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'&Frachon sense" refers to an individual's ability to understand the rneaning of 

fractions; to reason qualitatively about the absotute and relativs size of hctions; and to 

- make logical judgments about the reasonableness of calcuIations wit h fractions based on 

one's understanding of fractional nurnbers and the effect of operations on those numben. 

In my research 1 explored what fraction sense grade 8 students possessed Specific 

qùestions t wished to investigate were: 

What do grade 8 students understand about the meaninç of fractions and wn'tten 

fiaction notation? 

What understanding do students have for the absolute and relative size of fractions and 

what methods do they use to determine this relative size? 

How does their fraction sense change with classroom based instruction that stresses 

hction sense? 

These questions were investigated by interviewïng (twice) seven students, of 

varykg ability level, from two grade 8 math classes. 

Pre-unit results indicated that students' understanding of fractions was rcstricted 

to a r a  models of fractions less than one whcle. Students' understanding of the part- 

whole concept of Fractions was deficient. Students tended to treat the numerator and 

denominator as separate entities and therefore had diEculty coordinating these terrns in 

order to make judgements about fraction size. Also, students lacked appropriate 

strategïes for ordering and comparing fractions. 



Post-unit results indicated reasonably good progress in understanding of the part- 

whole concept of fiactions and the ability to mode1 fkactions greater than one whole. 

Students were abte to mode1 fractions with a variety of models; however, their prïrnary 

mental referent continued to be an area modei. The use o f  benchmarks to order fractions 

showed substantial progress. Nonetheless, many students continued to use inappropriate 

strateçies when ordering fractions. Final results indicated tha: students would abandon 

the undersrandins they had cstablished for fiactions when confronted with situations that 

were unfamiliar or when working with notation not easily cornpareci to benchmarks. 

If students are to develop fraction sense they must thoroughly develop mer.ta1 

referents for fractions. These must be  thoroughly developed in the early intermediate 

years and must be majtered before any algorithms wïth fi-actiori symbols are introduced. 
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Mathematical algorithms are like !oackd guns- 

They are useful and powerful but dangerous in the han& of a novice. 
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C W T E R  I 

THE NATURE AND P W O S E  OF THE STUDY 

Fraction sense refers to an individual's ability to understand the meaning of 

fractions, the relative size of fractions, and the reasonableness of calculations wïth 

fractions. Individuals with a welI-developed sense of fractions have created meaningful, 

quantitative referents for those fractions. The development of personal referents begins 

infonnally in childhood with the shaiing of cookies or pizza. At this stage, the individual 

develops the concept of partitioning a whole or a unit Later, different visuai modes of 

preseniation of fractions are more formally introduced in order to develop a complete 

conceptual understanding of fhctions. in order for the concept of fraction to be hilly 

undentood, a selection of models must be presented which can embody the variety of 

meanings associated with fractions. The individual with fraction sense can easily 

translate behveen these different modes and understands the different meanings 

associated with each (part-whole, quotient, ratio, operator, and measure). 

Another hallmark of individuals with fraction sense is their ability to think 

quai itativel y about fractions. These individuals have develo ped a strong understanding 

of the meaning of the numerator and the denominator and are able to coordinate this 

information to make judgments about the size of fractions. They are able to reason 

qualitatively about the impact of changing the magnitude of the numerator, denominator 

or both simultaneously. Coupled wiih this strong conceptual understanding of tke 

meaning of the numerator and denominator is the concept of fraction equivalence. 



Individuals who exhibit strong hction sense will use fraction equivalence and 

benchmarks, such as IR and 1, to compare the relative size of hctions and will use this 

information to order fractions and to make predictions about the expected value of 

operations with fractions. 

Rationale for the Study 

Neariy a11 researchers who explore children's understanding and operations with 

fractions agree with Nancy Mack ( 1  990) when she btates, " ... that many students' 

understanding of fractions is characterïzed by a knowledge of rote procedures, which are 

often incorrect, rather than by the concepts underlying the procedures" ( p. 17). 

Repeatedly, national mathematics assessments have highlighted this sarne iack of 

conceptual understanding of fractions and students' reliance on algorithms as their only 

guide when working with hctions ( Kouba et al., 1988; Robitaille, 1990 ). The 

National Council of the Teachers of Mathematics (NCTM) in their landmark document 

CmicuIurn and Evaluation Standards for School Mathematics (The Standards, 1989 ) 

and in the accompanying addenda books, also recognized this problem and the need for 

improvement when it came to teaching and Ieaming mathematics. These documents 

stress the need for students to leam conceptually with the aid of manipulatives and 

cooperative problem solving. The documents emphasize the need for estimation and 

number sense instruction and de-ernphasize the need for practicing tedious paper-and- 

pencil computations, especially considering technology is so readily available. Students 

are encouraged ta use referents and benchmarks as a way of helping thein to develop 

better conceptual understanding of fractions. Reys et al. (199 1) in the addenda book, 



Develo~ins Number Sense, state that the intuitive understanding of fradons "... is a 

priority and should precede the study of operating with fractions ..." ( p. 10 ). 

In my own instructional practice 1 have been dissatisfied with the results that a 

traditional approach to teaching fractions had yielded. This traditional approach usually 

entailed one or two days instruction explaining the meaning of fraction notation usinç 

dia-gams of pies or sets of circles as presented in the textbook The aigorithm for finding 

equivalent fractions was presented nesT and pqcticed using texibook exercises. Finally, 

the algorithms for each of the operations was modeled, practiced and then tested. 

Students who could rnernorize procedures could find the answers to pencii-and- 

papa calculations; howeveb they often could not reason about even simple fraction 

calculations. More often, students would not perform the calculation properly or would 

confuse the dgo~thms, which would result in incorrect solutions. When asked if the 

solutions appeared reasonable, students were unable to judge since they had no feel for 

the size of the hctions nor did they understand the effect of the operation on those 

numbers. Their only resort was to repeat the calculation, and if the result tumed out the 

sarne, then they felt the result was correct. 

