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¯growthi,t+1,t+n = debt/GDPi,tφ+Xi,tβ + µi + γt + ϵi,t,t+n,

i = 1, . . . , n; t = 1, . . . , T.



¯growthi,t+1,t+n n

Xi,t

debt/GDPi,t µi γt

n



debt/GDP

debt/GDP

i t j : 1, . . . , 12; j ̸= i



V Ei,t =

∑N
j=1Dij,t(eij,t+1 − eij,t)

∑N
j=1Dij,t

.

Dij,t i

j eij,t i j

t



growthi,t = αi + β1debt/GDPi,t + β2debt/GDPi,tΓ(debt/GDPi,t, T, γ) + ϵi,t,

Γ(debt/GDPi,t, T, γ) = [1 + exp(−γ
H∏

h=1

(debt/GDPi,t − th))]
−1.

Γ(·)
γ

T : t1, . . . , tH

H = 3



gi,t = αi + δ′Xi,t + β1di,tI(qi,t ≤ T ) + β2di,t−1I(qi,t > T ) + ϵi,t.

gi,t i t Xi,t

qi,t

T ∗

F ∗ T ∗

F
∗

T ∗ F ∗



F
∗

Xi,t

gi,t = αi + δ1gi,t−1 + δ′2Xi,t + β1di,t−1I(di,t−1 ≤ T ) + β2di,t−1I(di,t−1 > T ) + ϵi,t,

gi,t−1 = ξ′Zi + ui,t,

gi,t−1 di,t−1

Zi gi,t−1

Zi

Xi,t



growthi,t = β′Xi,t + δ′Xi,tI(qi,t ≤ T ) + κλi,t(γ) + ϵi,t,

I(qi,t ≤ T ) =

⎧
⎨

⎩
1, qi,t ≤ T

0, qi,t > T
,

qi,t = π′Zi,t + vi,t,

Xi,t

qi,t T

Zi,t qi,t λi,t(γ)

qi,t
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¯growthi,t+1,t+6 =
1

5

t+6∑

j=t+1

growthi,j.

¯growthi,t+1,t+6 = debt/GDPi,tφ+Xi,tβ + µi + γt + ϵi,t,t+6.

i = 1, . . . , n; t = 1, . . . , T.



¯growthi,t+1,t+6 = debt/GDPi,tφ+Xi,tβ + µi + γt + ϵi,t,t+6,

debt/GDPi,t = Zi,tψ + vi,t,

i = 1, . . . , n; t = 1, . . . , T.

¯growthi,t+1,t+6 = g(debt/GDPi,t) +Xi,tβ + µi + γt + ϵi,t,t+6.

i = 1, . . . , n; t = 1, . . . , T.

¯growthi,t+1,t+6 = g(debt/GDPi,t) +Xi,tβ + µi + γt + ϵi,t,t+6,

debt/GDPi,t = G(Z1i,t) + Z2i,tψ + vi,t,

i = 1, . . . , n; t = 1, . . . , T.

g(·) G(·)
Z = {Z1, Z2} debt/GDPi,t

Xi,t

−RGDPi,t

ngsi,t

popi,t

schooli,t openci,t

depi,t crisisi,t

µi γt



F̂ (x) =
1

n

n∑

i=1

G(
x− xi

h
)

G(·)
h

h



lim
h→0

: G(±∞) =

⎧
⎨

⎩
0, x < xt

1, x > xt

lim
h→∞

: G(0) = 0.5.

G(·) = Φ

h ∞ h

x

h

f̂(x) =
1

nh

n∑

i=1

k(
x− xi

h
)

k(·) = ∂G(z)
∂z

h

∫
[f̂(x)− f(x)]2dx,

f(x)

f̂(x) f(x)

f(x)

h
CVf (h) =

1

n2h

n∑

i=1

n∑

j=1

k̄(
xi − xj

h
)− 2

n(n− 1)h

n∑

i=1

n∑

j ̸=i,j=1

k(
xi − xj

h
)



k̄(v) k(v) k(v) = e−
v
2√
2π

k̄(v) = e−
v
4√
4π

f(x) = f(x1, . . . , xq)

f̂(x) =
1

nh1 . . . hq

n∑

i=1

K(
x− xi

h
),

K(
x− xi

h
) = k(

x1 − xi,1

h1
)× · · ·× k(

xq − xi,q

hq
)

y = g(x) + u,

g(x)

E[y|x].

