ry
By Corollary 4.1, we know that *Rg = e,R,¢. It is equivalent to consider a lin-
ear functional of norm < 1 on the inverse image of e*A which is a subspace of a
seminormed space e*B in the topos v€ by the adjointness of the direct and inverse

image functors. Thus we obtain the following diagram
eA — ¢'B
1
Rye

in v€, where, because y€ is a De Morgan topos, the Dedekind reals in v&€, R.¢
coincide with the MacNeille reals, *R,¢ as seen in the beginning of this chapter.
Passing back along the adjointness, it may be seen that the extension of the linear
*functional in £ is equivalent to the extension of the linear functional in the Gleason
cover of £.

Applying the Hahn-Banach theorem to the subspace e*A of the seminormed

space e* B in the Grothendieck topos v€, we obtain a quotient map
Fne*B— Fne'A

of compact completely regular locales in v€.

Now Theorem 2.4 can be applied to this quotient map

Fne*B — Fne*A
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of dual locales in the topos ¥€. The point of the locale Fn e*A which corresponds

to a linear functional
‘w:e'A— Ry

may be lifted to a point of the locale F'n e* B which corresponds to a linear functional
:e'B = Ry

which is the required extension. Thus we obtain the following diagram

e*A — e'B
7 VI A
Rye
in v€. By adjointness, this provides an extension of the linear *functional of norm

< 1 to a linear *functional of norm < 1 on the seminormed space B. Thus we

obtain the following diagram

A — B
b 4o
*RE
in &, as required. D

Since the conditions in which the Hahn-Banach theorem holds has been estab-
lished in the topos of sheaves on a locale, one may apply these results in the topos
of sheaves on a topological space X where O(X) is the locale of open subsets.
Example : Burden’s proof of the Hahn-Banach theorem [8] in the category of
sheaves on a topological space X considered functionals from the seminormed space
B int(‘) the MacNeille reals though there was no mention of the notion of extremally
disconnectedness. In [37], the connection to extremally disconnected spaces was
investigated and Burden’s proof of the Hahn-Banach theorem was proved in the

following form:
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Theorem 4.6 ([37], Theorem 1) If A is a subspace of the seminormed space B in

the category of sheaves on a topological space X, then any linear * functional
u:A—="Rx

may be extended to a linear *functional
v:B 'Ry

on the seminormed space B having identical norm.

It may be remarked that the sheaf Rx of continuous real functions on X are not
constructively complete with respect to their partial ordering and so as explained
earlier in this chapter, the MacNeille reals *Rx in the category of sheaves on the
topological space X must be considered. In this case, the MacNeille reals are given
by the pairs f = (f, f ) consisting of a lower semicontinuous real function f and an
upper semicontinuous real function f satisfying the condition that f is the greatest
lower semicontinuous function less than f, and f is the least upper semicontinuous
function greater than f. The proof of the Hahn-Banach theorem in this form, again
depends on the Gleason cover. In other words, given any topological space X, there
exists the canonical geometric morphism e : yX — X where the Gleason cover
~X is extremally disconnected (see Remark 3.1). Thus the topos of sheaves on
the topological space vX satisfies (DML) and so the Dedekind reals R,y and the
MacNeille reals *R,x coincide. By Corollary 4.1, the MacNeille reals *Rx are the
direct image of the Dedekind reals R,x. Algebraically, if the topological space vX
is extremally disconnected, then the ring C(yX) of continuous real-valued functions
on vX satisfies (DML), i.e., C(vX) is a Baer ring ([38], Theorem 3). This concludes
our example.

In conclusion, if £ is a topos of sheaves on a locale L, then every linear functional
on a subspace of a seminormed space in £ has an extension precisely if the locale
L is extremally disconnected. Of course this occurs exactly if the topos £ defined
localically over Sets is a De Morgan topos, and so the Hahn-Banach theorem applies

naively exactly if the locale is extremally disconnected.
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Chapter 5

Application II: The real closure of
an ordered field, De Morgan’s law

and classifying toposes

In this chapter we will define what is meant by De Morgan’s law (DML) in cate-
gorical logic, due to Joyal and Reyes [26]. Our first application will be the proof of
the existence of the real closure of an ordered field in any topos £ of sheaves on a
Boolean space as shown by Bunge {3]. The proof in [3] implicitly makes use of the
Gleason cover of € as remarked by Johnstone. The second application will be the
conditions needed for a classifying topos of a geometric theory 7T to satisfy (DML),
due to Bagchi [1].