This Iack of fraction sense, however, is understandable since airnosi no time was 

spent on developing this understanding or sense of fractions. According to Weame and 

Hiebert (1989) rnany of the dificulties that students experience when dealing with 

decimal fractions, and presumably common Fractions, "... can be traced to an incomplete 

or nonexistent understanding of the written symbol " (p. 507). Hïebert (1988) states thaî 

there are five stages or processes to developing cornpetence with written mathematical 



symbols and that al1 five processes must be engaged in sequence if success is to be 

achieved The first of these five processes is the connecting process whereby students 

connect individual symbols wi;h referents. Hiebert claims that this initial connecting 

phase is crucial so that students can have the referent always available to the "mind S 

edve7?. In this way, students can cal1 up the mental image of the related quanti- when they 

are presented with the wrïtten notation This allows them to mentaliy look back on the 

referents so that they can rnonitor their own actions on the symbols and thereby detect 

any errors. This creating of "~runspurenl .ymboZs '* which reveal spccific referen ts is a 

process which involves "...building bridges between symbols and referents and crossing 

over them many hmes" ( 6 Crossing over thern many tirnes suggests chat the 

traditional one or two day lesson on developing the rneaning of fraction notation is 

inadequate. Weame and Hiebert (1989) agree this is the case "...that students need much 

more time than is conventionally alloîted to develop meaning for written syrnbols and 

that if students acquired appropriate meaning for the symbols initially, they could use the 

meanings to develop procedures to solve a variety of tasks" (p. 507). 

Wearne and Hiebert's hypothesis seemed to suggest to me the problem wi-th 

conventional fraction instruction. Most students had not been given enough time to 

develop a strong conceptual understanding of the rneaning of fiactions nor had they 

developed strong connections between the wrïtten symbols and their quantitative 

referents. The written fraction notation was not transparent and did not bring to mind 

many referents. As such, the only strategy that most students had when working wïth 



fractions was to recall and apply mernorized rules to the problem, al1 the while hoping 

that they had chosen the correct algorithm and had executed it correctly. 

Purpose of the Study 

The objective of this research was to stuciy seven grade 8 students' understanding 

of fractions and fiaction notation, and fraction size. and how this understanding could be 

improvcd and used to develop their fraction sense. The questions I investizated were: 

What do these grade 8 students undentand about the meaning of fractions and witten 

fraction notation? 

What understanding do these students have of the absolute and relative size of 

fractions and what methods do they use to determine this relative size? 

How does their fraction sense change with classroom based instruction that stresses 

fiaction sense? 

My suspicion was that students had little fraction sense and that this accounted 

for the poor perfomance on fraction problems. However, I wished to investigate specific 

areas of their understanding of fractions (or lack thereof) in order to detemine which 

areas needed further instruction and where the obstacles to developing better fiaction 

sense Iay. 

Organization of the Thesis 

1 start Chapter II wiîb the framework 1 used to analyze students' understanding of 

fractions, fraction notation, and fraction size. I have developed the framewoik for 

analyzing students' fraction sense by adapting McIntosh, Reys, and Reys' frarnework for 

5 



number sense. In this hmework for fraction sense, I have trieci to organize and 

categorize the different skills and behaviours that define one's fiactim sense in order to 

mide and inform my instruction of fractions. The next chapter (Chapter III) presents a 
Y 

review of the literature that addresses students' understanding of the concepts that are 

crucial to the developrnent of a solid undentanding of fractions. These concepts include 

the process of deve1opinç meaning for fractions and fraction notation; the mode of 

presentation of physical referents: the development of a part-whole schema for fractions; 

the developrnent of the ability to identie the unit; and finally the process of comparing 

fractions including the use of benchmarks. 

A detailed description of the methodology for the study is presented in Chapter 

IV. Included in this chapter is a thorough description of the tasks used throughout the pre 

and post-unit interviews to promote informal or unpracticed responses from the students. 

A sequential; detaded description of instructional activities is also included in this 

chapter. The chapter closes with a description of how the data was analyzed and 

reported. 

The data that I coIIected was used to determine common trends and distinct 

diKerences that each of the seven grade 8 students demonstrated in response to the 

various tasks they were presented with. This analysis of the data foms Chapter V. The 

data is presented in a number of tables with descriptors of the criteria used for the 

analysis forming the categories. The analysis of the results concludes with detailed 

examples of the behaviours exhibitedby the seven students that serve to illustrate the 

findings of my research. 



The final chapter (Chapter VI) includes a discussion about my findings and the 

conclusions that 1 draw Discussion of the results is presented according to the 

hmework for fraction sense that 1 developed. 1 discuss what I have leamed fiom this 

research and how it has affected my practice in the classroorn. In this chapter I also 

suggest areas for further research and rny suggestions for improving instruction of 

hctions and fiaction seqse. 



CHAPTER II 

FRAMEWORK FOR ERACTION SENSE 

In this chapter, I present the frarnework that I used to analyze each student's 

fraction sense. 1 adapted this framework for analyzing fraction sense from the McIntosh, 

Reys, and Reys (1 992) framework for number sense. The Iiterature review that follows 

in chapter Ill is bas& upon the concepts that are raised fiorn rny adapted h e w o r k  of 

fraction sense. 

