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Abstract 

 

Realistic prediction of seismic progressive collapse behaviour is essential in vulnerability 

and performance assessment of reinforced concrete structures. In seismic events, 

structural components of typical buildings and bridges may be subjected to repeated 

cyclic load reversals and combined axial, flexure and shear effects, and are also expected 

to undergo inelastic deformations during the severe ground shaking of major earthquakes. 

As a result of accumulated damage during inelastic excursions, the seismic response of 

reinforced concrete members may exhibit stiffness degradation and strength deterioration. 

In the case of shear-critical columns in older deficient structures, severe degradations and 

pinching behaviour may be particularly pronounced in the cyclic response. 

 

The principal objective of this research is to develop a comprehensive model for seismic 

response analysis of reinforced concrete structures subjected to multi-component seismic 

loading that captures the behaviour of members in new structures designed as ductile as 

well as non-ductile members in existing older deficient structures. The focus is on the  

formulation of a beam-column element using the concentrated plasticity approach and the 

development of a framework for the implementations of the new model using object 

oriented design concepts. The key modeling capabilities considered in this study include: 

capturing axial force-bending moment interactions; simulating post-yield hardening 

response; detecting brittle or limited ductility types of failure in shear; capturing 

degradation of shear strength in the plastic hinge zone with increased displacement 

ductility; simulating softening in the post-shear failure response; capturing stiffness 
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degradation and cyclic strength deterioration under repeated load reversals; tracking the 

progression and accumulation of damage and its effects on stiffness and strength 

degradation. Concentrated plasticity models are computationally more efficient than 

distributed plasticity fiber models and generally more practical for modeling complex 

phenomena like post-shear failure response since they require fewer parameters to 

capture the degrading behaviour under cyclic loading. 

 

The element formulation employs yield surfaces and shear-failure surfaces as well as 

evolution models associated with the surfaces for the generalized plastic hinges at the 

element ends to model interactions among axial force, bending moments and shear forces 

in the inelastic response. The degradation of shear strength in the plastic hinge region 

with increasing flexural displacement ductility demand is captured by using ductility-

related shear limit surface associated with the shear failure surface evolution model. The 

cyclic behaviour modeling is based on the incorporation of damage models in the beam-

column element formulation to track the progression of damage and its effects on the 

gradual deterioration in stiffness and loss of strength. The quasi-elastic degraded cyclic 

response is controlled by cyclic models capturing the different degradation characteristics 

through interaction with damage models to consider the effects of accumulated damage. 

A consistent generalized approach for state determination is developed using event-based 

strategy, where an “event” occurs when the loading state of the element changes. 

 

In the development of the object oriented implementation framework, the individual 

components of the proposed inelastic concentrated-plasticity model for capturing the 
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behaviour of ductile as well as non-ductile reinforced concrete members are identified 

and the functionalities of each component are defined. The following abstract base 

classes are established to describe the behaviour of individual components: beam-column 

element class, yield surface class, yield surface evolution class, shear failure surface 

class, shear failure surface evolution class, shear limit surface class, cyclic model class, 

cyclic control class, damage model class, damage progression class. The interface and the 

interactions between the abstract base classes are also established based on the required 

functionalities. The hierarchal structure of the proposed classes and the independent 

implementations for each of the main components of the formulations within a separate 

base class are designed to provide a comprehensive and flexible design that allows 

extensibility. 
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1    Chapter: Introduction 

 

1.1 Background 

Structural components of typical buildings and bridges are expected to undergo inelastic 

deformations during the severe ground shaking of major earthquakes. For structures 

designed according to capacity design principles, plastic hinges are expected to form at 

designated structural members specifically designed as ductile components to dissipate 

seismic energy through inelastic deformations. However, older structures were typically 

not designed following the ductile approach. For example, reinforced concrete structures 

designed prior to the 1970s are deficient in their seismic resistance due to inadequate 

detailing, such as inadequate development length and insufficient and widely spaced 

transverse reinforcement. Experimental research and post-earthquake reconnaissance 

have demonstrated that deficient reinforced concrete components are vulnerable to shear 

or shear-flexure failure during earthquakes.  

 

In seismic events, reinforced concrete members may be subjected to repeated cyclic load 

reversals and combined axial, flexure and shear effects. The seismic response of 

reinforced concrete members may exhibit stiffness degradation and strength deterioration 

as a result of accumulated damage during inelastic excursions. Shear-critical reinforced 

concrete columns may suffer severe degradations and exhibit pinching behaviour.  

 

In order to be able to more realistically assess the seismic behaviour and performance of 

reinforced concrete structural systems, accurate and computationally efficient numerical 
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models that capture the behaviour of members designed as ductile as well as non-ductile 

members are needed. Research is required to develop practical analytical models that 

capture the full interaction of axial, flexure and shear effects and the effects of 

accumulation and progression of damage on the response of reinforced concrete members 

under multi-component seismic loading, which comprises biaxial cyclic loading with 

variable axial load effects. This is essential not only to achieve more resilient design of 

new structures but also to devise reliable and efficient retrofit and rehabilitation strategies 

for old deficient structures to intervene the formation seismic progressive collapse 

mechanism. 

 

1.2 Behaviour and Modeling of Reinforced Concrete Columns 

This section describes the main aspects of the behaviour of reinforced concrete columns, 

broadly divided into monotonic and cyclic behaviour, and summarizes the common 

modeling approaches developed for nonlinear response analysis with focus on beam-

column models. 

 

1.2.1 Monotonic Behaviour 

Response characteristics of reinforced concrete structural members, including the 

effective elastic stiffness, nominal strength, post-yield hardening, etc. are dependent on a 

number of parameters such as reinforcing steel distribution, confinement provided to 

concrete by transverse reinforcing bars and axial load levels.  
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Reinforced concrete members tend to show high initial flexural stiffness prior to cracking 

of the concrete but due to the low tension capacity of concrete, increased flexure causes 

tension cracks which reduce the cross-section stiffness to the cracked stiffness. Upon 

further increase of the flexure, the reinforcing steel yields which leads to significant 

decrease in the member stiffness. The distribution of tension cracks depends on the 

moment gradient and in frames subjected to lateral loads, these cracks are mostly located 

at the member ends where the maximum moments occur. When reinforced concrete 

beam-column members are modeled by line elements, a common approach is to use 

equivalent effective stiffness to approximate the uncracked/cracked stiffness of the 

member up to yielding. The effective stiffness of a reinforced concrete member also 

depends on the axial load level, since compression tends to delay cracking, and tension 

tends to accelerate it.  

 

The initiation of yielding in the reinforcing steel also depends on the axial load level, 

which can be captured by using an axial force-moment (P-M) interaction diagram. The 

balanced point in the P-M interaction diagram represents the case where the concrete 

starts to crush in compression as the outermost steel rebars begin to yield in tension. The 

axial load level also affects the post-yield flexural behaviour of reinforced concrete 

members. At lower axial load, post-yield flexural behaviour is dominated by the tensile 

reinforcing steel and shows hardening. The rate of hardening gradually reduces as the 

response approaches the ultimate strength, reached when the concrete in compression 

crushes. At higher axial load, reinforced concrete members exhibit less post-yield 

hardening followed by pronounced softening response due to concrete crushing and rebar 
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buckling. The post-yield flexural behaviour also depends on the confinement of concrete. 

For example, in members where sufficient and closely spaced transverse reinforcement 

provide effective confinement, the concrete strength and ductility are significantly higher 

than for unconfined reinforced concrete members. Idealized models describing the 

constitutive relation for confined concrete have been developed by Kent and Park (1971), 

Park et al. (1982) (modified Kent and Park model), Sheikh and Uzumeri (1982), Mander 

et al. (1988), Saatcioglu and Razvi (1992), among others. Concrete material models, 

together with models describing the constitutive relation for reinforcing steel, can be used 

for moment-curvature analysis of a reinforced concrete cross-section to obtain the 

effective stiffness, moment at yield at certain axial load level, curvature capacity, etc. In 

reinforced concrete frame members, when the moment at a member end exceeds the yield 

moment, the end plastifies and a plastic hinge of a finite length forms. The plastic 

rotation capacity of a frame member depends on the ultimate curvature at the member 

end and the plastic hinge length. Several semi-empirical formula have been proposed for 

estimation of plastic hinge length, including those proposed by Corley (1966), Mattock 

(1967), Sawyer (1964), Priestley et al. (1996).  

 

Inelastic flexural response of reinforced concrete members can be modeled by using 

elastic frame elements with nonlinear rotational springs at the ends. The rotational spring 

models describe the moment-rotation relation based on reasonable assumptions but tend 

to oversimplify the complex reinforced concrete behaviour, in particular the interactions 

of axial load and bending moments. Inelastic flexural response can also be modeled using 

generalized plastic hinge formulation based on stress resultant plasticity concepts. In the 

latter approach, the interaction of axial load and bi-directional bending moments is 
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captured by multi-axial yield surface and post-yield flexural behaviour is modeled by the 

evolution of the yield surface. Since maximum moments, and therefore yielding and 

inelastic deformations, in frame members typically occur at the member ends, inelastic 

analysis can be performed by using yield surfaces modeled as concentrated plastic hinges 

at the element ends. To more accurately capture the spread of plasticity along the element 

length, distributed plasticity models can be used where the formulation includes several 

integration points along the element length. Another approach which captures the axial 

force-moment interaction effects on the inelastic flexural response of reinforced concrete 

members is based on fiber models using constitutive relations of concrete and steel 

material models. The yield-surface approach and the fiber-section approach can be used 

in either concentrated plasticity models or distributed plasticity models. A detailed review 

of models for nonlinear response analysis of reinforced concrete structures is presented in 

Chapter 2. 

 

1.2.2 Cyclic Behaviour 

In major earthquakes, reinforced concrete members may be subjected to severe cyclic 

loadings. During inelastic excursions of repeated reversed cycles, members accrue 

damage which causes degradation in stiffness and loss of strength, and may eventually 

lead to collapse. To quantify the seismic damage to individual structural components or 

the global structure, several damage indices have been proposed, including Park and Ang 

(1985), Kratzig et al. (1989), Kunnath et al. (1992), Mehanny and Deierlein (2001). Local 

damage indices for individual elements may be based on a combination of force, 

displacement, plastic deformations and dissipated hysteretic energy.  
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Damage indices can also be used to degrade constitutive stiffness and strength parameters 

of the element during the course of analysis. Calibration of the damage models with 

experimental data is usually required. In the yield-surface approach based on stress and 

strain resultants, only a few parameters control the cyclic response of the reinforced 

concrete component, whereas in the fiber model approach the cyclic response is affected 

by the combined response of many fiber models each with specific material properties, 

and damage models need to be incorporated at material level, for which experimental 

data may not be readily available. 

 

Under cyclic loading, several aspects of the reinforced concrete member behaviour need 

to be modeled in addition to those discussed in Section 1.2.1. Figure 1-1 shows hysteretic 

modeling types describing different characteristics of the cyclic behaviour of reinforced 

concrete members, including strength deterioration, stiffness degradation and pinching 

behaviour.  

 

Two types of strength degradation can be distinguished as cyclic strength degradation and 

in-cycle strength degradation (FEMA P-440A). Strength degradation, also referred to as 

strength deterioration, is evidenced by the reduction in lateral strength of the member, 

  . Structural components may experience cyclic strength degradation upon reversals of 

the loading or during subsequent loading cycles. The level of inelastic displacement may 

be maintained at the same inelastic displacement in subsequent loading cycles, as shown 

in Figure 1-1(b) or increased during each subsequent cycle, as shown in Figure 1-1(c). In-
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cycle strength degradation, shown in Figure 1-1(d), is characterized by loss of the lateral 

strength upon increasing the inelastic displacement within the same cycle. It is 

manifested by the negative post-yield stiffness,       . As emphasized in FEMA P-440A, 

it is important to make a distinction between cyclic and in-cycle strength degradation 

since the latter may lead to lateral dynamic instability of a structural system. 

 

Stiffness degradation is characterized by a reduction in the slope of the force-deformation 

hysteresis curve,       , during unloading and reloading, as shown in Figure 1-1(e). The 

elastic stiffness degrades progressively with increasing peak deformation and the number 

of deformation cycles with excursions in the inelastic range of the member. Peak-oriented 

reloading stiffness has been found to match relatively closely the reinforced concrete 

member response observed in experiments.  

 

Pinching behaviour is manifested by significant reduction in stiffness during reloading 

after unloading, followed by partial recovery of stiffness after displacement is reversed, 

as shown in Figure 1-1 (f). Pinching behaviour is commonly associated with opening of 

cracks when displacement is imposed in one direction. Upon closing of cracks the 

stiffness is partially recovered when displacement is reversed in the opposite direction. 

Pinching behaviour may also be associated with bond slip. 

 

Figure 1-1(g) shows combined cyclic strength degradation with stiffness degradation, and 

Figure 1-1(h) shows combined in-cycle strength degradation with stiffness degradation, 

which may be observed in the seismic response of reinforced concrete members. 
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One of the major factors affecting the cyclic behaviour of reinforced concrete members is 

the reinforcement detailing. The cyclic response of members designed and detailed to 

develop desirable ductile flexural yielding prior to shear failure or anchorage and lap 

splice failures is, generally, characterized by stable hysteretic loops. Typically, such 

components exhibit small stiffness degradation, have considerable energy absorption 

capacity and are capable of sustaining large inelastic deformations prior to experiencing 

strength degradation caused by concrete crushing or rebar buckling/ fracture. Many older 

deficient reinforced concrete structures, however, have reinforcement that does not 

provide sufficient confinement to the concrete. As demonstrated in experimental studies 

(Ghee et al. 1989, Saatcioglu and Ozcebe 1989, Watanabe and Ichinose 1992, Wong et 

al. 1993, Priestley et al. 1994), under cyclic loading such components may suffer severe 

stiffness and strength degradation, with low ductility capacity and possible shear failure 

under combined axial-flexure-shear effects. Shear-critical reinforced concrete 

components may also demonstrate significant pinching behaviour as more damage is 

accumulated.  

 

As noted previously, a common approach for nonlinear response analysis of reinforced 

concrete structures is to model structural components using elastic frame elements with 

concentrated nonlinear rotational springs at the ends. A hysteretic moment-rotation 

relation describes the entire cyclic response of the nonlinear spring. The monotonic 

moment-rotation curve envelops the cyclic response and hysteretic rules define the 

stiffness in the unloading and reloading states. In this approach, by using a pre-defined 
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"back-bone" curve to enforce the relation between a singular force quantity and its 

deformation component, the inelastic response (yielding) is not clearly separated from the 

degraded elastic cyclic response. 

 

In models based on generalized plastic hinge formulation, the inelastic response is 

modeled using yield surface and evolution models, and the degraded elastic hysteretic 

response is captured by cyclic models. In the models with rotational springs described 

previously, relation between a singular force quantity and its corresponding deformation 

component is enforced, whereas the yield surface models are defined for multiple 

components in force space and cyclic models for each of these components can be 

incorporated in the formulation. Separate hysteretic models can be defined to capture the 

different characteristics of the cyclic response of reinforced concrete members described 

above.  

 

As mentioned previously, damage models can be incorporated in the element formulation 

to degrade the stiffness and strength properties of the element during analysis. Models 

using this approach are capable of more realistically capturing the effects of accumulation 

and progression of damage on the degradations of structural components compared to 

models using initially predefined degradation parameters for the entire analysis. It has 

also been observed in experimental studies that damage accumulated in cyclic excursions 

in one direction affects not only stiffness and strength parameters of a component in the 

direction of loading but also the behaviour in other out-of-plane directions. To consider 
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these interaction effects on stiffness and strength degradation, multi-component damage 

models that capture hysteretic damage in multi-directions are needed.  

 

Models with rotational springs and models with yield surfaces are primarily suitable to 

capture the inelastic flexural response of reinforced concrete components. Behaviour of 

shear critical columns and aspects of modeling shear failure are discussed in the next 

section. 

 

1.2.3 Shear Critical Behaviour 

Shear critical behaviour is observed in reinforced concrete columns with inadequate 

seismic detailing mainly in old structures constructed prior to the 1970s. Such columns 

may fail in shear prior to yielding in flexure. Shear failure may also occur if shear 

demand exceeds shear capacity of the member at relatively low ductility level. Shear 

failure is also observed under large lateral drifts after flexural yielding due to weakening 

of the shear resisting mechanism in the plastic hinge region (Ghee et al. 1989, Wong et 

al. 1993, Priestley et al. 1994, Sezen 2002). Models describing the relation of shear 

strength degradation with displacement ductility have been proposed by Aschheim and 

Moehle (1992), Priestley et al. (1994), Sezen and Moehle (2004), among others. As 

observed in experimental studies of columns with high shear, shear cracks develop and 

propagate rapidly as the member is subjected to lateral displacements, after which axial 

load carrying capacity also degrades with increasing displacements. Elwood (2002) 

proposed empirical relations for drift ratios at shear failure and drift ratio at axial failure 

of shear-damaged columns.  
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Shear failure can be captured based on strength criteria in the case where shear capacity 

of the member is lower than the shear demand and brittle shear failure occurs prior to 

yielding, and in the case where shear capacity of the member is comparable with the 

flexure capacity and shear failure occurs at low ductility levels. Strength criteria can be 

incorporated in reinforced concrete frame element models as nonlinear shear springs at 

the ends of the element. Similarly to the nonlinear rotational spring models, a hysteretic 

shear force-deformation relation describes the inelastic and cyclic response of the shear 

spring. To account for the interaction of axial load and bi-directional shear forces, multi-

axial shear failure surfaces can be used in the element formulation. In the latter approach, 

the post-shear failure behaviour characterized by severe strength degradation can be 

modeled by the evolution of the shear failure surface.  

 

To capture shear failure in the case where shear capacity is higher than the shear demand 

but degrades under increasing inelastic displacements, a displacement ductility based 

criteria are needed in addition to the strength based criteria. Models describing the 

relation of shear strength degradation and displacement ductility can be included in the 

evolution of the shear failure surface to capture the effects of inelastic flexure-shear 

interaction.  

 

Frame element models for reinforced concrete members incorporating flexure and shear 

effects based on the distributed plasticity and the concentrated plasticity approach are 

reviewed in Section 2.2 and Section 2.3, respectively.  
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1.2.4 Common Failure Modes of Reinforced Concrete Columns  

As demonstrated in experimental studies and observed in post-earthquake 

reconnaissance, the common failure modes of reinforced concrete columns can be 

summarized as follows: ductile governed by flexural plastic hinging, moderately ductile 

with shear failure resulting from exceedance of degraded shear capacity in the flexural 

plastic hinge zone, limited ductile with shear failure resulting from exceedance of shear 

capacity after yielding at relatively low ductility levels, and brittle failure governed by 

shear failure as the initiating failure mechanism.  

 

The ductile failure mode is a desired failure mode that can be controlled by specifically 

designing and detailing the reinforced concrete component  to form flexural plastic 

hinges at designated locations and dissipate seismic energy through inelastic 

deformations.  The flexural cyclic response of reinforced concrete columns designed and 

detailed following the ductile approach is characterized by stable hysteretic loops. Figure 

1-2 shows the lateral load-top deflection relationship of a reinforced concrete column 

designed and detailed as ductile obtained in the experimental study conducted by 

Saatcioglu and Ozcebe (1989).  

 

Failure modes of reinforced concrete columns governed by brittle shear failure and 

flexure-shear interaction leading to shear failure have to be prevented because they may 

cause undesired collapse mechanism. Experimental research has been conducted on 

flexure-shear types of column failure by Ghee et al. (1989), Saatcioglu and Ozcebe 
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(1989), Wong et al. (1993), Priestley et al. (1994), Elwood (2002), Sezen (2002), Sezen 

and Moehle (2006), among others. It has been demonstrated that shear cracks develop 

and propagate rapidly in reinforced concrete columns with high shear stress subjected to 

lateral displacements. It has also been observed that axial load carrying capacity in shear-

damaged columns degrades with increasing lateral displacements. Axial failure occurs 

when the shear-damaged column can no longer sustain axial loads.  Figures 1-3 to 1-6 

show examples of column failures from experimental studies and observed earthquake 

damage. Behaviour governed by brittle shear failure is observed when the reinforced 

concrete column fails in shear prior to yielding in flexure, which is sudden in nature. 

Limited ductile behaviour with shear failure is observed when the shear demands exceeds 

the shear capacity after flexural yielding and hardening at relatively low displacement 

ductility level. Moderately ductile behaviour with shear failure of reinforced concrete 

columns is observed under large lateral drifts after flexural yielding due to deterioration 

of the shear strength in the flexural plastic hinge region.  

  

1.3 Objectives and Scope   

The objective of this research is to develop the formulation of a comprehensive 3D beam-

column model for seismic response analysis of reinforced concrete structures subjected to 

multi-component seismic loading, including biaxial load reversals and variable axial load, 

and to propose the framework for the implementations of the new model using object 

oriented design concepts. The present research is aimed at deriving a unified and 

consistent new model capable of capturing the entire range of nonlinear behaviour of 

reinforced concrete frame members, from ductile to brittle, and in between, which can 
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arise from the interaction between axial, shear and flexure effects, and their evolution 

during the progression and accumulation of damage. The proposed model is aimed at 

capturing the post-peak degradation behaviour of members in reinforced concrete frame 

structures, which would lead to more accurate account for the progression of damage and 

the redistribution of load in the global structure, and realistic prediction of the failure 

mechanism in the seismic progressive collapse analysis.  

 

This research is focused on the development of the beam-column element formulation 

based on concentrated plasticity approach and the framework for the implementation of 

new models employing object oriented design to facilitate extensibility and flexibility. 

The full implementation of the derived models and more extensive verification studies on 

nonlinear response analysis of reinforced concrete frame structures are recommended as 

future research.  

 

1.4 Thesis Outline  

Chapter 1 presents an introduction on the background of seismic progressive collapse 

analysis and a discussion on the main aspects of the monotonic and cyclic behaviour of 

reinforced concrete columns. Shear-critical behaviour observed in reinforced concrete 

columns in older deficient structures with inadequate seismic detailing and the common 

failure modes of reinforced concrete columns are also discussed. The objectives and 

scope of this research are presented.  

 

Chapter 2 presents a review of existing analytical models for nonlinear seismic response 

analysis of reinforced concrete structures.  Concentrated and distributed plasticity models 
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incorporating flexural and shear effects are carefully reviewed. Advantages and the 

limitations of the existing models are discussed.  

 

Chapter 3 provides the mathematical background to the formulation of the proposed 

beam-column model for seismic progressive collapse analysis of reinforced concrete 

structures. The concentrated plasticity-based formulation for inelastic modeling 

incorporating yield surface, shear failure surface, shear limit surface and evolution 

models is explained. The cyclic model formulation that captures stiffness degradation, 

strength deterioration and pinching, and incorporates the effects of progression of damage 

on the post-peak cyclic behaviour is also explained.  

 

Chapter 4 describes the framework for the implementations of the proposed model using 

object oriented design. The abstract base classes established to describe the behaviour of 

the individual components of the proposed model and the interface for the interaction 

between the base classes are also presented. Some column verification examples are also 

included in this chapter.  

 

Chapter 5 presents conclusions and summarizes the main aspects of this research. 

Recommendations are suggested for future research to incorporate full implementation of 

the developed models and conduct more extensive verification examples of frame 

structures.  
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Figure 1-1 Hysteretic modeling types: (a) with no deterioration; (b) with cyclic strength degradation 

under repeated cycles; (c) with cyclic strength degradation under increasing displacement level; (d) 

with in-cycle strength degradation; (e) with stiffness degradation; (f) with pinching; (g) with 

combined cyclic strength and stiffness degradation; (h) with combined in-cycle strength and stiffness 

degradation. 
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Figure 1-2 Lateral load-top deflection hysteretic relationship in the direction of loading of test 

specimen U6 (Saatcioglu and Ozcebe 1989)  
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Figure 1-3 Loss of lateral-load-carrying capacity of test specimen 4 (Sezen 2002) 
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Figure 1-4 Loss of axial-load-carrying capacity of test specimen 4 (Sezen 2002) 
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Figure 1-5 Progressive flexure and shear damage in test specimen U3  (Saatcioglu and Ozcebe 1989) 
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Figure 1-6 Column failures from the 1999 Kocaeli, Turkey earthquake (Sezen 2002) 
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2    Chapter: Literature Review 

 

2.1 Overview of Earlier Developments of Models for Nonlinear Response Analysis 

of Reinforced Concrete Structures 

Comprehensive reviews of earlier developments in modeling and analysis of the 

nonlinear seismic response of reinforced concrete structures are presented in Filippou and 

Issa (1988), Taucer et al. (1991), Filippou et al. (1992), Spacone et al. (1996), among 

others.  

 

Authors have proposed different classifications for nonlinear models but the common of 

these classifications is that they are primarily based on the level of accuracy and 

refinement of the models. As summarized by Taucer et al. (1991) and Spacone et al. 

(1996), the models for nonlinear response analysis of reinforced concrete structures can 

be divided into three main categories depending on the level of complexity as follows: 

global models which represent the structure by only a few selected degrees of freedom; 

discrete finite element models which capture the hysteretic behaviour of reinforced 

concrete members; and microscopic finite element models primarily used to study 

different physical nonlinearities by discretizing members and joints into a large number 

of finite elements. Generally, discrete finite element models are considered the most 

suitable for conducting nonlinear seismic response analysis of large scale structures since 

they allow more insight into the seismic response of structural members as well as the 

entire structure compared to the global models, and are computationally more efficient 

compared to the microscopic finite element models.  
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Here, a brief summary of the earlier developments in discrete finite elements for 

modeling the inelastic response of reinforced concrete components is first presented in 

order to outline the framework for the more recent developments that incorporate the 

modeling of more complex hysteretic behaviour such as the effects of shear failure and 

post-shear failure behaviour. 

 

Depending on the basic assumptions for the location and distribution of the plastic zones, 

the discrete finite elements, also referred to as frame elements, can be categorized as 

concentrated plasticity and distributed plasticity models.   

 

2.1.1 Earlier Developments in Concentrated Plasticity Models 

It is generally observed that under seismic excitations the inelastic behaviour of 

reinforced concrete frames is concentrated at the ends of girders and columns where 

maximum moments occur. As noted by Taucer et al. (1991), and Spacone et al. (1996), 

among others, considering the general observations for the locations of the inelastic 

deformations in reinforced concrete components, an early modeling approach is based on 

concentrated plasticity models using nonlinear rotational springs to represent the inelastic 

behaviour.  

 

Some of the first nonlinear frame models are the models proposed by Clough et al. 

(1965), Clough and Johnston (1966) and Giberson (1967). The Clough model allows for 

a bilinear elastic-strain hardening moment-rotation relation and consists of two 
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components in parallel. One of the components is an elastic-perfectly plastic element 

with nonlinear springs at the ends where the inelastic deformations are concentrated, and 

the other component is a linear elastic element to represent strain-hardening. Takizawa 

(1976) has modified the Clough model to account for the cracking of concrete by using a 

multilinear moment-rotation relation. A limitation of the parallel component elements is 

the difficulty in accounting for stiffness degradation of reinforced concrete components 

under reversed cyclic loading. The series model formally introduced by Giberson (1967), 

also known as the one-component model, consists of a linear elastic element and two 

nonlinear rotational springs attached at the element ends where all inelastic deformations 

are concentrated, as shown in Figure 2-1(a). This model overcomes the limitation of the 

Clough model in modeling stiffness degradation by allowing for more complex hysteretic 

laws to describe the moment-rotation relations of the nonlinear springs.   

 

The first hysteretic law describing the flexural behaviour of reinforced concrete 

components under cyclic load reversals was proposed by Clough et al. (1965). Takeda et 

al. (1970) proposed a more refined hysteretic model for the cyclic stiffness degradation in 

flexure and is still widely used in many beam-column models. One of the first qualitative 

models describing the shear force-shear deformation hysteretic relation for reinforced 

concrete components was proposed by Celebi and Penzien (1973). Based on experimental 

observations, Ozcebe and Saatcioglu (1989), among other researchers, proposed a 

hysteretic shear force-deformation model that describes the stiffness degradation and 

pinching behaviour.  
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As summarized by Spacone et al. (1996), some of the earlier models for nonlinear 

seismic response analysis of reinforced concrete components also included modeling of 

the pinching behaviour (Banon et al. 1981, Brancaleoni et al. 1983), and fixed-end 

rotations for modeling bar pull-out (Otani 1974, Otani et al. 1985, Filippou and Issa 

1988).  

 

Even though the effects of axial load on the flexural capacity have been recognized by 

some researchers (e.g. Kanaan and Powell 1973), the axial force-bending moment 

interaction is typically ignored in the earlier models that are based on nonlinear rotational 

single-degree-of-freedom springs.  

 

An approach based on the principles of the theory of plasticity has been used by many 

researchers to include the axial load effects in concentrated plasticity models. In this 

approach, the axial force-bending moment interaction is described by means of a yield 

surface for the stress resultants and a flow rule for the direction and relative magnitude of 

strain resultants, i.e. hinge rotations and axial extensions. Figure 2-1(b) shows the 

schematics of a concentrated plasticity model based on a yield surface formulation. 

Multininear constitutive relations representing concrete cracking, reinforcing steel 

yielding and strain hardening as well as stiffness degradation are modeled by using 

multiple yield and subsequent loading surfaces with associated hardening rules for the 

nonlinear hinges. Takayanagi and Schnobrich (1979) were some of the first researchers to 

account for the axial force-bending moment interaction effects in their study on seismic 

response of coupled shear wall systems. Takizawa and Ayoama (1976) introduced a 
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concentrated plasticity model including stiffness degradation for biaxial bending 

conditions based on two interaction surfaces in moment space representing cracking and 

yielding. Chen and Powell (1982) developed generalized plastic hinge concepts to 

incorporate axial-moment interaction and stiffness degradation for three-dimensional 

beam-column elements under biaxial bending based on multi-axial yield surfaces.  

 

A different approach to incorporate axial force-bending moment interaction in 

concentrated plasticity elements is based on using a set of zero-length springs to represent 

concrete and reinforcing steel. These models are also referred to as multi-spring hinge 

models. Lai et al. (1984) proposed a model that consists of a linear elastic element with 

one inelastic element at each end. Each inelastic element comprises four effective steel 

springs and five effective concrete springs describing the constitutive material relations 

for steel and concrete, respectively. Saiidi et al. (1986) refined the nine-spring hinge 

model proposed by Lai et al. (1984) by considering four composite springs at each corner 

of the section and one concrete spring at the centre effective only in compression. Jiang 

and Saiidi (1990) further improved the computational efficiency and numerical stability 

of the model by using only four composite springs for the inelastic hinge.  

 

The nonlinear frame models based on the concentrated plastic hinge concepts are a 

simplification of the actual behaviour of reinforced concrete members which is 

characterized by the gradual spread of inelastic deformations along the member as a 

function of the loading history. The element formulations of the concentrated plasticity 

models are based on plasticity relationships between the member end forces and the 
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member end deformations, and therefore these relationships require calibrations based on 

expected axial load and moment gradient along the member. The main advantage of 

concentrated plasticity models is their relative simplicity and computational efficiency.  

 

2.1.2 Earlier Developments in Distributed Plasticity Models 

The frame elements based on the distributed plasticity approach provide a more accurate 

description of the inelastic behaviour of reinforced concrete members. The formulations 

of distributed plasticity models allow plastic hinges to form at any integration point of the 

finite element model. The response of the entire element is obtained by numerical 

integration of the section response at the predefined integration points. The number of 

integration points and their location depend on the numerical integration method. The 

nonlinear behaviour at a cross section can be described by constitutive relations using 

either a stress-resultant plasticity-based approach or a fiber discretization approach.   

 

As summarized in the early literature surveys conducted by Filippou and Issa (1988), 

Taucer et al. (1991), Spacone et al. (1996), some of the first distributed plasticity models 

for beams are the models proposed by Soleimani et al. (1979) and Meyer et al. (1983). 

The axial force-bending moment interaction is neglected in the earlier models. Roufaiel 

and Meyer (1987) extended the model proposed by Meyer et al. (1983) to include the 

effects of shear and axial forces on the flexural hysteretic behaviour based on a set of 

empirical rules. Darvall and Mendis (1985) proposed a similar but simpler model in 

which the end inelastic deformations follow a trilinear moment-curvature relation. 
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Keshavarzian and Schnobrich (1985) extended the model proposed by Soleimani et al. 

(1979) to account for axial force-bending moment interaction.  

 

Takayanagi and Schnobrich (1979) proposed a beam-column element subdivided into a 

finite number of longitudinal subelements, each represented by a nonlinear rotational 

spring. This model was used in their study on seismic response analysis of coupled shear 

walls to account for the variation of axial load. As noted by Taucer et al. (1991), although 

the inelastic deformations are essentially concentrated in the end springs, this model 

belongs to the group of distributed plasticity models because it accounts for inelastic 

deformations along the length of the element.   

 

Emori and Schnobrich (1981) studied the nonlinear response of a plane frame combined 

with a shear wall using different beam-column models. In one of the models, the element 

is composed of a series of nonlinear rotational springs similar to the model used by 

Takayanagi and Schnobrich (1979). Another is the layer model in which inelastic 

deformations are allowed to occur over a finite length at the ends of the element. Axial 

force-bending moment interaction is accounted for in the layer model.  

 

Filippou and Issa (1988) also proposed a beam-column element subdivided into 

subelements in series by a different approach. A separate subelement is used to describe 

the effect of flexure, shear and bond-slip. The complex hysteretic behaviour of the 

reinforced concrete member is modeled through the interaction and combination of the 

different subelements. Following a similar approach, D’Ambrisi and Filippou (1999) 
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proposed a frame element for modeling the cyclic response of reinforced concrete 

elements including also the effects of shear sliding in the critical regions and the shear 

distortion along the element based on a phenomenological shear force-shear distortion 

relationship.   

 

The distributed plasticity elements are formulated using either the standard displacement-

based (stiffness) approach or the flexibility-based approach. An overview of the 

displacement-based and the flexibility-based element formulations is presented by Taucer 

et al. (1991).  

 

The early distributed plasticity elements proposed by Kang and Scordelis (1977), 

Hellesland and Scordelis (1981), Mari and Scordelis (1984) among others, are formulated 

with the classical stiffness method using cubic Hermitian polynomials to approximate the 

deformations along the element. The limitations of displacement-based elements stem 

from the assumption of cubic interpolation functions which result in a linear curvature 

distribution along the element. However, the curvature distribution is highly nonlinear in 

the inelastic region and this may cause numerical instability problems. The problems may 

be alleviated by using a very fine discretization in the inelastic region but at increased 

computational efforts.   

 

Menegotto and Pinto (1977) proposed a formulation based on interpolation of both 

section deformation and section flexibilities and include axial force-bending moment 
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interaction. Mahasuverachai and Powell (1982) proposed flexibility-dependent shape 

functions for inelastic pipe elements that are continuously updated during the analysis.  

 

As discussed by Taucer et al. (1991) and Spacone et al. (1996), the more recent 

developments in distributed plasticity models follow a trend toward flexibility-based 

element formulations and discretization of the section into fibers. A distributed plasticity 

model based on a fiber section approach is schematically shown in Figure 2-2(a). Among 

the earlier flexibility-based fiber elements are those proposed by Kaba and Mahin (1984), 

Zeris and Mahin (1988, 1991). The flexibility-based element formulations used in these 

models allow more accurate description of the force distribution within the element. The 

formulations are based on the assumption for the force interpolation functions that the 

bending moment distribution along the element is linear and the axial force distribution is 

constant. Independent from the state of the element, the force interpolation functions 

strictly satisfy the equilibrium, and thus overcome some of the limitations of 

displacement-based elements. A challenge for the flexibility-based elements is their 

implementation into existing finite element programs based on the direct stiffness 

method. Ciampi and Carlesimo (1986) proposed a consistent state determination 

procedure for flexibility-based elements. The method originally proposed by Ciampi and 

Carlesimo (1986) is refined by Taucer et al. (1991) and Spacone et al. (1996) and applied 

to the formulation of fiber beam-column elements.  

 

Neuenhofer and Filippou (1997) have also discussed in details the advantages of 

flexibility-based beam-column elements over displacement-based elements. The main 
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advantage is that fewer flexibility-based elements are required to represent the nonlinear 

behaviour of a frame member, and thus keeping the number of degrees of freedom in a 

structural model to a minimum.  

 

As mentioned before, the nonlinear section response in distributed plasticity elements can 

be described using the stress-resultant plasticity-based approach. Figure 2-2(b) shows the 

schematics of a distributed plasticity model based on a yield surface formulation. El-

Tawil and Deierlein (1996) have implemented yield-surface models to describe the 

section force-deformation behaviour at integration points in a beam-column element 

developed for analysis of reinforced concrete and composite members. As summarized 

by Mehanny (1999), the approach used by El-Tawil and Deierlein (1996) follows the 

work of Dafalias and Popov (1977), Orbison (1982), Hilmy (1984) and Zhao (1993).  

 

The fiber approach for describing the nonlinear section response is based on 

discretization of the cross-section into individual fibers representing longitudinal 

reinforcing steel, confined concrete area, and unconfined concrete cover. Each fiber is 

associated with the uniaxial constitutive relation of an appropriate material model. At 

section level, the nonlinear response under axial force and bending moment is derived by 

integrating the fiber stresses over the cross-section and the axial force-bending moment 

interaction is thus accounted for. The element response is derived by integrating the 

section response along the element length.  
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Fiber models are also used for moment-curvature analysis of reinforced concrete sections. 

Properties such as yield moment and curvature, ultimate moment and curvature ductility 

capacity can be obtained from moment-curvature analysis. These properties are required 

to determine the monotonic moment-rotation relationship, yield surface, plastic rotation 

capacity, effective cracked stiffness, etc., which are used in models based on the stress-

resultant plasticity-based formulation.  

 

In summary, numerous beam-column elements based on the concentrated- and 

distributed-plasticity concepts have been developed in earlier studies; however, the focus 

is mainly on modeling the ductile response of reinforced concrete members governed by 

flexural yielding.  

 

As described previously, reinforced concrete columns in existing older structures may 

not, however, have the lateral strength or displacement ductility to develop flexural 

yielding and withstand the strength and ductility demands imposed during major 

earthquakes. As observed in major earthquakes and demonstrated in experimental studies 

on cyclic behaviour of reinforced concrete structural components (Sezen 2002, Elwood 

and Moehle 2003), reinforced concrete columns with insufficient or poorly detailed 

transverse reinforcement may exhibit a brittle shear failure or a ductile shear failure in the 

flexural plastic hinge zone. The post-shear failure behaviour of columns subjected to 

cyclic loadings is characterized by severe strength and stiffness degradation and 

increased pinching.  

 



 57 

Recent efforts have been undertaken in the development of models for the nonlinear 

response of reinforced concrete members susceptible to nonductile and ductile shear 

failure under the combined action of axial force, shear and bending moments. A review 

of the developments of beam-column elements incorporating the effects of shear failure 

and post-shear failure behaviour is presented in the next section. 

 

2.2 Distributed Plasticity Models Incorporating Flexural and Shear Effects 

A state-of-the-art review of recent developments in distributed plasticity models 

incorporating flexural and shear behaviour based on the fiber approach is presented in 

Ceresa et al. (2007). As summarized by Ceresa et al. (2007), existing fiber beam-column 

models can be divided into two main groups depending on the approach for modeling the 

shear effects. Models in the first group are based on superimposing independent models 

for flexural and shear mechanisms and using strut-and-tie method to derive the shear 

contribution. Models in the second group use formulations based on different constitutive 

relations to describe the flexural and shear behaviour, such as microplane theory 

(Petrangeli et al. 1999), smeared crack theory (Vecchio and Collins 1986, Bentz 2000, 

Remino 2004, Bairan 2005), and damage mechanics (Kotronis and Mazars 2005, Mazars 

et al. 2006).  

 

The element formulations in earlier fiber models are typically based on the Euler-

Bernoulli beam theory and neglect shear effects. In many of the recent studies, the 

Timoshenko beam theory is introduced into the fiber approach to account for shear 

effects.  



 58 

 

As summarized by Ceresa et al. (2007), among the models based on strut-and-tie method 

for considering the shear contribution and superposition of flexural and shear models are 

the models proposed by Guedes et al. (1994), Ranzo and Petrangeli (1998), Shirai et al. 

(2001), Martinelli (2008).  

 

Guedes et al. (1994) proposed a displacement-based frame element for modeling the 

nonlinear response of shear-dominated reinforced concrete members using the 

Timoshenko beam theory. The nonlinear section response under axial force and bending 

moments is derived based on the fiber approach. The shear resistance is considered based 

on a strut-and-tie model but contributions from arch action, aggregate interlock and 

compressive concrete are not included.  