{yj, x}mj=1

E[y|x] ≡ 1

m

m∑

j=1

yj,

m → ∞
xi ̸= x, ∀i



E[y|x] =
∫

yfy,x(x, y)

f(x)
dy,

f̂y,x(x, y) =
1

nh0h1 . . . hq

n∑

i=1

K(
x− xi

h
)k(

y − yi
h0

),

K(
x− xi

h
) = k(

x1 − x1i

h1
)× · · ·× k(

xq − xqi

hq
),

∫
yf̂y,x(x, y)dy =

1

nh0h1 . . . hq

n∑

i=1

K(
x− xi

h
)yi.

ĝ(x) =

∫
yf̂y,x(x, y)dy

f̂(x)
=

∑n
i=1 yiK(x−xi

h )
∑n

i=1K(x−xi
h )

.

h1, . . . , hq

h1,...,hq

CVlc(h1, . . . , hq) =
1

n

n∑

i=1

(yi − ĝ−i(xi))
2M(xi),

ĝ−i(xi) =
∑n

l=1,l ̸=i ylK(
xi−xl

h )
∑n

l=1,l ̸=i K(
xi−xl

h )
g(xi) 0 ≤

M(·) ≤ 1

ĝ(x)



a

n∑

i=1

(yi − a)2K(
x− xi

h
),

â a ĝ(x)

{a,b}

n∑

i=1

(yi − a− (x− xi)
′b)2K(

x− xi

h
)

â b̂ ĝ(x) ĝ(1)(x) = ∂g(x)
∂x

δ = (a, b′)′ Y

n × (1 + q) X (1, (x − xi)′) i

n × n K K(x−xi
h ) i

δ
(Y −Xδ)′K(Y −Xδ),

δ̂(x) = (X ′KX)−1X ′KY

= [
n∑

i=1

K(
x− xi

h
)

⎛

⎝ 1

(x− xi)

⎞

⎠ (1, (x− xi)
′)]−1

×
n∑

i=1

K(
x− xi

h
)

⎛

⎝ 1

(x− xi)

⎞

⎠ yi

h
CVll(h1, . . . , hq) =

1

n

n∑

i=1

[yi − ĝ−i,L(xi)]
2M(xi),



ĝ−i,L(x) g(xi) M(·)

yi = x′
iβ + g(zi) + ui,

i = 1, . . . , n.

β̂ ĝ(z)

zi

E(yi|zi) = E(xi|zi)′β + g(zi).

yi − E(yi|zi) = (xi − E(xi|zi))′β + ui.

ŷi E(yi|zi) x̂i E(xi|zi)

ŷi =

∑n
j=1 yiK( zi−zj

h )
∑n

j=1 K( zi−zj
h )

,

x̂i =

∑n
j=1 xiK( zi−zj

h )
∑n

j=1K( zi−zj
h )

,

K(
zi − zj

h
) =

q∏

s=1

k(
zis − zjs

hs
).



ŷi x̂i ỹi = yi − E(yi|zi) = yi − ŷi x̃i =

xi − E(xi|zi) = xi − x̂i

ỹi = x̃′
iβ + ui,

β

β̂ = (X̃ ′X̃)−1X̃ ′Ỹ .

β

g(z)

yi − x′
iβ̂ = g(zi) + ui,

ĝ(zi) =

∑n
j=1(yi − x′

iβ̂)K( zi−zj
h )

∑n
j=1K( zi−zj

h )
.

h1, . . . , hq

h

n∑

i=1

[yi − x′
iβ̂ − ĝ−i(zi)]

2

ĝ−i(zi) g(zi)

g(·)

yi = g(xi, wi) + ui,

i = 1, . . . , n,



E(u|x) ̸= 0 x

w x

w

E(u|w) = 0.

x = m(w) + v,

E(v|w) = 0,

E(u|w, v) = E(u|v),



y x w v

E(y|x, w, v) = g(x) + E(u|x, w, v).