Notions in model theory such as existentially complete structures, model com-
panions and model completions of a theory 7 may be studied in the framework of
categorical logic. But first, we remind the reader of the definitions of these well
known notions in model theory. Let £ be a first order language, and let 7 and 7*

be two theories in L.

Definition 5.1

1. The map M LNeMm odg(T) is an extension if for every primitive relation

69



R (including =) of the language of 7, the diagram
M L pm

T T
M(®R) = N(R)

is a pullback.
. Let M and M’ be structures. M’ is said to be an elementary eztension of M,
denoted M < M’', iff

(a) M'1is an extension of M, M C M', and

(b) M' is elementarily equivalent to M, denoted M = M’, i.e., if for any

sentence X, either M E X and M' =X or M | -X and M’ = -X.

. A substructure M of a structure M’ is said to be ezistentially complete in M’
if every existential sentence which is defined in M and true in M’ is truc in

M also.

. The theory T* is said to be model-consistent relative to 7 if each model of 7

can be embedded in a model of T*.

. The theories 7 and 7* are said to be mutually model-consistent if each is

model-consistent relative to the other.

. The theory T* is said to be model-complete relative to 7 if whenever M is a
model of 7, M’ and M” are models of 7* and contain M as a substructure,
and X is a sentence defined in M, then M’ satisfies X iff M" satisfies X. If
T* is model-complete relative to itself, then 7* is said to be model-complete.
In other words, 7* is model-complete iff whenever a model M’ of T* is an

extension of a model M of 7*, then M’ is an elementary extension of M.
. The theory T* is called a model completion of T if

(a) T* contains T,

(b) 7 is model-consistent relative to 7, and
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(c) T* is model-complete relative to 7.
It is known that if 7™ is a model completion, then 7* is model-complete itself.
8. The theory 7™ is called a model companion for T if

(a) T and T* are mutually model-consistent, and

(b) T* is model-complete.

9. A theory is said to have the amalgamation property if whenever M, M' and
M"" are models of the theory and M is a substructure of both M’ and M",
then there is a model M" of the theory such that the following diagram

commutes

M

M Alﬂf

MII

where — denotes C.

Let us now look at some examples. An algebraically closed field is existentially
complete in the sense that every existential sentence defined in it and true in some
extension of it is already true in it. Moreover, let 7 be the theory of fields and 7*
be the theory of algebraically closed fields. Then, 7* is model-consistent relative
to T, for every field is contained in an algebraically closed field. Furthermore, 7*
is model-complete relative to 7. Since 7* contains 7, 7* is a model completion
of T (up to logical equivalence). The latter implies by definition that 7* is a
model companion of 7 (the converse is not necessarily true, since the theory of real
closed fields is not model-complete relative to the theory of formally real fields).
By Proposition 5.1 (below), 7 has the amalgamation property. Another example is
that the theory of real closed ordered fields is the model completion of the theory

of ordered fields. Note that some theories may fail to have a model companion, as
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for instance the theory of groups. In this situation, the notion of finite and infinite

forcing must be examined.
In the case that the theory 7T is coherent, notions in model theory may be related

to (DML). We want to show the categorical logic analogue to the classical

Proposition 5.1 Let T* be a model companion of T. Then the following are equiv-

alent:
1. T* is a model completion of T.

2. T has the amalgamation property.

Let us recall that in categorical logic, a model of a theory 7 is an interpretation
T L Sets. It is known that the category of all models of T, Mod(T7) is a full
subcategory of the functor category Sets’.

A site is constructed consisting of a coherent theory 7 viewed as a category with
a Grothendieck topology on 7 defined as follows: for each monomorphism A >]—-> B

in 7, let F; be the family of monomorphisms
(AL BYU{A > B| A AA=0).

Let ¥ be the Grothendieck topology generated by those families F};, with j run-
ning through the monomorphisms of 7. A model of 7 is existentially closed iff it
transforms families from ¥ into surjective families in Sets.