 

Martinelli et al. (2008) proposed another displacement-based element based on the 

Timoshenko beam theory. The developed finite element is based on the model proposed 

by Garstka (1993), in which a fiber model for deformations due to flexural and axial 

forces is coupled with a truss model for the shear effects. In the model proposed by 

Martinelli et al. (2008), the shear-flexure is assumed to take place in limited zones at the 

ends of the element. Different contributions to shear resistance such as arch action, truss 

mechanism, aggregate interlock and compressive concrete are accounted for in the 

model.   
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Ranzo and Petrangeli (1998) proposed a two-dimensional flexibility-based element for 

nonlinear response analysis of reinforced concrete structures including shear effects. At 

section level, the flexural response is derived based on the fiber approach while the shear 

response is described by an empirical shear force-shear distortion hysteretic model. The 

shear strength is considered as the sum of different components, concrete contribution 

and truss mechanism formed by the transverse reinforcement, as proposed by Priestley et 

al. (1994). The flexural and shear mechanisms are coupled by a damage criterion at 

section level following the model proposed by Priestley et al. (1994) for degradation of 

concrete shear strength with flexural ductility. The element state determination follows 

the iterative procedure proposed by Petrangeli and Ciampi (1997).   

 

Marini and Spacone (2006) proposed a flexibility-based fiber element based on the 

Timoshenko beam theory that accounts for shear effects. The formulation of the two-

dimensional element follows the flexibility approach presented in Spacone et al. (1996). 

The section response to axial and bending effects is described based on the fiber 

approach. The shear response is described by a phenomenological shear force-shear 

deformation relationship, similarly to the approach used in Martino et al. (2000). The 

proposed shear constitutive law accounts for the increase in shear capacity due to axial 

compression. Damage effects due to cracking are also considered in the model. Shear 

deformations are uncoupled from axial and bending effects in the section stiffness, but 

shear and bending forces become coupled at the element level by imposing equilibrium 

along the element. It is highlighted that section constitutive laws that exhibit softening 
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such as the shear model proposed by Marini and Spacone (2006) may cause localization 

and non-uniqueness of the solution as discussed in Coleman and Spacone (2006).  

 

Generally, in fiber beam-column models based on superposition of flexure and shear 

models, a shear model acts in series with the fiber section, but the response of the shear 

model is uncoupled from the flexural or axial deformations at section level, thus full 

coupling of axial, shear and flexure effects is not accounted for. To overcome this 

limitation, models based on fiber constitutive relations that incorporate the shear effects 

have been proposed as summarized next.   

 

Petrangeli et al. (1999) proposed a flexibility-based fiber beam-column element for 

modeling the shear behaviour and its interaction with axial force and bending moments in 

reinforced concrete members. As a fiber element, this model shares various features of 

previous fiber models such as those proposed by Kaba and Mahin (1984), Mari and 

Scordelis (1984), Zeris and Mahin (1988). The element state determination is based on 

the iterative solution procedure presented in Petrangeli and Ciampi (1997). The shear 

mechanism is modeled at fiber level by introducing biaxial constitutive relations for 

concrete based on the microplane approach (Bazant and Oh 1985, Bazant and Prat 1988, 

Bazant and Ozbolt 1990, Ozbolt and Bazant 1992). The shear deformations are 

determined by imposing equilibrium between the concrete and transverse reinforcement. 

By using biaxial constitutive relations, the formulations of this model describe the 

softening behaviour of reinforced concrete members under monotonic and cyclic loading 

in a more robust and consistent way, without the need for superposition of separate 
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flexure and shear models as in the truss and strut-and-tie approaches. On the other hand, 

this model is computationally more demanding compared to the models based on truss 

analogies and it has some difficulties in directly accounting for the different mechanisms 

that contribute to shear resistance. As reported by Petrangeli et al. (1999), the model 

tends to underestimate the shear capacity in regions where the contribution to shear 

resistance from direct strut action is more significant since the local effects due to 

supporting and loading details are not accounted for in the formulations.  

 

As summarized by Ceresa et al. (2007), fiber models for reinforced concrete 

incorporating shear effects based on the smeared crack approach have been proposed by 

Vecchio and Collins (1988), Bentz (2000), Remino (2004), Bairan (2005).  

 

The smeared crack approach for modeling cracked concrete was introduced by Rashid 

(1968). In this approach, the cracked concrete is represented as an elastic orthotropic 

material with reduced modulus of elasticity in the direction normal to the crack plane and 

the cracked concrete behaviour is described by an average stress-strain relationship. The 

smeared crack approach describes the cracked concrete response in a more global sense 

compared to the discrete crack model originally developed by Ngo and Scordelis (1967). 

The discrete crack approach is based on a predefined crack pattern while in the smeared 

crack approach cracking is modeled as an averaged distributed effect with directionality.  

 

Following the smeared crack concepts, Mitchell and Collins (1974) proposed the 

diagonal compression field theory based on the assumption that concrete carries no 
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tension after cracking and shear is carried by a field of diagonal compression. The 

formulations are based on equilibrium, compatibility and constitutive relationships in 

terms of average strains and stresses. Reinforcing steel is assumed to be smeared 

throughout the element and perfectly bonded to concrete. Vecchio and Collins (1986) 

proposed the modified compression field theory (MCFT), a modification of the diagonal 

compression field theory, in which the tension stiffening effect in concrete is considered 

by imposing average tensile stress across the crack. In this approach, iterative procedure 

for finding the stress and strain distribution is required, and the shear strain profile is 

determined from equilibrium of two adjacent sections. The method has been shown to be 

capable of predicting the response of reinforced concrete to in-plane shear, flexural and 

axial stresses. A limitation is that only monotonic load is considered in the formulation. 

Vecchio and Collins (1988) applied the MCFT for modeling the response of reinforced 

concrete beams subjected to shear. Since the analytical model based on the MCFT 

requires considerable computational effort, Vecchio and Collins (1988) proposed two 

alternative approximate solutions by using a predefined parabolic shear strain or constant 

shear flow distribution.  

 

Vecchio (1999), and Palermo and Vecchio (2002) proposed modifications and extensions 

to the MCFT to model the response of reinforced concrete panels and shear walls under 

cyclic loading. The method has also been used in studies conducted on concrete frames 

and beam-column joints to some success. It has been observed in applications of the 

MCFT that the method does not capture very well the response of beams with little or no 

transverse reinforcement. To overcome this limitation, Vecchio (2000) proposed a new 
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conceptual model, called disturbed stress field model, to describe the behaviour of 

cracked reinforced concrete.   

 

Bentz (2000) proposed a fiber model for predicting the load-deformation response of 

reinforced concrete sections subjected to shear, axial forces and bending moments based 

on the MCFT (Vecchio and Collins 1986). The model is implemented in a computer 

program called Response-2000. The applications of this model capture the cases of 

monotonic in-plane bending, shear and axial loading. 

 

Remino (2004) proposed an implementation of the smeared crack approach into a fiber 

beam-column element based on the Timoshenko beam theory. The flexibility-based 

formulation of the two-dimensional element follows the method proposed by Spacone et 

al. (1996).  The constitutive relations describing the fiber response are based on the Rose-

Shing model (Rose 2001) which follows the concepts of the MCFT with modifications in 

terms of material constitutive relations, aggregate interlock law and crack kinematics. 

The interaction between axial force, shear and flexure is thus accounted for at fiber level. 

The model has been verified only for the static monotonic response of reinforced 

concrete piers. As reported by Remino (2004), numerical difficulties have been 

encountered in cyclic analysis due to the use of the Rose-Shing model to describe the 

cyclic response of the fibers as well as the adopted incremental-iterative solution 

procedure.  
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Mullapudi et al. (2010) proposed an implementation of the softened membrane model 

into a fiber beam-column element based on the Timoshenko beam theory. The softened 

membrane model (Zhu and Hsu 2002) belongs to the family of smeared crack models. As 

summarized by Mullapudi et al. (2010), the development of the softened membrane 

model is a progression of the work by Belarbi and Hsu (1995), Pang and Hsu (1995, 

1996), Hsu and Zhang (1996), Zhang and Hsu (1998), Zhu et al. (2001). In this approach, 

the biaxial state of stress of cracked concrete in the directions of orthotropy is considered 

and the Poisson’s effect is included. The softened membrane model has been shown to be 

capable of predicting the pre-peak as well as the post-peak response of cracked concrete. 

By using biaxial constitutive relations for describing the fiber response, the interaction 

between axial, flexural and shear responses is accounted for at fiber level. The flexibility-

based formulation of the element follows the methods proposed by Spacone et al. (1996), 

Neuenhofer and Filippou (1997), Ayoub and Filippou (2000). The model has been 

verified using experimental data from shake table tests of reinforced concrete columns. 

 

Mazars et al. (2006) proposed a displacement-based fiber beam-column element based on 

the Timoshenko beam theory and constitutive relations to account for the shear response 

of reinforced concrete components. For concrete, uniaxial constitutive law is used based 

on the model proposed by La Borderie (1991) and the principles of damage mechanics 

and plasticity. The model is suitable for describing cyclic loadings considering damage 

by using damage coefficients for tension and compression, and including crack closure 

and permanent effects. However, the assumption of uniaxial constitutive relations and 
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linear shear stresses results in limitations in the accurate representing of the anisotropic 

response of reinforced concrete sections due to shear cracking.  

 

Ceresa et al. (2009) developed a fiber beam-column element based on the Timoshenko 

beam theory and biaxial constitutive relations for modeling the shear response and the 

shear-flexure interaction in reinforced concrete members. The two-dimensional element 

is formulated according to the displacement-based approach. The shear mechanism is 

modeled at fiber level using biaxial constitutive relations for cracked reinforced concrete 

based on the cyclic formulations of the MCFT (Vecchio 1999, Palermo and Vecchio 

2003). The interaction between axial, flexural and shear responses is accounted for at 

fiber level. The model has been verified using experimental data from cyclic tests of 

reinforced concrete short piers and walls. As reported by Ceresa et al. (2009), numerical 

difficulties have been encountered mainly due to the limitations of the employed 

constitutive models and further improvements in the modeling of the post-peak behaviour 

are needed.  

 

2.3 Concentrated Plasticity Models Incorporating Flexural and Shear Effects 

A review of recent developments in concentrated plasticity models incorporating the 

flexural and shear behaviour of reinforced concrete members is presented in this section. 

In the concentrated plasticity approach, the inelastic flexure and shear responses of a 

reinforced concrete column are modeled by the nonlinear hinges at the ends of the 

element. In some of the models, the element formulations are based on single-component 

hinges while in others, on multi-component hinges. The models are characterized by 
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different levels of complexity and refinement. The effects of axial load on the flexural 

and shear behaviour are accounted for in some of the models.  

 

The models based on single-component hinges generally consist of an elastic element and 

single-degree-of-freedom springs attached at the ends of the elastic element. A nonlinear 

rotational spring is used to model the moment-rotation relationship based on a hysteretic 

model. Several hysteretic models for the flexural behaviour have been developed, with 

Takeda et al. (1970) being one of the more popular. A nonlinear shear spring is used to 

model the shear force-shear deformation relationship based on a hysteretic shear model. 

The model proposed by Ozcebe and Saatcioglu (1989) is considered to be the pioneering 

work in the hysteretic shear models for reinforced concrete members. In general, the 

hysteretic models are based on a predefined backbone curve and a set of hysteretic rules, 

which control the unloading, reloading and pinching behavior. The backbone curve is 

commonly derived from the monotonic response, which can be obtained from 

experimental data or section analysis, and is used as an envelope for the cyclic response. 

In this approach, there is no clear distinction between the inelastic response and the 

degraded elastic cyclic response. In single-component hinges, the relation between a 

singular force action and its deformation component is enforced, thus force interaction is 

not readily taken into account. Special techniques need to be employed for considering 

the effects of interaction between axial force, moment and shear force as discussed later.  

 

Among the concentrated plasticity models capturing shear effects based on single-

component hinge approach are the models proposed by Pincheira et al. (1999), Lee and 
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Elnashai (2001, 2002), Elwood and Moehle (2004), Sezen and Chowdhury (2009), Xu 

and Zhang (2010).  

 

The models with multi-component hinges, also referred to as generalized plastic hinge 

models, are commonly based on stress resultant plasticity concepts. In structural analysis, 

the plasticity concepts are applied based on multi-axial yield functions defined in terms 

of forces and plastic flow criteria given by evolution rules for inelastic 

hardening/softening response. For flexural response, a yield function defined in terms of 

axial force and moments can be used which allows modeling the inelastic axial force-

moment interaction. Yielding occurs when the force state of a member reaches the yield 

surface, and the response to continued loading is governed by the evolution of the yield 

surface. Hardening response is generally modeled by using a kinematic rule, an isotropic 

rule or a combination of the two. The kinematic rule results in translation of the yield 

surface in force space without changes in size or shape, while the isotropic rule results in 

uniform expansion of the yield surface. To model the shear failure and the post-shear 

failure behavior, a shear failure surface can be used. To consider the effects of variable 

axial load on the shear behaviour, the shear failure surface can be defined in terms of 

axial force and shear forces. Shear failure occurs when the shear force state of a member 

reaches the shear failure surface. The post-shear failure response to continued loading 

characterized by softening or strength degradation can be modeled by using a contraction 

rule that results in shrinking of the shear failure surface.  

 



 68 

After yielding and/or failing in shear, the element accumulates damage and the element 

stiffness degrades. Upon unloading, the force point is inside the yield surface and/or the 

shear failure surface and the degraded elastic response is independent from the 

formulation of the yield surface and/or shear failure surface. The degraded elastic 

behaviour of the element under cyclic loading is modeled by using cyclic models that 

capture degradation in elastic unloading/reloading stiffness and pinching of the hysteretic 

loops. Inherent feature of the generalized-hinge approach is that the inelastic response is 

modeled separately from the degraded elastic response. As noted above, no clear 

distinction between the inelastic response and the cyclic response is made in the models 

based on single-component hinges.  

 

Among the generalized plastic hinge models capturing the behaviour of nonductile 

reinforced concrete columns are the models proposed by Yang (1994), Ricles et al. 

(1998), Abou-Elfath et al. (1998), ElMandooh Galal and Ghobarah (2003), Kaul (2004). 

Mostafaei and Kabeyasawa (2007) also proposed a model based on springs in series for 

capturing the flexure and shear behaviour of reinforced concrete columns by a different 

approach. Fiber hinge model is used to capture the axial-flexure behaviour and the 

constitutive relationship for the shear spring is based on the MCFT (Vecchio and Collins, 

1986). 

 

2.3.1 Concentrated Plasticity Models Based on Single-Component Hinges 

In this section, some of the concentrated plasticity models incorporating flexural and 

shear effects based on single-component hinges are reviewed.  
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2.3.1.1 Pincheira et al. (1999) 

Formulations: 

Pincheira et al. (1999) proposed a concentrated plasticity model for the cyclic response of 

nonductile reinforced concrete columns by incorporating the shear effects. The approach 

is an extension of the two-dimensional single-component model originally developed for 

flexural behaviour by Giberson (1969). As summarized by Pincheria et al. (1999), earlier 

efforts to develop models representing the nonductile response of older reinforced 

concrete columns focus on anchorage and lap splice failures of the longitudinal 

reinforcement (Jordan 1990, Pincheira and Jirsa 1992, Kurama et al. 1996) and do not 

include the nonlinear shear response or do not capture the interactions with the shear 

effects (Pincheira and Jirsa 1992). The main characteristics of the model proposed by 

Pincheira et al. (1999) include capturing of flexural or shear failures under monotonic and 

cyclic loading. 

 

The element consists of an elastic interior, two rotational springs at each end and a shear 

spring at midpoint, as schematically shown in Figure 2-3. The element stiffness is derived 

based on the flexibility approach by adding the flexibility matrices of the elastic 

subelement, the rotational springs and the shear spring and including both flexural and 

shear deformations.  

 

The hysteretic law describing the flexural response is based on the model proposed by 

Takeda et al. (1970) with modifications to include strength degradation due to anchorage 
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or splice failures (Pincheira et al. 1992), and to include flexural cracking, as shown in 

Figure 2-4. The multilinear backbone curve incorporates segments for elastic behaviour 

prior to flexural cracking, reduced stiffness following flexural cracking and prior to 

yielding, post-yield hardening and a post-peak negative slope that continues until the 

member response reaches the residual moment capacity. Anchorage slip, lap-splice slip, 

section degradation and buckling of longitudinal reinforcement between ties are 

considered in defining the flexural backbone curve by introducing a segment with 

negative slope to represent the in-cycle flexural strength degradation with increasing 

rotation amplitudes. The unloading stiffness is assumed to degrade based on maximum 

rotation amplitude and empirical degradation parameters. The reloading stiffness is 

assumed to be peak-oriented.  

 

The shear response model used in the element formulation is developed by Dotiwala 

(1996), and Pincheira and Dotiwala (1996). The multilinear shear force-deformation 

backbone curve and hysteretic rules are as shown in Figure 2-5. The backbone curve for 

the shear response is obtained up to the maximum strength by using the modified 

compression field theory (MCFT) (Vecchio and Collins, 1986), which requires iterative 

and computationally intensive procedure. Even though valid strictly for monotonic 

loading behaviour, the MCFT has been chosen since it provides a general approach for 

calculating the shear response of reinforced concrete members considering the effects of 

flexure and axial load. The backbone curve incorporates a segment for elastic behaviour 

prior to shear cracking. After the onset of shear cracking, the shear force-deformation 

relation follows reduced shear stiffness until reaching the maximum shear capacity. The 
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post-peak shear response is modeled by a negative slope until reaching the residual shear 

capacity. The cyclic shear response is based on the concepts of stiffness degradation 

proposed by Chen and Powell (1982) and Ricles et al. (1991) with modifications to 

include pinching of the hysteresis loops and cyclic strength degradation, as shown in 

Figure 2-5. Degradation in unloading stiffness is considered based on maximum plastic 

shear deformation attained in the current inelastic excursion and empirical degradation 

parameters. The reloading stiffness is assumed to degrade based on the plastic 

deformation attained during the inelastic excursion in the opposite direction and 

empirical degradation parameters, and thus cyclic strength degradation is accounted for in 

the formulation. The amount of pinching is assumed to depend on the reloading stiffness 

and an empirical controlling parameter.  

 

Analysis results using the beam-column element developed for modeling the response of 

nonductile reinforced concrete columns have been compared with experimental data from 

cyclic lateral load tests with either no axial load or constant axial load. As noted by 

Pincheira et al. (1999), the comparison of the cyclic response with experimental results 

showed that good correlation of the post-shear failure behaviour was in many cases not 

possible due to uncertainty associated with the cyclic degradation parameters.  

 

Summary of Findings and Discussion:  

The beam-column element has been incorporated in the DRAIN-2D analysis program 

(Kannan and Powell, 1973; Pincheira and Jirsa, 1992). The existing solution algorithm of 

DRAIN-2D could not handle negative stiffness. As reported by Pincheira et al. (1999), 
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numerical difficulties were encountered when the response is on the descending branch, 

and necessitated revisions of the solution strategy to find an approximate solution. On the 

post-peak negative slope for any of the nonlinear springs, a small but positive arbitrary 

slope is used resulting in a force unbalance which is applied to the model in the next time 

step. The procedure may require considerable computational effort and the model may 

not adequately capture the dynamic characteristics of a softening structure. 

 

The proposed model is capable of capturing the overall strength and stiffness degradation 

properties of older reinforced concrete columns exhibiting a shear dominated behaviour 

with essentially no flexural ductility. However, experimental research studies have shown 

that shear strength of columns degrades in the flexural plastic hinge zone with increasing 

displacement ductility demand (Aschheim and Moehle 1992, Wong et al. 1993, Priestley 

et al. 1994). In this model degradation in shear strength and stiffness is initiated after the 

member response reaches the peak of the backbone curve defined for the shear spring. If 

the estimated shear strength is higher than the flexural yield strength, and given limited 

post-yield hardening in the flexural response, shear degradation will not be initiated in the 

model. In order to capture shear failure and post-shear failure behaviour after the column 

develops flexural yielding and exhibits some displacement ductility, shear failure 

determination should be based on both force and deformation considerations. To 

overcome this limitation, models developed in more recent research (Elwood 2002, Kaul 

2004, Sezen and Chowdhury 2009) incorporate force-based and displacement ductility-

based criteria to determine shear failure.  
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2.3.1.2 Elwood (2002) 

Formulations: 

Elwood (2002) proposed a different approach to capture shear and axial failures in shear-

critical reinforced concrete columns based on drift capacity models. As summarized by 

Elwood (2002), existing models for predicting the degradation of shear strength of 

columns with increasing flexural displacement ductility, such as the models proposed by 

Watanabe and Ichinose (1992), Aschheim and Moehle (1992), Priestley et al. (1994), 

Sezen (2002), are not adequate for predicting the drift ratio at shear failure.  

 

Elwood (2002, 2004) has developed an empirical model to estimate the drift at shear 

failure of reinforced concrete columns experiencing flexural yielding before shear failure 

and a shear-friction model that relates the axial capacity of the column to the drift ratio 

after shear failure. The proposed drift capacity models are incorporated in a nonlinear 

uniaxial constitutive model to initiate strength degradation in an analytical model of a 

reinforced concrete member and capture the shear and axial load failures.     

 

Based on evaluation of results from an experimental database of shear-critical columns, 

the following empirical equation has been proposed to estimate the drift ratio at shear 

failure: 
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where      is the drift ratio at shear failure,     is the transverse reinforcement ratio,   is 

the nominal shear stress,   
  is the concrete compressive strength,   is axial load at time of 

shear failure for variable axial load tests, and    is the gross cross-sectional area. After 

shear failure, the axial load supported by the column is assumed to be determined based 

on the shear-friction mechanism. The free-body diagram of a shear damaged column is 

shown in Figure 2-6. Based on the shear-friction concepts and on observations from 

experimental tests, the following empirical equation has been developed to estimate the 

drift ratio at axial failure of a shear-damaged column:  

 

 
 

 
 
     

 
 

   

         

       
 

            
 
 

 

(2.2) 

 

where            is the drift ratio at axial failure,    is the depth of the column core from 

centre line to centre line of the ties,   is the spacing of the transverse reinforcement,     

and     are the area and yield strength of the transverse reinforcement,   is the axial load 

on the column, and    is the critical crack angle from the horizontal and is assumed to be 

    in the derivation of the model.  

 

Limit state curve based on the empirical drift capacity model is used to detect the onset of 

shear failure in the model as defined by the intersection point of the load-deformation 

curve of the column and the limit state curve, as shown in Figure 2-7. Similarly, limit 

state curve based on the shear-friction model is used to determine when axial failure 

occurs, as shown in Figure 2-8. As noted by Elwood (2002), according to this model, 
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columns with a low axial load or drift demand are not expected to experience axial 

failure.  

 

The limit state curves are incorporated into an existing hysteretic model similar to that 

developed by Filippou and Spacone (1996). The force-deformation relation of the 

hysteretic model shown in Figure 2-9 includes strength degradation, stiffness degradation 

and pinching. At detection of failure, the backbone curve for force-deformation 

relationship of the hysteretic model is redefined to initiate strength degradation, as 

illustrated in Figure 2-10. As noted by Elwood (2002), the point of failure might not lie 

on the pre-defined force-deformation relation of the hysteretic model, as shown in Figure 

2-10(b), since the limit curve can be defined as uncoupled from the backbone curve and 

exceedance of the limit curve is checked after each converged step. Therefore it is 

recommended to use small load steps to accurately determine when the limit curve is 

exceeded. 

 

The limit state model, which is the hysteretic model extended to include a limit state 

curve, is used in beam-column elements to model shear and axial load failure and 

strength degradation in shear-critical reinforced concrete columns as described next.  

 

The shear spring in series model consists of a beam-column element connected in series 

with a shear spring, as shown in Figure 2-11. In this model the limit state model is used to 

describe the shear force-shear deformation relationship of the shear spring. The 

incorporated limit state curve is defined based on the shear force and the total 
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displacement to ensure that shear failure is based on the sum of the flexural and shear 

deformations. It is assumed that the flexural deformations modeled by the beam-column 

element include also the contribution from anchorage bar slip. When the beam-column 

response intersects the limit curve, shear failure is detected and the backbone curve of the 

shear spring is redefined to initiate strength degradation, as illustrated in Figure 2-11. 

Considering experimental results showing that shear deformations increase significantly 

after shear failure (Sezen 2002), the force-deformation relationship of the shear spring is 

assumed to follow a negative slope upon additional lateral displacement demand while 

the beam-column element is assumed to unload allowing a small reduction in flexural 

deformations.  

 

Based on observations from experimental tests (Nakamura and Yoshimura 2002), the 

slope of strength degradation of the total response of the beam-column is assumed to be 

linear from the point of shear failure to the point of axial failure and can be estimated as 

follows:  

 

    
  

  
       

 

 

 
 

(2.3) 

 

where    is the ultimate shear capacity of the column,    is the corresponding drift at 

shear failure, and    is the drift at axial failure for the axial load at the time of shear 

failure.   
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Thus, following the flexibility approach the degrading slope of the shear spring is 

determined as follows: 

 

      
 

    
  

 

       
 

  

 

 
 

(2.4) 

 

where the unloading stiffness of the beam-column,        , must be provided before the 

analysis.   

 

As reported by Elwood (2002), numerical problems are encountered when the beam-

column response has a negative slope after shear failure is detected due to the lack of 

unique solution for an increase in the total displacement. Therefore, it is recommended 

that the beam-column response maintain a positive slope.  

 

The rotational spring model consists of a linear elastic element connected with rotational 

springs at each end, as shown in Figure 2-12. The limit state model is used to define the 

moment-rotation relationship for a rotational spring. The rotational springs are 

incorporated in the beam-column element such that the beam-column displacement is 

equal to the sum of the flexural and shear deformations. The deformation due to bar slip 

is accounted for in the model by assuming an initial slope in the backbone curve of the 

rotational spring. As in the shear spring in series model described previously, the limit 

state curve used to determine the onset of shear failure is defined based on the column 

shear and the total displacement. When the beam-column response reaches the limit 

curve, the backbone curve of the rotational spring is redefined to initiate strength 
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degradation, as illustrated in Figure 2-12. As pointed out by Elwood (2002), the rotational 

spring model has improved numerical stability compared with the springs in series 

model, however, all nonlinearities due to flexural and shear deformations are lumped in 

the rotational springs and are not determined separately.  

 

The axial spring in series model extends the shear spring in series model to capture axial 

load failure of a shear-damaged column by adding an axial failure spring connected in 

series, as shown in Figure 2-13. The limit curve defining the relationship between the 

axial load and total lateral drift for the axial failure spring is based on the shear-friction 

mechanism that assumes shear failure has already occurred. Thus, post-processing is 

required to confirm that shear failure occurred before axial failure. After axial failure is 

detected, the backbone curve of the axial spring is redefined to initiate loss of axial load 

capacity, as illustrated in Figure 2-13. Based on experimental results suggesting that an 

increase in lateral shear deformations may lead to an increase in axial deformations, and 

loss of axial load (Elwood 2002, Lynn 2001, Sezen 2002), shear-axial coupling after the 

onset of axial failure is considered in this model by forcing the axial spring response to 

follow the axial limit curve upon additional lateral displacement demand.  

 

Summary of Findings and Discussion:  

The proposed drift capacity models are incorporated in a nonlinear uniaxial constitutive 

model implemented in the OpenSees structural analysis platform (McKenna et al. 2004) 

and can be used with a beam-column element to model shear and axial load failure and 

strength degradation of existing reinforced concrete columns.  
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In models that have previously been proposed for modeling shear failure and post-shear 

failure behaviour of nonductile reinforced concrete columns, such as the model 

developed by Pincheira et al. (1999), shear failure is detected only when the shear in the 

column exceeds the shear capacity of the shear spring. By using the drift capacity model 

developed by Elwood (2002) to detect shear failure and initiate strength degradation 

based on the drift ratio of the column, the model allows flexural yielding before shear 

failure, and thus overcomes the limitations in the previous models that fail to capture 

shear-flexure failure mode.   

 

As discussed by Elwood (2002), existing shear-strength models, such as the models by 

Priestley et al. (1994) and Sezen (2002), developed to represent the degradation of shear 

strength with increasing inelastic displacements are more appropriate for estimating the 

column capacity for conventional strength-based design and may not adequately predict 

the drift ratio at shear failure after flexural yielding due to sensitivity to variations in the 

shear strength and flexural strength. Considering the deficiencies in existing shear-

strength models, Elwood (2002) has developed an empirical drift capacity model to 

provide a more reliable estimate of the drift at shear failure of existing reinforced 

concrete columns. The proposed empirical drift capacity models are less sensitive to 

variability in the shear capacity or the shear demand after yielding in flexure compared 

with the shear-strength model developed by Sezen (2002) due to the relatively steep slope 

of the relationship between shear stress and drift ratio at shear failure.  
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The drift capacity model proposed by Elwood (2002) has also been used in a beam-

column model developed by Kaul (2004) as discussed later. 

 

To model the deterioration in axial load capacity of a shear-damaged column which may 

result in loss of ability to support gravity loads, Elwood (2002) has proposed a modified 

shear-friction model that relates the axial load capacity to the drift ratio of a column and 

developed an equation for estimating the drift ratio at axial failure. There are certain 

limitations in the axial failure model. The shear-friction mechanism assumes that the full 

yield capacity of the transverse reinforcement can be attained and maintained after shear 

failure. In older reinforced concrete columns, sufficient anchorage of the transverse 

reinforcement may not be provided, thus reduction of the contribution of transverse 

reinforcement should be considered in the model. Furthermore, the shear-friction model 

is based on the assumption that the shear failure plane is continuous and distinct. 

However, the complex behaviour of a column suffered failure in shear may lead to 

different mechanisms for supporting axial load such as partial bearing support and 

discontinuous shear plane which cannot be captured by this model.  The axial failure 

model has been derived based on limited available experimental data comprising only 12 

columns subjected to unidirectional lateral loading.  

 

The focus of this research is to capture shear and axial failure and model the strength 

degradation behaviour of existing reinforced concrete columns subjected to seismic 

loading. The proposed drift capacity models for determining the onset of shear and axial 

failure are incorporated into existing hysteretic model which considers stiffness 
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degradation, strength deterioration and pinching behaviour. The effects of accumulation 

of damage on the degrading behaviour of reinforced concrete columns under cyclic 

loadings have not been investigated. 

 

2.3.1.3 Sezen and Chowdhury (2009) 

Formulations: 

Sezen and Chowdhury (2009) have developed a springs in series macromodel 

incorporating the effects of shear and axial load failure to simulate the cyclic response of 

older reinforced concrete columns. The total lateral response is modeled by combining 

the flexural, longitudinal bar slip and shear deformation responses, each of which is 

modeled by a spring. It is assumed that each spring is subjected to the same level of 

lateral force. For each spring, a force-deformation relation based on the monotonic 

response is defined, and is assumed to be an envelope for the corresponding cyclic 

response. For the pre-peak response, it is assumed that the deformations of each 

component are simply added to predict the total response. However, modeling of the 

post-peak response requires evaluation of the column behaviour based on a classification 

proposed by Setzler and Sezen (2008). According to this classification, five categories of 

column behaviour can be identified considering the potential for flexural, shear, or axial 

load failure.  

 

The flexure response of a reinforced concrete column is modeled by using a primary 

curve and a hysteretic model based on the model developed by Takeda et al. (1970). The 

primary curve is based on the monotonic lateral force-flexural displacement relation. The 
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monotonic flexural response is obtained by using moment-curvature analysis and 

calculating the flexural displacements. The flexural displacements are calculated by 

integrating the curvature distribution along the length of the column prior to yielding and 

by using a plastic hinge model after yielding. Post-peak strength degradation is 

considered by including a linear descending branch in the monotonic flexural response 

curve. The original Takeda model has been modified by replacing the trilinear primary 

curve with the monotonic envelope described above. The hysteretic rules of the Takeda 

model have also been modified to account for further stiffness degradation due to 

increased damage at large deformations. The slope of the reloading branch is decreased 

with increasing maximum deformation and the slope of the unloading branch is increased 

as a function of the previous maximum deformation, as shown in Figure 2-14. The 

proposed slope of the unloading branch is obtained as the unloading slope proposed 

originally by Takeda et al. (1970) multiplied by a factor of 1.7 as follows:  

 

               
  

 
 
   

 

 
 

(2.5) 

 

where    and    are the slopes of the unloading branches,   is the slope of the line 

connecting the cracking point and yield point,   is the maximum deflection attained in 

the direction of the loading, and    is the yield deflection.  

 

The longitudinal bar slip contribution to the total lateral response is modeled by a 

rotational spring at each end of the column macromodel. The formulation of the 

rotational spring incorporates a primary curve and hysteretic rules. The primary curve 

defining the monotonic lateral force-slip displacement relation is based on the monotonic 
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bar slip model developed by Sezen and Moehle (2003) and Sezen and Setzler (2008). In 

this model, it is assumed that slip occurs in bars under tension only, and that the rotation 

is about the neutral axis. The slip rotation is calculated as: 

 

   
    

   
 

 

(2.6) 

 

where      is the extension of the outermost tension bar from the column end, and   and   

are the distances from the extreme compression fiber to the centroid of the tension steel 

and the neutral axis, respectively. The contributions from the elastic and the inelastic 

portions of the development length of the bar are considered in determining the slip 

deformation in Equation (2.6). The lateral displacement component due to slip 

deformations is obtained as the product of the slip rotation and the column length. 

Strength degradation is considered by including a descending branch in the monotonic 

envelope after the peak strength is reached.  

 

The hysteretic rules for the longitudinal bar slip response model are based on the 

hysteretic model developed by Saatcioglu et al. (1992). To increase the computational 

efficiency of the macromodel, the hysteretic rules used in the proposed slip model are 

simplified compared to those in the original model by Saatcioglu et al. The slope of the 

unloading branch is assumed to be linear, and the slopes of the unloading and reloading 

branches are changed only when the lateral force becomes zero. Thus, the hysteretic slip 

model is similar to the hysteretic flexural model shown in Figure 2-14.  
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The shear response of a reinforced concrete column is modeled by a shear spring 

incorporating a primary curve defining the monotonic lateral force-shear displacement 

and a hysteretic model. The primary curve up to the maximum shear strength is obtained 

by using the computer program Response-2000 (Bentz 2000) based on the MCFT 

(Vecchio and Collins 1986). The MCFT incorporated into Response-2000 is a force-

based approach which stops when the maximum strength is reached. After the maximum 

shear strength is reached, the monotonic shear response is defined by a piecewise linear 

model, as shown in Figure 2-15. The model proposed by Gerin and Adebar (2004) is 

modified and used to determine the shear displacement at the onset of shear strength 

degradation: 

 

          
       

   
     

 

 

(2.7) 

where    is the uniform shear strain equal to       , where      is the shear displacement 

corresponding to the peak strength   , calculated from MCFT;   and   are the width and 

effective depth of the cross section, respectively;   
  is the concrete compressive strength; 

and L is the column length.  

 

The shear displacement at axial load failure is given by: 

                         (2.8) 

 

where      is the total displacement capacity of the column at loss of axial load carrying 

capacity;      is the final or maximum flexural displacement; and      is the final slip 

displacement.  The total drift at axial load failure is calculated from the axial capacity 

model proposed by Elwood (2002) given by Equation (2.2).  
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The hysteretic rules for the shear response model are based on the model proposed by 

Ozcebe and Saatcioglu (1989). The original Ozcebe and Saatcioglu model considers 

strength deterioration, pinching and stiffness degradation but is suitable primarily for 

modeling columns designed to yield in flexure prior to shear failure. The proposed model 

shown in Figure 2-16 incorporates modifications to better simulate stiffness degradation 

and capture the response of columns failing in shear prior to flexural yielding or after 

flexural yielding with exhibiting limited displacement ductility. In the proposed model, 

the reloading branch is aiming toward the peak displacement and load reached before 

unloading in the previous cycle. The revised and reduced unloading branch is given by:   

 

        
              

 

  
  

(2.9) 

 

where   is the maximum displacement reached during the previous cycle before 

unloading,    is the deflection at yielding, and    is the slope at yielding.  

 

The total lateral response of a reinforced concrete column is modeled by combining the 

responses of the flexure, longitudinal bar slip and shear models incorporated in the 

macromodel. To obtain the monotonic pre-peak response, it is assumed that the 

deformation components are simply added. The coupling of the flexure, slip and shear 

responses in the monotonic post-peak response requires evaluation of the column 

behaviour to determine the type of failure mode based on the classification proposed by 

Setzler and Sezen (2008). In this classification, five categories are identified based on 

comparing the shear strength, the yield strength and the flexural strength of a column to 
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determine whether the column behaviour is governed by shear, flexure or the interaction 

between shear and flexure. For each category, different rules for combining the 

monotonic post-peak flexure, slip and shear responses are established. To obtain the 

hysteretic response of the column macromodel up to the peak strength and during 

unloading and reloading, it is assumed that the three deformation components can be 

added. The post-peak hysteretic response of the column macromodel is assumed to be 

bound by the total monotonic response calculated according to the rules of the column 

classification.  

 

The proposed macromodel for predicting the cyclic response of reinforced concrete 

columns has been verified using experimental data from the column tests conducted by 

Saatcioglu and Ozcebe (1989) and Sezen and Moehle (2006). As noted by Sezen and 

Chowdhury (2009), these are the only available large-scale reinforced concrete column 

tests where the relations between the cyclic lateral load and flexure, bar slip and shear 

displacements are reported separately.  

 

Summary of Findings and Discussion: 

Sezen and Chowdhury (2009) have developed a macromodel for predicting the cyclic 

response of existing reinforced concrete columns by coupling the flexural, bar slip and 

shear deformation responses. As experimental studies suggest (Saatcioglu and Ozcebe 

1989, Sezen and Moehle 2006), each of the three deformation components may have 

significant contribution to the total lateral response of the member. In previous research 

the bar slip deformation component is either ignored or included in the flexure routine 
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(Pincheira et al. 1999). Thus, the motivation for this research is to investigate the 

interaction and combination of these deformation components, including the effects of 

strength and stiffness degradation, and verify each response component using 

experimental data.  

 

The proposed hysteretic models are based on existing hysteretic models for cyclic 

flexure, reinforcement slip and shear response developed in previous research (Takeda et 

al. 1970, Alsiwat and Saatcioglu 1992, Saatcioglu et al. 1992, Ozcebe and Saatcioglu 

1989). The proposed modifications are intended to better simulate the behaviour of 

columns failing in shear before yielding or after flexural yielding with exhibiting limited 

displacement ductility. In-cycle strength deterioration is considered in each of the 

proposed response models by including a descending branch in the monotonic envelopes 

after the peak strength is reached. Stiffness degradation is also considered in each of the 

hysteretic models by using peak-oriented reloading slope and by reducing the slope of the 

unloading branch with increasing maximum displacements. Pinching behaviour is 

accounted for in the shear hysteretic model. The formulation of the cyclic degradation, 

however, has limitations since it is based entirely on previous maximum deformations. 

Depending on the details the model may not capture strength degradation during 

subsequent cycles maintained at the same inelastic displacement.  

 

The effects of shear and axial load failure are accounted for in the macromodel by 

incorporating a shear model with degradation related to the drift and by aggregating the 

flexure, bar slip and shear responses to obtain the total lateral response after identifying 
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the failure mode. The onset of shear failure and the slope of shear degradation in the 

shear response model are determined using the drift capacity models developed by Gerin 

and Adebar (2004) and Elwood (2002). The evaluation of the potential failure mode is 

based on comparing the column shear and flexural strengths according to the 

classification proposed by Setzler and Sezen (2008). Thus, the prediction of shear failure 

and the ensuing strength degradation is based on both force and displacement ductility 

criteria. However, the classification proposed by Setzler and Sezen (2008) is not intended 

for finite element analysis which limits the implementations and applications of the 

model. 

 

2.3.1.4 Xu and Zhang (2011) 

Formulations: 

Xu and Zhang (2011) have developed a hysteretic model to account for the shear and 

flexure interaction effects on the seismic response of reinforced concrete columns. The 

hysteretic model consists of a flexure and a shear spring connected to each end of a 

column, as shown in Figure 2-17. The column is assumed to be divided into two 

cantilever columns at the inflection point and modeled by two rigid elements. The 

primary curves and the hysteretic rules defined for the flexure and shear springs consider 

strength deterioration, pinching behaviour and stiffness degradation due to the interaction 

between the axial load, shear force and bending moment.   

 

The total primary curve for the hysteretic model is derived based on the MCFT (Vecchio 

and Collins 1986) considering the coupling between axial load, shear force and bending 
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moment at section level. In this research, the total primary curve up to the maximum 

strength is obtained using the computer program Response-2000 (Bentz 2000) in which 

the MCFT is incorporated. The total primary curve is broken into flexural and shear 

primary curves by separating the contributions to the column displacement from shear 

and flexure deformations. The shear and flexure deformations are obtained by integrating 

the shear strain and the curvature, respectively, in each section along the length of the 

column. After the maximum strength, the yield platform and the descending branch of the 

primary curves are defined based on empirical relationships proposed by Sezen (2008). 

The flexural primary curve defined as the moment-rotation relationship and the shear 

primary curve defined as the shear force-shear displacement relationship are used as 

envelopes for the hysteretic responses of the flexure and the shear curves, respectively.  

 

The hysteretic models for the flexure and shear cyclic responses are based on the model 

proposed by Ozcebe and Saatcioglu (1989) combined with the model by Takeda et al. 

(1970). The original model developed by Ozcebe and Saatcioglu (1989) is illustrated in 

Figure 2-18. Modifications have been made to extend the Ozcebe and Saatcioglu model 

for the flexural response and to improve the numerical stability for finite element analysis 

applications.  