Framework for Considering Number Sense 

In recent years, researchers anc! curricuulu designers have stressed the need for 

students to develop number sense. The National Corncil of Teachers of Mathematics 

(NCTM), in their Curriculum and Evaluation Standards for School Mathematics 

(Standards) documenî, list developing number sense as a topic that requires increased 

attention. Standard 5: Number and Nurnber Relations in the grades 5-8 section of the 

Standards document states that students should develop number sense for whole 

numbers, fiaciions, decimals, integers, and rational numbers (p.87). The Standards 

Document advocates a need to understand these numbers and their representations and 

the relationships among them. The need to encounter a vanety of representations of the 

numbers using a van'eîy of models is stressed. However, the Standards Document does 

not go on to define cIearly what number sense is. Indeed, most literature on number 

sense is somewhat vague in describinç exact!y what constitutes number sense. A vanety 

of behaviours, however, are descrîbed which characterize someone who has number 



sense. These individuals are said to have an understanding or feel for numbers that allows 

them to use numbers in a flexible way. They use their understanding of numbers to 

invent efficient procedures to perform calculations. They have a sense of the efEect of 

operations on numbers and are able to estimate solutions and judge the reasonableness of 

their answers. 

Alt hough these behavioral descriptions are en l ightening, they do not give m uch 

guidance to educators as to how number sense is acquired nor how lessons and iictivities 

should be structured and ordered to help students develop number sense. Mclntosh, 

Reys, and Reys (1 992) outline a framework for basic nurnber sense which attempts '20 

articulate a structure which clarifies, organizes, and interrelates some of the generally 

agreed upon cornponents of basic nurnber sense ..." (p.4). They stress that the h e w o r k  

does not delineate al1 possible cornponents of number sense since this sense will grow 

throughout secondary school and beyond They also point out that the whole of nurnber 

sense is probably greater than the sum of its individual parts, and therefore even an 

exhaustive listing of number sense components would not completely explain an 

individual's number sense. These conditions aside, the framework is useful in that it 

helps to identifi key components of basic nurnber sense and arranges them according to 

common themes. The framework for number sense as proposed by McIntosh, Reys, and 

Reys (1 992) is presented in Figure 1. 



1. KnowIedge and f i d i i i t v  widi Nurnbers 
1.1 Scnse of orderimess of numbers 1-1-1 

1.1-2 
1.1.3 

1.2.3 
1.3 Sense of the relative and absolute 1-3-1 

magnitude of nrimbers 1.3.2 
1-4 System of beucbmarks 1.4.1 

1-42 

2- Knowledge and facilitv with OPERATIONS 
2.1 Understanding the effkct of 2.1.1 

operations 2.1.2 
2-2 Understanding mathematical properties 2 -2.1 

2.3-2 
2-23 
2.2.4 
2.2-5 

2.3 Understanding the relationsbip 2.3.1 
between operations 2.3.2 

2-33 
2.3 -4 

Place value 
Relationship behiveen number types 
Orderhg numbers within and arnong 
number types 
GraptiiçaVsymbolic 
Equivalent numerical forms 
(decomposition/recomposition) 
Cornparison to benchmarks 
Cornparhg to physical referent 
Comparing to rnathematicd referent 
Mathemabcal 
Persond 

Operating on whole numbers 
Operating on fiactions/decirnais 
Commutativity 
Associativity 
Distrïbutivity 
Identi ties 
Inverses 
Addition1 Mdtiplication 
Subtractiod Division 
Addition, Subtraction 
MuItiplication/ Division 

3. AppIving knowledge of and facilitv with numbers and operations to COMPUTATIONAL 
SEITINGS.  

3.1 Understanding the reIabonship between 3.1 - 1  
the problern context and the necessary 
computation. 3.1.2 

3.2 Awareness that multiple strategies exkt 3.2.1 
3 2.2 
3.2.3 

3.3 inchaiion to utilize an efficient 3.3.1 
representation andor method 

3.3.2 

3 -4 Inclination to review daîa and result 3 -4.1 
for sensibility 3 -4.2 

Recopize the data as exact or 
approxirnate 
Awareness tfiat sol utions may be 
exact or approximate 
Ability to create and/or invent strategies 
Ability to appIy different strategies 
AbiLity to select an efficient strategy 
Facility with various methods (mentai/ 
cdculator, paper/pencii) 
Facility choosing efficient number(s) 

Recognize reasonabIeness of d m  
Recognize reasonableness of calculation 

Figure 1 : McIntosh, Reys, and Reys' fiamework for considering number sense 



My Adapted Framework for Analyzing Students7 Fraction Sense 

"Number" in the h e w o r k  presented in Figure 1 refen to whole numbea. r 

substituted the meaning of "whole number" with that of "fraction" in order to create a 

framework to guide my anaIysis of each student's "fiaction sense". Fraction sense is 

similar to number sense in that an individual shows a feel for numbers but in this case, a 

feel for fractional numkrs. It implies an understanding of the concept of fraction and 

fraction operations and an ability to use this understanding in flexible ways to deveiop 

usehl strategies for solving problems wi-th fractions. I adapted the frarnework for basic 

number sense sugested by McIntosh, Reys, and Reys to produce a fiamework for basic 

fraction sense. The adapted framework is presented in Figure 2. For the purpose of this 

thesis, only the tirst cornponent, a knowledge and facility with fractions will be 

considered. 



1. Knowled~ and facilitv with FRACTIONS 

1.1 Sense of the relative and absoIute 1.1.1 
magnitude of fractions 

1.1.2 

1.2 Sense of orderliness of fractions 1 -2.1 

1 -3 Multiple representations 

1.4 System of benchmarks 1.4-1 
1-4.2 

Cornparing to unit/ whole (physical 
refe rent ) 

Corn paring to unit/whoIe 
(mat hematical referent) 
Relationship of numerator and 
denominator to unit 

Relationship of denominator 
& numerator to fiaction size 
Relationship between fractions and 
altemate equivalents 
Ordering Fractions 
Cornparison to benchmark referents 

Graphicalkym bolic 
Equivdent numerical forms 
(equivalent fractions, percents, 
decimals, de/recomposition) 

Mathematical 
Personal 

Figure 2: Adapted framework for fraction sense 

I . I Sense of the relative and absolute magnitude of hctions 

The ability to recognize that a fraction is a number relative to a defined unit or 

whole is crucial to understanding fractions. Students m u t  be able to mentally keep track 

of two pieces of information- size of the partitions of the unit or whole (denominator) 

and number of the partitions (numerator)- and coordinate both of these simultaneously in 

order to sense a general size or magnitude for the fraction. A student who is asked to 

judge how big two-fifüis is m u t  have an  understanding of the denorninations (fi*) as 



they relate to the whole and then must coordinate this information vvith the number of 

those denominations (two) before a single value can be assigned to the number. 