In the case that the topology ¥ is finitary, i.e., that the covering families
{A>5 BYU{A' >3 B| A AA=0}

can be refined into finite covering families of the topology %, the coherent theory

Y~1T (see Chapter 1) is the model companion of T .
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Remark 5.1

1. The Grothendieck topology £ on a coherent theory 7 was motivated by the
result that if M is a model of 7 then M is existentially closed iff for any
monomorphism A > B in T, we have

MB)=MA) u | M(A").

A'AA=0,A"> B
2. Recall that given a propositional geometric theory, one may construct a locale.
Similarly, any distributive lattice D generates a coherent theory 7. The

models of T are exactly the prime filters of D and the existentially closed

models are exactly the maximal filters of D.

The logical aspect of (DML) can be realized as a condition on a theory 7, that
is, (A1 A A) = n A V- A, for Ay, A; > B € T. An equivalent condition is that
-AV-—A=Bforal A>>» BeT.

Thus, the following result is obtained.

Proposition 5.2 (/26]) Let T be a coherent theory. Then T admits a model com-
panion and Mod(T) has the amalgamation property iff for each B € T, the lattice
of subobjects of B admits a negation satisfying ~-AV -—A = B.

Remark 5.2
1. It is exactly this case where 7 admits a model completion.

2. Recall Theorem 3.1 that for a Boolean topos S and an internal category C in
the topos S, C satisfies the Ore condition iff S is De Morgan. This is

equivalent to saying that any diagram

u - Vv

\:
w

in C?” can be embedded in a communative square. This occurs exactly when

Mod(T) has the amalgamation property.
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An interpretation 7T 4 € of Tin an arbitrary topos £ may be extended to the

Robinson theory 7-, generated by 7

7 4L ¢
NAOK
T

Consider the diagram

T 4 & M Gets

Ny T 2 Mok
T

A model M of £ is said to be generic if M o K is an interpretation of 7_, which
preserves negation. In this case M o K must coincide with the unique extension
of M oI to 7. A necessary and sufficient condition for M to be generic is that
M o K transforms dense monomorphisms of 7-, into isomorphisms. Note that if
M is a model of £ the composite M o K does not preserve negation in general. It
is clear that 7, must be a theory that best approximates 7 and admits a model
completion.

Next recall, from Chapter 3, the diagram
Shor(YE) ~ Sho(E) S vE 5 €

where i is the canonical inclusion, e is the canonical geometric morphism and, v€
is the Gleason cover of a topos £. Note that Sh..(£) is a Boolean-valued model
of set theory (see Chapter 1). It is exactly this diagram that will be needed in the
following results leading up to and including the proof of the first application. We

will make use of the following observations:

1. Any Boolean algebra B may be extended to a complete Boolean algebra *B,
i.e., the MacNeille completion of B, such that the elements of *B are the

———closed elements of the frame Idl(B)

2. The Gleason cover ¥£€ of any topos £ = Shy.(B) of sheaves on a Boolean
algebra B for the finite cover topology is y(Shy.(B)) = Shs.(’B).
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3. (Shge(B))~~ = Shoo("B) — Shy.(B) must factor through the Gleason cover,
since it is Boolean and hence De Morgan, and the minimality of the latter

says that in the factorization
(Shfe(B))am = Shoo("B) <> Shyo(*B) < Shye(B)

with e a surjection and ¢ is flat, i.e., i is an inclusion for which ¢, preserves

first-order logic (¥, —, ) [32].
Lemma 5.1 Let T be a coherent theory, B be a complete Boolean algebra and let
Sheo(B) S Shye(B)

be the subtopos of Shy.(B) given by the ~——topology. If M LNem 0dsie (B)(T),
then iM 25 iN € Modsu, (T

Proof. ([7]) Since Shy(B) satisfies the axiom of choice (i.e., epimorphisms split),
i preserves images and it is enough to show that i preserves V (i preserves A, T
automatically since it has a left adjoint). But this follows by using characteristic
morphisms, from the fact that B — Q € Shy(B) preserves V, whenever B is
complete. (In topological terms: in an extremally disconnected Stone space, the
regular open sets coincide with the clopen sets and the supremum of two clopen is

just their union). m|

The following definitions and results will be needed for our first application in
which the existence of the real closure of an ordered field in a topos of sheaves on

a Boolean algebra B is proved.