 

The modified degrading unloading stiffness in the proposed shear hysteretic model is 

given by: 

            
           

    

            
   

 (2.10) 

 

               
           

    

            
   

 (2.11) 
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where    is the deflection at yield, and   is the deflection where unloading starts, both in 

the quadrant where the current unloading is taking place;    is the slope of line 

connecting the yield point in the same quadrant to the cracking point in the opposite 

direction, shown in Figure 2-19. The unloading stiffness in the shear response follows the 

slope given by       from the point of unloading to the level corresponding to the 

cracking point, and the slope given by      from the cracking point level to the zero 

force level, as shown in Figure 2-19. 

 

The degrading unloading stiffness in the proposed flexure hysteretic model is also based 

on the Ozcebe and Saatcioglu shear model and is given by:  

            
            

    

             
   

 (2.12) 

 

               
             

    

             
   

 (2.13) 

 

where    is the rotation at yield, and   is the rotation where unloading starts Similarly to 

the shear hysteretic model, the unloading stiffness in the flexure response follows the 

slope given by       from the point of unloading to the level corresponding to the 

cracking point, and the slope given by      from the cracking point level to the zero 

force level, as shown in Figure 2-19. 

 

Pinching behaviour is not included in the flexure hysteretic model. The pinching stiffness 

in the original Ozcebe and Saatcioglu shear model is replaced by the slope    used for 

reloading in the opposite direction given by:  
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 (2.14) 

 

In the shear hysteretic model, the rules controlling the pinching stiffness in the original 

Ozcebe and Saatcioglu model have been modified to avoid problems such as nearly zero 

pinching stiffness and negative hardening stiffness when the previous peak is below the 

shear force level at cracking, as illustrated in Figure 2-20. In the revised shear hysteretic 

model, the reloading stiffness aims toward the last peak that is larger than the shear force 

level at cracking, as shown in Figure 2-21.  

 

Cyclic strength degradation is accounted for in the shear hysteretic models based on the 

model by Ozcebe and Saatcioglu. The reloading stiffness aims toward a ‘hardening 

reference point’ whose shear force,   
 , is a fraction of the shear force on the primary 

curve,   , corresponding to the maximum displacement,   , as shown in Figure 2-18. 

The shear at the ‘hardening reference point’ is given by: 

  
     

                              
 

(2.15) 

 

where   is the number of cycles in one direction within its maximum displacement range, 

      . 

 

In the flexure hysteretic model, cyclic strength degradation is considered in a similar 

way. The moment at the ‘hardening reference point’ is given by: 

 

  
     

                               
 

(2.16) 
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where   is the number of cycles in one direction within its maximum rotation range, 

      , and    is the bending moment on the flexural primary curve corresponding to 

  .  

 

The hysteretic model described above considers the coupling of shear and flexure 

behaviour and is developed for modeling the response of reinforced concrete columns 

subjected to cyclic lateral loading and constant axial load. This hysteretic model is 

extended by Xu and Zhang (2010) to include the effects of variable axial load by 

introducing the concept of normalization of primary curves based on technique called 

“shifting of primary curves” (Saatcioglu et al. 1983). In this approach, the family of 

primary curves for a reinforced concrete column at axial load levels within the range of 

    to     of the column ultimate axial load capacity is generated from relationships 

to the primary curve corresponding to    axial load, which is used as the reference 

primary curve in the model. It is assumed that the primary curves under variable axial 

load can be parameterized in terms of the cracking point, the yield displacement, the 

yielding load and the ultimate capacity, as illustrated in Figure 2-22. It is assumed that 

the yield displacement remains unchanged for different level of axial load and that the 

ultimate lateral load capacity corresponds to a displacement ductility level of    . For the 

descending branch in the primary curves at displacement ductilities larger than    , it is 

assumed that the lateral load ratio is constant and equal to that at ultimate lateral load 

capacity.  
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To establish loading/unloading criteria considering the effects of variable axial load, rules 

for mapping between the unloading and reloading branches of primary curves at different 

axial load level are proposed, as illustrated in Figure 2-23. It is assumed that the ratio of 

the current lateral load on the unloading/reloading branch,    , and the lateral load on the 

primary curve,   , corresponding to the maximum experienced lateral displacement, 

    , is constant for a fixed displacement ductility level and is defined as a stress level 

index expressed as: 

                   
    

  
 (2.17) 

 

The stress level index is assumed to be independent of axial load. To determine the 

loading state at the current time step when both the axial load and the lateral deflection 

vary, a two-stage loading approach is adopted based on the assumption above. First, the 

lateral deflection is kept constant and the effective lateral load is varied for the given 

stress level index to determine the level of axial load. Second, the axial load level is kept 

constant and the shear and flexure hysteretic models are used to model the cyclic 

response.    

 

The proposed hysteretic model has been verified using experimental data for flexure-

dominated and shear-dominated columns.  

 

Summary of Findings and Discussion: 

The proposed model has been implemented as a user element in the commercial finite 

element analysis software ABAQUS and can be used to model the nonlinear response of 
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reinforced concrete columns under combined action of shear, bending moment and 

variable axial load. The primary curves for the flexure and shear springs are defined 

considering the coupling between axial load, shear force and bending moment. The 

model has been shown to predict well the behaviour of flexure-dominated and shear-

dominated columns. However, shear-to-total displacement ratio is assumed to be constant 

and thus degradation of shear strength with increasing displacement ductility is not 

accounted for in the model, which is important for detecting shear failure after flexural 

yielding.  

 

The proposed hysteretic rules governing the cyclic response of the flexure and shear 

springs are based on existing hysteretic models (Ozcebe and Saatcioglu 1989, Takeda et 

al. 1970). The proposed modifications are aimed at improving the numerical stability for 

finite element analysis and extending the application of the Ozcebe and Saatcioglu (1989) 

for modeling flexural hysteretic response. The proposed hysteretic models can capture 

stiffness degradation, pinching behaviour and cyclic strength degradation including loss 

of strength in subsequent cycles at the same ductility level.   

 

In most of the previous models based on single-component springs to model flexure and 

shear behaviour, the effects of variation of axial load on the moment capacity and the 

shear capacity are not considered. Xu and Zhang (2010) proposed a technique based on 

normalization of the primary curves to account for the effects of variable axial load.  

 



 95 

The total displacement is determined based on the shear and flexure deformation 

components but deformations associated with bond slip and longitudinal reinforcement 

development are not included in the formulation. 

 

2.3.2 Concentrated Plasticity Models Based on Generalized Hinges 

In most of the concentrated plasticity models based on the single-component hinge 

approach that have been reviewed in the previous section, the axial force-moment 

interaction is not considered, resulting in important limitations. As described in 

ElMandooh Galal (2003) and Kaul (2004), the effects of variable axial load on the 

flexural and shear capacity, the hardening rate, plastic rotation capacity, etc. can be 

significant. In addition, single-component hinge models are more suitable for modeling 

the planar behaviour of reinforced concrete components since interaction effects due to 

bidirectional loading are ignored.  

 

To overcome some of the limitations in the single-component hinge models, recent 

studies have employed yield-surface and evolution models approach to account for the 

force interaction in the case of multiaxial loading (Ricles et al. 1998, ElMandooh Galal 

2003, Kaul 2004). These models are reviewed next.  

 

2.3.2.1 Ricles et al. (1998) 

Formulations: 

Ricles et al. (1998) present a stress resultant lumped-plasticity formulation to model the 

response of nonductile reinforced concrete columns subjected to biaxial cyclic loading. 
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The element formulation accounts for inelastic response including yielding, hardening 

and softening, and degraded elastic response incorporating the effects of shear failure and 

post-shear failure behaviour. The beam-column element consists of a linear elastic beam 

placed in series with zero-length nonlinear hinges at each end of the element. Each hinge 

consists of a series of three flexural subhinges and one shear subhinge, as shown in 

Figure 2-25. Inelastic flexural and shear deformations develop only in the flexural and 

shear subhinges. The inelastic behaviour is modeled by using yield surfaces and shear 

failure surfaces for the flexural and shear subhinges, respectively, and evolution rules that 

define how the subsequent loading surfaces evolve during the plastic flow.  

 

A yield surface is defined for each flexural subhinge, as shown in Figure 2-26(a). 

Yielding in a flexural subhinge occurs when the force point of the subhinge’s action 

reaches the yield surface. The post-yield force interaction and strain hardening behaviour 

in flexure are controlled by kinematic hardening rules resulting in translation of a yield 

surface. The relationships between actions and deformations of a yielding flexural 

subhinge are derived based on Mroz’s theory (Mroz 1969), and used to determine the 

tangent flexibility matrix of the flexural subhinge. The force-deformation relationships of 

the three initially rigid-plastic consecutive flexural subhinges combine with that of the 

elastic beam resulting in a multilinear moment-rotation relationship for the entire 

element, as illustrated in Figure 2-26(a). The three consecutive flexural subhinges are 

used to model the inelastic flexural behaviour of a reinforced concrete member 

characterized by concrete cracking, yielding of the longitudinal reinforcement, and 
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attaining the ultimate capacity. The yield function of a flexural subhinge is assumed to be 

an elliptical function of the two bending moments given by: 

        
     

   
 

 

  
     
   

 

 

 (2.18) 

 

where   ,   ,    ,     ,    and    are the moments acting on the subhinge, the flexural 

yield capacities of a subhinge, and the coordinates that define the position of the centre of 

the subhinge’s yield surface in biaxial flexural space with respect to the element’s local 

   and   axes.  

 

The tangent flexibility matrix of a yielded flexure subhinge relates the subhinge force 

increment to the plastic deformation increment. The tangent flexibility matrix used here 

is similar to that derived in Chen and Powell (1982) and is given as: 

        
       

             
 (2.19) 

 

where     is the outward normal vector to the yield surface at the action point, and        

is the diagonal plastic stiffness matrix from the individual flexural action-deformation 

relationships.  

 

A shear failure surface is defined for each shear subhinge, as shown in Figure 2-26(b). 

Shear failure occurs in a shear subhinge when the shear force point reaches the shear 

failure surface. Upon detection of shear failure at a shear subhinge, the shear subhinge 

develops flexibility and shear capacity deteriorates with further shear deformation. The 

post-shear failure inelastic behaviour is controlled by an isotropic contraction rule 
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resulting in uniform shrinking of the shear failure surface toward the yield surface 

defined by the yield strength of the transverse reinforcement. The rate of isotropic 

contraction depends on the shear force increment and the shape of the subsequent shear-

force interaction surface is determined by a linear interpolation between the original shear 

failure surface and the transverse reinforcement yield surface. Contraction of the shear 

failure surface is also considered by applying displacement ductility-related criteria. The 

element’s flexural displacement ductility demand imposed about each axis is monitored 

and the shear capacity is updated based on the model for degradation of concrete shear 

strength developed by Priestley et al. (1994) shown in Figure 2-24. The shear failure 

function of a shear subhinge is assumed to be an elliptical function in biaxial shear force 

space given by: 

          
    

    
  

  
  

 

  
  
  
 
 
 

 (2.20) 

 

where   ,   ,   
  and   

  are the applied shear forces and the shear capacities of a shear 

subhinge with respect to the    and   axes. The initial shear capacity is based on the 

equation for prediction of shear strength proposed by Priestley et al. (1994).  

 

The shear subhinge flexibility matrix is related to the rate of contraction of the shear 

failure surface and is given as: 

      

 
 
 
 
 
 

   
 

 
 

    
 
 
 
 

 (2.21) 
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where     and     are the plastic shear subhinge stiffness defining the shear unloading 

rate about the    and    axes, respectively.  

 

The flexibility matrices of the flexural and shear subhinges are summed to obtain a 

hinge’s flexibility matrix at ends   and   of the element, as follows: 

   
          

  

 

   

     
   

   
          

  

 

   

     
   

 

(2.22a) 

 

 

(2.22b) 

 

The shear and flexural components of the subhinges’ deformations are considered in 

determining the total deformation of a hinge as proposed by Yang (1994). The flexibility 

matrix for the entire element is obtained by combining the tangent flexibility matrices of 

the hinges at each end and the flexibility matrix of the elastic element. The tangent 

stiffness of the element is obtained by inverting the flexibility matrix. A limiting value of 

the plastic shear subhinge stiffness is used to ensure that the element tangent flexibility is 

non-singular as proposed by Yang (1994). Thus, the element maintains an increase in 

shear deformation associated with degradation in shear strength.  

 

Degradation in elastic stiffness in the hysteretic response of reinforced concrete members 

under cyclic loading is considered in the element formulation by assigning a finite value 

for the elastic flexibility to the initially rigid-plastic subhinges that have accumulated 

plastic deformations.  

 



 100 

The modeling of degradation in elastic stiffness in the flexural subhinges follows the 

method proposed by Chen and Powell (1982). Stiffness degradation is assumed to be in 

inverse proportion to the largest previous hinge deformation. Unloading and reloading 

stiffnesses of a flexural subhinge depend on the previous maximum positive and negative 

hinge deformations and are controlled by empirical degradation coefficients.  

 

After shear failure occurs in a shear subhinge, the opening of shear cracks is idealized as 

plastic shear deformations in the model. In the event of unloading, the elastic unloading 

stiffness of a shear subhinge is defined as: 

   
  

     
 (2.23) 

 

where    is a parameter having a constant value between 0 and 1.0; and    and     are 

the shear force and plastic shear deformation (crack opening), respectively, when elastic 

unloading occurs in the shear subhinge. Upon complete unloading, the flexibility of the 

shear subhinge is assumed to be infinite leading to zero hinge stiffness until the shear 

crack width based on accumulated plastic shear deformation closes under reversed 

loading, as illustrated in Figure 2-27(a). The shear force-deformation relationship of the 

element subjected to a full loading cycle is shown in Figure 2-27(b), where upon the 

closure of the shear crack under reversed loading, the reloading elastic stiffness is 

assumed to be aiming toward the point of previous maximum deformation.   

 

The beam-column element developed for modeling the response of shear-critical 

reinforced concrete columns has been verified by comparing the analytical results with 
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experimental data from biaxial cyclic lateral load tests with either no axial load or 

constant axial load.  

 

Summary of Findings and Discussion:  

The concentrated-plasticity beam-column element is capable of capturing stiffness and 

strength degradation and pinching behaviour which are characteristics of shear-critical 

reinforced concrete members’ response to cyclic loading. 

 

The yield surface of the flexural subhinges is defined as a function of the two bending 

moments, and thus the interaction between axial load and bending moments is not 

considered in the formulation, which limits the use of the model in conditions of variable 

axial load common for seismic loading.  

 

In-cycle strength degradation is modeled by using isotropic contraction rule resulting in a 

negative slope in the shear subhinge force-deformation relationship after shear failure. By 

using isotropic contraction rule to define the evolution of the shear failure surface, 

coupling in shear strength degradation between the two lateral directions is considered. 

However, it might be appropriate to consider non-uniform contraction rule by employing 

some damage index to account for the accumulation of damage in each lateral direction.  

 

In the study conducted by Ricles et al. (1998), the shear-strength model developed by 

Priestley et al. (1994) is incorporated in the beam-column element to initiate degradation 

of shear strength. The Priestley model provides a relationship between the shear strength 
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and the displacement ductility, hence, the beam-column model accounts for the shear-

flexure interaction effects in the plastic hinge zone and allows for flexural yielding before 

shear failure of the member. However, some deficiencies in using shear-strength models 

for predicting the displacement at shear failure of reinforced concrete columns are 

discussed by Sezen (2002). As pointed out by Sezen, a relatively small variation in the 

shear strength model or in the shear demand results in a relatively large change in the 

estimated displacement at shear failure. An alternative approach for predicting the drift 

ratio at which shear failure occurs is proposed by Elwood (2002) as discussed in the 

previous section. 

 

Cyclic strength degradation in reversed loading at the same displacement level is 

accounted for by considering kinematic hardening behaviour with elastic stiffness 

degradation in the flexure subhinge formulation.  Degradation in stiffness is considered in 

the hysteretic models of the flexural and shear subhinges, however, the coupling effects 

in stiffness degradation between the two lateral directions under biaxial cyclic loading are 

not addressed. Furthermore, the degradation in elastic unloading and reloading stiffnesses 

of the flexural subhinges and the degradation in elastic unloading stiffness of the shear 

subhinge are entirely based on peak deformations and constant empirical parameters. The 

incorporation of damage models may be appropriate to account for the effects of 

accumulation of damage on the stiffness degradation. The total displacement is 

determined based on the shear and flexure deformation components but deformations 

associated with bond slip and longitudinal reinforcement development are not included in 

the formulation.   
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2.3.2.2 ElMandooh Galal (2002) 

Formulations: 

ElMandooh Galal (2002) and ElMandooh Galal and Ghobarah (2003) have developed a 

beam-column element for modeling the flexural and shear behaviour of reinforced 

concrete columns subjected to biaxial cyclic loading and variable axial load. The element 

formulation considers strength deterioration, stiffness degradation and pinching 

behaviour. The concentrated-plasticity beam-column element consists of an elastic 

element with plastic hinges at each end. Each plastic hinge consists of a series of three 

flexural subhinges and one shear subhinge. The nonlinear beam-column element and 

details of the plastic hinge are shown in Figure 2-28. The inelastic deformations are 

concentrated in the flexural and shear subhinges. The inelastic flexural and shear 

behaviour are modeled by using yield surfaces and failure surfaces in the formulation of 

the flexural and shear subhinges, respectively. The plastic flow and the associated 

evolution of the subsequent loading surfaces are controlled by evolution models defined 

for the flexural and shear subhinges. Stiffness degradation behaviour is considered in the 

model when reversed loading is applied assuming that stiffness degrades independently 

for each moment or force component for each subhinge.  

 

The three flexural subhinges placed in a series in a plastic hinge are used to represent the 

stages in the inelastic flexural behaviour of a reinforced concrete member characterized 

by concrete cracking, yielding of the longitudinal reinforcement, and attaining the 

ultimate capacity. The interaction between the four actions at a flexural subhinge, i.e. 

axial force, bending moments and torsional moment, is modeled by using a four-
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dimensional yield surface. A two-dimensional interaction surface is illustrated in Figure 

2-29 instead of the four-dimensional relationship for the purpose of clarity. Yielding in a 

flexural subhinge occurs when the force point of the subhinge’s actions reaches the yield 

surface.  A quadratic function is assumed to represent the yield surface given by:  

            
       

   
 

 

  
       

   
 
 

  
       

   
 
 

  
       
   

 
 

   

(2.24) 

 

where    is the current position of the yield surface for the flexural forces,          and 

  , at hinge  . After initial yielding at a “cracking” flexural subhinge, the strain 

hardening behaviour in flexure is controlled by kinematic hardening rules resulting in 

translation of the yield surface till it reaches the next yield surface. Then both yield 

surfaces translate in the force space till reaching the outermost yield surface. The 

relationships between actions and deformations of a yielding flexural subhinge prior to 

reaching the outermost yield surface are derived based on Mroz’s theory (Mroz 1969). 

Upon reaching the outermost yield surface, the translation of the three yield surfaces 

follows the Ziegler’s hardening rule (Ziegler 1959).  

 

A shear failure surface is defined for the shear subhinge in a plastic hinge, as shown in 

Figure 2-30. Shear failure occurs when the force point of shear subhinge’s actions 

reaches the shear failure surface. The interaction between the axial load and the shear 

forces is considered in the formulation of the shear failure surface. The failure surface is 

expressed by a quadratic function given as follows:  
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   (2.25) 

 

where      is the element axial compressive capacity,      is the element tensile capacity, 

and                       is the average axial force. The shear capacities,   
  and   

 , 

are based on the equation proposed by Priestley et al. (1994). 

 

The post-shear failure behaviour characterized by softening is modeled by using an 

isotropic contraction rule forcing the shear surface to shrink toward a residual shear 

surface defined based on the contribution to shear strength by the transverse 

reinforcement. The rate of isotropic contraction depends on the plastic stiffness for the 

shear subhinge along the   and   axes.  

 

The flexure and shear subhinges in the plastic hinges at each end of the element are 

assumed to be initially rigid, thus the initial stiffness is the stiffness of the interior elastic 

element. After yielding, the flexure subhinges are assumed to develop flexibility. Upon 

load reversals, the flexibility of a flexure subhinge is divided into elastic flexibility, 

     
  , and plastic flexibility,      

  . After shear failure, the shear subhinge is also 

assumed to develop flexibility,      
  . The shear force flexibility matrix used for the 

descending branch is similar to that proposed by Ricles et al. (1998):  

       

 
 
 
 
 
 

   
 

 
 

    
 
 
 
 

 (2.26) 
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where     and     represent plastic stiffness for shear subhinge in the    and   axis, 

respectively.  

 

The tangent flexibility matrices,    
   and    

  , at each end are determined by summation 

of the flexibilities of the subhinges as follows: 

   
            

          
   

 

   

      
   

   
            

          
   

 

   

      
   

(2.27a) 

 

(2.27b) 

 

The flexibility matrix for the entire element is obtained by adding the tangent flexibility 

matrices of the hinges at each end and the flexibility matrix of the elastic element. The 

tangent stiffness of the element is obtained by inverting the flexibility matrix.  

 

Including elastic and plastic flexure subhinge flexibilities represents elastic stiffness 

degradation with reduced overall element stiffness when the element is subjected to 

repeated reversed cyclic loading. The plastic flexibility matrix of a yielded flexure 

subhinge is derived following the approach by Chen and Powell (1982): 

         
       

               
 (2.28) 

 

where     is the outward normal vector to the yield surface at the action point, and 

         is the diagonal plastic stiffness matrix from the individual flexural action-

deformation relationships.  
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The elastic flexibility of a flexure subhinge is assumed to be inversely proportional to the 

previous hinge secant stiffness,   , and is given by: 

            
  
 

   
  

   

 
 

  
 (2.29) 

 

where    is the secant stiffness of the previous cycle and    is an arbitrary degradation 

coefficient in the range from 0 to 1. The parameters,   
 
, are depicted in Figure 2-31. 

Thus, stiffness degradation and cyclic strength deterioration in repeated cycles at the 

same ductility level are accounted for in the moment-rotation response of a flexural 

subhinge component, as shown in Figure 2-31.  

 

Degradation in elastic shear stiffness and pinching behaviour are considered in the shear 

force-deformation hysteretic relationship, as shown in Figure 2-33. Upon load reversal in 

the post-peak shear response, the stiffness of the shear subhinge reduces when the shear 

force reaches zero. The flexibility matrix of the shear subhinge during pinching is defined 

as: 

                
 

    
 
  
  

  (2.30) 

 

where    is an arbitrary degradation coefficient in the range from 0 to 1,      is the initial 

shear flexibility matrix,     is the effective shear rigidity, and   is the element length. 

 

Following a complete loading cycle, shear stiffness degradation is introduced by using a 

reduced elastic shear stiffness given by: 
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 (2.31) 

 

where    is an arbitrary degradation coefficient ranging from 0 to 1 and    is the secant 

stiffness, as shown in Figure 2-31.  

 

Event-based solving technique is used for state determination at the element level. Event 

factors are defined for the flexure and shear subhinges to cause the occurrence of events 

such as reaching a yield surface, change in stiffness and shear failure.  

 

To define the moment-rotation relationship used in the analytical model, the contributions 

from flexural, bond slip and shear deformations are considered as follows: 

              (2.32) 

 

where    is the rotation due to flexure,    is the rotation due to reinforcement bond slip, 

and    is the rotation due to shear. 

 

The rotation component due to flexure,   , is calculated by integrating the curvature 

along the length of the column and using the plastic hinge model. The contribution to the 

total rotation from the lumped rotation near the fixation point due to reinforcement bond 

slip is calculated as:  

   
  

   
 (2.33) 



 109 

where   is the depth to the tensile reinforcement,   is the depth of the compressions zone, 

and     is the slip, which is determined based on the model developed by Alsiwat and 

Saatcioglu (1992).  

 

The shear deformations are calculated using the equation for shear stiffness proposed by 

Park and Paulay (1975).  

 

The following approach is adopted to determine the post-peak negative stiffness in case 

of shear failure in the analytical model. The post-peak shear stiffness is assumed to 

degrade based on the loss of strength and the yield displacement. In this approach, the 

negative stiffness for the cases of moderate ductility behaviour with shear failure and 

limited ductility with brittle shear failure are defined as: 

     
  
    

 

   
  for moderate ductility (2.34a) 

  

     
  
    

 

  
  for limited ductility (2.34b) 

 

where   
  and   

  are the initial shear capacity and the residual shear strength in   

direction, as shown in Figure 2-32.  

 

The beam-column element developed for modeling the biaxial flexural and shear 

responses of reinforced concrete columns has been verified by using experimental data 

for different loading conditions including biaxial cycling loading and variable axial load.  
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Summary of Findings and Discussion:  

The beam-column element based on lumped-plasticity modeling is capable of capturing 

the stiffness and strength degradation and pinching behaviour of reinforced concrete 

columns subjected to bidirectional cyclic loading and variable axial load.  

 

The yield surface for a flexural subhinge is defined as a function of the axial load, the two 

bending moments and the torsional moment. Thus, the effects of variable axial load on 

the lateral moment capacity are accounted for by using the interaction surface. Similarly, 

the shear failure surface is defined as a function of the shear forces and the axial load, 

thus accounting for the interaction effects on the shear capacity.  

 

The effects of axial load variation on the element stiffness are also included in the 

formulation by considering the following. The plastic flexibility of a yielded flexure 

subhinge depends on the normal vector to the yield surface, which depends on the current 

force state governed by the interaction surface. The plastic flexibility of a flexural 

subhinge is used in the determination of the element’s total flexibility and stiffness 

matrices.  

 

In-cycle strength degradation upon the detection of shear failure is modeled by using 

isotropic contraction rule resulting in a negative slope in the shear subhinge force-

deformation relationship. The negative stiffness is controlled by input parameters based 

on evaluation considering the potential for shear failure or shear-flexure failure.   



 111 

 

A limitation in this model is that interaction between moment and shear is not included in 

the formulation of the beam-column element. Ductile behaviour governed by flexural 

yielding and limited ductility behaviour governed by brittle shear failure can be captured 

by the model. However, modeling of moderate ductility behaviour with shear failure due 

to degradation in shear strength with increasing ductility requires additional 

considerations and evaluations of the potential failure mode prior to analysis.  

 

Degradation in stiffness is considered based on the assumption that it is independent for 

each moment or force component. However, ignoring coupling in stiffness degradation 

between the two lateral directions may not adequately predict the biaxial cyclic response 

of reinforced concrete members under various loading conditions. Furthermore, 

degradation in unloading and reloading stiffness and cyclic strength deterioration are 

considered based on peak deformations and constant empirical degradation coefficient. 

The incorporation of damage models may be appropriate to account for the effects of 

accumulation and progression of damage on the response of the column. 

 

2.3.2.3 Kaul (2004) 

Formulations:  

Kaul (2004) has developed a beam-column element for modeling of strength and stiffness 

degradation of older, shear-critical reinforced concrete columns. The element formulation 

accounts for large deformations, inelastic response including yielding, hardening and 

softening, and degraded elastic response. Large deformation effects are incorporated in 
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the formulation by employing an updated Lagrangian approach and a force recovery 

technique, which distinguishes rigid body deformations from natural element 

deformations. The inelastic behaviour is modeled using a yield surface and evolution 

models that specify how the yield surface is modified during the plastic flow. The 

formulation of the yield surface models extends the work by El-Tawil and Deierlein 

(1998). The yield surface is assumed to be a continuous, convex function of axial force 

and bending moment. The initiation of yielding in the element occurs when the force 

point reaches the yield surface, and the maximum level of hardening is determined by the 

nominal surface, as shown in Figure 2-34. The model accounts for in-cycle strength 

degradation by allowing a negative stiffness segment in the monotonic flexural response 

of the reinforced concrete element, as illustrated in Figure 2-35. The post-yield force 

interaction and the hardening and softening behaviour are controlled by evolution rules 

based on combined kinematic translation and non-uniform expansion and contraction of 

the yield surface, as shown in Figure 2-36. The combined kinematic and isotropic 

response is considered in the formulation by separating the kinematic and the isotropic 

plastic stiffnesses. The kinematic plastic stiffness varies as a function of the surface 

translation, and primarily affects the hardening response. The isotropic plastic stiffness 

varies as a function of cumulative plastic deformations or a damage index based on 

plastic displacement component and is used primarily to control the softening behaviour. 

The decrease in the hardening rate with cumulative plastic strains is accounted for in the 

evolution models by using a degrading coefficient to control the rate of changing the 

plastic stiffness relating the incremental force with the incremental plastic deformation.  
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The nonlinear hysteretic response of a reinforced concrete element subjected to inelastic 

cyclic excursions is modeled by using cyclic stiffness models. These cyclic models are 

used to control the relationship between the element shear force and the rotation at each 

end of the element during the degraded elastic response. Unloading stiffness is degraded 

by using a damage factor based on cumulative plastic rotations while the reloading 

stiffness is a weighted function of unloading stiffness and the stiffness required for a 

peak-oriented response. Event-based formulation is used to determine the 

loading/unloading state of the element.  

 

Shear failure and post-shear failure behaviour including shear-axial response interaction 

are incorporated in the model for shear-critical reinforced concrete columns. Force-based 

and displacement ductility-based criteria are used to determine the shear failure mode. 

Three conditions of shear failure are considered in the formulation. For columns with low 

shear capacity, brittle failure occurs when the shear capacity is exceeded prior to flexural 

yielding, as shown in Figure 2-37, case 1. For columns with comparable shear and 

moment capacity, failure occurs when the shear capacity is exceeded after yielding and 

hardening in moment, as shown in Figure 2-37, case 2. For columns with initial shear 

capacity sufficiently higher than the shear demand, shear-flexure failure is considered as 

the shear strength degrades with increasing displacement ductility, as shown in Figure 2-

37, case 3. The equations for calculating drift ratios at shear failure and at axial failure 

proposed by Elwood (2002) are used to determine the shear critical response. 

Considering that in the conducted tests the peak shear in the columns is between     and 
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    of    with maximum drift ratio less than     , an equation to determine the initiation 

of shear failure is developed as follows: 

 
 

  
 
 

 
     

 

 
        

 

(2.35) 

 

where,   is a constant that controls the curvature of the curve,    and    are drift ratios at 

shear failure corresponding to          and         , respectively, and are derived 

from Equation (2.1) proposed by Elwood (2002). The parameters   and    are calculated 

such that          at        .  

 

Under the assumption that the force point unloads from the yield surface after shear 

failure the post-shear failure behaviour of the element is incorporated in the cyclic 

models of the element formulation. Similar concepts are used by Elwood (2002). The 

elastic element stiffness is derived based on the flexibility approach to include the shear 

components of the deformation. The negative shear stiffness causes the element to soften 

in shear and unload in moment, as the imposed drift reaches the drift at axial failure. A 

hysteretic model shown in Figure 2-38 is developed to model the pinching response of an 

element after shear failure based on the assumption that pinching deformation is a 

function of the peak shear deformations. The hysteretic rules consider full cycles and half 

cycles of loading, as shown in Figures 2-38 and 2-40.   
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The beam-column element developed for modeling shear-critical reinforced concrete 

columns has been verified by comparing the analytical results with experimental data 

from tests conducted by Elwood (2002) and Sezen (2002).  

 

Summary of Findings and Discussion:  

The proposed models have been implemented in the software framework system 

OpenSees (McKenna et al. 2004) by using object-oriented programming concepts with 

focus on extensibility and flexibility which is a significant advantage.  

 

The concentrated-plasticity beam-column element is capable of capturing stiffness and 

strength degradation and pinching behaviour which are characteristics of shear-critical 

reinforced concrete members’ response to cyclic loading. A limitation in the formulation 

is that cyclic strength degradation is entirely based on the peak plastic deformations and 

the direction of evolution. Depending on the evolution model, cyclic strength degradation 

may not be captured by this model in the case of subsequent loading cycles with multiple 

excursions to the same inelastic displacement. The yield surface is defined in terms of 

axial force and bending moment and thus, the effects of variable axial load on the lateral 

moment capacity are accounted for. Decreasing hardening rate with accumulation of 

plastic deformations is also considered in the formulation of the combined hardening 

rule. The yield surface and the evolution rules are developed only for modeling the planar 

behaviour of reinforced concrete structural members. Hence, biaxial moment interaction 

is not considered in the model. To extend the formulation of the beam-column element 

for modeling three-dimensional behaviour, the coupling effects in stiffness and strength 
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degradation between the two lateral directions are issues that need to be addressed. 

Deformations associated with bond slip and longitudinal reinforcement development are 

not included in the formulation and the effects of these deformations on the stiffness and 

ductility limits of reinforced concrete columns subjected to combined axial load, bending 

and shear still need to be investigated.  

 

2.4 Summary of Previous Research and Proposed Models  

In recent studies, both concentrated and distributed plasticity models have been 

developed for seismic response analysis of reinforced concrete structures incorporating 

flexure and shear effects. The section behaviour of a reinforced concrete member is 

described by stress resultant plasticity-based models in some of the existing models, and 

by fiber models in others. Generally, the concentrated plasticity models are 

computationally more efficient than the distributed plasticity fiber models, and also more 

practical for modeling complex phenomena like post-shear failure response considering 

that they require fewer parameters to capture the degrading behaviour under cyclic 

loading.  

 

Existing concentrated plasticity models incorporating flexure and shear effects have been 

carefully reviewed in this chapter. Each of the reviewed models provides valuable 

insights on the simulations of the cyclic response of older shear-critical reinforced 

concrete column members. However, further developments of consistent, 

computationally efficient models that capture accurately the three-dimensional behaviour 
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of reinforced concrete components and implementations of the models in finite element 

analysis platforms are still needed in this research area.  

 

This research is focused on the development of a comprehensive 3D model for seismic 

response analysis of reinforced concrete frame structures subjected to multi-component 

seismic loading which comprises biaxial cyclic loading with variable axial load effects. 

As summarized in Chapter 1, the nonlinear behaviour of reinforced concrete frame 

members may be: ductile governed by flexural plastic hinging, moderately ductile with 

shear failure  resulting from exceedance of degraded shear capacity in the flexural plastic 

hinge zone, limited ductile with shear failure resulting from exceedance of shear capacity 

after yielding at relatively low ductility levels, and brittle governed by shear failure as the 

initiating failure mechanism. The new model proposed in this research is capable of 

covering the entire range of behaviour from ductile to brittle and in between which can 

arise from interaction between the axial, shear and moment capacities and their evolution 

during the progression of damage in inelastic load reversals. The proposed model is 

especially suitable for analysis of progressive collapse behaviour of reinforced concrete 

structures by considering the effects of accumulation of damage on stiffness and strength 

degradation of structural components beyond the peak response.  

 

From the performed literature review it is evident that existing degradation models are 

mostly suitable for analysis of two-dimensional behaviour of reinforced concrete 

components or do not capture the full interaction of axial, flexure and shear effects or the 

effects of accumulation of damage on the three-dimensional behaviour. The proposed 
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model is unique in considering the full axial-flexure-shear interaction effects and the 

effects of progression of damage on the post-peak stiffness and strength degradation of 

components subjected to biaxial reversed cyclic loading with variable axial load in a 

consistent and comprehensive manner. 
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Figure 2-1 Concentrated plasticity models (Kaul 2004) 
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Figure 2-2 Distributed plasticity models (Kaul 2004) 
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Figure 2-3 Schematic representation of nonlinear model (Pincheira et al. 1999)  
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Figure 2-4 Moment and rotation relation – hysteretic laws (Pincheira et al. 1999) 
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Figure 2-5 Shear force and displacement relation – hysteretic laws (Pincheira et al. 1999) 

 

 



 124 

 

 

 

 

 

 

 

 

Figure 2-6 Free body diagram of column after shear failure (Elwood 2002) 
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Figure 2-7 Shear failure defined by proposed drift capacity model (Elwood 2002) 
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Figure 2-8 Axial failure model (Elwood 2002) 
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Figure 2-9 Example of capabilities of Hysteretic uniaxial model (Elwood 2002) 



 128 

 

 

 

 

 

 

 

 

 

 

Figure 2-10 Redefinition of backbone after failure is detected (Elwood 2002) 
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Figure 2-11 Shear spring in series model using Limit State uniaxial material model (Elwood 2002) 
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Figure 2-12 Rotational spring model (Elwood 2002) 



 131 

 

 

 

 

 

 

 

 

Figure 2-13 Axial spring in series model (Elwood 2002) 
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Figure 2-14 Hysteretic rules for lateral force-flexural displacement relationship (Sezen and 

Chowdhury 2009) 
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Figure 2-15 Monotonic envelope for lateral force-shear displacement relationship (Sezen and 

Chowdhury 2009) 
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Figure 2-16 Hysteretic rules for lateral force-shear displacement relationship (Sezen and Chowdhury 

2009) 

 

 

 

 

 

 

 



 135 

 

 

 

 

 

 

 

 

 

Figure 2-17 Schematic shear-flexural interaction model for columns (Xu and Zhang 2011) 
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Figure 2-18 Illustration of the shear hysteretic model by Ozcebe and Saatcioglu (1989) (Xu and 

Zhang 2011) 
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Figure 2-19 Hysteretic rules for the unloading stiffness (Xu and Zhang 2011) 
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Figure 2-20 Examples of model defects in Ozcebe and Saatcioglu shear hysteretic model (a) nearly 

zero pinching stiffness and (b) negative hardening stiffness  (Xu and Zhang 2011) 

 

 

 

 

 

 

 

 

 

(a) (b) 
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Figure 2-21 Remedies for the defects in shear hysteretic model: (a) fix for nearly zero pinching 

stiffness and (b) fix for negative hardening  (Xu and Zhang 2011) 
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Figure 2-22 Rules for mapping between primary curves (Xu and Zhang 2010) 
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Figure 2-23 Rules for mapping between unloading and reloading branches (Xu and Zhang 2010) 
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Figure 2-24 Model for degradation of concrete shear strength with flexural ductility proposed by 

Priestley et al. (1994) (Ricles et al. 1998) 
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Figure 2-25 Shear-Flexural Element (a) Component; (b) Flexural and Shear Subhinges (Ricles et al. 

1998) 

 

 

 

(a) 

(b) 
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Figure 2-26 Schematics of (a) Yield Surfaces for Flexural Subhinges; (b) Shear Failure Isotropic 

Failure Surface (Ricles et al. 1998) 
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Figure 2-27 Degradation of Elastic Stiffness of (a) Shear Subhinge; (b) Effect on Element Shear 

Response (Ricles et al. 1998) 

 

 

(a) (b) 
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Figure 2-28 (a) Element idealization (b) Plastic hinge idealization (ElMandooh Galal and Ghobarah 

2003) 
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Figure 2-29 Yield surfaces for flexural subhinges (ElMandooh Galal and Ghobarah 2003) 
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Figure 2-30 Failure surface for shear subhinge (ElMandooh Galal and Ghobarah 2003) 
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Figure 2-31 Hysteretic model for flexural subhinge (ElMandooh Galal and Ghobarah 2003) 
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Figure 2-32 Combined flexure and shear response for columns (ElMandooh Galal 2002) 
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Figure 2-33 Shear force-deformation relationship for shear subhinge envelope (ElMandooh Galal 

and Ghobarah 2003) 
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Figure 2-34 Axial force-moment interaction diagram (Kaul 2004) 
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Figure 2-35 Idealization of the monotonic response (Kaul 2004) 
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Figure 2-36 Combined kinematic-isotropic hardening (Kaul 2004) 
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Figure 2-37 Modes of shear failure (Kaul 2004) 
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Figure 2-38 Hysteretic/Cyclic pinching model for shear (Kaul 2004) 
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Figure 2-39 Full cycle pinching example (Kaul 2004) 
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Figure 2-40 Half cycle pinching examples (Kaul 2004) 
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3    Chapter: Formulation of Beam-Column Element 

 

3.1 Introduction 

Realistic prediction of seismic progressive collapse behaviour is essential in vulnerability 

and performance assessment of reinforced concrete structures. The proposed model 

described herein is an important tool for accurate capturing of the degradation behaviour 

of reinforced concrete components and the damage characteristics of global structures 

from initiation and progression of failure till ultimate collapse during major earthquakes. 

Numerical simulation models capable of accurate capturing of damage and degradation 

response characteristics would lead to more resilient earthquake design of new structures 

as well as more efficient retrofit and rehabilitation strategies for existing older deficient 

structures.  

 

As described in Section 1.2, the response of reinforced concrete components depends on 

various parameters such as reinforcement steel distribution, confinement provided to the 

concrete by reinforcing bar ties, axial load levels, amplitudes of inelastic cyclic 

excursions and number of repeated reversed loading cycles. The initiation of yielding and 

the post-yield response of reinforced concrete components are sensitive to axial load 

levels. Damage accumulated during inelastic cyclic excursions, including concrete 

cracking and loss of bond in the rebars, affects the stiffness and strength degradations in 

structural components. Older reinforced concrete columns, where sufficient confinement 

to the concrete is not provided, may suffer severe stiffness and strength degradations and 

be susceptible to shear failure. Degradation in shear strength of reinforced concrete 
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members with insufficient transverse reinforcement is also affected by inelastic flexure-

shear interaction.   