This ability to coordinate the meaning of the denominator and numerator as they 

relate to the defined whole or unit can be achieved by experience with physical referents. 

In order to develop a generalized concept of fractions it is important that a variety of 

referents or physical materials be used Using a variety of referents will present the 

multiple meaning of fractions to the student. For the purpose of this thesis, the part- 

whole mode1 of fractions is explored with reference to continuous quantity (ara and 

linear) and discrete quantity (sets). Individuals with a strong sense of fiactions are able 

to translate between these different visual modes without any difficulty. When this 

occurs, the concept of fi-action is generalized and the need for physical referents is 

reduced The student is able to compare the value of a given fraction to a more abstract 

or mathematical concepts of one or half 

1.2 Sense of the orderliness of fractions 

n e  ability to order common fractions is one of the hallmarks of fraction sense. 

Students with fracîion sense can compare fractions, identifi which of two fractions is 

closer to a third number, and identiw numbers in between two given fractions. Students 

who are able to order fractions have developed a quantitative sense of fractions. They 

have developed an ability to perceive the relative size of Fractions. These students have 

developed an undentandinç of the inverse reiationship between the size of the 

denominatm and the size of the fraction. That is, they uridentand that as the number of 



partitions increases (the size of the denominator increases) the size of the fkction 

decreases. 

Students with nurnber sense understand the reiative size of the denominators of 

two or more fractions and are able to coordinate this information with their respective 

numerators in order to make judpments about the relative size of these fractions. These 

midents would then use this information to order a set of fractions. Cornparison of 

fractions with benchmarks, such as half and one whole, in order to order fractions with 

unIike denominaton is a common strategy among students with fraction sense. The 

commonly taught procedure of converting to like denorninators would not even be 

considered for these numbers and is often a last resort for students with nurnber sense. 

These students are more likely t o  convert fractions to their decimai equivalents before 

they would consider using such a tedious aigorithm. 

1.3 Multiple Representations 

An important component of number sense is the ability to recognize that numbers 

appear in many different contexts and c m  be represented in a vaiety of symbolic and/or 

graphical fonns. Individuals with number seme recognize these different forms and 

understand that each form can be manipulated to suit a particular purpose or context 

(McIntosh, Reys, & Reys, 1992 ). For example, at times it may be usehl to h*nk of 

threequarters as 3/4 but at other tirnes the equivalent vaiues of 6/8 or 0.75 of75% may 

be more useful given the context. Individuals with nurnber sense see al1 these forms as 

related and equivalent and understand by the context of the situation which form is most 

useful and efficient. 



Fractions have multiple representations and meanings. The most cornmon 

interpretation of hctions is the part-whole meaning, which is explored in this thesis. 

Other rneanings of fractions include the concept of quotient, ratio number, operator, and 

measure (Behr, Harel, Post, Lesh, 1992, p.298). Individuals with strong fraction sense 

\\;il1 be able to relate and use these different rneanings in flexible ways. For example, a 

penon with fraction sense wÏ1l answer the question, ""How much pizza will each penon 

oet if there are 3 pinas and 5 people?" by recognizing that 3 i 5 can also be wn'tten with - .  

the notation "3/5" (quotient concept) which gives the answer that each person will get 

three-fiffhs of the pizza (part-whole concept). It is this ability to relate the different 

meaninçs of fractions that çives an individual mathematical flexibility and defines his or 

her fraction sense. 

Decomposition and recornposition of a number is a common strategy of 

individuais with number sense. Decomposing a number involves breaking it down into 

an equivalent form and then using this decomposed form to solve a problem and then 

recomposing the f o m  to produce the solution For exarnple, if you wanted to know how 

much 3/4 of 32 people is, you might decompose the fraction 3/4 into three- 1/4 units (114 

+ 1/4 + 1/4). Then you would use the decomposed form of 1/4 to determine that 114 of 

32 is 8. You would then recompose the nurnber three- 1/4 units as three-8 units and get 

the solution 24 is 3 4  of 32. Decomposition to unit fractions is a common strategy among 

individuals with fraction sense. 



1.4 System of Benchmarks 

A system of benchmarks is one the most powerfûI strategies that an individual 

with fraction sense has. Numerical benchmarks are usually midpuints such as 1/2 or 50% 

or endpoints such as 1 or 100%. These benchmarks provide mental referents for judging 

the size of a fraction or answer to an operation. They are used extensiveiy by students 

with fraction sense when ordering fiactions wi-th unlike denorninators. These students 

make qualitative judgments such as "is it more or less thrn Il2 or 1". Often, these 

judgments are enough to order the set. When they are not, these students would refine 

his or her analysis of the fractions, perhaps by comparing which Fraction is closer to 1/2 

or 1. For exampfe, when faced with the two hctions, 2/6 and 3/8, the student would 

realize that both are below half nie  student would then compare the two fractions and 

notice that each is 1/6 and 118 away fiom 112, respectively. She would reason that since 

1/8 is less than 1/6,3/8 is less far away, therefore closer, to I/2 than 2/6, and decide 

therefore that 3/8 is greater than 2/6. This process demonstrates fiaction sense in action. 