Definition 5.2 (/3], Definition 1.2) Let M and N be categories of structures for
a language £, with M a subcategory of M. It is said that M has the prime model
extension property in N if: given K € N, there exists an extension K LEeN ,
with K € M such that for any extension K % K’ € N, with K’ € M, there exists

a (not necessarily unique) extension § : K — K, such that the following diagram

75



commutes

@
TN
e R

—

]

Let 7 — T be a quotient of coherent theories. Let £ be a Grothendieck topos.

Definition 5.3 ([3], Definition 2.1) A pair < 9¥(y),¢(z,y) > of formulas (of the
language of T — 7) is called a T-defining pair if

T = y[p(y) — Fzd(z,9)]-

Definition 5.4 ([3], Definition 2.2) There is a geometric equivalence on T -defining
pairs in £, provided that given any two 7-defining pairs < 1, ¢ > and < ¢/, ¢’ >,
there cxists a coherent formula 6’2,*,’,’7:’:,,?), such that for any K € Mods(T), if K &=
1(a) and K = 19'(a’), then it follows that

KE {92,‘5;,’?’;?}((1, a') < Vz[p(z,a) & ¢'(z,a')]}.

Definition 5.5 ([3], Definition 2.3) The quotient 7 — 7 has the Sturm property
wn £ if given that

T = Vy[$(y) = Jzd(z, y)],

with %, ¢ open and coherent, and given K € Modg(T), with K = (a), there
exists a coherent formula J)(:I:,y) with < ¥, ¢ > T-defining, such that

KE V:z:[q;(:):, a) = ¢(z,a)]-

Theorem 5.1 (/3], Theorem 2.4) Let T — T be a quotient of coherent theories
such that T is consistent and can be aziomatized by sequents of the form ¥(y) —
3z¢(z,y), with 1, ¢ open and coherent. Assume that T — T has the Sturm property
in a Grothendieck topos & and that there is a geometric equivalence of T -defining

pairs in €. Then, Modg(T) has the prime model extension property in Modg(T).
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Proof. For K € Modg(T), form the coproduct

K* = H<w,¢>7’——defining(”¢(y)”K)v

On K*, an equivalence relation is defined via the subobject E of K* x K* given by
E=| V 9§$"f§>(y, ?/I)”K'xK'-
<P,p>, <Y ¢ >

Let B3 K* = K be a coequalizer diagram. We make K into a structure in the
obvious way. For b € K, the notation b = [a, 4»] makes explicit a representative
for the equivalence class b. If a(yi,...,¥y,) is an m-ary relation symbol, and if
bi,...,b, € K are such that b; = [aicy, 4,5, then letting K = a(bi,...,b,) iff
K =Yy~ “VYn[(Aiz1..n ¢i(¥is i) = a(y1, - .-, yn)], is independent of the choice of
representatives and extends to all open coherent formulas (v, . .., ¥s).

The crucial part is to prove that K € Modg(T). Consider an axiom for 7 as
in the statement of the theorem, and suppose that & |= 1(b), where b = by,. .., by,
with b; = [@i<y, ,>]- Define new formulas

P (2) =Yy -Vl A iz A A dilwinz)) = ¥, yn)]

i=l.n i=1l..n

and

¢*($,Z)=Vy1"“\'/?n[( /\ wi(zi)/\ /\ ¢i(xazi))_éqb(m’yla-",yﬂ)]’

i=1...n i=l..n
where z = z, N ---N z, corresponds to a = a; N ~--N a,.

Note that
T B V2 (2) = Fz¢*(z, 2)],

and that K = ¢*(a).
By the Sturm property, a coherent formula ¢*(z, z) exists for which < ¢*,¢* >
is T-defining and also K |= Vz[¢*(z,a) = ¢*(z, a)].

Denoting a by ag, ¥* and ¢*, respectively, by o and ¢y, the above may be

rewritten as follows

K EVZvy - -Vyal( N\ wila) A N by i) = d(@, 915 - - Yn)]

i=0...n i=0...n
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and hence expresses the relation

I_( |= ¢(b03bh“~abn)

by letting by = [@o<yy,g0>]- Therefore, K |= 3z¢(z,b), as required.