 

This chapter describes the underlying formulations of the analysis model developed for 

capturing the behaviour of reinforced concrete members designed as ductile as well as 

non-ductile shear-critical column members in existing older structures. The element 

formulation is based on the concentrated plasticity approach and the inelastic behaviour 

modeling is based on stress-resultant plasticity concepts using force interaction surfaces 

and evolution models. As discussed in Chapter 2, compared to distributed plasticity 

models based on fiber section approach, concentrated plasticity models based on stress-

resultant plasticity concepts are computationally more efficient and more suitable for 

capturing nonlinear degradation response through calibration using component tests data 

on phenomenological force-deformation relations and hysteretic curves.  

 

The formulation consists of beam-column element with zero-length generalized plastic 

hinges concentrated at the ends of the element, as shown in Figure 3-1. The element 

between the hinges is elastic. Each hinge has three deformations, an axial deformation 

and rotations about the local element axes. The contributions from shear deformations in 

the hinge are added to the rotations due to flexure. Each hinge is modeled as two 

subhinges in series, one for the flexural behaviour and one for the shear behaviour. Yield 

surface is defined to model the interaction between axial force and biaxial bending 

moments. Post-yield force interaction and inelastic hardening in flexure is captured by 

the yield-surface evolution models. Shear failure is captured by shear failure surface 
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defined in terms of axial force and shear forces. Post-shear failure softening behaviour is 

captured by shear-failure surface evolution models. The rate of hardening and softening 

is controlled by separate plastic material models. Deterioration of shear strength in the 

plastic hinge zone with increasing flexural displacement ductility demand is accounted 

for by using ductility-related shear limit surface. Force recovery procedures for the 

inelastic behaviour are also described. 

 

The approach used in the cyclic behaviour modeling is based on the incorporation of 

damage models in the beam-column element formulation to track the evolution of 

damage and its effects on the gradual deterioration in stiffness and loss of strength. Upon 

unloading and subsequent reloading after yielding in flexure and/or failure in shear, the 

quasi-elastic response is controlled by cyclic models capturing the deterioration and 

pinching characteristics of the hysteretic behaviour. Degradation in elastic unloading 

stiffness is achieved using damage models based on maximum inelastic deformations and 

dissipated hysteretic energy. Reloading stiffness is formulated based on pinching and 

peak-oriented hysteretic models. The formulation of the cyclic models is based on an 

event-to-event strategy, assuming that an “event” for a cyclic model occurs when the 

loading state of the element changes. 

 

As described earlier, accumulated damage in cyclic excursions in one direction affects 

not only stiffness and strength parameters of a component in the direction of loading but 

also the behaviour in other out-of-plane directions. The cyclic models proposed by Kaul 

(2004) for 2D cases are extended to capture full 3D behaviour under general cyclic 
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loading by considering biaxial interaction effects on stiffness and strength degradation 

based on multi-component damage models capturing hysteretic damage in multi-

directions.  

 

Strength degradation under repeated cyclic load reversals is also considered. A cyclic 

strength degradation model is proposed, which controls the contraction of the yield 

surface and/or shear failure surface at the end of each half cycle by using cumulative 

damage indices based on the total hysteretic energy dissipated by the structural member.  

 

The proposed beam-column element is suitable to model nonlinear hysteretic behaviour 

of reinforced concrete columns under general 3D loading conditions, i.e. biaxial reversed 

cyclic loading with variable axial load, by considering full nonlinear axial-flexure-shear 

interaction and damage accumulation effects on the degradation behaviour of structural 

components.  

 

3.2 Updated Lagrangian Formulation 

In this study, the updated Lagrangian formulation (Bathe 1996) is implemented assuming 

large displacements and large rotations but small strains. There are two types of 

Lagrangian formulations – Total Lagrangian (TL) and Updated Lagrangian (UL). TL is 

based on a fixed frame of reference, while UL is based on a reference system that is 

updated as the element deforms. The 2D UL formulations used in Kaul (2004) are 

extended in the present study to 3D beam-column elements. Implementing the UL 

formulation for structural analysis requires linearization of the tangent stiffness and an 
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accurate force-recovery algorithm. The formulation of the element stiffness and the force 

recovery technique for elastic elements based on the natural approach (Conci and Gattass 

1990, McGuire et al. 2000) are described in this section. Incorporation of large 

deformation capabilities for inelastic elements is described in the subsequent sections.  

 

3.2.1 Formulation of Element Stiffness 

The elastic stiffness matrix for three-dimensional frame elements in terms of the degrees 

of freedom,                                 , and the 

section properties of the member,                    , is:  

 

     

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

 
      

  

 
     

 
     
  

   
    
  

  
     
  

   
    
  

  
     
  

  
    
  

    
     
  

  
    
  

 

   
  

       
      

  

       
  

   
    
  

 
    
 

   
    
  

 
    
 

 

 
    
  

   
    
 

  
    
  

   
    
 

 
  

 
     

  

 
     

  
     
  

    
    
  

 
     
  

    
    
  

   
     
  

 
    
  

   
     
  

 
    
  

 

    
  

       
     

  

       
  

   
    
  

 
    
 

   
    
  

 
    
 

 

 
    
  

   
    
 

  
    
  

   
    
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

(3.1) 
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The geometric stiffness matrix for three-dimensional frame elements derived by McGuire 

et al. (2000) is used in the formulation.      in terms of the degrees of freedom 

                                 , is:  

     

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
      

 

 
     

 
  

  
   

 

  
  

  

  
   

 

  

  
  

  
  

 

  
    

  

  
  

 

  
 

   
   

  
      

   

  
  

   
 

  
 

   

  
   

 

  
  

  

  
 

 
 

  
   

   

  
  

 

  
    

  

  

 
 

 
     

 

 
     

  
  

  
    

 

  
 

  

  
    

 

  

   
  

  
 

 

  
   

  

  
 

 

  
 

    
   

  
     

   

  
  

   
 

  
  

  

  
   

 

  
 

   

  
 

 
 

  
    

  

  
  

 

  
   

   

   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

(3.2) 

 

As explained in McGuire et al. (2000), the above geometric stiffness matrix contains a 

second order term corresponding to every first order term in the elastic stiffness matrix of 

the element given in Equation (3.1). The interaction of axial force and St. Venant torsion 

as well as the geometric interaction of axial force and bending in the principal directions 

(i.e. flexural buckling modes considered) are considered in the formulation. The shear 

forces are determined from the bending moments carried by the member. Hence, the 

interactions between the axial force, bending moments and shear forces are considered in 

the formulation of the new 3D beam-column element. 
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The derivation of the geometric stiffness matrix presented in McGuire et al. (2000) is 

based on the principle of virtual work. Figure 3-2 shows the orientation of the element in 

the global XYZ coordinate system. Figure 3-3 shows the previous converged state of the 

element denoted by the left superscript 1 and the next deformed state denoted by the left 

superscript 2. The element force in state 2 is, 

               (3.3) 

 

Applying the principle of virtual work to the deformed state, 

                              (3.4) 

 

                 
 
            (3.5) 

 

where,       are the virtual displacements.  

 

The derivations of the virtual internal work,            , for combined bending and axial 

force and combined torsion and axial force are provided in McGuire et al. (2000).  

 

The shape functions used to describe the virtual work integrals in terms of nodal 

displacements assume linear expressions for axial and torsional effects and cubic 

polynomials for flexural effects. 

 

The shape functions for the axial effects are as follows:  
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(3.6) 

 

The shape functions for the flexural effects are as follows:  

        
 

 
 
 

   
 

 
 
 

 

      
 

 
 
 

   
 

 
 
 

 

         
 

 
 
 

 

        
 

 
 
 

 
 

 
  

        
 

 
 
 

   
 

 
 
 

 

      
 

 
 
 

   
 

 
 
 

 

          
 

 
 
 

 

       
 

 
  

 

 
 
 

  

(3.7) 

 

The shape functions for the torsional effects are as follows:  

        
 

 
  

      
 

 
  

(3.8) 
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The right subscripts 1 and 2 correspond to the nodes 1 and 2 of the element, as shown in 

Figure 3-4. In terms of nodal displacements, 

                                 , 

 

                     

                                  

 

                           

                                  

 

                           

                                  

 

                        

                                  

(3.9) 

 

The geometric stiffness matrix for two-dimensional frame elements for combined 

bending and axial force in terms of the degrees of freedom, 

                 , is:  
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(3.10) 

 

The geometric stiffness matrix for frame elements for combined torsion and axial force in 

terms of the degrees of freedom,         
 , is:  

              

   

  
 
   

  

 
   

  
 
   

  

  (3.11) 

 

The geometric stiffness matrix for three-dimensional frame elements given in Equation 

(3.2) is obtained by adding the terms of the geometric stiffness matrices for bending in 

the     plane, in the     plane, as well as the effects of St. Venan torsion-axial force 

interaction.  

 

The complete element stiffness,      including the geometric nonlinear effects is: 

               (3.12) 
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where      is the elastic stiffness of the element. For elastic static analysis, the use of the 

geometric stiffness may not be critical, however, for dynamic analysis problems, ignoring 

the geometric stiffness can cause convergence problems.   

 

3.2.2 Force Recovery 

The force recovery approach is based on separating the rigid body motion from the total 

displacements. In this approach, the natural displacement increments,      , are 

calculated from the displacement increments transformed to the last converged state.  

 

Consider the motion of a beam-column element in a stationary Cartesian coordinate 

system, as shown in Figure 3-3. Configuration (0) represents the initial undeformed state. 

Configuration (1) is the current deformed and known equilibrium state. Configuration (2) 

is the neighbouring deformed equilibrium state, which has to be found. Since 

configuration (1) is the last converged state, the local coordinate system          is 

used as the reference system for the next step to find deformed configuration (2), as 

shown in Figure 3-4.  

 

The natural axial deformation as well as the natural rotations and the rigid body rotations 

are illustrated in Figure 3-5(a) to (e).  

 

The natural axial deformation,   , can be expressed as: 

                                        (3.13) 
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Equation (3.13) can be simplified as follows: 

    
        

 

                     
         

         
  

(3.14) 

 

Neglecting the higher order term     
  as it is sufficiently small compared to   , then:  

           
 

 
 
       

 

 
 
       

 

 
 
       

 

 
  (3.15) 

 

The rigid body rotations about    and   axis, respectively, are:  

             
       

         
 

          
  

       

         
 

(3.16) 

 

The natural rotations are:  

            

                

                

                

                

(3.17) 

 

where:  

    is the natural rotation about    axis  

     is the natural rotation about    axis at element end 1 
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     is the natural rotation about    axis at element end 2 

     is the natural rotation about    axis at element end 1 

     is the natural rotation about    axis at element end 2 

 

The incremental natural displacement vector,      , can be represented as:  

                                     (3.18) 

 

The force increment can be expressed as:  

                  (3.19) 

 

The total element force in the converged configuration (2) is given as:  

                                 (3.20) 

 

 

3.3 Inelastic Element Formulation 

For stress resultant frame analysis, plasticity theory is extended by using stress resultant 

interaction surfaces to describe the interactions between member forces, such as axial 

force, shear forces and bending moments. Under seismic loading, maximum moments 

typically occur at the member ends of frame elements and inelastic deformations are 

expected to concentrate at the ends of the elements. Thus, inelastic behaviour can be 

modeled by using fixed-length generalized plastic hinges at element ends.  

 

3.3.1 Axial Force-Bending Moment Interaction 
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3.3.1.1 Yield Surface Formulation 

Yielding occurs when the force state of a member reaches the yield surface. The yield 

surface for the flexural subhinge is defined in terms of axial force and bending moments, 

as shown in Figure 3-6. The yield surface is assumed to be a continuous, convex, rate 

independent function of axial force and bending moments on a cross-section of the 

member, and can be represented as follows:  

             (3.21) 

 

where  ,    and    are normalized axial force and bending moments about  , and    

axis, respectively.  For reinforced concrete sections, the axial force and moments are 

normalized by the axial load and the moments at the balanced failure point,    ,       

and     , respectively.  

 

The shape of the yield surface depends on the section and material characteristics. For 

example, reinforced concrete sections with symmetric steel distribution will be 

symmetric along the moment axes but offset with respect to the axial force axis. 

Similarly, reinforced concrete sections with non-uniform steel distribution will be 

unsymmetric along the moment and axial force axes.  

 

The yield surface developed herein follows a form similar to that proposed by El-Tawil 

(1996) for biaxial bending of symmetric reinforced concrete sections. The surface is 

described by two equations, one above the balanced point and another below the balanced 
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point. As proposed by El-Tawil (1996), the biaxial bending interaction curve at an axial 

load level  , can be described by the relation:  

 
  

     
 

 

  
  

     
 

 

     (3.22) 

 

where,   is the interaction exponent. Above the balanced point:  

                        

                        
(3.23) 

 

And, below the balanced point: 

                        

                        
(3.24) 

 

where:  

            if        (3.25a) 

          if        (3.25b) 

 

              if        (3.26a) 

            if        (3.26b) 

 

  is the applied axial load (positive in compression, negative in tension) 

    is the axial compressive strength 

    is the tensile strength 

    is the balanced axial load 

   is the applied moment about    axis 
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   is the applied moment about    axis 

      is the moment strength about    axis at load   

      is the moment strength about    axis at load   

     is the moment strength about    axis at balanced point 

     is the moment strength about    axis at balanced point 

      is the exponents above the balanced point (compression) 

      is the exponents below the balanced point (tension) 

 

The strength characteristics of the cross section of the member,                      , 

may be determined from a fiber analysis. The parameters,             and  , which 

control the shape of the yield surface can be obtained using a fiber analysis through trial 

and error and curve fitting. For bi-symmetric reinforced concrete cross sections, these 

parameters are calibrated (El-Tawil 1996) as follows:  

          

          

 

 

                 for        

               for        

 

By substituting Equation (3.23) in (3.22), 

 
  

               
   

 

  
  

               
   

 

     (3.27) 
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By substituting Equations (3.25a) and (3.26a) in (3.25), and normalizing by the axial load 

and moment strength at and above the balanced point:  

 

 
 
 
   

    
 

    
 
   
   

   
   
   

  

  

 

 
 
 
 

 

 

 

 
 
 
 

  
    
 

    
 
   
   

   
   
   

  

  

 

 
 
 
 

 

     (3.28) 

 

Let    
  

    
 ,    

  

    
 ,    

   
  

The yield function in terms of normalized force components is expressed as follows:  

           

 

 
   

   
   
   
   

  
 

  

 

 
 

 

 

 

 
   

   
   
   
   

  
 

  

 

 
 

 

     (3.29) 

 

And the exponent,  , in terms of normalized axial load,  

          
   
   

   
  

  (3.30) 

 

Similarly, below the balanced point the yield function,  
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And the yield function in terms of normalized force components is, 

           

 

  
   

   
   

  
   
   

 

  

 

  
 

 

 

 

  
   

   
   

  
   
   

 

  

 

  
 

 

     (3.32) 

 

And the exponent,  , in terms of normalized axial load,  

       
   

  
   

   

 

 

 (3.33) 

 

 

3.3.1.2 Yield Surface Evolution 

An evolution rule determines how the yield surface evolves in force space, which results 

in hardening/softening in force-deformation response. Hardening response is generally 

modeled by using a kinematic rule, an isotropic rule or a combination of the two. The 

kinematic rule results in translation of the yield surface in force space without change in 

size or shape, while the isotropic rule results in uniform expansion of the yield surface. 

For most structural materials, kinematic hardening rule more accurately describes the 

physical behaviour under cyclic loading by accounting for the Bauschinger effect. 

However, a combination of kinematic and isotropic rules is necessary to model the 

softening response. 

 

In the proposed formulation, a combination of kinematic hardening rule and non-uniform 

contraction rule is considered. The evolution model developed by Kaul (2004) for yield 
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surfaces in terms of axial force and bending moment for modeling planar behaviour is 

modified and extended to yield surfaces defined in terms of axial force and biaxial 

bending moments to model 3D behavior by considering the effects of accumulated 

damage in inelastic excursions in one direction on the behaviour in other out-of-plane 

directions.  

 

Irrespective of the evolution rule, surface evolution depends on two parameters, the 

magnitude of evolution, and the direction of evolution. The magnitude of evolution is 

governed by the plastic stiffness,     , a 3x3 diagonal matrix which contains terms for 

the axial force,       , and for the bending moments,       
  and       

 .  

 

For isotropic hardening/softening, the surface expands/contracts uniformly in all 

directions. In the case of non-uniform expansion/contraction rule, the surface can 

expand/contract differently in each direction, e.g. positive and negative directions along 

the axial force axis and the bending moment axes (  and   axes), which results in changes 

in both size and shape of the yield surface.   

 

For kinematic hardening, the direction of surface translation is specified by the evolution 

direction. Summary of the main kinematic rules for surface translation can be found in 

El-Tawil (1996), Chen and Han (2007). In case of Prager’s hardening rule with 

associated flow (normality) rule, motion of the yield surface is in direction parallel to the 

normal vector at the current force point location. Ziegler’s hardening rule (1959) suggests 

that the surface motion is directed along a unit vector connecting the surface centre to the 
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current force state. For bi-symmetric, non-offset surfaces, the centre of the yield surface 

is clearly defined. However, for surfaces representative of typical reinforced concrete 

sections, the centre cannot be easily defined. For example, it could be the centroid 

(corresponding to the axial load level at the balanced point) or the origin. Mroz’s rule 

(1969) suggests that motion of the yield surface is directed along the force increment,   . 

Also, it is feasible for the surface to translate along force components, generally moment 

axis which results in constant-P translation. Examples of evolution directions, normal 

(direction of translation is normal to the yield surface at the force point), radial (the yield 

surface moves radially along the direction joining the force point with the surface origin), 

centroidal (the surface moves along the direction joining the force point with the surface 

centroid corresponding to the balanced point), and constant-P, are illustrated in Figure 3-

7.  

 

The proposed evolution model is based on a combination of a kinematic rule and a non-

uniform contraction rule. The kinematic rule in the evolution model is used to model the 

hardening response in flexure. This model is based on the kinematic control surface 

model developed by Kaul (2004) for yield surfaces in terms of axial force and bending 

moment for modeling planar behaviour. In the present study, Kaul’s kinematic control 

surface model is extended to yield surfaces in terms of axial force and biaxial bending 

moments for modeling 3D behaviour. Within the same cycle, the evolution model 

proposed in this study uses only the kinematic hardening rule to control the evolution of 

the yield surface. Magnitude of kinematic plastic stiffness and direction of translation are 

discussed in the section that follows.  
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The non-uniform contraction rule in the proposed evolution model is used to model the 

strength degradation under repeated cyclic load reversals. At the end of each half cycle, 

i.e. at the zero force point or when the force switches direction, the yield surface is 

contracted using damage indices based on plastic deformations and hysteretic energy. 

The non-uniform contraction rule is discussed in details in Section 3.4.3.  

 

3.3.1.2.1 Kinematic Control Surface Model 

In this model, the yield surface translation is limited by an inner kinematic control 

surface that has the same shape as the initial yield surface but smaller size than the yield 

surface, as shown in Figure 3-8. The size of the inner kinematic control surface can be 

determined based on the difference of the ultimate moment capacity and the moment at 

yield. The translation of the centroid of the yield surface cannot exceed beyond the inner 

kinematic control surface, unless a residual hardening rate is specified. The kinematic 

plastic stiffness is proportional to the drift      of the yield surface centroid from the 

inner control surface, as shown in Figure 3-9, in a     plane for the purpose of clarity, 

where   is the resultant bending moment. The plastic stiffness can also be described as 

inversely proportional to the back-stress, which is defined as the distance from the current 

position of the yield surface centroid to its original position. The plastic stiffness 

components for the axial force,       , and for the bending moments,       
  and 

      
 , are not constant in the post-yield response; they are reduced as the member 

accumulates damage due to large inelastic deformations and repeated load reversals. The 

plastic stiffness components,        , start from a high initial stiffness,         , and 
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asymptotically reduce to zero, as the centroid of the yield surface approaches the inner 

kinematic control surface. The yield surface translates rapidly when the centroid is in 

proximity of its initial location and slows down as the centroid approaches the control 

surface. This results in gradual reduction of the amount of hardening in the force-

deformation response, as shown in Figure 3-10.  

 

The kinematic plastic stiffness varies as a function of the drift of the centroid from the 

kinematic control surface,   , and affects the hardening response. Given the back-stress 

unit vector,                , oriented from the centre of the yield surface,  , to 

the centre of the control surface,  , (Figure 3-9), plastic stiffness can be calibrated to the 

drift of the yield surface centre to the control surface centre. Initially for the untranslated 

state of yield surface, the drift      and the plastic stiffness           . As the yield 

surface centroid,  , approaches the control surface, the drift,   , approaches zero and the 

plastic stiffness,     , also approaches zero using an exponential relation with the drift. 

The centroid point,  , follows the yield surface evolution, which is confined within the 

control surface.  

 

As the yield surface centroid translates under cyclic loading, two cases are possible: 

either the components of the back-stress vector,    , are along the vector components of 

the surface gradient,    , at the force point, or opposite. Of particular interest are the 

moment components, since moments can change more dramatically compared to axial 

forces in a beam-column element. If          , as in the case of inelastic excursion in 

one direction, then      can be calibrated with   , (Figure 3-11a). However, in the 
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beginning of the inelastic excursion in the opposite direction, the moment component of 

the back-stress vector are along the moment component of the surface gradient, 

         , and the drift point   lies on path       from the previous excursion 

(Figure 3-11b). The drift point   is measured with respect to the surface along point  . To 

determine the value of     in this case, a point on the future path       is needed. Since 

the future path       is unknown, an approximation can be made by using another 

reference point,   , which is at               . This point always lies at or in 

between the history path       and the future path       of point   for centroidal or 

constant   evolution. The value of    can be computed by:  

                    

                               
(3.34) 

If the yield surface centroid, point  , moves outside the control surface, in the case when 

residual hardening rate is specified, the sign of          changes and the same equation 

holds.  

 

The above formulation forces the response to be perfectly plastic when point   reaches 

the control surface. It is possible to specify some residual hardening instead of        

when point   reaches the control surface, in which case the yield surface centroid can 

translate beyond the limits of the control surface with                   .  

 

The advantage of using an inner kinematic control surface to control the translation of the 

yield surface compared to other approaches such as bounding surface (El-Tawil 1996) 

and multiple yield surfaces (Chen and Powell 1982, Ricles et al. 1998, ElMandooh Galal 
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2002) is that the problem with overlapping of surfaces is avoided and the need for 

adopting special techniques when the limits of translation have been reached is 

eliminated.  

 

As mentioned previously, one of the parameters that describe the surface evolution is the 

magnitude of evolution. To determine the magnitude of evolution in the kinematic 

control surface model, the plastic stiffness,     , is required. Constant values of the 

components of the plastic stiffness,        , imply that the element shows continuous 

hardening response at a constant rate (post-yield response follows a straight line). The 

physical behaviour of reinforced concrete members, however, is characterized by initially 

higher rate of hardening which is then gradually reduced due to concrete crushing and/or 

bar buckling. In the proposed evolution model, plastic-hardening material models are 

used to control the rate of hardening. Plastic-hardening material models provide a 

relationship between the plastic stiffness for each force component of the yield surface 

and the corresponding plastic deformation components, as shown in Figure 3-12. In the 

kinematic control surface model, the plastic stiffness,     , is defined as a nonlinear 

function of    to achieve the decreasing rate of hardening,  

                          (3.35) 

 

where       is the initial plastic stiffness, and    is a damage index.  

 

The incremental force,     , can be represented as a sum of a component tangential to the 

yield surface,      , and a component for inelastic hardening due to     ,    
  , as 
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shown in Figure 3-13b. Thus, a target point can be determined based on       to which 

the surface translates. The procedure for calculating the force component       is given 

in Section 3.3.4.   

 

Different types of direction of evolution are explored for the kinematic control surface 

model such as normal, centroidal, radial and constant-P evolution, as shown in Figure 3-

14. The difference in the evolution directions varies depending on the force point location 

and the shape of the surface. The normal and the centroidal directions of evolution have 

similar direction components regardless of the location of the force point on the surface. 

Radial direction of evolution can have opposite direction component from the normal and 

centroidal evolution, for example, when the force point is located between the balanced 

failure point level and the zero axial load level. The constant-P evolution, i.e. the 

translation of the yield surface is restrained to be parallel to the   axis, results in 

greater drift of the yield surface than the other evolution types, especially when the force 

point is located away from the balanced failure point level.  

 

As discussed in Kaul (2004), another aspect of cyclic response of reinforced concrete 

members is the change in the extent of the elastic range, which increases in the first few 

cycles and then remains relatively constant for a non-softening behaviour. This increase 

is modeled well by using normal and centroidal direction of evolution. A case of 

centroidal direction of evolution with constant axial load is shown in Figure 3-15. As the 

yield surfaces translate away from its initial position, the centroidal direction gradually 
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aligns with the direction parallel to the   axis, which eventually leads to constant-P 

translation and constant elastic range.  

 

3.3.1.2.2 Updating the State of Evolution 

The formulation of the evolution model based on a kinematic hardening rule and non-

uniform contraction rule is based on maintaining two states – the initial state of the yield 

surface and the current translated deformed state of the subsequent surface. The updating 

of the state of evolution is achieved by using mapping between the state of the initial 

yield surface, represented by superscript 0, and the current state, represented by 

superscript 1, as shown in Figure 3-16. The surfaces shown in Figure 3-16 are drawn in 

    plane for clarity, where   is the normalized resultant moment, however, the 

formulations are valid for 3D case. A translation vector,    , of size    , accounts for the 

motion of the yield surface in force space. A contraction factor matrix,     , of size    , 

represents the contraction of the yield surface along each force axis. The matrix      is 

equal to the identity matrix for the initial state of the yield surface or in case of kinematic 

hardening only.  

 

At any trial step  , a force state on the subsequent yield surface,    
  , can be mapped to a 

corresponding force state on the initial yield surface,    
  , so that iterations can be 

performed using the original yield surface functions. The force vector    
   can be 

expressed as:  

   
           

        (3.36) 
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And the inverse relationship is simply:  

   
        

      
         (3.37) 

 

The contraction factor matrix       is a diagonal matrix and its components are 

                         . The component for axial load,       , can be either          or 

         depending on whether   is compression or tension. The component for moment 

about   axis,         , can be either      
     or      

     depending on whether    is 

positive or negative. Analogically, the component for moment about   axis,         , 

can be either      
     or      

     depending on whether    is positive or negative. The 

terms of       are determined based on damage indices, as explained in details in Section 

3.4.3. 

 

Thus, the state of the subsequent yield surface during the evolution is maintained by the 

translation vector,    , and the diagonal contraction factor matrix,     . The advantage of 

using the mapping technique is that the force vector corresponding to the current state is 

updated depending on the translation and contraction of the subsequent surface, while the 

equations and parameters used for deriving the yield surface function remain unchanged. 

Thus, the extensibility of the formulations is facilitated for defining different yield 

surface functions. 

 

3.3.1.3 Force Recovery 

For an element with yield surfaces describing the yielding and the post-yield force 
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interaction at the ends, the assumption is that the force moves along the yield surface. 

Due to the convexity of the yield surface and also depending on the size of the load 

increment, there may be situations when this requirement is violated and force recovery 

procedures are needed to return the force point on the yield surface. These cases are 

summarized as follows: 

- When plastic hinge occurs within a load increment 

- When plastic hinge exists at the beginning of an increment 

- When plastic hinge unloads elastically during a load increment 

- When unloaded plastic hinge is formed again during subsequent reloading  

 

Force recovery procedures are described first for the case of elastic-perfectly plastic 

materials, and then for the case of hardening materials.  

 

For the elastic-perfectly plastic case, an element is considered in a particular stage of the 

global analysis, as shown in Figure 3-17. The steps of the force recovery procedure are 

shown in Figure 3-18. At load step  , both ends are elastic, and    represents the force 

point location. In the load increment from step   to step    , end 1 continues to load 

elastically, while end 2 plastifies.  

The trial incremental forces are determined as:  

                   (3.38) 

 

For a linear elastic case, as is the case for end 1, the trial forces remain the final forces for 

that step. For end 2, if           results in a force point     
  that lies outside the yield 
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surface, the incremental step needs to be divided. The force point is first returned to the 

yield surface,     
  , along the direction of the force increment at a fraction   of the current 

load increment. The fraction   represents the elastic portion of the step and can be 

determined iteratively using the yield surface equation and applying the               

technique for proper conversion (McGuire et al. 2000). The resultant force increment 

from step   to step     is divided into two internal steps, from    to     
  and from     

  to 

    
 . The forces      

   and      
     corresponding to these force point locations can be 

calculated as:  

     
                   (3.39) 

and  

     
                    (3.40) 

 

where      
     is the inelastic portion of the trial force.  

 

The magnitude of plastic deformation     can be calculated by:  

                 
  
         

     (3.41) 

where     is the gradient matrix at the point on the surface.  

The force at the end of the step      
     corresponding to force point      

  is given as:  

     
          

         
                (3.42) 

 

The use of a plastic reduction matrix, as described in Section 3.3.4.1, causes the element 

forces at the plastified end to move tangent to the yield surface. Due to the convexity of 

the yield surface, the force point drifts away from the surface during continued plastic 
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action. Therefore, the force point needs to be moved back onto the yield surface. There 

are different methods to contain the drift. Normal return is the shortest distance of a force 

point to the surface, however locating the normal on the surface is an expensive iterative 

task. Radial return or centroidal return can also be used because of its simplicity (Bathe, 

1996). 

 

In this formulation, centroidal return is used to contain the tangential drift of the force 

point to the surface. Thus, the force at the end of the step is      
     corresponding to point 

    
  located on the yield surface.  

 

For unsymmetric surfaces and depending on the load/boundary conditions, there may be 

an axial force imbalance between the two ends of the element at the end of this step. In 

such case, the axial force at the two ends can be averaged and the force point for the 

plastified end 2 is moved back onto the yield surface using            return. When 

the moments and the axial forces are balanced, the shear force,  , is updated by using the 

equilibrium relation:  

            (3.43) 

 

If the element continues to load from step     to step    , the entire step is inelastic 

for the plastified end 2. Equation (3.42) can be used to determine the final force at the 

end of the step, and centroidal return is applied to contain the drift of the force point from 

the yield surface.  
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Computationally, it is convenient to assume an allowable tolerance for exceeding the 

boundaries of the yield surface, typically 2% - 5% of the yield surface size. The approach 

for calculating the error and ensuring that the updated force point lies within the specified 

tolerance zone follows that described in Chen and Powell (1982).  

 

For the case of hardening materials, the same element is considered, as shown in Figure 

3-17. Under the kinematic hardening rule, the yield surface translates in force space due 

to the plastic stiffness component,     , as described in Section 3.3.1.2. The presence of 

the plastic stiffness component implies that the force increment will not be tangential to 

the yield surface, as illustrated in Figure 3-13. The new location of the yield surface is 

determined based on the inelastic hardening portion of the force increment,       

         .  

 

Similarly to the example on force recovery for elastic-perfectly plastic material, at load 

step  , both end 1 and 2 are elastic. In the load increment from step   to step    , under 

the trial force increment           end 1 continues to load elastically, while the force point 

at end 2 moves outside the yield surface initiating yielding and hardening, as shown in 

Figure 3-19. To compute the final forces at end 2, the load step needs to be divided 

internally into elastic and inelastic portion. Similarly to the case without hardening, the 

inelastic portion of the force increment is:  

     
                    (3.44) 

 

The magnitude of plastic deformation     can be calculated by: 
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     (3.45) 

 

The resultant force increment from step   to step     is based on dividing into two 

internal steps, from    to     
  and from     

  to     
 , as shown in Figure 3-19.  

 

The force at the end of the step corresponding to point     
  is given as:  

     
          

         
                 (3.46) 

 

As described in Section 3.3.1.2, the resultant force increment due to hardening,      , is 

outside the yield surface, and the surface translates such that the point corresponding to 

      is on the updated surface. Generally, the force corresponding to point      
  is not on 

the updated surface and centroidal return in used to control the drift. Thus, the force at the 

end of the step is      
     corresponding to point     

  located on the yield surface.  

 

The resulting imbalance in axial load between ends 1 and 2 can be averaged and updated 

for each end. The force point for the plastified end 2 is set back to the surface using 

           return. The shear force,  , is updated by using the equilibrium relation 

given in Equation (3.43).  

 

The above force recovery procedure assumes that the element is geometrically linear. To 

include geometric nonlinear effects, the geometric stiffness matrix is added to the 
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element elastic stiffness matrix,        , and           is determined based on the force 

recovery techniques described in the section on large deformations.  

 

In addition to reaching the yield surface or moving outwards to the translated state of the 

surface during inelastic hardening, change in subsequent loading may cause the plastic 

hinge to unload elastically. In this event, the entire load increment is repeated using the 

elastic properties.  

 

3.3.2  Axial Force-Shear Force Interaction 

 

3.3.2.1 Shear Failure Surface Formulation 

Shear failure is detected when the shear force state of a member reaches the shear failure 

surface. The shear failure surface for the shear subhinge is defined in terms of axial force 

and shear forces, as shown in Figure 3-20. Similarly to the yield surface, the shear failure 

surface is assumed to be a continuous, convex function of axial force and shear forces on 

a cross-section, and can be defined as:  

              (3.47) 

 

where  ,    and    are normalized axial force and shear forces in  , and    axis, 

respectively.  For reinforced concrete sections, the axial force and shear forces are 

normalized by the axial load and the shear forces at the balanced failure point,    ,       

and     , respectively.  
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The shape of the yield surface depends on the section and material characteristics. For 

example, reinforced concrete sections with symmetric steel distribution will be 

symmetric along the shear force axes but offset with respect to the axial force axis. 

Similarly, reinforced concrete sections with non-uniform steel distribution will be 

unsymmetric along the shear force and axial force axes.  

 

Based on the experimental tests and the theoretical verifications of Vecchio and Collins 

(1986), ElMandooh Galal (2002) proposed a simplified ellipsoidal shear strength-axial 

strength interaction diagram, as shown in Figure 3-21.  

 

The shear failure surface developed herein follows a form similar to that proposed by 

ElMandooh Galal (2002) for biaxial shear of symmetric reinforced concrete sections.  

             
  

    
 

 

  
  
    

 
 

  
     
       

 
 

     (3.48) 

 

where:  

    is the axial compressive strength 

    is the tensile strength 

                     ; axial load at balanced failure point (average axial 

force) 

          is the lateral shear strength in   and   directions at balanced failure point 

(average axial force)  

  

Let    
  
    
 ,    

  
    
 ,       
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Then the shear failure surface function in terms of normalized force components is, 

                
 
     

   
   

         
 
 

     (3.49) 

 

The shear forces,    and   , are calculated using Equation (3.43) for   and   directions, 

respectively.  

 

Another option that is also considered for the shear failure surface function is to follow 

the same form as the yield surface function described in Section 3.3.1.1. If the normalized 

bending moments are replaced with normalized shear forces in Equation (3.29), the shear 

failure surface function above the balanced failure point becomes:  

            

 

 
   

   
   
   
   

  
 

  

 

 
 

 

 

 

 
   

   
   
   
   

  
 

  

 

 
 

 

     (3.50) 

 

Similarly, below the balanced failure point the shear failure surface function is,  

             

 

  
   

   
   

  
   
   

 

  

 

  
 

 

 

 

  
   

   
   

  
   
   

 

  

 

  
 

 

     (3.51) 

 

3.3.2.1.1 Shear Strength 

The total shear strength of reinforced concrete elements is due to the contributions from 

the concrete, steel truss and axial force mechanisms. The shear strength of a reinforced 
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concrete member used in the formulation of the shear failure surface can be determined 

by using existing shear strength prediction models such as those proposed by Priestley et 

al. (1994) and Sezen and Moehle (2004).  

 

The design equation for the prediction of nominal shear capacity proposed by Priestely et 

al. (1994) is as follows:  

            (3.52) 

  

where   ,    and    are the contributions to shear strength capacity of the member from 

concrete, a truss mechanism, and an arch mechanism associated with axial load, 

respectively.  

 

The concrete contribution is given by: 

           (MPa) (3.53) 

 

where the effective shear area is taken as          , and the parameter   depends on 

the member displacement ductility level.  

 

The contribution of transverse reinforcement to shear strength is based on a truss 

mechanism using a     degree angle between the compression diagonals and the column 

longitudinal axis. For rectangular columns, the truss-mechanism component is given by: 

   
      

 

 
       (3.54) 
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where    is the distance between centres of the perimeter hoop measured parallel to the 

applied shear.  

 

The enhancement to shear strength due to the arch-mechanism is given by:  

   
   

  
  (3.55) 

 

where   is the depth of the compression zone, and   is the shear span, i.e. distance from 

section with maximum moment to point of inflection.  

 

Similar to other shear strength prediction models (Aschheim and Moehle 1992, Priestley 

et al. 1994), the model proposed by Sezen and Moehle (2004) relates the column shear 

strength to the displacement ductility demand. The shear strength is expressed as the 

summation of strength contributions from the concrete and the reinforcement through a  

    truss model as follows:  

          
     

 
   

      
 

      
 

      
   

       (MPa) (3.56) 

 

where     is the aspect ratio of the column and   is a ductility-related factor similar to 

that used by Priestley et al. (1994). The factor   is defined equal to 1.0 for displacement 

ductility less than 2, equal to 0.7 for displacement ductility exceeding 6, and varies 

linearly for intermediate displacement ductility. The axial load effects are accounted for 

in the concrete component of the shear strength.  
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3.3.2.2 Shear Failure Surface Evolution 

Similarly to the yield surface formulation, an evolution model is defined for the shear 

failure surface to describe how the surface evolves in force space after detection of shear 

failure. The post-shear failure response to continued loading, i.e. increasing inelastic 

deformations, is characterized by softening or in-cycle strength degradation. The 

softening behaviour can be modeled by using a contraction rule that results in shrinking 

of the shear failure surface.  

 

In the proposed evolution model, a non-uniform contraction rule is considered so that the 

surface can contract differently in each direction, e.g. positive and negative directions 

along the axial force axis and the shear force axes (  and   axes), which results in change 

in both size and shape of the surface. The evolution of the shear failure surface depends 

on two parameters, the magnitude of evolution, and the direction of evolution.  

 

The magnitude of evolution is determined as a function of the degradation stiffness, 

      . As reported by Elwood (2002), once the column fails in shear, a linear 

degradation stiffness can be used based on experimental observations that at the time of 

axial failure, the shear capacity of the column degrades to approximately zero (Nakamura 

and Yoshimura 2002). Thus, the slope of degradation,     , is given by: 

     
  

       
 (3.57) 

 

where    is the shear force in the member at shear failure,    is the corresponding drift at 

shear failure, and    is the drift at axial failure, as illustrated in Figure 3-22. 
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The determination of the drift at shear failure is described in Section 3.3.3.  

 

After shear failure, the axial load supported by the column can be assumed to be 

determined based on the shear-friction mechanism. Based on the shear-friction concepts 

and on observations from experimental tests, Elwood (2002) proposed the following 

empirical equation to estimate the drift ratio at axial failure of a shear-damaged column:  

 
 

 
 
     

 
 

   

         

       
 

            
 
 (3.58) 

  

where   is assumed to be     in the derivation of the drift capacity model (Elwood 

2002).  

 

The drift of the member can be obtained by summing the contributions from the beam-

column element shear and flexural deformations, 

                       (3.59) 

 

where     and     are the natural flexural deformations for each end of the element, and 

   and    are the lengths from each end to the inflection point (          , column 

height). This relation holds true for columns in double curvature and for cantilever 

columns, which is a special case of single curvature with inflection point at one end. For 

elements in single curvature, with moments at each end different from zero, Equation 
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(3.59) cannot be used. However, loading conditions of such cases are not expected to 

occur in structural members considered relevant for shear-critical analysis.  

 

The direction of evolution in the non-uniform contraction model points inwards the shear 

failure surface, as shown in Figure 3-23. A target point can be determined based on     
   

to which the surface shrinks. The softening component,     
  , can be calculated 

according to the procedure outlined in Section 3.3.5.  

 

By using a non-uniform contraction rule, biaxial interaction effects on the evolution of 

the post-shear failure surface can be accounted for based on damage models. For 

example, damage due to excessive inelastic deformations and repeated cycles of loading 

in direction of     axis will affect the capacities of the member in direction of     axis, 

and vice versa. For this purpose, separate damage indices are calculated for the positive 

and negative directions of   and   axes, and interaction rules are defined, as explained in 

Section 3.4.3. If the same damage indices are applied to the section capacities in each 

direction, the evolution will result in isotropic contraction of the surface.  

 

3.3.2.2.1 Updating the State of Evolution 

The formulation of the evolution model with non-uniform contraction rule is based on 

maintaining two states – the initial state of the shear failure surface and the current 

deformed state of the subsequent post-shear failure surface. Similarly to the yield surface 

evolution model, the updating of the state of evolution of the shear failure surface is 

achieved by using mapping between the state of the initial surface, represented by 
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superscript 0, and the current state, represented by superscript 1, as shown in Figure 3-24. 

Since translation is not used in this evolution model, mapping is governed only by a 

contraction factor matrix,      , which is of size     and represents the contraction of the 

shear failure surface along each force axis. The matrix      ,  is equal to the identity 

matrix for the initial state of the shear failure surface.  

 

At any trial step  , a force state on the subsequent post-shear failure surface,      
  , can be 

mapped to a corresponding force state on the initial shear failure surface,      
  , by using 

the following relationship:  

     
               

   (3.60) 

 

Thus, the iterations can be performed using the equations and parameters of the original 

shear failure surface function.  