ïhe individual has a strong understanding of the relative size of fractions (e.g. 1/P vs. 

1/61 and of the meaning of equivalence of fiactions (e-g equivalence to 1/2). This 

understanding would have been gained earlier in the process of learning about fractions. 

The student has strong referents associated wïth each fiaction that wouid have been 

developed through extensive work with a variety of physical models and through the 

individual's penonai experience with fractions in eveyday life. 



Summary 

In my analysis of student fiaction seose 1 worked within the modifications I made 

to the McIntosh, Reys, and Reys' framework for number sense. My focus was on 

studying each student's sense of the relative magnitude offiac~ions. In particdar, I 

studied each student's ability to use a physical referent to rnodel a @en fraction. I 

looked for their ability to define the Fraction relative to the whole and vice versa. I looked 

for the way in which the student interpreted the  meaning of the numerator and 

denominator when given physical referents to rnodel the fiaction. Inherent in this 

exploration, was a study of how each student is able to manage the different 

manipulatives. 1 obsewed how each student interpreted the rneaning of a given fraction 

with different physical rnodels, narnely continuous rnodels and discrete models. The 

continuous mode 1s invo Ived various area models-pattern blocks, fraction circles, 

geoboards, and draw-ngs of shapes and length models- Cuisennaire rods and drawings of 

fiaction strips. The discrete models involved sets of objects such as colored biocks and 

drawings of shapes. My other main focus was to study the students' sense oforderIiness 

effractions. I was most interested in examining whether the stucients used cornparison to 

benchmarks as a strategy for ordering a set of fractions unlike denominators. 

Cornparhg fictions based on s i x  also involved probing shidents' understanding about 

the inverse relationship between the size of the denominator and the size of the fraction. 



In this chapter, I review literature that is relevant to my study of fraction sense. 

This literaturc review is structured according to my adapted fmework for fraction 

sense. In the sections that follow, I present literature that addresses the issues I see as 

fundamental to the components of fraction sense that 1 wi l l  address in my thesis. These 

issues include the process of developing meaninç for fractions and fraction notation; the 

mode of presentation of physical referents; the development of a part-whole schema for 

fractions; the development of the ability to identifi the unit; and the process of 

cornparhg fiactions including the use benchmarks. 

A Process for Understanding Mathematical Notation 

and the Meaning of Fractions 

According to Piaget (1977), "...logical and mathematical operations derive fiom 

action, and, like physical knowledge, they presuppose experience in the mie sense of the 

word, at least in their initial phases" (p.36). These initial experiences as related to 

hction operations would include a child's early experiences with partitioning a whole to 

create half a cookie or dividing into two equal sized teams. Later in school, these 

experiences should include work with manipulatives which mode1 the variety of 

meanings associated wirh fractions. 

These manipulative experiences becorne the visible referents that result in 

trumparent ~ymbols (Hiebert, 1988, p. 336). It is necessary, according to Hiebert, that 



symbols be transparent so that students can cal1 up fiom their mindk eye the related 

quantity and reason direcdy about the quantity to solve the problem. He emphasizes that 

for students new to the mathematical territory, these cognitive objects or referents are 

needed in order to support the problem solving process. So, although the goal of 

mathematics is the generalization of written symbols, the initial goal is to coanect enen 

qmbols with specific and appropriate quantitative referents. 

Jariies Hiebert (1988) outlines a five-step process by which students develop 

cornpetence with wm-tten mathematical syrnbols. These five major processes are as 

follows: (1) connecting symbols to referents, (2) deveioping syrnbol manipulation 

procedures, (3a.) eluborating procedures for symbols, (3 b. ) routinizing the procedures for 

manipulating symbols, and (4) using the symbols and rules for building more abstract 

symbol systems. According to Hiebert (1988), these five processes m u t  be engaged in 

sequence since '?he outcome of an earlier process lays the foundation for mastering the 

later processes" (p.335). ni is  suggests then that the comecting process m u t  be 

thoroughly employed before studertts are moved on to the next processes. 

Nancy Mack (1990) supports Hiebert's view. She claims that aithough students' 

informal knowledge of fractions is disconnected frorn their understanding of symbol 

notation, their informai knowledge can serve as a b a i s  for developing understanding of 

mathematical symbols ". . . provided that the connection between the informal knowledge 

and the fraction symbols is reasonabty cIearY' (Mack, 1990, p.29). She goes on to point 

out, however, that pRor knowledge of procedures (which were cifien isolated and faulty) 

fiequently interfered with student attempts to give meaning to fractions syrnbols and 



procedures. Several other researchen have alço found that it is difficult to go back and 

provide referents for symbols when students have already routinized symbol 

manipulation mlrs (Markovits & Sowder, 1994; Wearne & Hiebert, 1989). "Other 

researchen have noticed and commented on this phenornenon of having more success in 

teaching unfarniliar content than in reteaching (or replacing) familiar content" 

(Markovits & Sowder, 1994, p.24). 

Althouçh research seems to be mounting that suggests that the connecting process 

must be thoroughly engaged before a student is moved on to the developing and 

routinizing processes, it would appear that a traditional unit of instruction on fractions 

does not correspond with this framework. The process of connecting symbols to 

quantitative referents is usually introduced bnefly in order to move students on to the 

"important" part of the fraction unif namely the routinizing of operations wïth fractions. 

Many researchers cite this rush to the routinizing stage as the root cause of many 

students' problems in math (Davis, 1 984; Kieren, 1988; Mison 1987). Hiebert agrees 

and states that "...an important source of students' dificuities in mathematics is a 

premature emphasis on the formai symbols and rules of mathematics, independent of 

rneaningfirl referents" (7988, p. 348). He recornmends that increased time and attention 

be given to connecting syrrîboIs with referents and that this must precede any other 

procedures. He believes that this initial outlay of time wiIl result in students who are "... 

in a good position to recognize the conceptual ration.de for symbol manipulations. At the 

very least, s ~ ~ d e n t s  would not be restricted to memorizing and executing syntactic rules" 

(Wearne and Kiebert, 1988, p.224). 