A morphism K 5 & can be defined as the composite K & K* 5 K, where f' is
the injection into the coproduct corresponding to the T-defining pair < y = y,z =
y >, and is easily shown to be an extension. To verify that it is a prime extension to
a model of 7 in &, let K % K’ be an extension with K’ a model of 7 in €. Define
K 5 K’ as follows. Given b € K, say b= [@<y,4>], let gb be the unique z for which
K' | ¢(z,ga). If also b = [acy 5], from K = Vz[p(z,a) < ¢'(z,a’)] follows
from K' = Vz[¢(z,9a) < ¢'(z,ga')] and, therefore, §b is well defined. Finally,
go f = g since, given any a € K, g(fa) = §{{acy=y,z=y>]), and the unique z for

which K' |= (z = ga) is §(fa) = ga. O

It was remarked ({3], Remark 2.6) by Johnstone that the argument which will be
used to prove our first application works for any topos € for which we know how to
construct real closures in Sh__(£), e.g., for any localic Grothendieck topos &, since
then Sh-~(£) is a Boolean-valued model of Set Theory. Thus for €& = Shy.(B), the
proof of the real closure of an ordered field make up an instance of the factorization
of the inclusion Sh_.(€) — £ through the Gleason cover of £. Also note that since
She(*B) is a Boolean-valued model of Set Theory, real closures exist there. We are

now ready for the proof of our first application.

Theorem 5.2 Let B be a Boolean algebra and let K be an ordered field in Shy.(B).

Then, K has a real closure.

Proof. ([3]) Let K € Modsy, ) (T). The theory 7 of real closed fields is the

quotient of the (universal) theory 7 of ordered fields by the axioms

z > 0= Jyy’ = z)

true = Jy(y" ' + z,y™ + - - - + 2¢), for each n even.
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Hence, it has the axiomatization required by Theorem 5.1. Embed B into a complete

Boolean algebra *B and consider the geometric morphisms
* * e * (_e.
Shoo(*B) = Sho-(Sh(*B))—; Shy("B)—,. Shs(B).

Since She,(*B) is a Boolean-valued model of Set Theory, the ordered field ae*K €

Modgp,-)(T) has a real closure
w'K 5K

with K € M OdShm{'B)(ﬁ- Since 1 is flat, it preserves finitary logic, and so iK is a
real closed field in Shoo(*B). Moreover, since e*K is an ordered field, we still have

an extension
* j . T
K =K.

Sturm’s theorem ([11],[15]) gives an algorithm which makes sense in any topos,
provided the ordered field one applies it to is already contained in some real closed
field. Such being the case for e*K above, we use it in order to establish what
we have called the Sturm property [Definition 5.5] for 7 — 7 in Shy.(B). Let
K = 4(a), where T F Vy[#(y) = 3zé(z,y)]- Then, also e*'K = y(e*a) as well as
iK k= y(e*a), since 1 is coherent. By Sturm’s theorem, there exists £ > 0 and T-
defining pairs < 1}, ¢; >;=1,....k, With 1;, ¢; coherent, such that for some 1 < 5 <k,
T b Vylp(y) = ¥;(y)), while for all 1 < j < k, e*K |= Vz[¢;(z,e*a) - ¢(z,e*a)].
Let jo be the smallest j for which

T+ Vylp(y) = ¥;(y)]
and let ¢ = @;- Then, < 9, é > is T-defining and

16(z, €’ a)lle- < (€’ a)

e* K

from which it follows [7] that
e (I9(z,a)llx) < e*(llé(z, a)llx)
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and therefore, since e* is faithful, that

lé(z, @)l < llé(z, a)|lx-

In other words,

K b Vald(2,0) - d(z,a)]

as desired. The geometric equivalence on 7T-defining pairs in Sh 7c(B) is established

similarly. O

Remark 5.3 Sturm’s algorithm gives the number of roots of relevant polynomials
over ¢*K in any real closed extension of ¢*K and these roots are “definable” over
e* K. Now, Shy.(*B) is the Gleason cover of Sh;.(B), thus the geometric morphism
e : Shr(*B) — Shyo(B) is a surjection, i.e., e* is faithful and therefore e* reflects
the definability of these roots back to K. This fact allows us to add them to K
formally in order to get the real closure K — K in Shy.(B).

We now look into our second application, by Bagchi [1], that the conditions
under which the truth-value object of a classifying topos (see [18]) of a geometric
theory 7T satisfies De Morgan’s law (DML).

Let B, be the class of pseudocomplemented distributive lattices with 0 and 1.
This class is called the class of distributive p-algebras. B, is the equational class
axiomatized by the axioms for the class of distributive lattices with 0 and 1 together

with the following axioms, due to Weispfenning [43],
1. -0 =1,
2. -1=0,
3. Vx,y (zA-(zAy) =z A~y).