 

3.3.2.3 Force Recovery 

For an element with shear failure surfaces describing the shear failure, the assumption is 

that shear failure occurs when the shear force point reaches the surface and that the force 

point cannot exist outside the surface. Depending on the size of the load increment, there 

may be situations when this requirement is violated. When shear failure occurs at a shear 

subhinge within a load increment, force recovery procedure is needed to return the force 

point on the shear failure surface.  

The force recovery procedure is similar to that used for the yield surface except that in 

the case of shear failure, softening behaviour is considered. Under the non-uniform 
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contraction rule, the shear failure surface shrinks due to the degradation stiffness 

component,       , as described in Section 3.3.2.2. The presence of the degradation 

stiffness component implies that the force increment,     
  , will be directed inwards.  

 

To illustrate the force recovery procedure, an element is considered for which both end 1 

and 2 are elastic at load step  . In the load increment from step   to step    , under the 

trial force increment           end 1 continues to load elastically, while the force point at 

end 2 shoots through the shear failure surface initiating shear failure and softening, as 

shown in Figure 3-25. To compute the final forces at end 2, the load step needs to be 

divided internally into elastic and inelastic portion. The inelastic portion of the force 

increment is 

       
                     (3.61) 

 

The resultant force increment from step   to step     is based on dividing into two 

internal steps, elastic from      to       
  and inelastic from       

  to       
 , as shown in 

Figure 3-25. The beginning of the inelastic portion of the step marks the softening of the 

shear subhinge. The force increment     
   is negative or directed inwards and gives the 

location of point       
 , to which the shear failure surface is contracted.  

 

The resulting imbalance in axial load between ends 1 and 2 can be averaged and updated 

for each end. The force point for end 2 is moved back onto the surface using          

  return. 
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During continued inelastic action, a softening shear subhinge exists at the beginning of 

the increment. The force increment     
   is first calculated using the procedure in 

Section 3.3.5, and then the post-shear failure surface is further contracted so that the new 

force point is located on the surface.  

 

In the post-shear failure response, the moments are assumed to unload while the shear 

strength is degrading. The conditions for satisfying equilibrium at the element level 

considering different scenarios of failure are described in Section 3.3.5. As discussed by 

Elwood (2002), additional lateral demand after shear failure results in shear strength 

degradation and an increase in the shear deformations but a slight reduction in flexural 

deformation may be assumed, still achieving an increase in the total deformation of the 

beam-column response. Experimental results by Sezen (2002) suggest that the shear 

deformations increase significantly after shear failure but do not conclusively show 

whether the flexural deformations increase or decrease.   

 

In addition to reaching the shear failure surface or moving inwards to the contracted state 

of the surface, change in subsequent loading may cause the softening shear subhinge to 

unload elastically. In this event, the entire load increment is repeated using the elastic 

properties.  

 

In cyclic response, an unloaded softened shear subhinge may be formed again during 

subsequent loading. If such event occurs within one load increment and the force point 
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shoots though the current post-shear failure surface, force recovery procedures as 

described above have to be applied to return the force point on the current contracted 

surface. 

 

3.3.3 Post-Yield Flexure-Shear Interaction 

 

3.3.3.1  Shear Failure Modes and Criteria for Shear Failure 

Reinforced concrete columns are conventionally analyzed for shear failure based on the 

ratio of shear capacity to shear demand. In this approach, primarily, the failure mode 

governed by brittle shear failure is captured.  Experimental works (Ghee et al. 1989, 

Wong et al. 1993, Priestley et al. 1994, Sezen 2002) have shown that reinforced concrete 

columns may be vulnerable to shear failure after flexural yielding due to the weakening 

of the concrete shear mechanism in the flexural plastic hinge region. As summarized by 

Yang (1994), a classification of column responses has been suggested by Ghee et al. 

(1989) based on experimental work involving the seismic shear strength of 25 cantilever 

squat circular reinforced concrete columns. The responses of columns were classified into 

four categories, (1) brittle shear failure, (2) limited ductile with shear failure, (3) 

moderately ductile with shear failure and (4) ductile flexural. Therefore, in the models for 

seismic response analysis of reinforced concrete structures the different types of shear 

failure modes should be considered, as illustrated in Figure 3-26.   

 

In the first case, the element is loading elastically when the shear force demand exceeds 

the shear capacity. Thus, the behaviour is governed by brittle shear failure. In the second 

case, the element has already yielded under the combined action of axial force and 
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bending moments and is hardening when the shear force demand exceeds the shear 

capacity. The element exhibits limited ductile behaviour with shear failure. In these two 

conditions, a force based criterion can be used to determine shear failure in the element. 

In the third condition, shear failure occurs after the element has yielded and undergone 

some level of inelastic deformations when the element response crosses the shear limit 

surface. The element exhibits moderately ductile behaviour with shear failure resulting 

from degradation of the shear strength due to inelastic flexure-shear interaction. In this 

case, in addition to the force based criterion, a displacement ductility based criterion has 

to be used to detect shear failure as a function of the drift, as described in the following 

section.  

 

To illustrate the concepts of the model being developed, an example of a cantilever 

column subjected to lateral load is considered, as shown in Figure 3-27. If the shear 

demand exceeds the initial shear capacity of the member prior to yielding, the force 

points at end 1 and end 2 of the element will reach the shear failure surfaces 

simultaneously. The force points will remain inside the yield surfaces. This implies that 

in reality brittle shear failure may occur at any section along the member. In another case 

when flexural plastic hinge forms at end 1 and the shear capacity is sufficiently greater 

than the shear demand at yielding, the force point at end 1 is on the yield surface but 

inside the initial shear failure surface.  As the flexural displacement ductility demand 

increases, the initial shear capacity of the plastified end 1 degrades. Eventually, the force 

point at end 1 reaches the degraded shear failure surface. Since the moment at end 2 is 

zero and the initial shear capacity is sufficient, end 2 remains elastic and undamaged. 
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This response can be interpreted as moderate ductile with shear failure in the plastic 

hinge zone. 

 

3.3.3.2 Shear Limit Surface Formulation 

To model the degradation of shear strength in the flexural plastic hinge zone (case 3 in 

Figure 3-26), the initial shear failure surface is contracted under pronounced flexural 

displacement ductility demand. The shrinkage of the shear failure surface under such 

conditions is controlled by monitoring the element’s flexural displacement ductility 

demand imposed about each axis, and updating the shear failure surface as governed by a 

shear limit surface. The post-yield shear strength degradation in this research is based on 

the ductility-related shear limit surface developed by Kaul (2004), described next.  

 

Based on the drift capacity models proposed by Elwood (2002), Kaul (2004) developed 

an equation to describe the shear limit surface as follows:  

 

  
 
 

 
     

 

 
        (3.62) 

 

where   is a constant that controls the curvature of the curve;   and    are calculated such 

that          at        , which implies that as the shear in the member decreases, 

the drift ratio at shear failure exponentially increases. The parameters    and    are drift 

ratios at shear failure corresponding to          and         , respectively, and are 

derived from the empirical equation proposed by Elwood (2002) to estimate the drift ratio 

at shear failure as follows:  
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             (3.63) 

 

where    is the drift at shear failure, ρ" is the transverse reinforcement ratio,                   

ρ" = Ast,trans/bs and v is the nominal shear stress, v = Vn/bd.  

 

In this research, shear limit surfaces given by Equation (3.62) are defined for    and    

axes to govern the shear capacity in the corresponding direction. Since accumulated 

damage in inelastic excursions in one direction affects the shear strength and behaviour in 

other out-of-plane directions, biaxial interaction effects on the shear limit surfaces are 

considered in modeling 3D behaviour of reinforced concrete members, as explained in 

the section that follows.  

 

3.3.3.3 Shear Failure Surface Degradation 

To describe the mechanism of degradation of the shear failure surface due to inelastic 

flexure-shear interaction, an example of a cantilever column subjected to lateral load is 

considered, as shown in Figure 3-28. The lateral load acts in direction of   axis only 

and increases monotonically; the axial load is zero. The response of the studied column is 

moderately ductile. End 1 of the element is fixed and the inelastic action is expected to 

occur at that end.  

 

The initial shear failure surface defined for the shear subhinge at end 1 of the element 

corresponds to the initial shear capacity of the member prior to yielding. In Figure 3-28, 

the shear failure surface for end 1 is shown in terms of    and   , and the   axis is 
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omitted for the purpose of clarity. As the moment at the fixed end 1 increases, end 1 

yields in flexure and undergoes some level of inelastic deformations in the post-yield 

hardening response. At the end of each step, the shear demand is checked versus the 

shear capacity. This is done by first calculating shear demand using Equation (3.43), then 

substituting the current level of shear force in the shear failure surface function, given by 

Equation (3.49). If the shear failure surface function is less than    , then the initial shear 

capacity is sufficiently greater than the shear demand.  

 

After reaching a critical level of inelastic displacement,      , the shear strength,    , 

begins to degrade. The degradation of shear strength in the plastic hinge region is 

governed by the shear limit surface, as described in the previous section. At step  , the 

displacement is     , and the corresponding degraded shear strength,     , is obtained 

using the shear limit surface. The shear failure surface is updated by reducing the shear 

capacity in direction of positive   axis from     to     . The shear failure surface is also 

contracted along the other force axes to consider the effects of damage from the inelastic 

actions in direction of positive   axis on the degradation of shear strength in all other 

directions, namely     
 ,    

  and    
 . The biaxial interaction effects are accounted for by 

using contraction factor matrix,       , which represents the contraction of the shear 

failure surface along each force axis based on damage indices.  

 

In this example, the shear demand at step   is lower than the degraded shear capacity,     , 

corresponding to the displacement     . At the end of the next step    , the degraded 

shear capacity is updated to        by using the shear limit surface and the shear failure 
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surface is further contracted. Substituting the current level of shear force in the shear 

failure surface function gives a result greater than    , which means that the shear 

demand is greater than the current degraded shear capacity. Shear failure is detected to 

occur within this step. The shear force point actually shoots through the current degraded 

shear failure surface and force recovery techniques are used to return the force point to 

the surface, similar to those described in Section 3.3.2.3. In Figure 3-28, the event of 

shear failure is illustrated as the shear force-deformation response crossing the shear limit 

surface.  

 

3.3.4 Element Tangent Stiffness 

In order to derive the element tangent stiffness for the hardening/softening macro-model 

developed herein, first the element tangent stiffness formulation for a simple plastic hinge 

model is reviewed.  

 

3.3.4.1  Element Tangent Stiffness for Plastic Hinge Model without Hardening 

The formulation of a concentrated plasticity element with rigid-perfectly plastic hinges 

can be based on a stress resultant yield surface with no evolution and a corresponding 

flow rule. The flow rule is the criteria governing the plastic deformations (Bathe 1996). 

The elastic element stiffness matrix is modified to include a plastic reduction matrix,   . 

The formulation of     depends on the yield function and the corresponding flow rule. 

The use of a plastic reduction matrix causes the force increment to move tangent to the 

yield surface (McGuire et al. 2000).   
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At a plastified end, the resultant incremental displacement can be represented as a sum of 

the elastic and plastic components.  

                 (3.64) 

 

The normality criterion states that if plastic deformations occur, the resultant is normal to 

the surface at that force point. Then, 

         
     (3.65) 

 

where    is the magnitude of plastic deformation in the hinge at end  , and      is the 

gradient at the point on the surface. 

    

 
  
 

  
 
  

  
  

   

  

    
  
 

  
 

 (3.66) 

 

Previous work by El-Tawil (1996) has demonstrated the applicability of the normality 

criterion to reinforced concrete sections. 

 

The orthogonality of plastic deformation and incremental force vector implies that 

         
 
   (3.67) 

 

For the entire element with ends   and  , the plastic deformation can be expressed as 

follows:  
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         (3.68) 

 

The incremental element forces can be expressed as: 

                                (3.69) 

 

Premultiplying the above equation by     gives: 

                         
           (3.70) 

 

Due to the normality rule            and             , 

                
            (3.71) 

 

By rearranging this equation, the magnitude of plastic deformation     can be related to 

the total deformation      as follows: 

                 
  
             (3.72) 

 

From equations (3.65) and (3.69): 

                      
         

  
              (3.73) 

 

Therefore the incremental force: 

              (3.74) 
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where      is the tangent stiffness matrix,               , and      is the plastic 

reduction matrix, 

                
         

  
         (3.75) 

 

3.3.4.2 Element Tangent Stiffness for Hardening Model 

Post-yield hardening response in flexure can be accomplished by using an element plastic 

stiffness,     , such that the incremental force includes a component for inelastic 

hardening,      , due to     , and a component that is tangential to the surface,      . 

The plastic stiffness,     , is a diagonal matrix consisting of terms for the moment and 

axial components. The incremental force can be written as, 

              
                   (3.76) 

 

From Equation (3.69), the incremental force can alternatively be expressed as: 

                        (3.77) 

 

Premultiplying both sides of the above equation by      gives, 

                         
           (3.78) 

 

or, 

              
                    

           (3.79) 

From the normality rule governing the direction of plastic flow,           
 
  , or 

        
   . Equation (3.79) can be written as, 
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           (3.80) 

 

Also, since                 and             , 

                  
             

            (3.81) 

 

Rearranging, the magnitude of the plastic deformation,    , is obtained as: 

                    
  
             (3.82) 

 

where      is the total deformation including the contribution from the hardening term, 

    . The plastic reduction matrix,     , can be determined by substituting the value of 

    in the following equation, 

                          

 

or, 

                      
            

  
              (3.83) 

 

The plastic reduction matrix is thus obtained as, 

                
            

  
         (3.84) 

 

Thus, the incremental force is              , where      is the total tangent stiffness 

matrix expressed as               .  
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Also, using Equations (3.68) and (3.82) the incremental force component due to 

hardening,                , can be found as: 

                 
            

  
             (3.85) 

 

The hardening component       is required to determine the amount of yield surface 

translation in the evolution model described in Section 3.3.1.2.  

 

3.3.4.3 Element Tangent Stiffness for Shear-Critical Column Model 

 

3.3.4.3.1 Element Stiffness Including the Effects of Shear Deformations 

To include the effects of shear deformations in the element stiffness, the formulation is 

developed using the flexibility approach (McGuire et al. 2000). The flexibility approach 

for developing the element stiffness is used in Kaul (2004) for 2D cases. The 

formulations here are extended to 3D cases. As discussed in McGuire et al. (2000), 

formulation of the element flexibility equations for combined transverse shear and 

flexural deformations is straightforward, while the direct formulation of the 

corresponding element stiffness is extremely difficult. The element flexibility equations 

can then be transformed into element stiffness equations by inversion and by 

supplemental matrix operations, as described in this section. Using this approach also 

allows modeling the post-shear failure softening behaviour by modifying the shear 

components in the element stiffness, as described in the following section.  
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In dealing with transverse shear deformation, a simplified approach based on “equivalent 

shear area,”   , can be adopted. This area multiplied by the shearing stress,    , at the 

neutral axis of the beam element gives the total shear force on the cross-section. The 

actual shear stress and strain vary over the cross-section. The assumption is that the area 

   corresponds to equivalent constant shear strain        , and stress,         . 

(Bathe 1996) 

 

To formulate the flexibility matrix using the principle of virtual forces, a cantilever with 

end 1 fixed and a lateral force     at end 2 is considered. The deformations at end 2, 

including the effects of shear, are:  

       
  

    
 

 

   
      

  

    
  

        
  

    
      

 

   
  

(3.86) 

 

where   is the shear modulus              and   is the Poisson’s ratio. The 

effective shear area,   , is usually assumed to be      . 

 

Assembling the equations in (3.86) in matrix form,            

 

 
  
   

  

 
 
 
 
 
  

    
 

 

   

  

    
  

    

 

    
 
 
 
 

 
   
   

  (3.87) 
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Thus the flexibility matrix is: 

     

 
 
 
 
 
  

    
 
 

  

  

    
  

    

 

    
 
 
 
 

 (3.88) 

 

where    is the shear stiffness            

From the equilibrium equation,  

 
   
   

   
   
    

  
   
   

  (3.89) 

 

Thus, the equilibrium matrix is  

      
  
  

  (3.90) 

 

The element stiffness matrix in terms of              can be constructed as 

follows: 

 

     
              

                    
   

      
      

  (3.91) 

 

After solving for the respective terms: 

 

        

 
 
 
 

     
            

   
     

            
  

 
     

            
      

 
 
 

 (3.92) 
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where   

    
               
             

 

 

To extend the formulation to 3D cases, a cantilever with end 1 fixed and a lateral force 

    at end 2 is considered. Taking into account the different orientation of the     

coordinate system, the deformations at end 2 are: 

 

 

       
  

    
 

 

   
      

  

    
  

 

(3.93) 
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Similarly, the flexibility matrix in this case is: 

     

 
 
 
 
 
  

    
 
 

  
 

  

    

 
  

    

 

    
 
 
 
 

 (3.94) 

 

 Following the same approach as in the case of bending about the   axis, the terms of the 

stiffness matrix in terms of              are: 

        

 
 
 
 
 

     

            
  

     

            
  

     

            
     

 
 
 
 
 

 

 

        

 
 
 
 
  

     

            
  

     

            
  

 
     

            
  

      

            
      

 
 
 
 
 

 

 

        

 
 
 
 
  

     

            
   

     

            
  

     

            
  

      

            
      

 
 
 
 
 

 

 

(3.95) 
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where   

 

    
               

             
 

 

Thus, the effects of shear deformations are included in general frame analysis by 

replacing terms of the complete element stiffness matrix given in Equation (3.1) by the 

terms derived above.  

 

3.3.4.3.2 Degradation of Element Tangent Stiffness 

After shear failure is detected, the shear force-deformation response follows a descending 

branch governed by     , as described in Section 3.3.2.2. To accomplish the softening 

behaviour, the shear components of the element stiffness matrix are updated to include 

degradation. This allows the shear force in the element to reduce linearly to zero, and the 

moments to unload, as the imposed drift reaches the drift at axial failure, as shown in 

Figure 3-22. Altering the shear response of the element is achieved by modifying the 

stiffness,   , corresponding to the shear deformations using a degradation coefficient as 

described next. 
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The total deformations are calculated as a combination of the flexural and shear 

components as follows: 

          (3.96) 

 

The response expressed in terms of stiffness is: 

 

  
 
 

  
 
 

  
 (3.97) 

 

where          , and          

From the above equation, the shear stiffness can be expressed as: 

   
    

     
 (3.98) 

 

A degradation coefficient,  , is determined to achieve total tangent stiffness,   , 

corresponding to the negative degradation stiffness,      as follows:   

  
 

  

      

       
 (3.99) 

 

The degradation stiffness,     , can be calculated by using Equation (3.57).   

 

The shear stiffness    is replaced with     in the flexibility matrix corresponding to the 

direction of the shear force that caused failure of the element. After modifying   , the 

flexibility matrices are updated and assembled, as given in Equations (3.88) and (3.94). 
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Then the degraded tangent stiffness matrix of the complete element,         , is derived 

following the approach described in the previous section.  

 

3.3.5 State Determination – Inelastic Response to Monotonic Loading 

State determination for an element with yield surfaces, shear failure surfaces and inelastic 

flexure-shear interaction involves a certain number of steps, which are summarized in 

Table 3-1. Figure 3-29 shows the state diagram of the element inelastic response to 

monotonic loading. The possible loading states are elastic, yielding and hardening, shear 

failure and post-shear failure degradation, and residual shear strength. The conditions for 

each state are summarized in Table 3-2. The different paths illustrated in Figure 3-29 

represent the state transitions depending on the member behaviour, as discussed in this 

section. Details of the state determination procedure for Path 1, representing ductile 

flexural behvaiour, are given in Table 3-3, and for Path 2, representing behaviour 

governed by brittle shear failure, are given in Table 3-4.  

 

The conditions for satisfying equilibrium at element level in different possible scenarios 

of failure are summarized in Table 3-5. The following assumptions are made: 

- When shear failure occurs at an element end, and shear strength starts degrading 

at that end, shear force at the other end starts unloading. Moments at both ends 

start unloading, too.  

- When one end is yielding and hardening, and the displacement ductility exceeds 

the critical value, the shear capacities at both ends are governed by the shear limit 

surfaces.  
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The conditions presented in Table 3-5 hold true for elements with linear moment 

distribution in double curvature, which are representative for column members under 

seismic loading. Maximum moments occur at the element ends. The corresponding shear 

distribution along the element length is constant. Cantilever columns are a subset of the 

general case described above, thus the same conditions apply.  

 

Path 1 represents ductile flexural behaviour, as shown in Figure 3-30. The element is 

initially elastic (state 1), and then yielding and hardening in flexure (state 2). The shear 

capacity is sufficiently higher than the shear demand even after the element has 

undergone significant inelastic deformations. Following the procedure outlined in Table 

3-1,  

 

Step 1: Predict tangent stiffness 

In the elastic state, the predicted tangent stiffness is the element elastic stiffness,     . 

 

Step 2: Compute trial force 

The trial force is computed using the predicted tangent stiffness, in this state,           

        . This force is trial force 1 shown in Figure 3-30(b).  

 

Step 3: Check for yielding 

The force points corresponding to the trial force are substituted in the yield surface 

functions. If the force point at an end shoots through the yield surface,            
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   , this indicates that the element end has yielded and is hardening. Within this step, a 

transition is made from state 1 to state 2.  

 

Step 4: Recalculate trial force consistent with yield surface 

Trial force 2 is computed based on the yield surface formulation. Force recovery 

technique is used to return the force point on the yield surface. Details are given in Table 

3-3.  

 

Step 5: Calculate shear forces from equilibrium  

Shear forces consistent with the state of yielding and hardening are calculated from 

equilibrium (Equation 3.43). Details are also given in Table 3-5. 

 

Step 6: Update shear failure surface based on ductility-dependent shear limit surface 

The displacement ductility for the yielding element is calculated. If the current 

displacement ductility exceeds the critical displacement ductility, the corresponding 

degraded shear capacity is obtained from the shear limit surface. The shear failure surface 

is then updated.  

 

Step 7: Check for shear failure  

The shear force point corresponding to the force consistent with the yield surface is 

substituted in the shear failure surface function. In this case,                , which 

indicates that the element has sufficient shear capacity.  
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Step 8: Calculate corrected force consistent with shear failure surface 

Not required because the element did not fail in shear. 

 

Step 9: Update element tangent stiffness 

The element tangent stiffness,               , is returned to the global solver.  

 

Path 2 represents behaviour governed by brittle shear failure, as shown in Figure 3-31. 

The element is loading elastically (state 1) when shear demand exceeds the shear capacity 

(state 3). Following the procedure outlined in Table 3-1,  

 

Step 1: Predict tangent stiffness 

The predicted tangent stiffness is the element elastic stiffness,     , in state 1.  

 

Step 2: Compute trial force 

The trial force, shown in Figure 3-31a, is computed as,                   .  

 

Step 3: Check for yielding 

In this case,               , which indicates that the element has not yet yielded.  

 

Steps 4, 5 and 6: Not required because the element did not yield. 

 

Step 7: Check for shear failure  
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The shear force points corresponding to the trial force are substituted in the shear failure 

functions. The force point shoots through the surface,                 , which 

indicates the element has failed in shear and the shear strength is degrading. Within this 

step, a transition is made from state 1 to state 3.  

 

Step 8: Calculate corrected force consistent with shear failure surface 

Corrected force is computed based on the shear failure surface formulation. Force 

recovery technique is used to return the shear force point on the degrading shear failure 

surface. Details are given in Table 3-4. As the element is softening in shear, the moments 

unload. The conditions for satisfying equilibrium are presented in Table 3-5, cases 3.1, 

3.3 and 3.4.  

 

Step 9: Update element tangent stiffness 

The element tangent stiffness is updated to include degradation in the shear stiffness 

components. The degraded stiffness,              , is returned to the solver.  

 

 

Path 3 represents limited ductility behaviour with shear failure, as shown in Figure 3-32. 

The element is initially elastic (state 1), then yields and starts hardening in flexure (state 

2). For columns with comparable shear and moment capacity, the shear demand exceeds 

the shear capacity after yielding and hardening in moment at a relatively low ductility 

level (state 3). Following the procedure outlined in Table 3-1,  
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Steps 1 to 5: The same as for Path 1 

The element is in State 2. Trial force 2 shown in Figure 3-32a is consistent with the yield 

surface.  

 

Step 6: Update shear failure surface based on ductility-dependent shear limit surface 

The displacement ductility for the yielding element is calculated. In this case, the current 

displacement ductility is lower than the critical displacement ductility. Therefore, 

contraction of the shear failure surface is not required.   

 

Step 7: Check for shear failure  

The shear force point corresponding to trial force 2 shown in Figure 3-32a is substituted 

in the shear failure surface function. The force point shoots through the 

surface,                 , which indicates the element has failed in shear and the 

shear strength is degrading. Within this step, a transition is made from state 2 to state 3.  

 

Step 8 to 9: Similar to the corresponding steps in Path 2 

The procedure for unloading of moments consistent with the degradation in shear is given 

in Table 3-5, cases 4.1, 4.3 and 4.4.    

 

Path 4 represents moderate ductility behaviour with shear failure, as shown in Figure 3-

33. The element is initially elastic (state 1), then yields and starts hardening in flexure 

(state 2) undergoing some level of inelastic deformations. For columns with significantly 

higher initial shear capacity than shear demand, shear failure may occur after the element 
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has reached the ductility limit as shear strength degrades in the plastic hinge zone. 

Following the procedure outlined in Table 3-1,  

 

Steps 1 to 5: The same as for Path 1 

The element is in State 2. The trial force shown in Figure 3-33 is consistent with the yield 

surface. 

 

Step 6: Update shear failure surface based on ductility-dependent shear limit surface 

The displacement ductility for the yielding element is calculated. In this case, the current 

displacement ductility exceeds the critical displacement ductility. The corresponding 

degraded shear capacity is obtained from the shear limit surface. The shear failure surface 

is then updated using the non-uniform contraction rule.  

 

Step 7: Check for shear failure  

The shear force point corresponding to the trial force shown in Figure 3-33 is substituted 

in the updated shear failure surface function using mapping techniques. The force point 

shoots through the contracted surface,                 , which indicates the element 

has failed in shear and the shear strength is degrading. Within this step, a transition is 

made from state 2 to state 3.  

The updating of the shear failure surface based on the limit surface is performed only 

after the force consistent with the yield surface has been determined. This is to avoid 

switching between pre- and post-shear failure states within a single load (or time) step. 
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Consequently, small steps are required to adequately determine when the shear limit is 

exceeded. Similar procedure for capturing shear failure is also adopted in Elwood (2002).  

 

Step 8 to 9: Similar to the corresponding steps in Path 2 

The procedure for calculating corrected forces and moments consistent with the 

degradation in shear is given in Table 3-5, cases 5.1, 5.2 and 5.5.  

 

Paths 5 and 6 represent the transition from degradation to total loss of shear strength, as 

shown in Figure 3-34. The element has suffered failure and its shear strength is degrading 

governed by the contracting shear failure surface (state 3 or 4) until the residual shear 

surface is reached (state 5), which represents the total loss in the analysis. Following the 

steps in Table 3-1, 

 

Step 1: Predict tangent stiffness 

The element is in state 3 (4). Deformations are increasing and shear strength is degrading, 

i.e. the shear force point is on the contracted shear failure surface.  Moments are 

unloading, thus the force point is inside the yield surface. The element tangent stiffness is 

assumed to be the degraded tangent stiffness,         .  

 

Step 2: Compute trial force 

The trial force, computed as,                       , is obtained to be below the 

residual shear capacity, as  shown in Figure 3-34. 
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Step 3: Check for yielding 

In this case,               . The element continues to unload in moment.  

 

Step 4: Recalculate trial force consistent with yield surface 

Not required since the trial force point is inside the yield surface 

 

Step 5: Calculate shear forces from equilibrium  

Since the element is not yielding, no correction is necessary in the shear force state.  

 

Step 6: Update shear failure surface based on ductility-dependent shear limit surface 

Not required since the element is not yielding.  

 

Step 7: Check for shear failure  

In the state of post-shear failure degradation, this check is modified to test for the residual 

shear capacity. The trial force point is inside the residual shear surface, 

                    and       . Within this step, a transition is made from state 3(4) 

to state 5. 

 

Step 8: Calculate corrected force consistent with shear failure surface 

Corrected force is computed based on the shear failure surface formulation. Force 

recovery technique is used to return the shear force point on the residual shear surface, 

                     The procedure is similar to that described in Table 3-4 but the 
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trial force is recalculated using the residual stiffness,          with     , as tangent 

stiffness.  

 

Step 9: Update element tangent stiffness 

The element tangent stiffness is updated with the residual shear capacity indicating total 

loss of shear strength. The residual stiffness,              , is returned to the solver.  

 

3.4 Quasi-Elastic Cyclic Formulation 

During inelastic excursions, the member accumulates damage which leads to degradation 

in unloading and reloading stiffness as well as reduction in strength in the cyclic 

response. The approach used in the cyclic behaviour modeling is based on the 

incorporation of damage models in the beam-column element formulation to track the 

evolution of damage and its effects on the gradual deterioration in stiffness and loss of 

strength. Upon unloading after yielding in flexure and/or failing in shear, the force state is 

inside the yield surface and the shear failure surface. The element response is no longer 

controlled by the surface evolution models. During the state of unloading and subsequent 

reloading prior to reaching either of the surfaces, the quasi-elastic degraded cyclic 

response is controlled by cyclic models, as discussed in this section. First, the cyclic 

stiffness model, which controls the element hysteretic response dominated by flexure, is 

presented.  
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3.4.1 Cyclic Stiffness Model 

3.4.1.1 Event Based Formulation and State Determination 

Peak-oriented models, such as those proposed by Clough and Penzien (1993), have been 

shown to describe well the cyclic flexural behaviour of reinforced concrete members. The 

cyclic stiffness model developed in this research is based on the peak-oriented model 

concepts.  

 

The cyclic stiffness model is formulated separately from the generalized plastic hinge 

model to control the degrading stiffness upon unloading after yielding and subsequent 

reloading. The cyclic stiffness model requires force, deformation and damage index from 

the element response in order to provide degradation factors to vary the element stiffness 

components. Similarly to Kaul (2004) model, the cyclic stiffness model is formulated in 

normalized force-deformation space. The governing force quantity is the element shear 

normalized by the shear force corresponding to first yield. The governing deformation is 

the maximum natural rotation of the two ends of the element normalized by the rotation 

at first yield.  

 

The formulation of cyclic models is based on an event-to-event strategy, where an 

“event” occurs when the loading state of the element changes. The cyclic flexural 

response of an element in a full loading cycle is shown in Figure 3-35. From the initial 

state of zero force and zero deformations up to event 1, the state of the element is 

loading. The inelastic portion of the loading state is controlled by the yield surface and 

the evolution models, as explained in the previous section. The deformations at event 1 
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are the peak deformations for this loading state. Event 1 marks the beginning of the 

unloading state which continues to zero force level at event 2. Event 2 represents the 

cross-over state, i.e. transition from unloading to reloading. In the analysis, event 2 may 

occur within one step, thus splitting of the step at zero force level and changing of the 

tangent stiffness will be required, as illustrated in Figure 3-35. Event 2 also marks the 

beginning of the reloading state. The direction of the quasi-elastic degraded reloading has 

to be assumed since no previous history parameters exist for the negative excursions. A 

target peak corresponding to event 3 can be determined based on the point of yielding 

and amount of hardening in the previous positive excursions to account for the 

Bauschinger effect. The element response from event 1 to event 3 is controlled by the 

cyclic stiffness model.     

 

At the point of yielding in the negative direction (event 3), the control of the element 

response is passed to the yield surface and evolution models until unloading occurs 

(event 4). The direction of the quasi-elastic degraded reloading initiated at event 5 is 

determined based on the previous peak at event 1. Thus, the loading cycle is completed.  

 

To characterize the cyclic excursions, the concept of full and “half” cycles is used in the 

cyclic model by Kaul (2004). Full cycle is defined when the cyclic excursion exceeds the 

peak from previous cycles, otherwise the cycle is defined as “half” (incomplete or 

follower). In the cyclic stiffness model developed herein, the concept of primary and 

follower half cycles is applied to facilitate the separation of positive and negative 

excursions. As summarized by Altoontash (2004), the concept of primary and follower 
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half cycles has previously been used in Kratzig (1989) in the development of cumulative 

damage index based on dissipated energy. In this cyclic stiffness model, positive and 

negative excursions are distinguished entirely based on deformations and a consistent 

generalized approach for state determination is developed that captures the member 

response to general repeated cyclic load reversals. Half cycles are identified separately 

for positive and negative deformations. Primary half cycle is defined as a half cycle with 

maximum deformation amplitude that exceeds the peak deformation from previous half 

cycles in the corresponding direction (positive or negative). Half cycles with smaller 

deformation amplitudes in the given direction are treated as follower half cycles. Figure 

3-36 shows an example of primary and follower half cycles in a general cyclic loading.   

 

Applying the above concept, the cyclic response shown in Figure 3-35 consists of two 

primary half cycles, with event 1 being the peak of the positive and event 4 being the 

peak of the negative primary half cycle. 

 

In the event based formulation, the forces and deformations at each event are used as 

history parameters during the analysis. Events are stored separately for positive and 

negative excursions. Two types of events can be identified in the cyclic stiffness model, 

namely peaks and cross-overs. Peak events represent the maximum inelastic deformation 

and corresponding capacity for a loading state. Peak events are also used as target points 

for reloading in subsequent cycles. It should be noted that peaks that occur only in 

primary half cycles are treated as events. Cross-over events mark the transition from 

unloading to reloading in the quasi-elastic degraded response, which occurs at zero force 
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level       . Since a cross-over event may not always occur at the end of a load (time) 

step, it can be captured by checking the sign of the quantity       . If there is a change in 

the sign, then a cross-over event has occurred within the current step, and the trial force is 

updated as explained later in this section. A positive or negative sign is assigned to the 

cross-over event depending on the sign of the quantity        at the end of the load (time) 

step, which is used to determine the type of the half cycle as explained later.  

 

The conditions defining the loading states in the cyclic stiffness model are given in Table 

3-6 for positive excursions and in Table 3-7 for negative excursions. It can be noticed that 

the conditions describing a loading state in positive excursions are the same as those 

describing its counterpart in negative excursions. Thus, the conditions can be generalized 

for the state determination process for positive and negative excursions. The unique 

conditions for each state are given in Table 3-8. It can also be noticed that the 

deformation condition in Table 3-8 has been modified for the states of reloading in the 

opposite direction, state 4, 4a, 8 and 8a. If the deformations are measured from the zero 

point, then the deformations decrease in state 4 and 8, which can cause confusion with 

the state of unloading. Furthermore, when the response crosses the force axis, i.e. state 4a 

and 8a, the deformation condition cannot be defined unambiguously. For consistency, 

deformations in these cases can be measured relative to the deformation at the preceding 

cross-over event,   , so that they increase in the state of reloading in the opposite 

direction and decrease in the state of unloading.   
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Furthermore, to distinguish between complete and incomplete half cycles, the cross-over 

events are divided into negative cross-overs for which         , and positive cross-

overs for which         , as explained earlier. A half cycle is considered incomplete 

when unloading occurs prior to reaching zero point for the deformations. For loading 

histories that consist entirely of complete primary half cycles, for example the one shown 

in Figure 3-37, only negative cross-over events occur. In such cases, deformations 

relative to the cross-over,        , are calculated for state determination purposes, as 

explained above. However, for loading histories that contain incomplete half cycles, 

which may be primary as well as follower half cycles, such as that shown in Figure 3-38, 

both negative and positive cross-over events occur. In Figure 3-38, event 2 is a negative 

cross-over and event 4 is a positive one. When a positive cross-over event is detected, 

deformations measured from the zero point are used in the conditions for state 

determination as in the case of reloading in the initial direction, given in Table 3-8.    

 

Typically, cross-over event occurs within a load (time) step and the sign of the event is 

determined at the end of the step by checking the condition         . Then the step is 

split, the appropriate tangent stiffness is determined and the portion after the cross-over 

event is redone. When the force at the end of a step is at zero level, however, the cross-

over occurs between two steps and the sign of the event is undetermined          . In 

such cases, first the condition          is checked in the step that follows, and then the 

proper set of conditions is selected to determine the state of the future excursion. Details 

are given in Table 3-9.  

 



 234 

The state transition diagram shown in Figure 3-39 summarizes the concepts of the event-

based strategy used in the formulation of the cyclic stiffness model. It can be noticed that 

the diagrams for positive and negative excursions follow the same logic, thus the same 

sets of conditions are used for state determination regardless of the sign of the excursion. 

Examples to demonstrate the application of the proposed approach for state determination 

and the viability of the cyclic models are provided in Section 4.5.  

 

3.4.1.2 Stiffness Degradation 

A bilinear peak-oriented model is considered in the implementations of the cyclic 

stiffness model. The unloading stiffness is different from the reloading stiffness but they 

remain constant throughout a loading cycle, as shown in Figure 3-35.   

 

In general, element stiffness in models that capture flexure and shear effects and flexure-

shear interactions has two components, flexural      and shear           , as 

described in previous sections. Degradation in stiffness can be achieved by applying 

degradation factors to the flexural and shear stiffness components so that      

            In the developed model, the degradation factors,   and  , are based on a 

combination of damage indices. For 2D case, these are as follows.  

                

                
(3.100) 

 

where             and     are weighting factors;      and     are damage indices for 

positive and negative excursions, respectively. The damage indices are calculated by 
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damage models that interact with the element during inelastic excursions and keep track 

of the accumulated damage during the loading history, as described in details in Section 

3.5.  

 

In the developed cyclic stiffness model, the unloading stiffness,       
      , is degraded 

using damage indices based on flexural deformations and dissipated hysteretic energy. 

The degradation factor   accounts for the effects of damage in the negative direction on 

the flexural response in positive excursions and vice versa. Applying the event-based 

strategy, when a peak event occurs in the positive direction, the weighting factor     

becomes equal to     and continues to be equal to     until a peak event occurs in the 

negative direction. The degradation factor   here accounts for the flexural damage effects 

on the shear stiffness. In this model, the effects of damage on the flexural stiffness 

components are the primary effects, whereas the effects on the shear stiffness 

components are secondary.  

 

The element tangent stiffness changes from the unloading stiffness to the reloading 

stiffness when a cross-over event occurs. The reloading stiffness,       
      , is determined 

based on force and deformation quantities from previous events so that peak oriented 

response is obtained. Degraded elastic stiffness for unloading and reloading are updated 

for each loading cycle. Figure 3-37 shows an example of degrading cyclic response to a 

loading history that consists only of primary half cycles in both positive and negative 

excursions. Figure 3-38 shows cyclic response to a loading history which begins with a 

primary half cycle and continues with follower half cycles in positive excursions only.  
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3.4.1.3 Biaxial Interaction Effects on Stiffness Degradation 

The formulations of the cyclic stiffness model presented in the previous section describe 

2D cyclic flexural response of an element. To extend the formulations to 3D behaviour, 

biaxial interaction effects on stiffness degradation should be considered. As discussed in 

Chen and Powell (1982), ignoring the coupling in stiffness degradation between the two 

transverse directions, i.e.    and   axis, could result in discrepancies with the actual 

response.  

 

Therefore, it is assumed that the degrading stiffness is based not only on the accumulated 

damage during positive and negative excursions in the direction of loading but also on the 

accumulated damage in the direction at right angles when biaxial cyclic loading is 

considered.   

 

For 3D case, the degraded stiffness is                                  and the 

degradation factors are as follows.  

                                       

                                       

                                       

                                       

(3.101) 

 

Extending the concept to 3D case, the degradation factor    accounts for the effects of 

accumulated damage from previous excursion in direction of   axis on the flexural 



 237 

response to loading in   axis. Correspondingly, the degradation factor    accounts for 

the effects of damage in the   axis on the flexural response to loading in   axis. 

Positive and negative excursions are also treated separately, as in the 2D case.  

 

 

3.4.2 Cyclic Pinching Model 

 

3.4.2.1 Event Based Formulation and State Determination 

After failing in shear and softening, the cyclic pinching model controls the degrading 

stiffness upon unloading and during subsequent reloading, which is characterized by 

pinching. Similarly to the cyclic stiffness model described in the previous section, the 

cyclic pinching model is formulated separately from the generalized plastic hinge model 

and uses force, deformation and damage index quantities from the element response to 

provide degradation factors for the stiffness components. The event-to-event strategy 

used in the cyclic pinching model is similar to that described in the previous section 

except that another type of event is added to describe the pinching behaviour, as 

explained next.   

 

The cyclic response of an element failing in shear is shown in Figure 3-40. The state of 

loading spans from the point of zero force-zero deformation to event 1. The inelastic 

portion of the loading state up to the peak force at shear failure is controlled by the yield 

surface evolution models. The ensuing post-shear failure softening response is controlled 

by the shear failure surface evolution models. Event 1 marks the beginning of the 
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unloading state and corresponds to the peak deformations attained during the previous 

loading state. Event 2 is the cross-over from unloading to reloading in the opposite 

direction, which is marked by pinching. A target pinching point corresponding to event 3 

has to be assumed since no previous history parameters exist for the negative excursions. 