This hypothesis seems to address the most common cornpiaint about students, 

namely that their "...understanding of hctions is characterized by a knowledge of rote 

procedures, which are often incorrect, rather than by the concepts underlying the 

procedures" (Mack, 1990, p. 17). Hiebert suggests that al1 one would need to do to 

correct this situation is engage students in the connecting process for a suffkient penod 

of time. He does admit, however, that developing meaning for the symbols by 

connecting thern to referents is a cornplex and protracted process. Given the pressure 

most teachen feel to cover the cum-culum, it is no wonder that this step is essentially 

ignored in order to rush to the routinizing process, which most teachers feel is the 

ultimate goal of their mathematics program. Unfortunately, research is showing us that, 

despite all the effort and energy that is being put into the routinizing of fractions and 

fraction operations, students are not becoming proficient at them. It seems, in fact, that 

they are generally confused by the multitude of seemingly unconnected rules and 

procedures that they are asked to learn. 

Modes of Presentation of Physical Referents 

If students are to connect symbols to referents these referents m u t  be ones that 

have rneaning for the students. Each student creates "meaning" when he or she is given 

suficient experience with the referents. When considering fractions, -dents mut  be 

given suficient expenence with a wide variety of referents in order to deveIop a nch 

understanding of fractions James Hïebert (1988) wams us that action on a particular 

referent may capture only some of the features of the symbol rule. He goes on to Say that 



if -dents only experience one type of referent then this "... single mapping, although 

appropriate, rnay be insufficient to devetop the full meaning of a rule" (p.339). In other 

words, the meaning that a student develops for the fraction notation is limited to the 

referent model with which they have had experience- 

Manipufative experience is most often limited to partitioninç a whole using an 

area model (Armstrong and Larson, 1995). Generally students understand fractions to 

involve cuttittg up an area and then colonng in or taking away pieces. This narrow 

concept of fractions is usually created when students are exposed almost exclusively to 

area rnodels of fractions, such as circular "pies" and "pizzas" or rectangular "cakes". 

The consequence of this limited understanding of fiactions is that students often have 

difficulty when they are asked to apply their understanding of fractions to discrete 

models. Indeed, Hiebert (1 988) states that ". . . the success of instructional efforts seems 

to be restricted to the referents and actions which children have expenenced and about 

which they are knowledgeable" (p.348). It is important, therefore, that students 

experience a wide variety of models of  fkdctions. These models shouid include 

continuous (ara and Iinear) models and discrete (simple and compound set) models. 

Continuous models are ones in which there is no visual breaks in the mode1 versus 

discrete models where visual breaks are visible. Students should experience many 

exarnples of these various models and also should be guided to see the common 

characteristics between al1 these forms so that they can easily translate between each 

mode. 



As was mentioned earlier, each mode1 has limitations and rnay only capture 

certain face& of the meaning of hctions. For example, area rnodels, which are the most 

comrnon referent provideci for students are 1 imited in several ways. In order to use an 

area model, students must be able to coordinate the relationship between two dimensions. 

However, research tells us that this ability develops slowly. Most students are only able 

to consider each dimension in sequence and find it difficult to coordinate their thinking 

about both dimensions until approximately age 1 2 or 13 (Armstrong and Larson. 1995). 

Armstrong and Lanon (1995) also point out that the partition lines of the area model add 

another dimension that the student must consider. If a student is not yet able to 

coordinate all these dimension, then they may find the area model somewhat confûsing 

as a referent for fractions. 

Partitioning an area model is designed to illustrate the part-whole concept of 

fractions. However, Armstrong and b o n  (1995) point out that in fact most shidents 

use a direct cornparison strategy to compare dif5erent areas and do not ".. . deal with the 

complexity of coordinating al1 the part-whole relationship conditions" (p. 16). The 

students consider the parts separately from their wholes and simply compare them 

direcîly by a strategy Armstrong and Lanon (1 995) cal1 Areas ofPurts/Deompose- 

f?ecompse (AP.'DR). This strategy involves cuîting up one area and reshaping it to fit 

the other area. It relies on visual information and not the relationship between the parts 

and the whole. In fact, the whole is of no consequence when this APDR strategy is 

employed. Since the concept of the whole is crucial to fracfiors, area models that do not 

force a student to consider the whole are counter-productive to developing an 



understanding of the relationship of the fiactional parts to the whole. Armstrong and 

Larson (1995) stggest that in order to avoid this tendency to focus on the parts alone, 

cornparison-of-area problems in which the size of the wholes or units differ and where 

the parts are not congruent or sirnilar in shape need to be included in the intemediate 

and middle school cum*culum. 

Another limitation of the area modzi as a referent for fractions can be found in 

most student t~xtbooks- In these books, fractions are represented with circfes or squares 

that are partitioned into c o n p e n t  parts. The static nature of the graphics docs not allow 

the shidenîs to manipulate the rnodels. If students are given these manipulative 

experiences with an area model, they would corne to understand that a given area can be 

partitioned in many different ways. For example, they would corne to understand that the 

condition "fourths" implies "four- equal in quantity" partitions and that these partitions 

do not necessarily need to be congruent Armstrong and Larson (1995) suggest that these 

experiences would lead to the reasoning that ". . . the area of one-fourth of a region would 

be equal to one-fourth of another same-sized region whether or not the one-fourths 

visually iooked the sarne" (p. 17). 