Then the equational subclasses of B, are the members of the following w-chain:

B_,CByCB,C---CB,,
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where B_; contains only the trivial algebra with 0 = 1. By is the class of Boolean
algebras and is axiomatized by the axioms for distributive p-algebras and Vz(z Vv
-z = 1). B is the class of Stone algebras and is axiomatized by the axioms for
distributive p-algebras and Vz(—z V -~z = '1). In general for all r > 1, B, is
axiomatized by the axioms for distributive p-algebras and by the axiom I, [31] as
follows:
I. = /\ (:z:i/\a:j=0)—>(\/—|xi=1).
i,§€0..7,i<j i€0...r
I, may be rewritten as the following equation

I:=V:z;1,...,xr ("1( /\ (L‘i)V( V —1( /\ .’L'j/\—T.’B,;)))=].

i€l.r i€l.r  jel.r\{i}

Remark 5.4

1. The axioms characterizing the class of Stone algebras, B, (r = 1), are precisely

(DML).

2. The axioms characterizing B,, for r > 2, are weaker than De Morgan’s law

(WDML) [19].
3. Any complete Heyting algebra is a distributive p-algebra.

We need to introduce more new concepts. Assume the language £ is a countable
relational language. Let E}(Mod(T)) be the lattice of equivalence classes (with
respect to 7T -provability) of existential positive formulas for some theory 7 and let
DE;F(Mod(T)) be the lattice of equivalence classes (with respect to 7T-provability)
of arbitrary disjunctions of existential positive formulas for some theory 7 where
the subscript n indicates the free variables of the formulas under consideration are
among zy, . . ., Z,. For every n € w, Ef(Mod(T)) is a sublattice of DE;F(Mod(T))

and both lattices are distributive lattices with 0 and 1 as follows.
Definition 5.6

1. ¢ModT) = {4y € DE} | Mod(T) k= ¢ +> ¥} where Mod(T) |= # means that ¢
holds in every model of 7.
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2. For every ® C DE}(Mod(T)),

(I)Mod(’l') — {d)Mod(T) I ¢ € (I)}

3. Let ¢,4 € DE}(Mod(T)) be given, the operations A, V, —, ¢ refer to the log-
ical operations of £ and the subscript D refers to the lattice DE} (Mod(T)).
We define
Op = LMo&T). 1 — TModT).

GMAT) £ py pModT) — (g A op)MoAT),

GMOA(T) v/ ) pMod(T) — (g \ o) Mod(T),

$HOUT) < YMoAT) = Mod(T) b= 6 .

Furthermore, EX (Mod(T)) = (E})Mo4T) and DE: (Mod(T)) = (DE:)Med(T).

4. For every ® C Ef(Mod(T)),
Isp(®) = ideal spanned by ¢ in E} (Mod(T)).
Idl(Mod(T)) = {®@M°4T) c EF(Mod(T)) | ®M°4T) is an ideal}.

Definition 5.7 Let L be a distributive lattice with 0 and 1. L is called a distribu-

tiwe arithmetical lattice iff
1. Comp(L) = {a € L | ais compact} is a sublattice of L containing 1, and

2. foreverya € L, a=V{be Comp(L) | b< a}.

Let L be a complete Heyting algebra. It is known that for every a € L, L<, =
{be L|b<a}isacomplete Heyting algebra with the symbols 0/, 1, A', V', =/, '
defined as follows:
0'=0;1=0a;Vy,2 € Lea,yN 2=y A z; Yy, 2 € L,y V' 2 =y V z;

Y(y: € Leo | i € I), Viervi = Vic1 ¥i) A s
VYy,2 € Leo, y > z2=V{w € Lo JwAy < 2z} =(y = 2) Aa;
=y =y—>0=(y—>0Aa=-yAa.