At event 3, the reloading elastic stiffness is regained. Upon yielding in the negative 

direction, the control of the element response is passed to the plastic hinge models until 

unloading occurs (event 4). The direction of the quasi-elastic degraded reloading initiated 

at event 5 is determined based on a target pinching point for positive excursions. In 

Kaul’s (2004) cyclic shear model, pinching is assumed to continue until the imposed 

deformation equals the peak deformation after shear failure. Here, event 6 is determined 

in a similar way. At event 6, the reloading stiffness is regained and directed towards the 

previous peak at event 1.  

 

The roles of peak and cross-over events in the cyclic pinching model are the same as in 

the cyclic stiffness model. In addition to these types of events, a pinching event is defined 

to be used as a target point for reloading in subsequent cycles after shear failure.  

 

The conditions defining the loading states in the cyclic pinching model are based on the 

concepts used in the cyclic stiffness model. These are summarized in Tables 3-10 and 3-

11 for positive and negative excursions. Figure 3-44 shows the state transition diagrams 

for the cyclic pinching model.  
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3.4.2.2 Stiffness Degradation and Pinching 

In the developed cyclic pinching model, the unloading stiffness,       
      , is degraded 

using damage indices based on shear deformations and dissipated hysteretic energy. For 

2D case, the degradation factors   and  , given in Equation (3.100), are used to vary the 

flexural and shear stiffness components, respectively. As in the cyclic stiffness model, 

positive and negative deformations are treated separately. The degradation factor   here 

accounts for the shear damage effects on the flexural stiffness. The degradation factor   

accounts for the effects of damage in the negative direction on the shear response in 

positive excursions and vice versa. Similarly to the event-based formulation of the cyclic 

stiffness model, when a peak event occurs in the positive direction, the weighting factor 

    becomes equal to     and continues to be equal to     until a peak event occurs in 

the negative direction. 

 

The element tangent stiffness changes from the unloading stiffness to the pinching 

stiffness when a cross-over event occurs. The pinching stiffness,       , is determined 

based on force and deformation quantities from previous cross-over events and target 

pinching events. When the target pinching event is reached, the stiffness is changed to the 

degraded reloading stiffness,       
      ,  determined to obtain peak oriented response.   

 

Degraded elastic stiffness for unloading, pinching and reloading are updated for each 

loading cycle. Examples of degrading post-shear failure cyclic response to different 

loading histories are shown in Figures 3-41, 3-42 and 3-43. It can be noticed in the 
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response in Figure 3-42 that when the target pinching event is the negative direction is 

not reached, there is no pinching in reloading in positive excursions.  

 

3.4.2.3 Biaxial Interaction Effects on Stiffness Degradation 

The cyclic pinching model is extended to 3D by considering the biaxial interaction 

effects on stiffness degradation based on the same concept used in the cyclic stiffness 

model. The degradation factors          and   , given in Equation (3.101), are used to 

vary the flexural and shear stiffness components to achieve degradation in the tangent 

stiffness,                                 . The degradation factor    accounts for 

the effects of accumulated damage from previous excursions in direction of   axis on 

the shear response to loading in   axis. Correspondingly, the degradation factor    

accounts for the effects of damage in the   axis on the shear response to loading in 

  axis. The degradation factors    and    here account for the shear damage effects on 

the flexural stiffness in    and   axis, respectively. Positive and negative excursions 

are also treated separately in each axis.  

 

3.4.3 Cyclic Strength Degradation Model 

To model the loss of strength under repeated load reversals, cyclic strength degradation 

model is developed that performs the interaction between the cyclic stiffness and 

pinching models and the surface evolution models. During reloading in the quasi-elastic 

degraded range of response, this model controls the contraction of the yield surface and 

the shear failure surface using cumulative damage models based on hysteretic energy.  
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The effects of accumulated damage on the strength degradation of a reinforced concrete 

component in this model are considered based on the same concept used in the cyclic 

stiffness and pinching models. For example, damage accumulated during positive 

excursions in direction of    axis, is considered to affect not only the moment and shear 

resistance in this direction but also in the negative direction of    axis as well as in the 

direction at right angles (  axis).  

 

Degradation factors corresponding to each of the components of the force interaction 

surfaces, e.g. axial load, moment or shear capacity, are calculated based on a combination 

of damage indices, as follows: 

                                         

                                         

    
                                          

    
                                          

    
                                          

    
                                          

                                              

                                              

                                              

                                              

(3.102) 
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The degradation factors,               
      

      
      

                         , are 

the terms of the contraction factor matrices      and       used in Equation (3.36) and 

(3.60), respectively. As explained in Sections 3.3.1.2 and 3.3.2.2, the contraction factor 

matrices are applied to the yield surface and the shear failure surface to model the 

reduction of moment and shear capacity. Using different weighting factors,   , to 

account for the interaction effects on strength degradation, non-uniform contraction of the 

surfaces is achieved.  

 

In the framework of the event-based strategy presented in the previous sections, the yield 

surface and the shear failure surface are updated when a cross-over event occurs to mark 

the end of a half cycle. The degraded elastic reloading stiffness used for a peak-oriented 

response is determined in accordance with updated yield surface or shear failure surface.  

 

Examples of cyclic response using the developed cyclic degradation model are shown in 

Figures 3-45 and 3-46. The response shown in Figure 3-45 is dominated by flexural 

yielding whereas that shown in Figure 3-46 is governed by flexure-shear failure and 

softening. It can be noticed that the attained strength reduces in each subsequent loading 

cycle when the same level of inelastic displacement is maintained.  

 

3.5 Damage Models 

Damage in reinforced concrete structures subjected to seismic loading can be caused by 

large inelastic deformations as well as by repeated load reversals. Damage in reinforced 

concrete components is commonly associated with concrete cracking, rebar yielding, 
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fracture or buckling, and loss of bond between rebars and concrete. Damage for 

individual components can be evaluated through the structural analysis based on data 

such as element deformations, forces and dissipated energy. Global damage assessment 

of the entire structural system can be achieved based on aggregating local damage indices 

representing damage of individual components into a global damage index. Damage 

evaluation on a global basis is particularly appropriate for assessment of collapse 

vulnerability and remaining safety margin of structural systems. Individual component 

damages are appropriate for evaluating losses prior to collapse. Brief overview of local 

and global damage models developed for quantifying seismic damage in reinforced 

concrete components and structures, respectively, is presented in the following section.  

 

3.5.1 Overview of Damage Models for Reinforced Concrete Components and 

Structures 

In a state-of-the-art review by Williams and Sexsmith (1995), seismic damage indices for 

reinforced concrete components are categorized as non-cumulative, cumulative and 

combined indices. Non-cumulative damage indices are generally based on normalized 

peak deformation values and do not account for damage due to repeated cycling. 

Cumulative damage indices consider damage due to cyclic loading based on accumulated 

plastic deformations or based on dissipated energy. The low-cycle fatigue concept is 

commonly used in the development of deformation-based cumulative damage indices. As 

summarized in Williams and Sexsmith (1995) and Altoontash (2004), among the 

deformation-based indices are those proposed by Banon et al. (1981), Wang and Shah 

(1987), Chung et al. (1987, 1989), Mehanny and Deierlein (2000), Hindi and Sexsmith 
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(2001). Among the energy-based indices are those proposed by Gosain et al. (1977), 

Elms et al. (1989), Kratzig et al. (1989). Combined damage indices consider damage 

based on a combination of excessive deformations and energy absorption. One of the 

most widely used is the combined damage model proposed by Park and Ang (1985). Park 

and Ang damage model is relatively simple and has been calibrated against a significant 

amount of observed seismic damage. Most damage indices are dimensionless parameters 

ranging from 0.0 to 1.0, where 0.0 corresponds to undamaged state and 1.0 represents 

state of total damage.  

 

In a study on damage models for performance assessment of reinforced concrete beam-

column joints, Altoontash (2004) implemented in OpenSees the damage models proposed 

by Kratzig et al. (1989), Mehanny and Deierlein (2000), Park and Ang (1985), 

normalized peak damage model, and hysteretic energy damage model. The normalized 

peak damage model is a non-cumulative damage model based on the maximum value of a 

response parameter, which can be force, deformation, or plastic deformation. The Kratzig 

index is a cumulative damage index based on dissipated energy and applies the concept 

of primary and follower half cycles to account for the excursions with maximum 

amplitude and the cumulative effects of smaller excursions. The damage model by 

Mehanny and Deierlein (2000) is based on cumulative member ductility in the form of 

total plastic deformations. This model follows the concept for cyclic damage 

accumulation used in the energy-based damage model by Kratzig et al. (1989) and the 

model by Otes (1985). The hysteretic energy damage model is a modification of the 

deterioration formulation proposed by Rahnama and Krawinkler (1993). This model is 
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based on the dissipated energy of the last excursion and the total cumulative dissipated 

energy.  

 

Phung and Lau (2008) and Phung et al. (2010) developed stiffness degradation model 

which takes into account cumulative damage due to flexure and shear effects. Modified 

Park and Ang damage model (Kunnath et al. 1992) is adopted to quantify flexural 

damage as follows: 

 

          
       

     
 

 

    
     (3.103) 

 

where      is the maximum rotation angle sustained during the loading history,    is the 

rotation angle at yield, and    is the ultimate rotation capacity of the section,    is the 

yield moment,     is the incremental dissipated hysteretic energy, and   is a non-

negative parameter to account for cyclic load effect on strength degradation in the 

hysteretic behaviour of the member.  

 

A shear damage index is proposed as follows:  

         

           
       
     

                       

            

   (3.104) 
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where     ,    and    are the maximum curvature ductility experienced during previous 

cycles, the curvature ductility where shear strength begins to degrade, and the ultimate 

curvature ductility, respectively.  

Phung et al. (2010) use global damage indices based on hysteretic energy and local 

flexural and shear damage indices to evaluate the overall performance of the structure. 

The global normalized hysteretic energy is defined as the average of the normalized 

hysteretic energy absorbed by all members that experience inelastic action as follows: 

                   
       

 

 
      

 

   

 (3.105) 

 

where   is the number of plastic hinges formed in the structure, and the normalized 

hysteretic energy,      , is defined as  the ratio of the hysteretic energy dissipated through 

cyclic response of the member and twice the yield strain energy,      
    

    
 . 

The global flexural damage index is defined as the weighted sum of the local flexural 

damage indices,            ,   of all structural members in the system as follows:  

 

         
                     

 

   

 (3.106) 

 

where   is the weighting factor defined as: 

   
     

      
 
   

 (3.107) 
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The global shear damage index is also defined as the weighted sum of the local shear 

damage indices of all structural members in the system as follows: 

       
       

          
  

   

          
 
   

 (3.108) 

 

 

3.5.2 Controlling Degrading Behaviour with Damage Models 

In this research, the approach used in the cyclic behaviour modeling is based on the direct 

interaction of the beam-column element with damage models in the analysis to track the 

evolution of damage and its effects on the gradual deterioration in stiffness and loss of 

strength. At each step of the analysis, the element provides data for the forces and 

deformations to the damage model. The damage model uses this data to calculate the 

required damage indices and returns updated information for the damage indices to the 

element. The provided damage indices are used to degrade stiffness and strength 

parameters of the element. This interaction process is schematically shown in Figure 3-

47.  

 

The damage model is capable of calculating and returning damage indices for positive 

and negative loading excursions in the directions of     and   axes separately. Thus, 

four groups of damage indices are updated and stored,                     . The 

separation of damage indices depending on the sign and direction of the loading 

excursion is essential for the model to capture the effects of hysteretic damage on 

strength and stiffness parameters in multi-directions.  
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As described in the previous section, the quasi-elastic degraded cyclic behaviour of 

reinforced concrete components is modeled by using cyclic stiffness model, cyclic 

pinching model and cyclic strength degradation model incorporated in the beam-column 

formulation. Each of these cyclic models interacts with the damage model during the 

analysis, as shown in Figure 3-48. It is possible that different damage indices, e.g. non-

cumulative, cumulative or combined damage indices, are specified to be used by each of 

the cyclic models to account for different characteristics of the degrading behaviour.  

 

The cyclic stiffness model uses damage indices provided by the damage model to 

calculate multi-component degradation factors according to Equation (3.101) to degrade 

the unloading stiffness. Since the cyclic stiffness model is used to model cyclic flexural 

behaviour of reinforced concrete members, the damage indices should be based on 

flexural deformations. To account for cyclic damage accumulation, cumulative damage 

indices based on plastic deformations such as the damage index proposed by Mehanny 

and Deierlein (2000) or combined damage indices such as Park and Ang damage index 

(Park and Ang, 1985) can be used.   

 

Following the same concept, the cyclic pinching model calculates multi-component 

degradation factors based on damage indices provided by the damage model. Since the 

cyclic pinching model is used to model the post-shear failure cyclic response of 

reinforced concrete components, the damage indices should be based on shear 

deformations. To consider the effects of accumulated damage, the contribution of 

dissipated hysteretic energy can be included in the selected damage indices.  
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Similarly, the cyclic strength degradation model interacts with the damage model to 

obtain damage indices used to calculate multi-component degradation factors according 

to Equation (3.102). To account for damage effects due to repeated load reversals, the 

damage indices used by this cyclic model should be energy-based cumulative damage 

indices such as those proposed by Kratzig et al. (1989), Rahnama and Krawinkler (1993), 

or combined damage indices such as Park and Ang damage index.  

 

Thus, the element components for modeling degrading hysteretic behaviour have access 

to different damage indices in the analysis to update the deterioration in stiffness and 

strength. By using the concept of direct interaction between the beam-column element 

and the damage model, a flexible and extensible framework for considering the effects of 

progression and accumulation of damage on the element response can be achieved.  

 

3.6 Summary 

The key aspects of the formulation of the new beam-column element are summarized as 

follows: 

 

 Interaction between axial force and biaxial bending moments is implemented through 

yield surface models 

 Post-yield force interaction and inelastic hardening behaviour in flexure is achieved 

by kinematic evolution of the yield surface 
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 Interaction between axial force and biaxial shear forces and shear failure is captured 

by shear failure surface models 

 Post-shear failure softening behaviour is modeled by non-uniform contraction of the 

shear-failure surface. In-cycle strength degradation is achieved by degradation of the 

element tangent stiffness.  

 Post-yield flexure-shear interaction is considered in the model to capture degradation 

of shear strength in the plastic hinge zone with increasing flexural displacement 

ductility demand. The effects of damage accumulated in inelastic excursions in the 

direction of loading on shear strength and behaviour in other out-of-plane directions 

are also considered.  

 Shear-critical behaviour, including behaviour governed by brittle shear failure and 

behaviour governed by flexure-shear failure, is captured using force-based and 

displacement ductility-based criteria.  

 Consistent state determination of the element inelastic response is developed 

 Cyclic models are based on a comprehensive event-based formulation  

 Degradation in elastic unloading and reloading stiffness and pinching behaviour are 

captured by the cyclic models.  

 Strength degradation under repeated cyclic load reversals is achieved by contraction 

of the yield surface and/or shear failure surface using cumulative damage indices 

based on the total hysteretic energy dissipated by the structural member 

 Cyclic behaviour modeling approach is based on the incorporation of damage models 

in the beam-column element formulation to capture the evolution of damage and its 

effects on the gradual deterioration in stiffness and loss of strength 
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 Biaxial interaction effects on stiffness and strength degradation are considered in 

modeling full 3D behaviour of reinforced concrete members based on multi-

component damage models capturing hysteretic damage in multi-directions.  
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Table 3-1 General state determination process for elements with yield surfaces and shear failure 

surfaces – Monotonic response 

Step 

No. 

Description 

1 Predict element tangent stiffness 

2 Compute trial force using predicted tangent stiffness 

3 Check for yielding (               ) 

4 Recalculate trial force consistent with yield surface (force return to yield surface) 

5 Calculate shear forces from equilibrium  

6 Update shear failure surface based on ductility-dependent shear limit surface 

7 Check for shear failure (                ) 

8 Calculate corrected force consistent with shear failure surface (force return to 

shear surface) 

9 Update element tangent stiffness 
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Table 3-2 Conditions for state determination – Monotonic response 

No. State 
Tangent 

Stiffness 

Loading 

Criteria 

Yield Surface 

Condition 

Shear 

Failure 

Surface 

Condition 

1 Elastic       
       
       

 
          

     

           

     

2 

Yielding and 

hardening in 

flexure 
         

       
       

 
          

     

           

     

3 

Shear failure at 

initial shear 

capacity and 

post-shear 

failure 

degradation 

          
       
       

 
          

     

           

     

4 

Shear failure at 

degraded shear 

capacity and 

post-shear 

failure 

degradation 

          
       
       

 
          

     

           

     

5 
Residual shear 

limit 
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Table 3-3 Path 1: from elastic (state 1) to flexural yielding (state 2). Conditions for state 

determination and transition between states 

Step 

No. 
Description State 

 

1 

 

Compute trial forces,                   . 
 

 

State 1 

 

2 

 

Check for yielding.  

If the force point is within the elastic region,               , 

the trial forces are the final forces for the current state. 

 

 

 

State 1 

 

3 

 

If the force point shoots through the yield surface,            

   , the element has yielded within this increment and is hardening.  

 

Force recovery is used so that the force point is on the yield surface, 

              .  

The step is split into elastic and inelastic portion.  

The elastic portion of the trial force is,                     .  
The inelastic portion of the trial force is,                
             . 
The magnitude of plastic deformation based on the inelastic portion 

of the trial force can be calculated as,  

                       
  
                 . 

 

The trial force is recalculated,                          

                      . 

The final force at the end of the step is,                 . 
 

In the inelastic hardening response, the evolution rules govern the 

state of the yield surface. The amount of yield surface translation is 

determined based on the hardening component,       

                       .  

 

Due to the convexity of the yield surface, the force point 

corresponding to      may be outside the translated surface. 

Centroidal return is used to return the force point to the surface.   

The force points at the two ends of the element may be out of 

balance. Axial loads are averaged at the two ends. The force 

recovery is finalized at the current state using constant-P return.  

 

The element tangent stiffness is updated for the current state, 

 

 

 

 

Transition 

from State 

1 to State 2 
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               and returned to the solver.  

The plastic reduction stiffness is,  

                
            

  
         

 

 

4 

 

The force point is on the yield surface at the beginning of the 

increment, 

               

The element is plastically hardening.  

Compute the trial force using the element tangent stiffness from the 

previous state,                   . 
 

The magnitude of plastic deformations can be calculated as,  

                    
  
              

The final force at the end of the step is,             

                      .  
 

The new position of the yield surface is determined based on the 

hardening component,                           . 
 

Due to the use of plastic reduction matrix and the convexity of the 

yield surface, the incremental force drifts away from the surface. 

The force point corresponding to        is returned to the translated 

surface using centroidal return. After balancing the axial load at the 

two ends of the element, the force recovery is finalized using 

constant-P return.  

 

Finally, the element tangent stiffness is updated for the current state, 

              . 
 

 

State 2 

 

5 

 

Check for continued plastic loading.  

 

If there is an increase in the load and the deformations,         
and        , the element continues to load plastically. The steps in 

item 4 are followed.  

 

 

 

 

State 2 

 

6 

 

If there is a decrease in the load and the deformations,         and 

       , the element is unloading elastically, as shown in Figure 3-

30(c).   

 

 

Unloading 

from 

State 2 
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Table 3-4 Path 2: from elastic (state 1) to shear failure and post-shear failure degradation (state 3). 

Conditions for state determination and transition between states 

Step 

No. 
Description State 

 

1 

 

Compute trial forces,                   . 
 

 

State 1 

 

2 

 

Check for shear failure.  

If the shear force point is within the elastic region,             

   , the trial forces are the final forces for the current state. 

 

 

 

State 1 

 

3 

 

If the shear force point shoots through the shear failure surface, 

               , the element has failed in shear within this 

increment and is softening.  

 

Force recovery is used so that the force point is on the shear failure 

surface,                 

The step is split into elastic and inelastic softening portion.  

The elastic portion of the trial force is,                       .  
The inelastic portion of the trial force is,                 
              . 
 

The slope of degradation is determined as,                 

The shear force at shear failure,   , is the initial shear capacity,   . 

The deformation at shear failure can be calculated as,      
             . 
The predicted drift at axial failure,   , is calculated for the current 

level of axial load.  

 

Degradation coefficient is determined,    
 

  

      

       
  

The flexural and shear stiffness components are        
   and 

        .  

 

The tangent stiffness is updated to include degradation in the shear 

stiffness components,                     , using a flexibility 

approach.  

 

The trial force is recalculated,  

                                   

The final force at the end of the step is,                 . 
 

 

 

 

 

Transition 

from State 

1 to State 3 
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In the post-shear failure degrading/softening response, the evolution 

rules govern the state of the shear failure surface. The amount of 

surface contraction in the direction of the shear force axis where 

failure occurred is determined based on the softening component, 

   
                The shear failure surface is updated based 

on the non-uniform contraction rule.  

 

As the element is softening in shear, moments are assumed to 

unload. The moments are calculated by satisfying equilibrium (Table 

3.5, cases 3.1, 3.3, and 3.4).  

 

The increase in the total deformations is due only to the contribution 

of the shear components.  

 

The updated element tangent stiffness,                     , is 

returned to the solver.  

 

 

 

4 

 

The shear force point is on the degrading shear failure surface at the 

beginning of the increment,                .  

The element is softening in shear.  

The force increment is computed using the element degraded tangent 

stiffness from the previous state,                  .  

The shear failure surface is updated to include the additional 

degradation experienced in this increment.  

The moments are updated to continue unloading.  

 

The element tangent stiffness is the same degraded tangent stiffness, 

        , as in the previous converged step. 

 

 

State 3 

 

5 

 

Check for continued failing in shear.  

 

If there is an increase in the deformations,        , the element 

continues to fail in shear. The steps in item 4 are followed.  

 

 

 

 

State 3 

 

6 

 

If there is a decrease in the load and the deformations,         and 

       , the element is unloading elastically, as shown in Figure 3-

31(b).  

 

 

 

Unloading 

from 

State 3 

  



 258 

Table 3-5 Conditions for maintaining / satisfying equilibrium - Case 1.1 to 1.5  

End 1 

 

End 2 

Elastic Ductile yielding in flexure Brittle shear failure 
Limited ductile with 

shear failure 

Moderate ductile with 

shear failure 

Elastic 

Case 1.1 

End 1 is elastic. 

End 2 is elastic. 

 

                

                

        
           

 
 

              

                
 

Case 1.2 

End 1 starts to yield when 

end 2 is elastic.  

Next, end 1 is hardening 

while end 2 continues to 

load elastically. 

Shear failure does not 

occur. 

 

            yield 

        hardening 

                  

                

        
          

 
 

              

                

      

    reduces to       

    reduces to       

                    

 

Yielding at end 1, and the 

related increasing 

displacement ductility 

demand, affects the shear 

capacity at both end 1 and 

end 2.  

(Shear limit surface is 

defined as shear capacity 

vs. total displ./drift.)  

Case 1.3 

End 1 fails in shear prior to 

yielding and end 2 is still 

elastic. 

Next, shear strength at end 

1 is degrading while shear 

force at end 2 is unloading. 

Moments at both end 1 and 

2 are unloading.  

 

                

                

        
           

 
 

              

            

        fail 

        elastic 

 

          degrade 

       unload 

          unload 

          unload 

                

 

 

Case 1.4 

End 1 yields and starts 

hardening when end 2 is 

elastic.  

End 1 fails in shear after 

yielding and hardening 

while end 2 is still elastic. 

Next, shear strength at end 

1 is degrading while shear 

force at end 2 is unloading. 

Moments at both end 1 and 

2 are unloading.  

 

            yield 

        hardening 

                

        
          

 
 

              

            

        fail 

        elastic 

 

          degrade 

       unload 

         unload 

          unload 

                

 

 

Case 1.5 

End 1 is hardening while 

end 2 is still elastic. Due to 

increasing displacement 

ductility demand, shear 

capacity at end 1 is reduced 

by the limit surface. End 1 

fails when shear at that end 

exceeds the limit capacity. 

Next, shear strength at end 

1 is degrading while shear 

force at end 2 is unloading. 

Moments at both end 1 and 

2 are unloading.  

        hardening 

                

      

    reduces to       

        
          

 
 

              

              

          fail 

               elastic 

 

          degrade 

       unload 

         unload 

          unload 
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Table 3-5 (Continued) Case 2.1 to 2.5  

End 1 

 

End 2 

Elastic Ductile yielding in flexure Brittle shear failure 
Limited ductile with 

shear failure 

Moderate ductile with shear 

failure 

Ductile 

yielding in 

flexure 

Case 2.1 

 

Similar to case 1.2 

 

                

            yield 

        hardening 

                  

        
          

 
 

              

                

      

    reduces to       

    reduces to       

                    

 

Case 2.2 

 

End 1 and 2 start to yield 

simultaneously  

or 

End 1 is hardening when 

end 2 starts to yield (vice 

versa).  

 

            yield 

        hardening 

                  

            yield 

        hardening 

                  

        
         

 
 

              

                

      

    reduces to       

    reduces to       

                    
 

Case 2.3 

 

Not possible in practice 

Case 2.4 

 

Not possible in practice 

Case 2.5 

End 1 and 2 are hardening. 

Due to increasing displ. 

ductility demand, shear 

capacity at end 1 and 2 are 

reduced by the limit surface. 

End 1 fails when shear 

exceeds the limit capacity 

while end 2 still has sufficient 

capacity.  Next, shear strength 

at end 1 is degrading while 

shear force at end 2 is 

unloading. Moments at both 

end 1 and 2 are unloading.  

        hardening 

        hardening 

        
         

 
 

              

                

      

    reduces to       

    reduces to       

              

          fail 

              

          degrade 

       unload 

         unload 

          unload 
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Table 3-5 (Continued) Case 3.1 to 3.5  

End 1 

 

End 2 

Elastic Ductile yielding in flexure Brittle shear failure 
Limited ductile with 

shear failure 

Moderate ductile with 

shear failure 

Brittle 

shear 

failure 

Case 3.1 

 

Similar to case 1.3 

 

                

                

        
           

 
 

              

            

        elastic 

        fail 

 

          degrade 

       unload 

          unload 

          unload 

                

 

 

Case 3.2 

 

Similar to case 2.3 

 

Not possible in practice.  

Case 3.3 

End 1 and 2 fail in shear 

simultaneously prior to 

yielding.  

Based on the assumption 

that if one end fails in 

shear, the other end has to 

unload in shear to satisfy 

equilibrium, shear failure 

must occur at the two ends 

simultaneously.  

 

Next, shear strength at end 

1 and 2 is degrading while 

moments are unloading.  

 

                

                

        
           

 
 

              

           

           

       fail 

       fail 

 

           

          unload 

          unload 

               

Case 3.4 

End 1 yields and starts 

hardening when end 2 is 

elastic.  

End 1 fails in shear after 

yielding and hardening 

while end 2 fails in shear 

prior to yielding. Shear 

failure occurs at the two 

ends simultaneously.  

 

Next, shear strength at end 

1 and 2 is degrading while 

moments are unloading.  

 

 

            yield 

        hardening 

                

        
          

 
 

              

           

           

       fail 

       fail 

 

           

          unload 

          unload 

               

Case 3.5 

 

Not possible in practice. 
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Table 3-5 (Continued) Case 4.1 to 4.5  

End 1 

 

End 2 

Elastic Ductile yielding in flexure Brittle shear failure 
Limited ductile with 

shear failure 

Moderate ductile with 

shear failure 

Limited 

ductile 

with shear 

failure 

Case 4.1 

 

Similar to case 1.4 

 

                

           yield 

        hardening 

        
          

 
 

              

            

        elastic 

        fail 

 

          degrade 

       unload 

         unload 

          unload 

                

 

Case 4.2 

 

Not possible in practice. 

Case 4.3 

 

Similar to case 3.4 

 

                

           yield 

        hardening 

        
          

 
 

              

           

           

       fail 

       fail 

 

           

          unload 

          unload 

               

Case 4.4 

 

End 1 and 2 yield and start 

hardening.   

End 1 and 2 fail in shear 

after yielding and 

hardening. Shear failure 

occurs at the two ends 

simultaneously.  

 

            yield 

        hardening 

                  

            yield 

        hardening 

                  

        
         

 
 

              

           

           

       fail 

       fail 

 

           

          unload 

          unload 

               

 

Case 4.5 

 

Not possible in practice. 
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Table 3-5 (Continued) Case 5.1 to 5.5  

End 1 

 

End 2 

Elastic Ductile yielding in flexure Brittle shear failure 
Limited ductile with 

shear failure 

Moderate ductile with 

shear failure 

Moderate 

ductile 

with shear 

failure 

Case 5.1 

 

Similar to case 1.5 

 

                

        hardening 

      

    reduces to       

    reduces to       

        
          

 
 

              

              

          fail 

          elastic 

 

          degrade 

       unload 

         unload 

          unload 

                

 

Case 5.2 

 

Similar to case 2.5  

 

        hardening 

        hardening 

        
         

 
 

              

                

      

    reduces to       

    reduces to       

              

              

          fail 

 

          degrade 

       unload 

         unload 

          unload 

                

Case 5.3 

 

Similar to case 3.5  

 

Not possible in practice.  

 

Case 5.4 

 

Similar to case 4.5  

 

Not possible in practice. 

Case 5.5 

 

End 1 and 2 are hardening. 

Due to increasing 

displacement ductility 

demand, shear capacity at 

end 1 and 2 are reduced by 

the limit surface. End 1 and 

2 fail simultaneously when 

shear exceeds the limit 

capacity.  

Next, shear strength at end 

1 and 2 is degrading while 

moments are unloading.  

        hardening 

        hardening 

        
         

 
 

              

           

           

      

   reduces to      

             

         fail 

         fail 

 

           

          unload 

          unload 
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Table 3-6 Conditions defining states in the cyclic stiffness model - positive excursions (deformations) 

State 

No 

State Description      

1 Loading, initial  

elastic response followed 

by inelastic response  

 

  
      

  

            

 

  
      

  

            
 

 

 

       

 

 

         

 

 

         

2 Unloading  

after yielding,  

quasi-elastic degraded 

response 

 

 

  
      

  

            
 

 

  
      

  

            

 

 

       

 

 

         

 

 

         

3 Cross-over 

Transition from 

unloading to reloading 

 

  
      

  

            

 

  
      

  

            

 

 

       
 

 

 

         
 

 

 

         

4 Reloading in the opposite 

direction 

after yielding and 

unloading,  

quasi-elastic degraded 

response 

 

 

  
      

  

            
 

 

  
      

  

            
 

 

 

       

 

 

 

         

 

 

 

         

4a Reloading cross-over 

Transition from positive 

to negative excursions  
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Table 3-7 Conditions defining states in cyclic stiffness model - negative excursions (deformations) 

State 

No 

State Description      

5 Reloading 

inelastic response  

 

  
      

  

            
  
      

  

            
 

       

 

         

 

         

6 Unloading  

after yielding,  

quasi-elastic degraded 

response 

 

 

  
      

  

            
 

 

  
      

  

            

 

 

       

 

 

         

 

 

         

 

7 Cross-over 

Transition from 

unloading to reloading 

 

 

  
      

  

            
 

 

  
      

  

            

 

 

       

 

 

 

         

 

 

 

         

 

8 Reloading in the opposite 

direction 

after yielding and 

unloading,  

quasi-elastic degraded 

response 

 

 

  
      

  

            
 

 

  
      

  

            
 

 

 

       

 

 

 

         

 

 

         

 

8a Reloading cross-over 
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Table 3-8 State determination in cyclic stiffness model 

 

Previous state 

 

 

Check condition 

 

Possible current state 

  

Positive excursions 

 

Negative excursions 

 

Loading 

 

            
 

 

 

            
 

 

            
 

 

Continued loading 

 

Unloading 

  
 

Unloading 

 
           ,           

 
           ,           

 

 

           ,           

 

           ,           

 

 

 

Continued 

unloading 

 

Cross-over (-ve) 

 

Reloading 

 

   

 

Reloading in the 

opposite 

direction  

 

(preceded by a 

negative cross-

over event) 

 

                  
 

                  
 

 

                  

 

Continued 

reloading  

 

Unloading in the 

opposite direction 
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Table 3-8 (Continued)  

 

Previous state 

 

 

Check condition 

 

Possible current state 

  

Positive excursions 

 

Negative excursions 

 

Unloading in the 

opposite 

direction before 

reaching peak / 

yielding  

 

 

                  
         

 

                  
         

 

                  
         

 

                  
         

 

 

Continued 

unloading 

 

Cross-over (+ve) 

 

 

Reloading 

   

 

Reloading in the 

initial direction 

 

(preceded by a 

positive cross-

over event) 

 

            
 

 

 

            
 

 

            
 

 

Continued 

reloading 

 

Unloading 
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Table 3-9 Cross-over event determination in cyclic stiffness model 

 

Previous state 

 

 

Check condition 

 

Possible current state 

  

Positive excursions 

 

Negative excursions 

 

Unloading in 

primary half 

cycle ending at 

cross-over 

 

 

 

         

 

 

 

          

            
 

 

          

                  
 

 

Reloading to 

previous peak 

 

 

Reloading to 

opposite peak 

  
 

Unloading in 

follower half 

cycle ending at 

cross-over 

 

 

         

 

 

          

            
 

 

          

                  

 

Reloading to 

previous peak 

 

 

Reloading to 

opposite peak 
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Table 3-10 State determination in cyclic pinching model 

 

Previous state 

 

 

Check condition 

 

Possible current state 

  

Positive excursions 

 

Negative excursions 

 

Loading  

(post-shear 

failure in-cycle 

degradation) 

 

            
 

 

 

            
 

 

            
 

 

Continued loading 

 

Unloading 

  
 

Unloading 

 

           ,           

 

           ,           

 

 

           ,           

 

           ,           

 

 

 

Continued 

unloading 

 

Cross-over (-ve) 

 

Pinching / 

Reloading  

 

 

  

 

Pinching / 

Reloading in the 

opposite 

direction 

 

                  
 

                  
 

 

                  

 

Continued 

reloading  

 

Unloading in the 

opposite direction 
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Table 3-10 (Continued)  

 

Previous state 

 

 

Check condition 

 

Possible current state 

  

Positive excursions 

 

Negative excursions 

 

Unloading in the 

opposite 

direction before 

reaching end of 

pinching 

 

 

                  
         

 

                  
         

 

                  
         

 

                  
         

 

Continued 

unloading 

 

Cross-over (+ve) 

 

 

Reloading 

   

 

Reloading in the 

initial direction 

(post-shear 

failure in-cycle 

degradation) 

 

            
 

 

 

            
 

 

            
 

 

Continued 

reloading 

 

Unloading 

  
 

Reloading after 

pinching 

 

            
 

 

            
 

 

            
 

 

Continued 

reloading 

 

Unloading 
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Table 3-11 Cross-over event determination in cyclic pinching model 

 

Previous state 

 

 

Check condition 

 

Possible current state 

  

Positive excursions 

 

Negative excursions 

 

Unloading in 

primary half 

cycle ending at 

cross-over 

 

 

 

         

 

 

 

          

            
 

 

          

                  
 

 

Reloading to 

previous peak 

 

 

Reloading to 

opposite peak 

  
 

Unloading in 

follower half 

cycle ending at 

cross-over 

 

 

         
 

 

          
            

 

 

          
                  

 

Reloading to 

previous peak 

 

 

Reloading to 

opposite peak 
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Figure 3-1 Schematics of the element 
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Figure 3-2 Orientation of the element 
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Figure 3-3 Motion of a three-dimensional beam-column element 
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Figure 3-4 Cartesian degrees of freedom of the element in Deformed Configuration (1) 
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Figure 3-5 Force recovery – natural deformation approach: (a) Deformed Configuration (2); (b) 

Nodal displacements,  projection in 
1
x - 

1
y plane; (c) Rotations, projection in 

1
x - 

1
y plane; (d) Nodal 

displacements, projection in 
1
x - 

1
z plane; (e) Rotations, projection in 

1
x - 

1
z plane 
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Figure 3-6 Yield surface model: (a) Force space; (b) Normalized force space 
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Figure 3-7 Examples of yield surface direction of evolution 
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Figure 3-8 Kinematic control surface 
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Figure 3-9 Translation in the kinematic control surface evolution model 
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Figure 3-10 Force-deformation response with kinematic hardening model 
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Figure 3-11 Kinematic control surface evolution model for cyclic loading: (a) smgm < 0 ; (b) smgm > 0 
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Figure 3-12 Relation of inelastic element response to plastic stiffness in kinematic control evolution 

model: (a) Relation between plastic stiffness and plastic deformations; (b) Force-deformation 

response 
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Figure 3-13 Incremental force: (a) Elastic-perfectly plastic material; (b) Elasto-plastic-strain 

hardening material 



 284 

 

Figure 3-14 Directions of evolution: (a) Axial load is above the balanced failure point level 

(compression); (b) Axial load is below the balanced failure point level but above zero level 

(compression); (c) Axial load is below zero level (tension) 
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Figure 3-15 Centroidal direction of evolution with constant axial force: (a) Motion of the yield 

surface; (b) Change in elastic range during evolution 
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Figure 3-16 Mapping between subsequent surface (translated deformed) and initial yield surface 
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Figure 3-17 Inelastic force recovery example 
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Figure 3-18 Force recovery for the case of elastic-perfectly plastic materials 
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Figure 3-19 Force recovery for the case of hardening materials 
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Figure 3-20 Shear failure surface model: (a) Force space; (b) Normalized force space 
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Figure 3-21 Axial force-shear force interaction diagram: (a) Experimental (Vecchio and Collins 

1986); (b) Model proposed by ElMandooh Galal and Ghobarah (2003) 
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Figure 3-22 Degradation stiffness in post-shear failure force-deformation response 
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Figure 3-23 Non-uniform contraction evolution model 
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Figure 3-24 Mapping between subsequent surface (deformed) and initial shear failure surface 
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Figure 3-25 Force recovery to the shear failure surface 
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Figure 3-26 Shear failure modes 
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Figure 3-27 Model of a cantilever column 
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Figure 3-28 Post-yield degradation of the shear failure surface 
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Figure 3-29 State diagram for monotonic loading 
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Figure 3-30 Path 1: from elastic (state 1) to flexural yielding (state 2): (a) Force-deformation response 

for ductile behaviour; (b) Transition from state 1 to state 2; (c) Loading/Unloading criteria for state 2 
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Figure 3-31 Path 2: from elastic (state 1) to shear failure and post-shear failure degradation (state 3): 

(a) Transition from state 1 to state 3; (b) Loading / Unloading criteria for state 3 
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Figure 3-32 Path 3: from elastic (state 1) to flexural yielding (state 2) to shear failure and post-shear 

failure degradation (state 3); (a) Transition from state 2 to state 3; (b) Loading / Unloading criteria 

for state 3 
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Figure 3-33 Path 4: from elastic (state 1) to flexural yielding (state 2) to shear failure at degraded 

capacity and post-shear failure degradation (state 4) 
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Figure 3-34 Path 5 (6): from shear failure and post-shear failure degradation (state 3 or 4) to residual 

shear capacity (state 5) 
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Figure 3-35 Cyclic stiffness model – full cycle 
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Figure 3-36 Example of primary and follower half cycles 
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Figure 3-37 Cyclic stiffness model – response to primary half cycles in positive and negative 

excursions 
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Figure 3-38 Cyclic stiffness model – response to a primary half cycle and follower half cycles in 

positive excursions 
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Figure 3-39 State transition diagram in cyclic stiffness model: (a) positive excursions; (b) negative 

excursions 
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Figure 3-40 Cyclic pinching model – full cycle 
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Figure 3-41 Cyclic pinching model – response to primary half cycles in positive and negative 

excursions 
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Figure 3-42 Cyclic pinching model – response to a primary half cycle and follower half cycles in 

positive excursions 
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Figure 3-43 Cyclic pinching model – response to a primary half cycle and follower half cycles in 

positive and negative excursions 
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Figure 3-44 State transition diagram in cyclic pinching model: (a) positive excursions; (b) negative 

excursions 
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Figure 3-45 Cyclic strength degradation model – flexural response 
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Figure 3-46 Cyclic strength degradation model – shear response 
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Figure 3-47 Schematics of element – damage model interaction 
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Figure 3-48 Interaction with damage model at element component level 
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4    Chapter: Implementation of Models in OpenSees Software 

Framework 

 

4.1 Introduction 

In the past most finite element analysis programs were developed using Fortran 

programming language and were procedural in nature. In more recent years, object 

oriented programming concepts have been introduced and tried for developing and 

maintaining finite element analysis software. OpenSees (Open System for Earthquake 

Engineering and Simulation) is a large-scale software framework for finite element 

analysis based on object oriented programming concepts. The key advantage of using 

object oriented methodologies is that programming languages with object oriented 

capabilities, such as C++, provide attributes to the program components that offer 

flexibility and code extensibility. Abstractions, encapsulation, inheritance and 

polymorphism are among the attributes that contribute to creating program structures 

with potential to be expanded and extended.  

 

In this chapter, background to object oriented programming concepts is first provided, 

followed by an overview of the finite element classes for structural systems in OpenSees 

and a detailed discussion of the implementation of new models proposed in this research.  