The limitations of the area model can be overcorne by careful consideration of the 

area modek presented to students and by presenting other rnodels, such as linear and set 

rnodels, to students. Students do not spontaneousty translate between these different 

models therefore it is the job of the teacher to y ide  students to see the similarities and 

differences between the different physical modes. Throiigh these wmpansons, studznts 

will gain more insight into the rneaning of hctions. For example, when a student is 



given a square to partition into fourths, he or she knows that four parts are required and 

that these parts must be equal in size. However, when presented with a set of 12 blocks, 

the student must decide what aspect of four to consider- is it four equal groups or three 

groups of four that determines fourths? This wnsideration does not an'se with an area or 

linear mode1 and serves to ernphasize the point that students must be given experience 

with many models in order to develop a solid undentanding of fractions. 

Development of a Part-Whole Schema for Fractions 

In order for students to understand the part-whole meaning of fractions they must 

consider numerous pieces of information. They need to consider the inverse relationship 

between the number of partitions of the whoie and the size of those partitions and then 

courdinate this information with the nurnber of partitions in order to establish a single 

value for the fraction According to Behr, Wachsmuth, Posf and Lesh (1984), the ability 

of midents to undentand the compensatory relation between the size and number of 

equal parts in a partitioned unit is highly variable. "A small percentage of students 

understand the relationship afier only brief instruction. For still others, the relation 

remains elusive even after they have had ample oppominities to leam and practice" (Behr 

et al., 1984, p.338). These researchen found that the students who did not hlly 

understand the inverse relationship between the number of partitions and the size of those 

partitions relied on their whole number schemas to compare and order fractions. This 

"whok nurn ber dominance strategy" occurred even though the denominat~rs were 

sufficiently small that the students would have had experience ordering them with 



manipdatives. Nevertheless, responses fiom most students early in the study were of the 

type "one-third is less than one-fourth because three is less than four" (Behr et al., 19 84, 

p.328). The researchers did find, however, that the dominance of whole number logic 

diminished in the face of instruction when the questions were of the non-application 

varïety. Unfortunately, they also noted that instruction appeared to be less effective 

when students were asked to apply their knowledge to new situations. The researchers 

suggest that ". . . even late into insmiction a substantial nurnber of children 'back slide' 

into a whole nurnberdominance strategy when confronted with problern-solving 

situations where they must apply their knowledge of the order and equivalence of 

fractions" (Behr et al., 1984, p. 333). They suggest that the variation in children's ability 

to understand the cornpensatory relation of fractions indicates that more instructional 

time is required to develop this understanding than has been cunently allotted in most 

cum-cula The researchers also contend that careful spiraling of the concept is required 

through several grade Ievels if the concept is to be solidly attained by students. 

Nancy Mack ( 1990) studied students' informa1 knowledge of hctions and found 

that most students understood fiactions to invoIve partitioning units. However, she also 

found that once the unit was partitioned, many of the students treated the partitions as 

independent From the whole. That is, they treated each part as if it were a whole number 

and not a fraction. Many of the students in the Armstrong and Lanon study (1995) also 

thought of the parts as separate From the whole and merely compared the parts directly. 

Behr et al. (1984) also fomd similar resultr. W k n  students were presented with 

fractions having the same numeraton, three fifths of the explanations involved discussion 



of the denominators only. Although these explanations led to the correct answer, the 

researchers noted that this udenominator-oriiy" strategy could indicate a lack of 

awareness that both the numerator and denominator must be considered when judging the - 

order or equivalence of fractions. 

The results of these researchers seem to indicate that students appear to focus on 

the "number of pieces" rather than the "size of the Fraction". That is, they seem to treat 

each part as separate fiom the unit or whole. Mack noted the consequences of this type 

of thinking fiom the students in her study. When she asked which was Iarger, 4/5 or 5/6; 

a student in her study replied "They're the same. .. because there's one piece missing 

from each- 1/6 missing fiom Y6 and there's 1/5 missing fiom 4/5" (Mack, 1990, p.28). 

Three other students in Mack's study answered in a sirnilar manner where they focused 

on the number of missing pieces rather than on the size of the hctions. Markovits and 

Sowder (1994) also noticed this tendency of students to focus on the number of pieces 

rather than size of the fractions when they asked students to compare two fractions. 

When presented wiih 5/6 and 9/10, a third of the students in the study replied that the 

numbea were equal in s i x  because each was "one piece away fiom one. .. " (p. 12). 

This focus on the pieces continued when students in Mack's study (1990) were 

presented with probIems invoiving discrets sets. When presented with six cookies, 

students were asked to show 2/3 of the cookies. Five of the six students replied that "two 

cookies" were 213 of al! the cookies. One student responded that "you want two out of 

the three" (Mack, 1990, p.29). This student focused on the t!irds as three pieces (three 

cookies) venus three partitions of the whole. He thought of the denominator as entities 



that were separate fiom the whole. It is interesting to note that near the end of the 

instructional sequences, four of the six students codd only solve this problem if they 

thought of the cookies as one big cookie rather than several small cookies, A possible 

explanation for this finding could be that partitioning an area, such as a circle, into three 

parts does not require the student to consider the whole, but rather allows him to continue 

to think of the parts as separate fiom the whole. However, a compound set (such as 6 

cookies) forces the student to consider the partitions in relation to the whole. That is, the 

student m u t  consider the thirds as three equal partitions of the six cookies (whole) not 

merely as three parts. 

The findings of Armstrong and Larson (1995) would tend to lend support to this 

view. When students were presented with a variety of rectangular areas and asked to 

compare the areas with respect to size, most students (regardless of age) used a direct 

comparison method to solve the problems. That is, they thought of the parts as separate 

fiom the wholes and simply compared the parts directly. Armstrong and Larson suggest 

that this behavior may be a consequence of the graphics presented in most textbooks. 