Proposition 5.3 Given ®ModT) yModT) c E+(Mod(T)),
Isp(q)Mod(T)) C ISp(‘IJMOd(T)) Py (V (I))Mod(T) <p (V ‘I,)Mod(T)’
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Proof. Isp(®MedT)) C Isp(TMeAT))

& YpMod(T) ¢ MoT) we may choose n € w and PMUT) || pModT) g yMod(T)
such that ¢M°dT) < ey 4T,

& VYpModT) ¢ ModT) 3n € w and YMoUT) . ModT) ¢ YModT) gych that
Mod(T) E ¢ = Vier.n%:-

& VpMoAT) g MolT) | Mod(T) = ¢ — V¥ (by compactness)

S Mod(T)=EVE VT

RS (V (I,)Mod(T) <p (V \I;)Mod(T). O

Proposition 5.4 In view of Proposition 5.8, we may define the map
h: DE}(Mod(T)) = Idl(E; (Mod(T))) : (\} ®)M°UT) s [sp(TModT)),
h is a lattice isomorphism with inverse

h© : Id(E} (Mod(T))) = DE}(Mod(T)): I — \/I.

Proof. h is clearly injective and surjective, and by Proposition 5.3, both k and A*

preserve order. Moreover A is clearly the inverse of h. a

We are now ready for the first conditions in which the r** Lee identity I, is

satisfied.

Proposition 5.5 ([1], II1.18) Let L be a distributive arithmetical lattice. Then,
for every a € Comp(L), L<, satisfies I, & L satisfies I,.

Proof. (=) This is immediate as 1 € Comp(L) and L = Lg;.

(<) Let a € Comp(L) and (y; € L<, | © € 0,...,7) be given such that for all
$,7€0,...,1iF#j=>yNy;=0 Henceforalli,je0,...,ri#ji=>uAy =
yi N'y; = 0. Hence by assumption Ve (-;) = 1. Hence Ve (—'3:) =
Vieo,.,(yiNa) = (Vieo,.. %) Aa=1Aa =a=1. As a € Comp(L) was
arbitrary, this establishes the result. 0
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Corollary 5.1 (1], I11.19) For every n € w, (DEf(Mod(T)) satisfies I!) & (for
every pM°UT) € EF(Mod(T)), DE}(Mod(T)) cgmoacr satisfies I} )).

Proof. DE}(Mod(T)) is a distributive arithmetical lattice with
EX(Mod(T)) = Comp(DE;(Mod(T))).
0

Let Sh(C, J) be the classifying topos of a geometric theory 7. Let the sieve R on
the object {x | X(z)} be given. Then Q{z | X(z)} denotes the collection of sieves on
the object {z | X(z)} and Q,{z | X (z)} denotes the collection of J-closed sieves on
the object {z | X(z)}. Note ([1], Corollary IV.19) that IdI(E}(Mod(T))<gmour)
and Q;{z | X(z)} are isomorphic as lattices.

It is precisely this next result that allowed Bagchi to reduce the problem of
determining the conditions under which the truth-value object of a classifying topos
of a geometric theory 7 satisfies the identity I, to the problem of determining the
conditions under which, for every n € w, DE}(Mod(T)) satisfies I,. Note that
the satisfaction or forcing relation, denoted |}, used in the next proof, is defined
as follows [26]. Let (C,J) be a site and L be a first-order language. Let U be a
set-valued functor on C and U 5 U its associated sheaf. The inverse image ¢! is
a lattice isomorphism between the subsheaves of U and the closed subfunctors of
U. A formula ¢ whose free variables are among x4, ...,z, will be interpreted as a
monomorphic subfunctor ¢ > U™. For (a,,...,a,) € ¢(A), where each a; € U(A),
and is denoted by Al ¢la1,...,an}.

Corollary 5.2 (1], IV.20) Sh(C,J) = I, & for every n € w, DE}(Mod(T)) E
I..

Proof. Sh(C,J) = I,

=4 Sh(C, J) l‘—‘ V(Do, .- 1V$T(/\i,j60,...,r,i<j (.’I?i A T = 0) — (ViGO,...,r = = 1))
& VX € 0bj(C),Vz,...,Vz, € Q,

.....
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& VX € 0b5(C),Vxy, . .., VI, € Q;(X),

X Vo, . - - VZe (Ai jeo,.mici(Ti A Tj = 0) = {Vieo,...r i = 1)).

& Vn € w,VX € Ef Id(E}F(Mod(T))<(x(zo,..zyMettm) | Ir. (as noted above)
& Vn € w,VX € Ef, DE} (Mod(T))<(x(so,..cr)Me4t) = Ir. (by Proposition 5.4)
& VYn € w, DEF (Mod(T)) & I,. (by Corollary 5.1) O
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