= g(x) + E(u|x− g(w), w, v),

= g(x) + E(u|w, v),

= g(x) + E(u|v),

E(y|x, w, v) = µ(x, v),

g(x) Fv v

gFv(x) =

∫
µ(x, v)dFv(v)

=

∫
g(x) + E(u|v)dFv(v)

= g(x) + c

c =

∫
E(u|v)dFv(v).

g(x)

m(w)

v

v̂i = xi − m̂(wi).



µ(·)

yi = µ(xi, v̂i) + ui.

g(x) v̂ µ̂(·)

ĝ(xi) =
1

n

n∑

j=1

µ̂(xi, v̂j).

µ(·)
g(x)

ĝ(1)(xi) =
1

n

n∑

j=1

µ̂(1)(xi, v̂j).

zi ∀i

yi = x′
iβ + g(zi) + ui,

zi = w′
1iγ +m(w2i) + v1,

i = 1, . . . , n,

x k z

w1 w2 l1 l2

x w = [w1, w2]



y

E(y|x, z, w, v) = xβ + g(z) + E(u|x, z, w, v),

= xβ + g(z) + E(u|v),

E(y|x, z, w, v) = µ(x, z, v).

g(z)

v

v̂i = zi − w′
1iγ̂ − m̂(w2i).

β

mx(zi, v̂i) my(zi, v̂i)

xi = m̂x(zi, v̂i) + ϵx,i,

yi = m̂y(zi, v̂i) + ϵy,i.

v̂i m̂x(xi, v̂i) m̂y(xi, v̂i)

m̂x(zi) =
1

n

n∑

j=1

m̂x(zi, v̂j),

m̂y(zi) =
1

n

n∑

j=1

m̂y(zi, v̂j).

x̃i = xi − m̂x(zi),

ỹi = yi − m̂y(zi),



β

β̂ = (X̃ ′X̃)X̃ ′Ỹ .

y̆i = yi − x′
iβ̂ g(zi, v̂i)

y̆i = ĝ(zi, v̂i) + ui.

v̂i ĝ(zi, v̂i)

ĝ(zi) =
1

n

n∑

j=1

ĝ(zi, v̂j)

x w y



g(·)

E[y − g(x)|w] = 0.

G(x) = E[y|x] x

g(x) = G(x).

x

H0 : E(y −G(x)|w) = 0

H1 : E(y −G(x)|w) ̸= 0.

x H0

H0



S(x) = E{[y −G(x)]× fxw(x, w)},

E{·} G(·)
fxw(·)

Ĝ−i(xi) =

∑n
j=1,j ̸=i yjk(

xi−xj

h )
∑n

j=1,j ̸=i k(
xi−xj

h )
,

f̂−i
xw(xi, wi) =

1

nh1h2

n∑

j=1,j ̸=i

k(
xi − xj

h1
)k(

wi − wj

h2
).

S(x)

Sn(xi) =
1√
n

n∑

j=1

[yj − Ĝ−j(xj)]f̂
−j
xw (xi, wj).

τn =
n∑

i=1

Sn(xi)
2,

H0 τn

τn

τn 1−α

H0

τn

τ̂n =
L∑

j=1

ω̂jχ
2
(1)j,

χ2
(1)j n

L



ω̂j

Ω̂L×L = Φ′ΥΦ.

Υ n× n (i, i) V̂ 2
i

V̂i = yi − Ĝ−i(xi).

Φ n× L (i, j)

Φij =
1√
n

L∑

k=1

[d̂jkφk(Wi)−
âjkφk(Xi)

f̂x(xi)
],

d̂jk =
1

n2

n∑

i=1

n∑

J=1

f̂xw(xi, wJ)φj(Xi)φk(WJ),

âjk =
1

n2

n∑

i=1

n∑

J=1

t̂(x1i, x2J)φj(X1i)φk(X2J).