 

4.1.1 Object Oriented Programming Concepts 

Object oriented programming languages, such as C++, provide structures which 

encapsulate the data and the operations performed on that data. These structures are 
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known as classes. The encapsulated data are the attributes and the operations are the 

member functions of the class. The behaviour of the class is characterized by the member 

functions, also referred to as methods. Classes that invoke the methods of another class 

are referred to as clients of the latter. The methods for communication with other classes 

are declared through interfaces, thus allowing the class to have its attributes and method 

implementations hidden from the clients. This feature has important implications: the 

hiding of information enables modifications to a member function without affecting the 

code of the clients.  

 

An instance of a class is known as an object. All objects of a class share the same copy of 

member functions but each object owns a separate copy of the data unless the data is 

declared static in the class declarations. The interaction between objects is performed 

according to the declarations in the class interface. An object invokes its methods in 

response to messages or function calls sent to it by objects of the client class.  

 

The key features of object oriented design include abstractions, inheritance and 

polymorphism. Abstractions describe the behaviour characteristics of a class; inheritance 

is a property that allows the derivation of new classes from existing base classes; and 

polymorphism is a feature that allows run-time implementation of derived classes 

through virtual methods and dynamic binding. The process of designing object oriented 

software involves developing abstractions to characterize the behaviour of new classes, 

establishing the inheritance mechanisms within the class structure, specifying the 

attributes of the classes and defining the interactions between the classes.  
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In this approach, a system is represented by a set of base classes which enclose the 

characteristics of generalized concepts. The base classes are usually abstract and as such 

they need not necessarily provide the implementation of all the member functions. The 

special cases of an abstract class are derived through the inheritance property. The new 

derived classes, also referred to as subclasses, can inherit and extend the behaviour of the 

parent base class. In a class structure, there may be several levels of subclasses depending 

on the levels of abstractions. The final classes, which are at the bottom of the class 

structure hierarchy, must contain all the implementations of the member functions. 

Instances (objects) can be created only from final classes, also referred to as concrete 

classes. The attributes and methods in a class can be declared as private, protected or 

public. Private attributes and methods are property only of the current class, which means 

that they cannot be inherited by subclasses and cannot be accessed by clients of the class. 

Protected status extends the scope of attributes and methods to subclasses, whereas public 

status extends the scope to the entire system. There are two types of inheritance, interface 

inheritance and implementation inheritance. In the interface inheritance, the base class is 

focused entirely on describing the behaviour and the implementation of member 

functions is to be provided by the derived classes. In the implementation inheritance, 

most of the implementations are provided at the first few levels of the class structure 

hierarchy, and are inherited by the subclasses.  

 

Methods in abstract classes can also be declared as virtual, which means that the 

subclasses are able to override these methods and thus modify the behaviour inherited 
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from  the abstract base class. The ability to process objects differently depending on their 

data type and class, and more specifically to redefine methods for derived classes, is a 

characteristic of the polymorphism property of object-oriented programming languages. 

Derived classes have "is-a" relation with the parent class. For example, the class 

BeamColumn3D is derived from the abstract base class Element. The abstract class 

Element can contain a virtual method for obtaining tangent stiffness in its class 

declaration without actually providing the implementation. In that case this method is a 

pure-virtual method and the derived class BeamColumn3D can override the Element's 

method by providing the implementation and return a suitable value for the tangent 

stiffness. The virtual method which is invoked during the program execution depends on 

what the base class pointer is pointing at that time. If the Element pointer is set to a 

BeamColumn3D object, then the method for obtaining tangent stiffness of 

BeamColumn3D object will be invoked. This process is known as dynamic binding.  

 

Object oriented programming languages, such as C++, also provide the ability to have 

multiple methods with the same name but with different parameters. This property is 

known as method overloading. Abstract base classes can declare several virtual methods 

with different parameters. Derived classes can choose which method to override 

depending on what parameters are used in their class declarations.  

 

Inheritance, polymorphism and method overloading enable the extensibility of object-

oriented programs by allowing system design decisions to be developed at the abstract 

level without prior knowledge of all possible object types. The behaviour of abstract base 
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classes can be modified and extended in the derived classes by overriding methods and 

providing method implementations for new object types without affecting the base class 

code.  

 

The key difference between procedural and object oriented programming is that the 

former is organized based on function calls (verbs), whereas the latter is structured 

around data (nouns). A program that is procedural in nature contains a set of sub-routines 

which represent different functions and the entire program is designed using function 

calls. Programs based on object oriented concepts are designed around objects which 

interact with each other through messages depending on what functionality is provided by 

each of the involved objects. For example, in a procedural program that contains a sub-

routine for storing the element tangent stiffness in a matrix, a function call will be used to 

invoke this sub-routine. The sub-routine would use a logical statement "switch" to 

determine the correct tangent stiffness based on the element type provided in the function 

call parameters. If a new element type has to be added to  the procedural program, 

modifications will be required both to the sub-routine's "switch" statement and to the 

main program declarations to register the new element type. Such modifications require 

detailed knowledge of the entire procedural program functionalities. In the case of a 

program created using object based design, the method for storing the tangent stiffness 

will be declared as a virtual method in the abstract base class Element and can be invoked 

by a solver object. By using the inheritance property, a new element type can be added as 

a subclass derived from the parent class Element. This new subclass will provide the 

implementation of the method for tangent stiffness based on its characteristics, e.g. 
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linear-elastic element or nonlinear element. If the new element class is instantiated, i.e. an 

object is created, the method for tangent stiffness of this new class will be dynamically 

invoked using the polymorphism property. In the object based design, the extension of a 

program only requires knowledge of the base class functionality, more specifically the 

virtual methods declared in the base class that have to be overridden in the new derived 

classes.  

 

4.2 OpenSees Overview: Finite Element Classes for Structural Systems 

This section provides a brief overview of generic main classes used to model structural 

systems in the OpenSees software framework (McKenna 1997). OpenSees is a 

framework of components which includes the domain of objects for modeling elements, 

materials, constraints, etc. created by model-builders and the solution procedures 

represented by analysis, algorithm and equation solver modules. The interaction of these 

objects with storage and visualization tools provide the basis for user interface and post-

processing. The conceptual module layout of these high-level objects are schematically 

shown in Figure 4-1. The four main classes at high-level abstractions in the OpenSees 

framework, ModelBuilder, Domain, Analysis and Recorder, and the interaction between 

them are shown in Figure 4-2.  

 

The main function of the ModelBuilder class is to manage the creation, storage and 

deletion of all objects that are part of the Domain and the Analysis classes. 

TclModelBuilder is a sub-class of ModelBuilder that provides user interface through 

TCL scripting language and accommodates adding of commands to the TCL library for 



 325 

managing new classes.  

 

The Domain class is responsible for storing all the components of a finite element model 

of a structural system. These components include the classes Node, Element, Load, 

Constraint, etc. which are described in more detail in the following section.  Domain 

stores the last converged state and the current trial state of the model. It provides methods 

for the Analysis object to access domain components and update the state at each trial or 

converged step. Domain also allows access for the Recorder object to obtain and store 

parameters of domain components defined by the user at each converged step.  

 

The Analysis class is an abstract class that provides an interface for formulation and 

solving the system of governing equations for a finite element model of a structural 

system. Analysis object is an aggregation of different types of objects such as Algorithm 

and Integrator that control the solutions algorithm and virtual time increment for a linear 

or nonlinear structural system. Analysis object updates the model contained in the 

Domain from the current state to another state at each load step. Analysis object also 

provides the capability to reset the virtual time of the Domain in case of errors such as 

lack of convergence to its previous converged state and use different analysis parameters 

for the next trial step. Subclasses derived from Analysis abstract class include 

StaticAnalysis, EigenAnalysis and TransientAnalysis for performing static, modal and 

dynamic analysis, respectively.  
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The Recorder class is an abstract class that provides an interface for obtaining 

information from the model in the Domain during the analysis. Recorders can be used to 

monitor response quantities such as element forces, nodal displacements, drift, or 

damage, by exporting the saved information to an output file or a visualization tool like 

OpenGLRenderer. 

 

4.2.1 Node, Element, Load and Constraint Classes 

The main components of the Domain used to model structural systems are the classes 

Node, Element, Load and Constraint. Figure 4-3 identifies these main classes in a one-

bay, three-story frame structure. 

 

The Node class is used to represent discrete points in space which are interconnected by 

elements in the model of a global system. In frame structures, nodes typically define the 

end points of beams and columns. Thus each frame element has two nodes, one at each 

node. Physical beams or columns may be discretized into several elements. A node is 

shared by multiple elements in  joints where more than two elements interconnect. In 

finite element models, Node objects are associated with degrees of freedom (DOF), the 

number of which determines the dimension of the global system and the associated 

matrix size. A Node object keeps track of nodal displacements, velocities and 

accelerations along its degrees of freedom. In nonlinear systems where for each time 

increment or load step the analysis may go through a number of trial steps before 

reaching convergence, the node objects also keep record of both the current trial state and 

the previous converged state. In finite element models, the element objects have pointers 
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to node objects, which provide them with the end coordinates, connectivity conditions 

and boundary conditions.  

 

In finite element models of frame structures, elements are used to model structural 

components such as beams, columns, joints, etc. Frame elements such as beam-columns 

or truss members are typically associated with only two nodes, one node at each end of 

the element. Modeling capabilities of frame elements can vary widely, from a simple 

formulation for a linear elastic beam-column element to sophisticated formulations that 

capture complex inelastic behaviour and geometric nonlinearities, including second order 

effects. In a finite element model, the Element class provides information on the element 

state to the global solver, including linearized tangent stiffness, mass and damping 

matrices as well as resisting member force vectors. The element object computes these 

quantities after obtaining the boundary conditions through the associated nodes at the 

element ends. In general for inelastic modeling, elements use external material classes 

which provide constitutive relations for forces and deformations. In nonlinear analysis, 

the element class also performs state determination, including force recovery, 

computation of tangent stiffness, etc. at every trial step and also keeps record of the 

current trial state and the previous converged state.  

 

The Load class represents the physical loads on a structure in the model of the structural 

system. Loads may be static or dynamic. For example, loads due to earthquake excitation 

or wind may be defined as dynamic. Loads can act on a node, in which case they are 

nodal point loads, or on an element. The element loads may be either point loads or 
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distributed loads over the entire element length or a part of it. The Load class provides an 

interface for defining and applying loads. The sub-classes derived from the abstract Load 

class are NodalLoad and ElementalLoad, and they are associated with a Node or an 

Element class, respectively.  

 

The Constraint class represents the boundary conditions of the structure. To model the 

boundary conditions a node object is associated with a constraint object which specifies if 

rotations and translations are allowed or not along a given degree of freedom of the node. 

Constraints can also be used to assign a specific displacement path to a degree of 

freedom, or to define relationship between degrees of freedom of two nodes. In a finite 

element model of a structure, constraints are necessary to render the system of governing 

equations solvable. Constraints that act on only one degree of freedom and are associated 

with one node are known as single-point constraints, whereas constraints associated with 

two or more nodes, and a vector of degrees of freedom are known as multi-point 

constraints. Single- and multi-point constraints are usually implemented under separate 

classes due to the fundamental differences in their underlying concepts.  

 

4.3 Object Oriented Design of New Models 

As summarized in Section 1.3, the objectives of this research is to develop simulation 

models for seismic response analysis of reinforced concrete structures that capture the 

behaviour of members in new structures designed as ductile as well as non-ductile 

members in existing older deficient structures. The element formulation in the proposed 

models is based on concentrated plasticity approach using force interaction surfaces and 
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evolution models for the generalized plastic hinges at the element ends, as discussed in 

Chapter 3. Object oriented design is considered for the implementations of the proposed 

models since it allows extensibility and code reusability. This section presents the 

methodology for designing the class hierarchy and the strategies to accomplish object 

oriented design of the new models developed in this research.  

 

4.3.1 Interface Design   

The interface design is a very important consideration in the process of creating or 

extending object-oriented programs. Properly designed interfaces contribute to having a 

functional core that allows programs to be easily extended by adding multiple classes that 

implement the interface. Having a common interface also provides a basic common 

functionality of all the objects. There should be a root interface from which all other 

interfaces are derived and the type of new derived classes is refined for their specific 

interface. In the OpenSees framework, for example, the root interfaces for most classes 

are the TaggedObject and MovableObject. All new types of classes in OpenSees should 

be derived from the TaggedObject and MovableObject classes. Deriving from 

TaggedObject allows the model builder (TclModelBuilder) to manage the creation, 

storage and deletion of various objects by using an array of tagged objects. 

MovableObject provides the interface necessary for shipping objects over a Channel to a 

database for storing the state at discrete steps during the analysis. 

 

4.3.2  Hierarchy Structure and Functionalities of New Classes  

The conceptual development of an object based design for a problem commences with 
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indentifying the individual components and defining the functionality of each component. 

In this process the base classes are established by determining the abstractions that 

describe the behaviour of individual components. The interface and the interactions 

between the abstract base classes is then established. In this research, the formulation of 

the proposed models for seismic response analysis of reinforced concrete structures 

consists of a beam-column element with zero-length generalized plastic hinges associated 

with force interaction surfaces and evolution models concentrated at the element ends. 

From the modeling perspective, an inelastic concentrated-plasticity element suitable for 

capturing the behaviour of ductile as well as non-ductile reinforced concrete members 

should have the following capabilities: 

- Capture large deformations.  

- Provide axial force-bending moment interaction through yield surface models. 

- Simulate hardening in the post-yield response by translating the yield surface in 

the force space. 

- Detect brittle or limited ductility type of failure in shear through axial force-shear 

force interaction surface models. 

- Implement degradation of shear strength in the plastic hinge zone through shear 

limit surface dependent on displacement ductility in order to detect failure in 

shear for members with moderate ductility.   

- Simulate softening in the post-shear failure response by shrinking the axial force-

shear force interaction surface in the force space. 

- Capture hysteretic characteristics including stiffness degradation and cyclic 

strength deterioration through cyclic models. 
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- Control cyclic behaviour by keeping track of maximum inelastic deformations, 

and number and types of cycles with inelastic excursions based on event-to-event 

strategy.  

- Provide relations between accumulated damage and degradations in strength and 

stiffness through the interaction of cyclic models and evolution models with 

damage models.  

- Follow the progression and accumulation of damage throughout the analysis.  

 

Considering the required functionalities, the following base classes are established: 

beam-column element class, yield surface class, yield surface evolution class, shear 

failure surface class, shear failure surface evolution class, shear limit surface class, cyclic 

model class, cyclic control class, damage model class, damage progression class.  

 

The new beam-column element class has to be developed for 3D elements and to provide 

functionalities for capturing large deformations and inelastic modeling. At the abstract 

base level, the new element class has to provide the size of the stiffness, mass and 

damping matrices and the resisting force vector as well as the large deformation effects 

so these properties can be inherited by the derived classes. A final class can be derived 

directly from the base class to provide elastic stiffness matrix that can be used for 

simulating elastic large deformation effects. The inelastic modeling capabilities can be 

developed at the next level of abstractions by associating a derived class with force 

interaction surface classes and evolution model classes. In one branch of derived classes, 

the inelastic modeling capabilities can be reduced to monotonic response for this final 
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class so that the user has the option to use a simpler model when this suffices. The other 

branch of derived classes can provide the inelastic modeling capabilities for cyclic 

response by being associated with cyclic control and cyclic model classes.  

 

The modeling of inelastic behaviour governed by flexural yielding is separated from the 

element implementations by creating new yield surface class and evolution model class to 

deal with this part of the problem. This class structure ensures the independence of the 

yield surface implementation, which is important considering that the force state is 

defined in a normalized non-dimensional coordinate system in the yield surface model 

whereas it is described in a vector format with the respective units for forces and 

moments in the element formulation. The element class developed for inelastic modeling 

is associated with yield surface class to provide the functionality for capturing yielding 

and hardening in the post-yield response. At the abstract base level, the new yield surface 

class provides the interface for interactions with the element class. The abstract base class 

of the yield surface is also associated with evolution model class to enable the translation 

of the surface in the force space. The derived classes inherit these basic functionalities 

and have to provide specific functions describing different yield surface types.  

 

The modeling of non-ductile behaviour governed by failure in shear and in-cycle strength 

degradation in the post-shear failure state is handled by the new shear failure surface and 

evolution model classes. This functionality is also separated from the element 

implementation because the force state is defined as a point in a normalized non-

dimensional space similarly to the yield surface model. The element class is associated 
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with shear failure surface classes in addition to the yield surface classes. The hierarchy 

structure of the shear failure surface class is similar to that of the yield surface class: the 

abstract base class provides the interface for interactions with the element class and the 

shear failure surface evolution class; and the derived classes implement specific functions 

for individual shear failure surface models. The evolution model class that is associated 

with the shear failure surface class enables the contraction of the shear failure surface to 

simulate the softening in the post-shear failure response.  

 

The new class provided for the shear limit surface model expands the functionalities of 

the element with the capability to capture the behaviour of members with moderate 

ductility where shear failure occurs after yielding and undergoing some level of inelastic 

excursions. The main purpose of this class is to provide displacement-ductility based rule 

for reducing the initial shear strength with increasing ductility. To achieve this, the shear 

limit surface class interacts with the element to obtain the current ductility level and 

communicates the required reduction of shear strength to the shear evolution model class. 

The interface for these interactions as well as any transformations of the force state from 

one coordinate system to another, e.g. vector format in the element system to normalized 

non-dimensional space in the shear failure surface system, have to be performed at the 

abstract base class level and inherited by the derived classes. The subclasses have to 

provide specific functions for determining the reduction in shear strength based on 

ductility. The shear limit surface class is introduced as a new class independent from the 

element implementation and the shear failure surface implementation for the following 

main reason. The shear failure surface and evolution classes provide the functionality to 
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capture behaviour governed by brittle or limited ductility failure in shear. Capturing the 

degradation of shear strength in the plastic hinge zone requires additional 

implementations and introducing a new class specifically for this purpose provides a 

better structure and a possibility to modify and expand the shear limit surface 

implementations without affecting the surface and evolution model implementations.  

 

As previously mentioned, to extend the inelastic modeling capabilities of the element for 

capturing cyclic response, new classes for cyclic control and cyclic models are required. 

Cyclic models are used to define the constitutive relationships for the quasi-elastic part of 

the response that is characterized by degradation of stiffness and deterioration of strength. 

Considering the various hysteretic characteristics that a concrete member may exhibit, 

such as unloading stiffness degradation, peak-oriented reloading stiffness, pinching and 

cyclic strength deterioration, new individual classes can be developed to capture each of 

these characteristics and provide the appropriate tangent stiffness. As described in 

Chapter 3, the prediction of the tangent stiffness in the trial steps is determined using 

event-based strategy. The abstract base class of the cyclic control has to define the basis 

for the event-to-event strategy and manage the information on previous cycles with 

inelastic excursions. It also has to provide the interface for interactions with the element 

for obtaining current force state  and deformations and returning the current tangent 

stiffness to the element by invoking the appropriate cyclic model class. The final cyclic 

control class has to implement specific rules for the event-based strategy. The hierarchy 

structure of the cyclic control class and its collaborative relation with the cyclic model 

classes and the element classes ensures the independence of the cyclic modeling from the 
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element implementation and provides the possibility to expand the modeling capabilities 

by adding new cyclic models.  

 

As described in Chapter 3, damage models are used in the formulations to capture the 

progression of damage during inelastic excursions and its effect on the gradual 

deterioration of stiffness and loss of strength. For this purpose, new damage model 

classes and damage progression classes can be introduced in the class structure. At the 

abstract base level, the new damage model class provides the interface for interactions 

with the cyclic control class to obtain current element forces and deformations, and return 

computed damage indices. The derived classes have to provide specific relationships for 

calculating damage indices based on maximum plastic deformations, hysteretic energy or 

a combination of the two.  As mentioned above, the cyclic control class invokes the 

appropriate cyclic model classes depending on the previous history of events. Having 

obtained current damage indices from the damage model class, the cyclic control class 

passes the information on the damage to the respective cyclic models so that degradation 

in stiffness and strength can be calculated based on the accumulated damage. The 

progression of damage can be monitored by a separate new class which interacts with the 

cyclic control class to obtain current damage indices, stores the information during the 

analysis and is capable to provide an output.  

 

By creating base classes and independent implementations for each of the main 

components of the formulations as described above, the proposed class hierarchy and 
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interface for collaboration among the classes provides a comprehensive and flexible 

design that allows extensibility.   

 

4.4 Implementation of New Models in OpenSees 

This section describes the object oriented methodology and design issues for 

implementing the new models in the OpenSees framework. Class details of element 

classes (public, protected and private member function details) are provided in Appendix 

A.  The models described in this section may be extended by overriding or implementing 

specific methods/functions, as explained in Section 4.1.1. The terminologies related to 

the formulations are presented in Chapter 3.  

 

4.4.1 Beam-Column Element Classes 

The main characteristics of the Element class hierarchy developed as part of this research 

are as follows:  

- the base class Element is provided by OpenSees from which all subclasses are 

derived. 

 

- the second level of abstractions in the hierarchy is based on the degrees of 

freedom in the element type. In this research, the proposed models are 3D beam-

column elements with total of 12 degrees of freedom for the end nodes. As shown 

in Figure 4-4, the second level abstract class is called 

UpdatedLagrangianBeamColumn3D. In this abstract class most of the pure-

virtual functions defined by the Element class are implemented and the sizes of 
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the vectors for resisting forces and end displacements as well as the sizes of 

stiffness and mass matrices are defined. Thus, the subclasses derived from this 

class share the same vector/matrix sizes. For 3D elements, the matrices are 

[12x12] and the vectors are {12x1}. In this class, pointers to the end nodes can be 

stored to provide updates in displacements at each analysis step. The 

transformation between global and local displacements and natural deformations 

is implemented at this level to provide the basis for the large deformation 

formulation (geometric nonlinearity). 

 

- the third level of abstractions adds the inelastic modeling capabilities using yield 

surfaces and shear failure surfaces at each end of the beam-column elements. The 

class developed at this level, InelasticGNL3D, inherits the capability for nonlinear 

geometric analysis from the parent class UpdatedLagrangianBeamColumn3D.  

 

4.4.1.1 Geometrically Nonlinear Elastic Element (ElasticGNL3D) 

As mentioned in the previous section, the abstract class 

UpdatedLagrangianBeamColumn3D is derived from the base class Element and 

implements large deformation effects based on the updated Lagrangian formulation 

described in Chapter 3. The UpdatedLagrangianBeamColumn3D class has pointers to the 

two end nodes which provide access to global nodal displacements and accelerations. In 

this class, two new pure-virtual methods are declared that the subclasses are required to 

provide, one is for obtaining the tangent stiffness matrix and the other for the mass 

matrix. This class also provides methods for obtaining converged, trial and incremental 
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local and natural deformations. Most of the virtual methods defined in the Element class 

are implemented in the UpdatedLagrangianBeamColumn3D class, including those 

required by Recorder.  

 

One final (or concrete) class that is derived directly from 

UpdatedLagrangianBeamColumn3D class is the ElasticGNL3D class. Figure 4-5 shows 

the collaboration diagram for ElasticGNL3D class. The black arrows in Figure 4-5 

indicate an "is a" relation while the dashed gray arrows show a "has a" relation. For 

instance, ElasticGNL3D class is a subclass of UpdatedLagrangianBeamColumn3D and 

its parent class has pointers which belong to the Node class. ElastictGNL3D class 

provides an elastic local stiffness matrix and a lumped mass matrix for 3D beam-column 

elements when its methods for tangent stiffness and mass matrix are invoked. This final 

class can be used for simulating elastic large deformation effects. It can also be used for 

inelastic analysis when combined with plastic hinges at each of the element ends. The 

plastic hinges can be defined as Zero-Length Elements with a constitutive relation to 

describe the flexural/shear behaviour.  

 

4.4.1.2 Inelastic Elements (InelasticGNL3D) 

In the class design, the inelastic element, InelasticGNL3D, is derived from 

UpdatedLagrangianBeamColumn3D class, as shown on Figure 4-4. Similarly to the 

ElementGNL3D class, InelasticGNL3D inherits the geometric nonlinear modeling 

capabilities from the parent class. As described in Chapter 3, the inelastic response can be 

simulated by employing generalized hinge concepts for elements with yield/shear 

surfaces at their ends, and InelasticGNL3D element is designed based on this concept. 
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The post-yield P-M interaction and the post-shear failure P-V interaction are 

implemented in separate classes - YieldSurfaceMD and ShearFailureSurfaceMD, 

respectively. The flexure-shear interaction is implemented in a different class - 

ShearLimitSurface. The functionalities of these classes are described in details in the 

subsequent sections.  

 

The InelasticGNL3D class has pointers to two yield surfaces and two shear failure 

surfaces, one of each type for each end. It also has pointers to two shear limit surfaces 

that are associated with both the yield surfaces and the shear failure surfaces. 

InelasticGNL3D is still an abstract class. At this level, the post-yield behaviour, shear-

flexure interaction and post-shear failure behaviour are fully incorporated through the 

yield surface, shear limit surface and shear failure surface classes, respectively. The 

collaboration diagram of a final class derived from InelasticGNL3D class shown on 

Figure 4-6 depicts the relations between InelasticGNL3D element and the failure surface 

models. In the following paragraphs, the interaction among the element class and the 

abovementioned surface classes is explained.  

 

In the post-yield behaviour, the incremental force and the element tangent stiffness can be 

obtained as:  

              (4.1) 

 

and 

                     
            

  
         (4.2) 
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where      is the quasi-elastic stiffness matrix,      is the plastic stiffness,     is the 

yield surface gradient, and      is the vector of incremental displacement. As described 

in detail in the formulations in Chapter 3, if the incremental force causes the trial force to 

drift away from the yield surface, the trial force is returned to the yield surface using 

force-recovery techniques. Hardening response is implemented by kinematic evolution of 

the yield surface based on      ,  

                           (4.3) 

 

where       is the vector of incremental plastic deformations and     is the magnitude of 

plastic deformations given by: 

                    
  
             (4.4) 

 

The trial displacements are obtained from the element end nodes. The quasi-elastic 

stiffness is the property of the element and the plastic stiffness is obtained through the 

yield surface. The element requires the magnitude     to calculate the inelastic portion of 

deformations and the yield surface requires     to determine      . The gradient is the 

property of the yield surface formulation. Upon obtaining the plastic stiffness and the 

gradient,     can be calculated by the element and provided to the yield surface.   

 

In the post-shear failure behaviour, the shear force-deformation relation is governed by 

degradation in stiffness that results in a softening response. The incremental force is 

calculated using the degraded tangent stiffness matrix, as described in Section 3.3.4.3.2. 

The negative degradation stiffness      used in the determination of the total degraded 
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tangent stiffness is the property of the shear failure surface. It is calculated based on the 

shear force in the element at shear failure and the drifts at shear failure and axial failure, 

as given in Equation (3.57). The total deformations which are a combination of the 

flexural and shear components given by:  

          (4.5) 

 

are calculated by the element. The degradation coefficient   given in Equation (3.99) is 

determined within the shear failure surface class and is used by the element to obtain the 

total degraded tangent stiffness based on a flexibility approach as described in Section 

3.3.4.3.2.   

 

Upon computing the trial force, the element calls the yield surface class to conduct a 

check for yielding. The yield surface class returns the status of the trial force to the 

element. If yielding has been detected, the above mentioned interactions between the 

element class and the yield surface class take place to determine the inelastic portion of 

the deformation, recalculate the trial force and update the element tangent stiffness. Next, 

the element calculates the shear forces from equilibrium.  

 

The flexure-shear interaction in the post-yield behaviour is governed by the shear limit 

surface model, as described in Section 3.3.3.2. To reduce the initial shear strength after 

developing flexural plastic hinges at the element ends, the initial shear failure surface is 

contracted under pronounced flexural displacement ductility demand. The shrinkage of 

the shear failure surface under such conditions is controlled by monitoring the element’s 
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flexural displacement ductility demand imposed about each axis, and updating the shear 

failure surface as governed by a shear limit surface.  

 

The element provides the current flexural displacement ductility to the shear limit surface 

class. The latter calculates the reduction factor for the shear capacity and passes it onto 

the shear failure surface class. Next, the element calls the updated shear failure surface to 

conduct a check for shear failure. If shear failure has been detected, the interactions 

between the element class and the shear failure surface class described above take place 

to calculate corrected force consistent with the updated shear capacity and obtain the 

element tangent stiffness.  

 

In the case where yielding has not been detected by the yield surface class, the element 

calls the shear failure surface using the elastic trial force. If shear failure is detected by 

the surface class, the same process is followed as described above. This case represents 

behaviour governed by brittle shear failure.  

 

The InelasticGNL3D class is designed to fully implement the general state determination 

process for monotonic response, and the classes derived from it inherit these capabilities. 

Two final classes are derived from this class, as explained in the following sections. 

 

4.4.1.2.1 Inelastic Element for Monotonic Response (InelasticMON3D) 

InelasticMON3D is a final class derived from InelasticGNL3D, as shown on Figure 4-4. 

The collaboration diagram of InelasticMON3D class is shown on Figure 4-6. It provides 
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the same constant elastic local tangent stiffness matrix as ElementGNL3D. The 

capabilities of this class include large deformation effects, axial force-flexure 

interactions, post-yield hardening, post-yield flexure-shear interactions, axial force-shear 

force interactions and post shear failure softening. Since its elastic stiffness does not 

include cyclic degradations, i.e. remains constant upon unloading/reloading, this element 

class is suitable only for monotonic response analysis such as "push over" analysis.  

 

4.4.1.2.2 Inelastic Element for Cyclic Response (InelasticCYC3D) 

InelasticCYC3D is the other final class derived from InelasticGNL3D, as shown on 

Figure 4-4. It inherits the same capabilities from the parent class as InelasticMON3D. In 

this class, the cyclic degradation capabilities are included as described next.  

 

The InelasticCYC3D class has pointers to cyclic control models, one for each end of the 

element. The collaboration diagram for this class is shown on Figure 4-7. This class 

provides the elastic local tangent stiffness matrix as the base matrix at the start of the 

analysis, which is used until detecting inelastic behavior. During inelastic excursions, the 

member accumulates damage which leads to degradation in unloading and reloading 

stiffness as well as reduction in strength in the cyclic response, as described in Section 

1.2. During the state of unloading after yielding in flexure and/or failing in shear and the 

state of reloading prior to reaching either of the failure surfaces, the InelasticCYC3D 

element class interacts with the cyclic control models to update the elastic stiffness 

matrix using the appropriate cyclic degradation model. At each step of the analysis, the 

element provides the current element forces and deformations for each end to the cyclic 
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control models. Depending on the current state and the response history of the element, 

e.g. prior flexural yielding or failure in shear, the cyclic control class engages the 

appropriate cyclic degradation model to calculate the required damage indices. The 

damage indices are then returned to the element which uses this data to degrade the 

stiffness and strength parameters, thus achieving quasi-elastic degraded cyclic response.   

 

The interactions between the element and the cyclic control models enable the process of  

tracking the evolution of damage and its effects on the gradual deterioration in stiffness 

and loss of strength. This process is captured by the event-based formulation where an 

“event” occurs when the loading state of the element changes, as described in Section 

3.4. The cyclic control class implements the event-based formulation as explained in the 

subsequent sections on cyclic degradation models.  

 

The InelasticCYC3D class is designed to incorporate the most sophisticated modeling 

capabilities and is suitable for capturing cyclic behaviour of reinforced concrete beam-

columns. It also requires the most parameters for the constructor, compared to the other 

elements described above.   

 

4.4.2  Yield Surface Classes 

The part of inelastic modeling that involves the axial force-bending moment interaction  

is based on yield surface plasticity theories as described in Section 3.3.1. The yield 

surface is assumed to be a continuous, convex, rate dependent limit state function of axial 

force and bending moments on a cross-section of the member. With respect to the 
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implementation of the formulations, the interactions between the element class and the 

yield surface class occur at three occasions. First, the element requires the location of the 

current state of element end forces relative to the yield surface to determine whether the 

current state is elastic or inelastic. The element class provides the current force state to 

the yield surface class, and the yield surface class performs the required checks and 

returns the current status to the element. Second, if the force state is on the yield surface, 

the element requires the yield surface gradient and an associated plastic stiffness for 

computing the element tangent stiffness. The calculation of the gradient for the current 

force state is performed within the yield surface class and provided to the element. The 

yield surface class also obtains the plastic stiffness from a plastic stiffness material model 

and passes it to the element. Thirdly, during the force recovery process, the force state 

that shoots through the yield surface needs to be retrieved onto the surface. The yield 

surface class performs the required force recovery operations, balances the end forces and 

provides these updates to the element.  

 

An abstract base class for the yield surface is created that declares public virtual methods 

to provide the required functionality for interactions with the inelastic element. The 

inelastic beam-column element is associated with two yield surface objects, one for each 

end as mentioned in the previous section. By creating a separate class for the yield 

surface, the independence of the yield surface implementation from the element 

implementation is ensured. In the element formulation, the force state is described in a 

vector format which contains forces as well as moments with their respective units. In the 

yield surface formulation, the force state is described by a point defined by three 
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normalized coordinates on a 3D non-dimensional surface. To facilitate the interactions 

with the element, the yield surface class implements protected methods for transforming 

the data types (vectors, matrices) from the client system (the element) to the appropriate 

yield surface system and vice-versa. These methods will be referred to as transformation 

functions.  

 

The hierarchy of the proposed yield surface implementation consists of three levels, as 

shown on Figure 4-8. The abstract base class YieldSurfaceMD, as mentioned above, 

provides the interface for interactions with the element which is the client for the yield 

surface class. The second level is based on the yield surface dimensions. At this level, the 

class YieldSurfacePMM3D is derived from the base class and provides the functionality 

for 3D surfaces, suitable for use by 3D elements. New pure virtual methods are declared 

at the second level to obtain surface specific information and implement numerical issues 

pertinent to 3D space. The final classes provide specific formulas for different yield 

surface models. At the final level, only two methods need to be implemented, one for 

computing the drift of the force state from the surface, and the second for computing the 

gradient of the surface at a point. In this research, the yield surface model proposed by 

El-Tawil (1996) is considered for final class implementation, class ElTawil3D, but other 

models can be added.  

 

This class hierarchy structure provides an optimal class design with focus on extensibility 

and flexibility. The main advantage is that the higher level classes deal with client 

interactions and numerical computations. At the final level, different yield surface models 
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can be added without complications by implementing two methods for drift and gradient 

which are specific to the yield-surface shape.  

 

4.4.3 Shear Failure Surface Classes 

The shear failure modeling is based on shear failure surface which defines the axial force-

shear force interaction as described in Section 3.3.2. Similarly to the yield surface, the 

shear failure surface is assumed to be a continuous, convex function of axial force and 

shear forces on a cross-section of the member. The inelastic beam-column element is 

associated with two shear failure surface objects, one for each end, in addition to the 

yield surface objects. In the implementation of the formulations, the element first checks 

for yielding and interacts with the yield surface class if yielding is detected as described 

in the previous section. Next, the element checks for shear failure through the following 

interactions. First, the element requires the location of the current state of element end 

forces with respect to the shear failure surface to determine whether the current state is 

one of shear failure or not. The element class provides the current force state to the shear 

failure surface class, and the surface class carries out the required checks and returns the 

status to the element. Second, if the force state is on the shear failure surface, the element 

requires the respective degradation stiffness for computing the element tangent stiffness. 

The shear failure surface class obtains the degradation stiffness from a degrading shear 

stiffness material class and passes it to the element. Lastly, the force state that shoots 

through the shear failure surface needs to be retrieved to the surface through the force 

recovery process. The shear failure surface performs the required force recovery 

operations, balances the end forces and provides them to the element class.  
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The hierarchy of the proposed shear failure surface implementations follows a similar 

philosophy as the yield surface class hierarchy. As shown on Figure 4-9, the hierarchy 

comprises three levels. The abstract base class ShearFailureSurfaceMD provides the 

interface for the interactions with the client - the element class. In the shear failure 

surface formulation, the force state is described by a point defined by three normalized 

coordinates on a 3D non-dimensional surface. The shear failure surface class implements 

transformation functions at the abstract base level to facilitate the interactions with the 

element, similarly to the yield surface class. At the second level of hierarchy, the class 

ShearFailureSurfacePVV3D defines the dimensions and provides the functionality for 3D 

shear failure surface. The final classes derived from ShearFailureSurfacePVV3D class 

provide specific formulas for different shear failure surface models. At the final level, 

only two methods need to be implemented, one for computing the drift of the force state 

from the surface, and the second for obtaining the stiffness degradation coefficient. 

Variety of shear failure surface models can be added under the final class, and the 

proposed hierarchy structure facilitates the extensibility and the independence of the 

shear failure surface implementation from the element implementation. 

 

4.4.4 Yield Surface Evolution Classes 

The part of inelastic modeling that captures hardening behaviour after yielding has 

occurred is based on evolution rules which determine how the yield surface evolves in 

space as described in Section 3.3.1.  The yield surface models used with the elements 

provide the axial force-bending moment interaction. To enable the yield-surface 
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evolution implementation, a new class structure is introduced that provides the following 

functionalities: managing the yield surface evolution; obtaining plastic stiffness; and 

providing direction of evolution.  

 

Each yield surface object, which is defined for an element end, is associated with a yield-

surface evolution model to implement the abovementioned functionalities required for 

modeling hardening behaviour. The hierarchy structure of the proposed evolution model 

is shown on Figure 4-10. As a new model introduced in the OpenSees framework, it is 

derived from classes TaggedObject and Movable Object. The abstract base class 

YS_EvolutionMD has two main functions required for the interactions with its client, the 

yield surface class. First, the base class declares the public methods that the yield surface 

object can invoke, such as functions for obtaining plastic stiffness and evolving the 

surface. Second, it implements methods for storing the attributes required to manage the 

surface evolution. This is achieved by maintaining mapping between the initial state and 

the subsequent deformed state. Yield surface objects can invoke the mapping methods to 

translate the current state of force to the original state and use the equations describing 

the surface directly to compute drift or gradient, as described in details in Section 3.3.1.  

 

At the second level of abstraction, class YS_Evolution3D is based on the dimensions of 

the yield surface. In this case, it is developed for 3D surfaces. The combined isotropic 

and kinematic transformations for 3D yield surfaces are implemented at this level. The 

final classes derived from class YS_Evolution3D are only required to implement methods 
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for providing plastic stiffness. The collaboration diagram for PlasticHardening3D final 

class is shown on Figure 4-11.  

 

Besides the abstract class YS_Evolution3D, a final class Null_Evolution3D is also 

derived from the base class as shown on Figure 4-10. Null_Evolution3D specifies zero 

translation of the surface, so the surface remains at its initial position in space. When this 

class is associated with a yield surface object, it results in perfectly plastic response, i.e. 

no hardening.  

 

The proposed hierarchy structure leads to a flexible design by providing  the possibility to 

include new evolution models based on plastic stiffness implementation. 

 

4.4.5 Shear Failure Surface Evolution Classes 

The modeling of post-shear failure response to continued loading, which is characterized 

by softening, is based on evolution rules that govern the evolution of the shear failure 

surface in space. As described in Section 3.3.2 a non-uniform contraction rule determines 

the change of the surface in both size and shape by allowing the surface to contract 

differently in each direction. The shear failure surface models associated with the element 

ends provide the axial force-shear force interaction. Similarly to the yield surface 

evolution implementation, a new class structure is introduced to deal with the shear 

failure surface evolution by providing the following functionalities: managing the surface 

evolution by mapping, obtaining degradation stiffness, and providing direction of 

evolution.  
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Each shear failure surface object defined for an element end is associated with a surface 

evolution model to implement the abovementioned functionalities required for modeling 

post-shear failure softening behaviour. Figure 4-12 shows the hierarchy of the proposed 

shear surface evolution model. The abstract base class SFS_EvolutionMD has two main 

functions required for the interactions with its client, the shear failure surface class. First, 

the base class declares the public methods that the shear failure surface object can invoke, 

such as functions for obtaining degradation stiffness and evolving the surface. Second, it 

implements methods for storing the attributes required to manage the surface evolution 

by maintaining mapping between the initial state and the subsequent deformed state. This 

implementation follows a similar philosophy to that of the yield surface evolution model. 

Shear failure surface objects can invoke the mapping methods to expand the current state 

of force, which is on the contracted surface, to the original undeformed state. This 

mapping allows using the equations that describe the surface directly in computing the 

softening component,     
  , and performing the iterative analysis procedures, as 

described in details in Section 3.3.2.  

 

Class SFS_Evolution3D which represents the second level of abstraction in the proposed 

implementations is based on the dimensions of the shear failure surface. The contraction 

transformations for 3D shear failure surfaces are implemented at this level. The final 

classes derived from class SFS_Evolution3D are only required to implement methods for 

providing degradation stiffness. The SFS_NonUniform3D final class is provided for 

implementing the non-uniform contraction rule that allows using a different degradation 
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stiffness quantity for each direction, whereas the SFS_Isotropic3D final class is used to 

provide the same degradation stiffness which results in uniform shrinking of the surface. 

The collaboration diagram for SFS_NonUniform3D final class is shown on Figure 4-13. 

 

4.4.6 Plastic Stiffness Classes 

As described in the previous sections, surface evolution models are required to obtain 

current stiffness relationships for each force component of the surface. To implement this 

functionality, yield surface evolution models have pointers to plastic flexural stiffness 

models and shear failure surface evolution models have pointers to degrading shear 

stiffness models. These stiffness models are implemented as separate classes derived 

from Material class. The hierarchy structures of the proposed PlasticFlexuralStiffness 

class and DegradingShearStiffness class are shown in Figures 4-14 and 4-15, 

respectively.  

 

The PlasticFlexuralStiffness class provides a relationship between the plastic flexural 

stiffness    and either plastic deformations or a normalized force component depending 

on the evolution type. The base class provides the interface for the interactions with the 

yield surface evolution model and the final classes are required to implement the methods 

for getting plastic stiffness. The final classes derived from PlasticFlexuralStiffness class 

are NullPlasticStiffness, MultiLinPlasticStiffness and DamagePlasticStiffness classes. 

NullPlasticStiffness class returns a zero plastic stiffness and can be used for elastic-

perfectly plastic response. MultiLinPlasticStiffness class is intended for providing a 

multilinear relationship between    and the plastic deformations which results in 
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reduction of the amount of hardening in the response with increasing plastic 

deformations. DamagePlasticStiffness class is intended for providing plastic flexural 

stiffness as a function of a damage  index which reduces the amount of hardening in the 

response with the accumulation of damage.  

 

Similarly, the DegradingShearStiffness class provides a relations between the degradation 

stiffness      and either plastic shear deformations or a normalized force component. 

The base class interacts with its client, the shear failure surface evolution model, and the 

final classes are required to implement the methods for obtaining degradation stiffness. 

The final classes derived from DegradingShearStiffness class are DriftAxialFailure, 

MultiLinDegradStiffness and DamageDegradingStiffness classes. DriftAxialFailure class 

is required to provide degradation stiffness as a function of the shear force and the drift at 

shear failure. MultiLinDegradStiffness class is intended for proving a multilinear 

relationship between      and the shear deformations which results in increased 

softening with increasing deformations. DamageDegradingStiffness class is intended for 

providing degradation stiffness which decreases based on a damage index and results in 

further softening with damage accrual.   

 

4.4.7 Shear Limit Surface Classes 

To capture the degradation of shear strength in the plastic hinge region, the shear failure 

surface is contracted with increasing flexural displacement ductility demand by using a 

shear limit surface, as described in Section 3.3.3. A new class called ShearLimitSurface 

class is created to provide this functionality in the implementations.  
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The shear limit surface models obtain the current displacement ductility from the element 

and provide a relationship for reducing the initial shear strength based on ductility 

demand. The shear limit surface models have pointers to the shear failure surface 

evolution models and pass the computed reduction in shear strength to the evolution 

models which control the contraction of the shear failure surface.  

 

The hierarchy structure of the ShearLimitSurface class is shown on Figure 4-16. The base 

class implements the interface for interaction with the element and the evolution model. 

The final classes are only required to provide specific relationships between shear 

strength and displacement ductility demand.  

 

4.4.8 Cyclic Control and Cyclic Model Classes 

Cyclic models are used to control the response of the element during the state of 

unloading that follows after yielding in flexure and/or failure in shear and through the 

state of reloading prior to reaching either of the surfaces, as described in Section 3.4. 

Cyclic models define the constitutive relationship to model the quasi-elastic part of the 

response that is characterized by degradation of stiffness and deterioration of strength. 

Formulation of the cyclic models is based on an event-based strategy as explained in 

Chapter 3, where an event occurs when the loading state of an element changes. Cyclic 

models are required to predict the variation of the element tangent stiffness along a future 

excursion. This task can be accomplished by assuming the nature of the future 

excursions, whether it is a full cycle or a half cycle, based on previous cyclic history and 

creating an appropriate trial path for that excursion.  
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From a modeling perspective, a separate class structure for cyclic control can be 

developed that manages the event-based strategy and is independent of the inelastic 

behaviour modeling handled by the surface class models and the evolution class models. 

An element can then be associated with cyclic control model which deals with the quasi-

elastic degraded hysteretic response. New cyclic model classes can be developed to 

capture  the various characteristics of hysteretic response, e.g. stiffness degradation,  

peak-oriented reloading stiffness, pinching, cyclic strength degradation. Following a 

systematic approach, the individual cyclic model classes defined for each type of cyclic 

response perform the interactions with the element entirely through the cyclic control 

class which invokes the appropriate class based on the previous cyclic history.  

 

In this research, the element class InelasticCyc3D is associated with a cyclic control 

model as shown on the element collaboration diagram on Figure 4-7. The hierarchy 

structure of the proposed cyclic control class is shown in Figure 4-17. As a new model 

introduced in the OpenSees framework, it is derived from classes TaggedObject and 

Movable Object. The abstract base class CyclicControl has four main functions required 

for the interactions with its client, the element class. First, the base class declares the 

public methods that the element object can invoke, such as functions for obtaining trial 

element tangent stiffness. Second, it implements methods for storing the attributes 

required to manage the event-based strategy, such as history of previous peak and cross-

over events. Third, it invokes the appropriate cyclic model for predicting the variation of 

tangent stiffness. Fourth, it interacts with damage models to obtain current damage 
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indices and passes this information to cyclic models for calculating damage-based 

stiffness and strength degradations. These relationships are schematically shown on the 

collaboration diagram on Figure 4-18.  

 

As mentioned in previous sections, the force state is described in a vector format with 

respective units for forces and moments in the element formulation. The cyclic models 

operate in a normalized 2D space such that the initial tangent is equal to unity and the 

factor for element stiffness is simply the tangent of the hysteretic model corresponding to 

the current load step. To facilitate the interactions between the element and the cyclic 

model classes, the cyclic control class also implements methods for performing the 

required transformations of the data types (vectors, matrices) from the element system to 

the appropriate cyclic model system and vice-versa. The final class CyclicControl3D 

provides transformation functions for 3D elements.  

 

The cyclic control class acts as a hub by gathering information on the current state of 

force, the history of previous excursions and damage progression, and connecting the 

element object with the appropriate cyclic model object.  In accordance with object 

oriented design, the base class CyclicControl evaluates the current status, implements the 

state transition and keeps account of the events at the start and end of the current path.  

 

The cyclic model classes are required to provide the specific functions for the path 

followed between the events marking the start and the end of the path. The following 
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cyclic model classes are proposed in this research: CyclicStiffness, CyclicPinching and 

CyclicStrengthDegradation.  

 

The CyclicStiffness class handles the quasi-elastic response of elements that have 

undergone yielding in flexure but have not experienced failure in shear. This class 

provides the effective stiffness factor for the unloading stiffness after yielding and for the 

reloading stiffness prior to reaching the yield surface. The hierarchy structure of 

CyclicStiffness class is shown on Figure 4-19. The derived subclasses are 

LinCyclicStiffness and BiLinCyclicStiffness. The final class LinCyclicStiffness is 

provided for obtaining a constant tangent stiffness factor that is the same for unloading 

and reloading, whereas BiLinCyclicStiffness is provided for obtaining different tangent 

stiffness factors for unloading and reloading. The reloading stiffness factor can be peak-

oriented. 

 

The CyclicPinching class deals with the quasi-elastic response of elements that have 

suffered failure in shear.  It provides the effective stiffness factor for the unloading 

stiffness and for the reloading stiffness which incorporates the pronounced effects of 

pinching common for element response governed by failure in shear. The hierarchy 

structure of Cyclicpinching class is shown on Figure 4-20. The final class 

MultiLinPinching derived from the base class provides the specific functions for the 

stiffness factors for unloading, pinching and peak-oriented reloading.  

 



 358 

The CyclicStrengthDegradation class has a different function from the cyclic models 

described above which are used to provide tangent stiffness factors for the quasi-elastic 

states. CyclicStrengthDegradation class is used in modeling the loss of strength under 

repeated load reversals by using cumulative damage indices based on hysteretic energy. 

During reloading in the quasi-elastic degraded range of response CyclicControl class 

obtains cumulative damage indices from the damage model classes and provides this 

information to CyclicStrengthDegradation class. The latter has to calculate effective 

degradation indices for contracting the surface models based on the accumulated damage 

and provide the indices back to the CyclicControl class. Since the CyclicControl class 

keeps  account of the previous events, it contacts the appropriate surface evolution model 

object to contract either the yield surface if yielding in flexure has previously occurred or 

the shear failure surface if failure in shear has been experienced. The CyclicControl class 

also uses the information on degradation indices obtained from the 

CyclicStrengthDegradation class to control the CyclicStiffness class and the 

CyclicPinching class in determining the peak-oriented reloading stiffness factor based on 

the updated/contracted surface models. The hierarchy structure of 

CyclicStrengthDegradation class is shown on Figure 4-21. The derived final class is 

DamageDegradingStrength. It is provided for implementing specific functions for 

calculating the damage-based degradation indices.  

 

Another class that is introduced for modeling the quasi-elastic response is 

BiaxialEffectStiffness. This class deals with the coupling in stiffness degradation in two 

transverse directions for modeling 3D behaviour. This is achieved by using degradation 
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factors based on the accumulated damage during positive and negative excursions in the 

direction of loading as well as the direction at right angles as described in Section 3.4. 

The BiaxialEffectStiffness class obtains current information on damage indices from the 

CyclicControl class similarly to the CyclicStrengthDegradation class. It then uses the 

damage indices to calculate degradation factors for modifying the unloading and 

reloading tangent stiffness for each direction. The CyclicControl class provides the 

degradation factors obtained by the BiaxialEffectStiffness class to either the 

CyclicStiffness class or the CyclicPinching class depending on the previous history of 

events and the projected future path. The hierarchy structure of BiaxialEffectStiffness 

class is shown on Figure 4-22. The derived subclasses are IsoBiaxEffect and 

NonUniBiaxeffect. The final class IsoBiaxEffect is provided for obtaining the same 

degradation factors for the tangent stiffness in every direction regardless the direction of 

previous loading, whereas NonUniBiaxeffect is provided for obtaining different 

degradation factors for the tangent stiffness in each direction. The degradation factors can 

be based on weighting coefficients that are functions of the amplitude of previous 

excursions.  

 

The proposed class hierarchy structures of the cyclic model classes and the collaborative 

relationships between the cyclic model classes and the cyclic control class provide an 

optimal class design with focus on extensibility and flexibility. The main advantage is 

that the cyclic control class deals with client (element and surface evolution models) 

interactions at the higher level. By creating a separate group of classes to deal with the 

quasi-elastic response, the independence of the cyclic behaviour modeling 
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implementation from the inelastic behaviour modeling implementation handled by the 

surface and evolution models is ensured. Other cyclic model classes can be added within 

the cyclic control structure without complications. 

 

4.4.9 Damage Model and Damage Progression Classes 

As described in the previous section, the cyclic control class is required to obtain 

information on damage indices and to keep track of damage accumulation. Damage 

indices are used by cyclic model classes to determine damage-based stiffness and 

strength degradations. To implement this functionality, the cyclic control model has 

pointers to damage models and damage progression recorder. These damage models and 

damage progression recorder are implemented as separate new classes derived from 

classes TaggedObject and Movable Object. The hierarchy structures of the proposed 

DamageModel class and DamageProgression class are shown in Figures 4-23 and 4-24, 

respectively.  

 

The DamageModel class provides damage indices based on plastic deformations or 

hysteretic energy, or a combination of the two. The base class provides the interface for 

the interactions with the cyclic control class and the final classes are required to 

implement specific functions for calculating damage indices. Current state of force and 

plastic deformations required for calculation of damage indices is provided by the cyclic 

control model. Final classes can be implemented that calculate damage indices based on 

models proposed by Park and Ang (1985), Kratzig et al. (1989), Mehanny and Deierlein 

(2000), among others. 
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The DamageProgression class is provided for storing information on damage 

accumulation. The base class provides the interface for the interactions with the cyclic 

control class and the final class provides the functionality for recording the damage 

indices at each converged step of the analysis for the damage models invoked by the 

cyclic control class. When the cyclic control model obtains current damage indices from 

the damage model, the former passes this information to the damage progression recorder 

for storing and making it available as output at the end of the analysis. 

 

4.5 Implementation Examples  

 

4.5.1 Example on Cyclic Stiffness Model Event-Based Strategy 

The example presented here demonstrates the application of the event-based strategy 

developed for the state determination of the cyclic stiffness model using consistent 

conditions generalized for positive and negative cyclic excursions.  

 

The cyclic response used for this example is shown on Figure 4-25. The events are 

indicated on the force-deformation curve with their respective values. Events 1 and 4 

mark the initial yielding in the positive and negative directions, respectively. Event 4 is 

created using the force and deformation values of event 1 but with negative sign and it is 

used in the peak-oriented model in the initial reloading in the opposite direction. After the 

initial yielding in the positive and negative direction, events 1 and 4 are no longer stored 

by the cyclic control model since they are not actual peak events. The positive peak 
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events are events 2, 7, 8, 12, 13 and 17. The negative peak events are events 5, 10 and 15. 

It can be noticed that event 7 duplicates event 2 but it is given an individual designation 

to distinguish from the peak in the previous cycle. The actual peak event to be stored by 

the cyclic control model during the course of analysis is only event 2 and its force-

deformation values are assigned to the fictitious peak event 7 which is used in the 

subsequent cycle of positive excursions in the peak-oriented model. The same 

relationship is valid for the couples of peak events 8 and  12, and 13 and 17. The negative 

peak events 10 and 15 are marked with an asterisk to note that these are not actual events 

since they are not reached in the cyclic response. The force-deformation values of event 5 

are assigned to events 10 and 15 as these are used in the peak-oriented model for the 

negative excursions. 

 

The conditions used to check and determine the loading state of the member subjected to 

cyclic load reversals are presented in Table 4-1. Events mark the beginning and the end 

of a loading path as indicated in Table 4-1 and depending on the condition status, the 

event type is identified as peak or cross-over. The details of the member cyclic response 

are provided in Table 4-2. It can be noted that when a peak event is identified, the current 

half cycle is determined as a primary half cycle. In the case where a peak event is not 

reached, the half cycle is determined as a follower half cycle. Half cycle No. 5 in this 

example is a follower half cycle. The half cycles in this example are also identified on the 

displacement history shown on Figure 4-25. The positive peak event 8 is greater than the 

previous peak in the positive excursions (peak event 2), thus the half cycle is determined 

as primary and the new peak event (event 8) is recorded and stored by the cyclic control 
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model. Positive cross-over events occur after negative cross-over events in the case of 

unloading prior to reaching zero point in terms of deformations and the peak in the 

opposite direction. The positive cross-over events mark an incomplete half cycle. It can 

be noticed from this example that complete half cycles have only negative cross-over 

events (half cycles No. 1, 2 and 4), whereas incomplete half cycles contain both negative 

and positive cross-over events (half cycle No. 3). Based on their attributes, the following 

half cycle types are distinguished: primary complete; primary incomplete; follower 

complete; and follower incomplete. 

 

Since the events in the future excursions are unknown at the current step, it is assumed 

that the current half cycle is a primary complete half cycle. When the condition checks 

yield a different result, the half cycle type is redefined as a follower or incomplete, and 

the corresponding steps in the flow of the condition checks are undertaken. For instance, 

the fictitious peak event 10 is created in the beginning of half cycle No. 3 using the force-

deformation values of the previous peak in the negative excursions (event 5)  and it is 

assumed that the new peak (event 10) will be reached in the reloading state. The 

identification of a positive cross-over event (event 11) determines half cycle No. 3 as 

incomplete and triggers the start of a new cycle and the creation of a new fictitious 

positive peak event (event 12) which is to be followed in the new reloading state. 

 

4.5.2 Examples with Cyclic Models  

The examples presented here demonstrate the viability of the proposed cyclic degradation 

models. Figure 4-26 shows the column dimensions and details of reinforcement as well as 
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the deflection history. In the first example, the details of the column and the deflection 

history are similar to the ones of test specimen U1 in Saatcioglu and Ozcebe (1989). As 

reported by Saatcioglu and Ozcebe (1989), the specimen developed its full flexural yield 

strengths prior to shear failure. Figure 4-27 shows the lateral load - top displacement 

cyclic response of the model, capturing stiffness degradation and cyclic strength 

deterioration. In the second example, the same column is used but with increased spacing 

between the transverse reinforcement such that the shear strength is around 200 kN and is 

less than the shear strength required to develop the full flexural yield strength. Figure 4-

28 shows the lateral load - top displacement cyclic response of the model, which 

undergoes brittle shear failure prior to yielding and exhibits softening under increased 

displacement and pronounced stiffness degradation and pinching.    
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Table 4-1 Condition checks for loading state 

 

Path 

ID 

 

Event 

ID 

 

Event 

Type 

 

Excursion 

Type 

 

 

Condition Check 

 

Condition Status 

 

Loading State 

0 - 1 - - Positive                         Loading 

- 1 YS Positive                         Loading 

1 - 2 - - Positive                         Loading 

- 2 + P Positive   Transition, Peak, Positive  

2 - 3 - - Positive            ;                     ;          Unloading 

- 3 - C Positive            ;         ;                     ;         ;          Transition, Cross-over, Negative 

3 - 4 - - Positive                                     Reloading in the opposite direction 

   Negative                         Reloading in the opposite direction 

- 4 YS Negative                         Reloading in the opposite direction 

4 - 5 - - Negative                         Reloading in the opposite direction 

 5 - P Negative   Transition, Peak, Negative 

5 - 6 - - Negative            ;                     ;          Unloading 

 6 - C  Negative            ;         ;                     ;         ;          Transition, Cross-over, Negative 

6 - 7 -  - Negative                                     Reloading in the initial direction  

   Positive                         Reloading in the initial direction 

- 7 YS Positive                         Reloading in the initial direction 

7 - 8 - - Positive                          Reloading in the initial direction 

-  8 + P Positive   Transition, Peak, Positive 

8 - 9 - - Positive            ;                     ;          Unloading 

- 9 - C  Positive            ;         ;                     ;         ;          Transition, Cross-over, Negative 
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Table 4-1 (Continued)  

 

Path 

ID 

 

Event 

ID 

 

Event 

Type 

 

Excursion 

Type 

 

 

Condition Check 

 

Condition Status 

 

Loading State 

9 - 10 -  - Positive                                     Reloading in the opposite direction 

- 10* - P Positive   Negative peak not reached 

10 -11 - - Positive                                     Unloading in the opposite direction 

- 11 + C Positive                   

        ;          

                  

        ;          

Transition 

Cross-over, Positive 

11 -12 -  - Positive                         Reloading in the initial direction  

-  12 YS Positive                         Reloading in the initial direction 

12 -13 - - Positive                         Reloading in the initial direction 

- 13 + P  Positive   Transition, Peak, Positive 

13 -14               ;                     ;          Unloading 

- 14 - C  Positive            ;         ;                     ;         ;          Transition, Cross-over, Negative 

14 -15 - - Positive                                     Reloading in the opposite direction  

 - - Negative                         Reloading in the opposite direction 

- 15* - P  Negative   Negative peak not reached 

15 -16 - - Negative            ;                     ;          Unloading 

- 16 - C  Negative            ;         ;                     ;         ;          Transition, Cross-over, Negative 

16 -17 - - Negative                                     Reloading in the initial direction  
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Table 4-2  Cyclic response details 

 

Path  

 

 

Event  

 

Event  

 

Excursion  

 

Response  

 

Force 

 

Displ. 

 

Half Cycle Details 

ID 

 

ID Type Type Type kN mm ID Type 

0 - 1 - - Positive Elastic   1 Primary Complete 

- 1 YS Positive Yielding 400 3 1 Primary Complete 

1 - 2 - - Positive Inelastic   1 Primary Complete 

- 2 + P Positive  533 15 1 Primary Complete 

2 - 3 - - Positive Quasi elastic degraded   1 Primary Complete 

- 3 - C  Positive  0 10 1 Primary Complete 

3 - 4 - - Positive Quasi elastic degraded   1 Primary Complete 

 - - Negative    2 Primary Complete 

- 4 YS Negative Yielding -400 -3 2 Primary Complete 

4 - 5 - - Negative Inelastic   2 Primary Complete 

 5 - P  Negative  -533 -15 2 Primary Complete 

5 - 6 - - Negative Quasi elastic degraded   2 Primary Complete 

 6 - C   Negative  0 -10 2 Primary Complete 

6 - 7 -  - Negative Quasi elastic degraded, peak-oriented   2 Primary Complete 

 - - Positive    3 Primary Incomplete 

- 7 YS Positive Yielding 533 15 3 Primary Incomplete 

7 - 8 - - Positive  Inelastic   3 Primary Incomplete 

-  8 + P Positive  540 19 3 Primary Incomplete 

8 - 9 - - Positive Quasi elastic degraded   3 Primary Incomplete 
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Table 4-2 (Continued)  

 

Path  

 

 

Event  

 

Event  

 

Excursion  

 

Response  

 

Force 

 

Displ. 

 

Half Cycle Details 

ID 

 

ID Type Type Type kN mm ID Type 

- 9 - C  Positive  0 13 3 Primary Incomplete 

9 - 10 -  - Positive Quasi elastic degraded, peak-oriented   3 Primary Incomplete 

- 10* - P  Positive  -533 -15 3 Primary Incomplete 

10 -11 - - Positive Quasi elastic degraded   3 Primary Incomplete 

- 11 + C  Positive  0 4.5 3 Primary Incomplete 

11 -12 -  - Positive Quasi elastic degraded, peak-oriented   4 Primary Complete 

-  12 YS Positive Yielding 540 19 4 Primary Complete 

12 -13 - - Positive Inelastic   4 Primary Complete 

- 13 + P  Positive  543 23 4 Primary Complete 

13 -14 - - Positive Quasi elastic degraded   4 Primary Complete 

 14 - C  Positive  0 16 4 Primary Complete 

14 -15 - - Positive Quasi elastic degraded, peak-oriented   4 Primary Complete 

 - - Negative Quasi elastic degraded, peak-oriented   5 Follower Incomplete 

- 15* - P  Negative  -533 -15 5 Follower Incomplete 

15 -16 - - Negative Quasi elastic degraded   5 Follower Incomplete 

 16 - C  Negative  0 -6 5 Follower Incomplete 

16 -17 - - Negative Quasi elastic degraded, peak-oriented   5 Follower Incomplete 

- 17* + P  Positive  543 23 5 Follower Incomplete 
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Figure 4-1 Conceptual module layout of OpenSees software framework. Reproduced from Fenves et 

al. (2004) 
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Figure 4-2 Main high-level abstractions in OpenSees software framework. Reproduced from Fenves 

et al. (2004) 
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Figure 4-3 Main classes of a finite element model 
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Figure 4-4 Beam-column element class hierarchy 
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Figure 4-5 Element ElasticGNL3D collaboration diagram 
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Figure 4-6 Element InelasticMON3D collaboration diagram 
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Figure 4-7 Element InelasticCYC3D collaboration diagram 
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Figure 4-8 Yield surface class hierarchy 
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Figure 4-9 Shear failure surface class hierarchy 
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Figure 4-10 Yield surface evolution class hierarchy 
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Figure 4-11 PlasticHardening3D collaboration diagram 
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Figure 4-12 Shear failure surface evolution class hierarchy 
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Figure 4-13 SFS_NonUniform3D collaboration diagram 
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Figure 4-14 Plastic flexural stiffness class hierarchy 

 



 383 

 

 

 

 

 

 

 

 

Figure 4-15 Degrading shear stiffness class hierarchy 
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Figure 4-16 Shear limit surface class hierarchy 
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Figure 4-17 Cyclic control class hierarchy 
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Figure 4-18  CyclicControl3D collaboration diagram 
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Figure 4-19 Cyclic stiffness class hierarchy 
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Figure 4-20 Cyclic pinching class hierarchy 
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Figure 4-21 Cyclic strength degradation class hierarchy 
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Figure 4-22 Biaxial effects on stiffness class hierarchy 
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Figure 4-23 Damage model class hierarchy. Reproduced from Altoontash (2004) 
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Figure 4-24 Damage progression class hierarchy 
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Figure 4-25 Cyclic response example 
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Figure 4-26 Example of reinforced concrete column subjected to cyclic loading 
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analytical 

Figure 4-27 Example 1 cyclic response: lateral load - displacement at top of column  
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Figure 4-28 Example 2 cyclic response: lateral load-displacement at top of column 
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5    Chapter: Conclusions and Future Work 

 

5.1 Summary 

The principal objective of this research is to develop the formulation of a comprehensive 

model for seismic response analysis of reinforced concrete structures that captures the 

behaviour of members in new structures designed as ductile as well as non-ductile 

members in existing older deficient structures, and propose a framework for the 

implementations of the new model using object oriented design concepts. This study 

focuses on  beam-column element formulation based on concentrated plasticity approach 

employing force interaction surfaces and evolution models for the generalized plastic 

hinges at the element ends and damage-based cyclic degradation models. The framework 

for the implementations of the proposed model is conceptually developed using object 

oriented design to facilitate the extensibility and flexibility of the model structure 

recognizing the need for future developments.  

 

The main aspects of the behaviour of reinforced concrete members, broadly divided into 

monotonic and cyclic behaviour, are summarized in Chapter 1. Common idealized 

models of beam-columns developed for nonlinear response analysis are presented and 

their underlying formulations are discussed. Within the scope of monotonic behaviour, 

response characteristics of reinforced concrete members, such as effective elastic 

stiffness, nominal yield strength and post-yield hardening were reviewed, and their 

dependency on  parameters, such as reinforcement steel ratio, concrete confinement and 

axial load level was discussed. The cyclic behaviour characteristics were related to the 
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damage accrued during inelastic excursions of repeated reversed cycles. The pronounced 

effects of damage on the gradual degradation of stiffness and loss of strength and the 

approach to quantify the rate of degradation based on damage indices were discussed. 

The specifics of shear critical behaviour observed in reinforced concrete columns in older 

structures with inadequate seismic detailing were discussed. The major types of failure 

were summarized as follows: brittle failure in shear prior to yielding, shear failure at 

relatively low ductility level and post-yield shear failure under large lateral drifts due to 

shear strength reduction in the plastic hinge zone. The cyclic behaviour of non-ductile 

members suffering failure in shear characterized by severe strength degradation and 

significant pinching was also discussed.  

 

Literature review of existing analytical models incorporating flexural and shear effects 

based on concentrated and distributed plasticity concepts is presented in Chapter 2. 

Through careful review of the capabilities and the limitations of existing models, the need 

for development of a comprehensive model that captures the entire range of reinforced 

concrete member behaviour, from ductile to brittle and in between, was identified. The 

full interaction of axial load, flexure and shear effects and the effects of accumulation of 

damage on the three-dimensional monotonic and cyclic behaviour were considered for 

incorporation in the proposed model.  

 

The formulation of the analytical models developed for capturing the behaviour of 

reinforced concrete members designed as ductile as well as non-ductile shear-critical 

column members in existing older structures, which can range from brittle behaviour 
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governed by shear failure to moderately ductile governed by flexure-shear failure, is 

described in Chapter 3. The focus is on concentrated plasticity beam-column models 

since they are computationally more efficient than distributed plasticity fiber models and 

require fewer parameters to capture the degrading behaviour under cyclic loading. These 

features, in general, render concentrated plasticity models more practical for modeling 

complex phenomena like post-shear failure response.  

 

The inelastic behaviour modeling is based on stress-resultant plasticity concepts using 

force interaction surfaces and evolution models. Yield surface is defined to model the 

interaction between axial force and biaxial bending moments. Post-yield force interaction 

and inelastic hardening in flexure is captured by the yield-surface evolution models. 

Shear failure is captured by shear failure surface defined in terms of axial force and shear 

forces. Post-shear failure softening behaviour is captured by shear failure surface 

evolution models. Each generalized plastic hinge at an element end comprises a yield 

surface, a shear failure surface and their associated evolution models. The degradation of 

shear strength in the plastic hinge region with increasing flexural displacement ductility 

demand is captured by using ductility-related shear limit surface associated with the shear 

failure surface evolution model. Force recovery procedures are described for both the 

yield surface and the shear failure surface. A generalized procedure for state 

determination is developed considering different paths in the state transitions that 

encompass the entire spectrum of possible member behaviour varying from ductile 

behaviour governed by flexural yielding through moderately ductile behaviour controlled 
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by shear-flexure interactions in the plastic hinge zone to non-ductile behaviour 

characterized by brittle failure in shear.  

 

The cyclic behaviour modeling is based on the incorporation of damage models in the 

beam-column element formulation to track the evolution of damage and its effects on the 

gradual deterioration in stiffness and loss of strength. During the state of unloading that 

follows after yielding in flexure and/or failure in shear and through subsequent reloading 

prior to reaching either of the surfaces, the quasi-elastic degraded cyclic response is 

controlled by cyclic models capturing the different degradation characteristics. Cyclic 

stiffness model is used to control the degrading stiffness upon unloading after yielding 

and subsequent reloading in the element hysteretic response dominated by flexure. Cyclic 

pinching model is used to provide degradation factors for the stiffness components in the 

post-shear failure cyclic response characterized by softening and pinching. The unloading 

and reloading stiffness components in the cyclic models are degraded using damage 

indices based on plastic deformations and hysteretic energy. Biaxial interaction effects on 

stiffness degradation for behaviour dominated by flexure or shear are also considered 

based on the accumulated damage during positive and negative excursions in each 

direction of loading. Cyclic strength degradation model is developed to capture the loss 

of strength under repeated load reversals by contracting the yield surface and the shear 

failure surface using cumulative damage models based on hysteretic energy. The 

formulation of cyclic models is based on an event-to-event strategy, where an “event” 

occurs when the loading state of the element changes. By applying the concept of full and 

"half" cycles and defining positive and negative peak and cross-over events in the cycles, 
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the developed generalized state determination procedure is demonstrated to be valid for 

both positive and negative excursions.  

 

The framework for the implementations of the proposed models using object oriented 

design is discussed in Chapter 4. Background to object oriented programming concepts in 

the context of the OpenSees software framework and a discussion of the key advantages 

of object based versus procedural finite element analysis programs are also presented in 

this chapter. The individual components of the proposed model are identified and the 

functionalities of each component are defined in the conceptual development of the 

object based design. Abstract base classes are established to describe the behaviour of 

individual components. The interface and the interactions between the abstract base 

classes are also established based on the required functionalities. 

 

In the development process, the features of the proposed inelastic concentrated-plasticity 

model for capturing the behaviour of ductile as well as non-ductile reinforced concrete 

members, including large deformations, inelastic axial load-shear-flexure interactions, 

post-yield hardening, post-shear failure softening, stiffness and strength cyclic 

degradations, are carefully considered and the following base classes are established: 

beam-column element class, yield surface class, yield surface evolution class, shear 

failure surface class, shear failure surface evolution class, shear limit surface class, cyclic 

model class, cyclic control class, damage model class, damage progression class. To 

incorporate the full capabilities for inelastic cyclic behaviour modeling, the element class 

is associated with yield surface and shear failure surface classes, which in their turn are 
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interacting with evolution model classes, and with a cyclic control class, which handles 

damage-based stiffness and strength degradation cyclic models. The independent 

implementations for each of the main components of the formulations within a separate 

base class and the hierarchal structure of the proposed classes are designed to provide a 

comprehensive and flexible design that allows extensibility. 

 

5.2 Conclusions 

The formulation is focused on concentrated plasticity beam-column models employing 

yield surface and shear failure surface models to describe the section behaviour of 

generalized plastic hinges at the element ends. Being a macro model, the concentrated 

plasticity beam-column model is computationally more efficient than distributed 

plasticity fiber models and more suitable for modeling post-shear failure response. 

However, it is challenging to describe the complex behaviour of reinforced concrete 

sections by using only a single equation, which is the basis of yield surface and shear 

failure surface models. Several parameters used in the force interaction surface models 

need to be determined by using either fiber section analysis or empirical relations. 

Particularly for the shear failure surface further experimental research is needed to better 

describe the shear force - axial load interaction. In this study, only force interaction 

surfaces for symmetric sections are considered. Additional effort would be required to 

develop yield surface and shear failure surface models suitable for representing 

asymmetric sections. In the implementation framework of this study, the inelastic 

behaviour modeling that features force interaction surface models and surface evolution 
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models is therefore separated from the element  class to enable adding new models 

describing the section behaviour as they become available.  

 

In the cyclic behaviour modeling careful consideration is given to the development of a 

consistent generalized approach for state determination. The derived set of conditions 

capture the state transitions for cyclic response of members designed as ductile as well as 

non-ductile members by keeping track of positive and negative peak and cross-over 

events in repeated reversed cyclic excursions. In the implementation framework, the 

proposed event-based strategy is incorporated in the functionalities of the cyclic control 

class to enable consistent state determination and effective interaction between the 

element class and the various cyclic model classes. The independent implementation of 

the cyclic behaviour modeling from the element implementation enables adding new 

cyclic models describing the quasi-elastic degraded state of reinforced concrete members 

as they are developed in future research. The cyclic control class also provides the 

functionalities for interaction among cyclic models and damage models to degrade 

strength and stiffness properties using damage indices during the course of analysis. 

Following the accumulation of damage and its effects on the gradual stiffness 

deterioration and loss of strength is essential in realistic prediction of progressive collapse 

behaviour of structural systems.  

 

5.3 Recommendations for Future Work   

Recommendations for potential areas of future work related to this research are 

summarized as follows: 
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- Incorporation of the implementations in the object based finite element software 

framework OpenSees. In this study, the formulation of a nonlinear beam-column 

model for seismic response analysis is developed with the aim to be 

comprehensive to capture the behaviour of ductile as well as non-ductile 

reinforced concrete members and the framework for the object based 

implementations of the new model is established by structuring the functionalities 

and focusing on extensibility. The detailed implementations following the 

developed object based design should be completed in future research. 

Incorporating the full array of proposed new models in a finite element analysis 

software such as the OpenSees framework would bring significant benefits in 

conducting nonlinear seismic response analysis of global structural systems such 

as reinforced concrete frame buildings and bridges to obtain realistic prediction of 

seismic progressive collapse behaviour.  

 

- Development of efficient and reliable numerical techniques to compute the 

variations of parameters with element forces, such as effective elastic stiffness, 

plastic rotation capacity, hardening rate, post-shear failure softening, during the 

course of nonlinear analysis. Currently, these parameters are commonly 

determined by using fiber section analysis or empirical relations prior to 

conducting nonlinear analysis of the global structural system. It has previously 

been shown that section response varies significantly with axial load levels, and 

thus using fiber section analysis output from a single axial load level may not be 



 405 

sufficient to capture the behaviour characteristics. Conducting fiber section 

analysis at various axial load levels and interpolating parameters during the 

nonlinear analysis may be a viable option but needs further research to develop 

appropriate numerical techniques.  

 

- Development of more shear failure surface models capturing realistic shear force - 

axial load interaction based on experimental research. 

 

- Incorporation of yield surface and shear failure surface models for asymmetric 

sections to render the beam-column model applicable for more general cases.  

 

- Development of models to simulate rigid-body deformations related to bond-slip 

effects and anchorage of longitudinal reinforcement at column ends and their 

incorporation into the class structure of the proposed beam-column model.  
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Appendices 

 

Appendix A  : Element Class Details 

The key member functions of the element classes are listed here.   

A.1 Element Class UpdatedLagrangianBeamColumn3D 

Public Member Functions Description 

UpdatedLagrangianBeamColumn3D Constructor 

~UpdatedLagrangianBeamColumn3D Destructor 

getExternalNodes Method to deal with the element nodes  

getNodePointers Method to deal with pointers to the element 

nodes 

getNumberDOF Method to deal with the element DOF's  

setDomain Method to set the element object in the 

domain 

commitState Method to deal with the committed 

(converged) state 

revertToLastCommitState Method to revert to the  previous converged 

state 

getTangentStiffness Method to return and store current linearized 

stiffness matrix  

getInitialSitffness Method to return and store initial elastic 

stiffness matrix 

getMass Method to return and store mass matrix 

getDamping Method to return and store damping matrix 

getLoadVector Method to return and apply loads 

addLoad Method to deal with applied loads 
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getResistingForce Method to calculate resisting force and update 

state  

transformResistingForce Method to transform from local to global 

coordinates 

  

  

Protected Member Functions Description 

getLocalStiffness Method to obtain current stiffness matrix from 

sub-classes 

getLocalMass Method to obtain mass matrix from sub-

classes 

getLocalDamping Method to obtain damping matrix from sub-

classes 

getIncrementalLocalDisp Method to calculate incremental 

displacements 

transformIncrementalLocalDisp Method to transform incremental 

displacements to local coordinates 

getTrialNaturalDisp Method to calculate trial displacements using 

the natural deformation approach 

getIncrementalNaturalDisp Method to calculate incremental 

displacements using the natural deformation 

approach 

getConvergedLocalDisp Method to return converged displacements in 

local coordinates 

getTrialLocalForce Method to compute trial local force 

updateDirCosState Update direction cosines to the new trial state 

addInternalGeomStiffness Method to implement the internal geometric 

stiffness matrix 

transformStiffnessToGlobal Method to transform stiffness matrix to global 

coordinates 
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A.2 Element Class ElasticGNL3D 

Public Member Functions Description 

ElasticGNL3D Constructor 

~ElasticGNL3D Destructor 

  

  

Protected Member Functions Description 

getLocalStiffness Method to implement elastic stiffness matrix  

getLocalMass Method to implement mass matrix  

getLocalDamping Method to implement damping matrix  
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A.3 Element Class InelasticGNL3D 

Public Member Functions Description 

InelasticGNL3D Constructor 

~InelasticGNL3D Destructor 

getResistingForce Method to be re-implemented from parent class 

to calculate resisting force for inelastic 

response and update state 

getTangentStiffness Method to be re-implemented from parent class 

to return and store current linearized stiffness 

matrix for inelastic response 

commitState Method to be re-implemented from parent class 

to deal with the committed (converged) state in 

inelastic response 

updateState Method to compute trial local force and 

implement framework for the force recovery 

procedure for elements with yield surfaces and 

shear failure surfaces 

  

  

Protected Member Functions Description 

getLocalStiffness Method to obtain current stiffness matrix from 

sub-classes 

getLocalMass Method to implement mass matrix  

getLocalDamping Method to implement damping matrix  

checkStatus Method to check if current status is elastic or 

inelastic, either yielding or failing in shear 

  

  

Private  Member Functions Description 
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checkForceYieldStatus Method to check if the force state is inside, 

within or shoots through the yield surface; carry 

out check for each end of the element 

splitStepYield Method to calculate the factor by which the 

current step is split and split the trial force in 

the case when the trial force shoots through the 

yield surface 

yieldOneEnd Method to obtain plastic stiffness, calculate the 

gradient of the yield surface, and calculate the 

magnitude of plastic deformation in the case of 

yielding at one element end  

yieldBothEnds Method to obtain plastic stiffness, calculate the 

gradient of the yield surface, and calculate the 

magnitude of plastic deformation in the case of 

yielding at both element ends 

returnYieldForceOneEnd Method to recover force to the yield surface 

and recalculate trial force in the case of 

yielding at one element end 

returnYieldForceBothEnds Method to recover force to the yield surface 

and recalculate trial force in the case of 

yielding at both element ends 

updateLocalStiffness Method to calculate the plastic reduction matrix 

and update the element tangent stiffness matrix 

in case of yielding 

balanceForcesYield Method to balance axial and shear forces in 

case of yielding upon completion of force 

recovery  

updateShearStrength Method to calculate displacement ductility of 

the yielding element, check if current ductility 

exceeds critical value and update shear strength 

based on a shear limit surface 

checkForceShearStatus Method to check if the force state is inside, 

within or shoots through the shear failure 

surface; carry out check for each end of the 

element 

splitStepShear Method to calculate the factor by which the 

current step is split and split the trial force in 

the case when the trial force shoots through the 
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shear failure surface 

failShearOneEnd Method to obtain degraded stiffness and 

calculate shear deformation components in the 

case of shear failure at one element end 

failShearBothEnds Method to obtain degraded stiffness and 

calculate shear deformation components in the 

case of shear failure at both element ends 

returnShearForceOneEnd Method to recover force to the shear failure 

surface and recalculate trial force in the case of 

shear failure at one element end 

returnShearForceBothEnds Method to recover force to the shear failure 

surface and recalculate trial force in the case of 

shear failure at both element ends 

updateDegradedLocalStiffness Method to calculate the degraded stiffness 

matrix and update the element tangent stiffness 

matrix in case of shear failure 

balanceForcesShearFail Method to balance axial forces and bending 

moments in case of shear failure upon 

completion of force recovery  

 

A.4 Element Class InelasticMON3D 

Public Member Functions Description 

InelasticMON3D Constructor 

~ InelasticMON3D Destructor 

  

  

Protected Member Functions Description 

getLocalStiffness Method to implement elastic stiffness matrix to 

be used as the base matrix at the start of analysis 

until detecting inelastic behaviour 
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A.5 Element Class InelasticCYC3D 

Public Member Functions Description 

InelasticCYC3D Constructor 

~ InelasticCYC3D Destructor 

commitState Method to be re-implemented from parent 

class to deal with the committed (converged) 

state in inelastic cyclic response 

updateState Method to be re-implemented from parent 

class to extend the framework to degraded 

cyclic response  

  

  

Protected Member Functions Description 

getLocalStiffness Method to implement elastic stiffness matrix to 

be used as the base matrix at the start of 

analysis until detecting inelastic behaviour 

getDegradedElastLocalStiffness Method to update degraded stiffness during 

quasi-elastic degraded response by interacting 

with cyclic control class 

updateDegradingState Method to compute trial local force during 

quasi-elastic degraded response  
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