{φj : j = 1, 2, . . .} L2[0, 1]p+r

p ≥ 1 r ≥ 0

t̂(x1i, x2J) =
1

n

n∑

j=1

f̂xw(x1i, wj)f̂xw(x2J , wj)

Xi =
xi −min(X)

max(X)−min(X)

Wi =
wi −min(W )

max(W )−min(W )
.



E[y − g(x)|w] = 0,

g(·)

H0 : E(y −G(x, θ)|w) = 0,

H1 : E(y −G(x, θ)|w) ̸= 0.

H0

g(x) = G(x, θ),

θ ∈ Θ G(·)

H1

θ ∈ Θ

H0



S(x) = E{[y −G(x, θ)]× fxw(x, w)},

E{·} G(·)
fxw(·)

f̂−i
xw(xi, wi) =

1

nh1h2

n∑

j=1,j ̸=i

k(
xi − xj

h1
)k(

wi − wj

h2
).

S(x)

Sn(xi) =
1√
n

n∑

j=1

[yj − Ĝ(xj, θ̂)]f̂
−j
xw (xi, wj).

τn =
n∑

i=1

Sn(xi)
2,

H0 τn

τn

H0

1−α
τn H0

τ̂n =
L∑

j=1

ω̂jχ
2
(1)j,

χ2
(1)j n

L



ω̂j

ΩL×L = DΦMΥM ′Φ′D′.

Υ n× n (i, i) V̂ 2
i

V̂i = yi − Ĝ(xi, θ̂).

M n× n

M = In −
1

n
Ĝθγ̃W̃

′,

In n× n ,

Ĝθ n× d :
∂G(X, θ̂)

∂θ̂
,

W̃ n× cθ : H(W ),

γ̃ d× cθ : (D̂′AD̂)−1D̂′A.

d {θ : θ1, . . . , θd} H(·)
cθ

cθ

A cθ × cθ

D̂
cθ × d

D̂ =
1

n

n∑

i=1

w̃′
iĜθi.



D L× L (j, k)

d̂jk =
1

n2

n∑

i=1

n∑

J=1

f̂xw(xi, wJ)φj(Xi)φk(WJ),

Xi =
xi −min(X)

max(X)−min(X)
,

Wi =
wi −min(W )

max(W )−min(W )
.

{φj : j = 1, 2, . . .} L2[0, 1]p+r

p ≥ 1 r ≥ 0

Φ L× n (j, i) φj(wi)

debt/GDPi,t

Zi,t = {debt/GDPi,t−1, debt/GDPi,t−2, Xi,t}



Xi,t



growth −Xβ̂

debt/GDP

debt/GDP



−0.0071∗∗
(0.003)

−0.0058∗
(0.003)

5.6420∗∗∗
(0.551)

5.8026∗∗∗
(0.593)

0.0037
(0.019)

−0.0010
(0.020)

−0.2545∗∗
(0.119)

−0.2388∗
(0.135)

−0.2980∗∗∗
(0.067)

−0.3349∗∗∗
(0.070)

0.0350∗∗∗
(0.006)

0.0361∗∗∗
(0.007)

−0.0637∗∗∗
(0.015)

−0.0746∗∗∗
(0.016)

−0.1399
(0.121)

−0.1533
(0.121)





debt/GDPi,t

Z1i,t = {debt/GDPi,t−1, debt/GDPi,t−2}
Z2i,t = Xi,t
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y = ¯growthi,t+1,t+6 −Xi,tβ̂OLS,

x = debt/GDPi,t,

z = debt/GDPi,t−1,

β̂OLS

Xi,t

Xi,tβ̂OLS

¯growthi,t+1,t+6

y

cθ

H0 : E(y −G(x)|w) = 0,

H1 : E(y −G(x)|w) ̸= 0,

G(x) = E[y|x] x G(x) = g(x) g(x)

E(y − g(x)|w) = 0.



x

H0 : E(y −G(x, θ)|z) = 0,

H1 : E(y −G(x, θ)|z) ̸= 0.

G(x, θ) = xθ H0

H0 G(x, θ) = xξ1 + x2ξ2

G(x, θ) = g(x)

g(x)

E(y − g(x)|w) = 0.
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