They state that ". . . parts of circular models are easy to compare visually, and therefore, 

the most efficient strategy is a direct comprison There is no need to wnsider the part- 

whole aspects of the problem. If students' expenences are limited to area models where 

the parts can be compared visually, students will have no need to develop more 

sophisticated comparison strategies" (Armstrong & Larson, 1995, p. 16). These 

researchers would seem to suçgest, therefore, that the rnodels students are presented 

with, namely area models, actually encourage students to consider the partitions as 



separate from the whole. In order to test this hypothesis, Armstrong and Larson (1995) 

presented studeots with graphics where the wholes were different s im.  n i e  researchen 

wanted to see if the st~dents would attend to the size of the wholes and determine that a 

cornpanson of the shaded fractionai parts was not meaningful since the two wholes 

differed in size. When the students were presented with two wholes (rectangles) of 

different size with 3/6 shaded in on both diagrams, stüdents said the shaded portions were 

equal. This suggested to the researchen that students continued to focuç on the parts and 

ignored the size of the wholes, even when the wholes diffiered in size. Armstrong and 

Lanon (1 995) contend that "cornpanson of fraction" problerns and graphics are usually 

presented where the wholes are the same size. As a result, they daim ".. . students do not 

attend to the size of whole from whence parts corne" (Armstrong & Larson, t 995, p. 16). 

These researchers suggest, therefore, that students should be presented with problems 

that have different size whoies in order to force students' attention to the part-whole, not 

just part, concept. 

Behr et al. (1 984) found that students in their study who did have a strong part- 

whole concept compared same-numerator and same-denominator fractions by a strategy 

they called "numerator-anddenominator strategy" (p.334). This strategy involved an 

explanation from the student that referred to both the numerators and denorninators. For 

example, when both fractions had the same numerator the student indicated that the same 

nurnber of parts was present (numerator) but that the fiaction with the larger (or largest) 

denominator had the smaller (or smallest) sized pieces. The researchers found that the 

students who employed this strategy seemed to be base their thinking on a mental image 



of their experience with manipulative aids. In Hiebert's words, these students were 

bringing mental referents to their mind's eye. These -dents, according to Behr and his 

colleagues, had a generalized and abstract concept of fractions. They could cal1 up 

mental referents that guided their thinking about the cornpensatory relationship between 

the number of equal parts of the whole and their size. These students did not need the 

actuai physical manipulatives to act upon but could cal1 up a mental image that guided 

their thinking. For these students, it appears that their previous work with manipulatives 

had been connected to the fraction notation such that the symbols were, in Hiebert's 

terms, transparent symbols. From rhis research it would seem that the students who had a 

strong part-whole concept of fractions, also had deveIoped mental referents fiom the 

notation which they called to their mind's eye when solving cornparison problems. 

Armstrong and Larson (1995) found that the use of a pmî-whole strategy to 

compare the area of p&tÏoned rectangles was most prevalent amor.@ oider (eighth 

grade) students and increased significantly when the researchee introduced fiactional 

terms. They found that ". . . the symbolic representations of the parts to be compared 

seemed to hold meaning for the eighth-grade students in a way that did not for many of 

the younger students" (Armstrong & Larson, 1995, p. 15). nie  researchers went on to 

note that the ability of students to interpret the symbols as part-whole relationships that 

can also represent quantities of area may be developrnental in nature. The researchers 

also noted, however, that although the gmde eight students were more able to interpret 

the symbolic notations of part-whole relationships than their younger counterparts, they 

did not apply thrir howledge spontaneously. nie researchers indicated that ". . . at the 



end of rniddle school, students seldom recognize real-world situations in which they can 

apply their knowledge of rational numbers" (Armstrong & Larson, 1995, p. 17). They 

concluded their study with several recomrnendations, including the requirement to giw 

students opportunities to experience the meaning of fractions other than half and more 

oppominities to connect fractional symbols to fraction ternis and models from third 

grades though middie school. In Hiebert's ternis, these students need more experience in 

.the connecting phase if they are to develop an adequate understanding of the part-whole 

concept of fractions, which according to the researchers is deveiopmental in nature. 

nie Development of the Ability to Identify the Unit 

The central notion to  derst standing the part-whole concept of fractions is the 

ability to understand that a defined whole or unit is parti-tioned in a number of equal parts 

as defined by the denominator. Although this notion seems obvious, not al1 students 

demonsbate an scute awareness for the whole. Armstrong and h s o n  (1 995) found that 

when students were provided with partitioned rectangles to compare, the majority of thz 

students inihally ignored the whole in the part-whole relationship and rather used a direct 

cornparison of the parts. They went on to observe that "even d e n  some of the students 

used PartWhole strategies, they ignored the size of the whole when they made their 

compan'son" (Armstrong and Larson, 1995, p. 16). To test this hypothesis, Armstrong and 

Larson (1995) presented students with wholes of different sizes. As the researchers had 

suspected, these students ignored the difference in the wholes, and gave a part-whoie 

answer as if the wholes were the m e .  For example, when a student was presented with 



two wholes (rectangles) of different sizes, the student ignored the difference in the sue of 

the wholes. He went on to explain that the shaded areas of both wholes were the "same, 

because they're both divided into sixths, and they both have four-sixths of the cake 

Frosted" (Armstrong and Lason, 1995, p. 10). This student did not aitend diredly to the 

whole even though his answer suggested a part-whole strategy. 

Nancy Mack (1990) found that "zII students' informal knowledge allowed them 

to determine the appropriate unit in a real-world problem. However, they had difficulty 

identi@ng the unit in situations represented symbolically and concretely" (Mack, 1990, 

p.22). She found that students treated collections of partitions, when presented 

concretely and pictorially, as a single unit. One student stated that "fractions are part of a 

whole ... .TheyYre always less than one whole" (Mack, 1990, p.22). When another student 

was presented with a full circle shaded in and a quarter of another shaded, she stated that 

5/8 of the circle was shaded. She interpreted the unit to be the entire collection of eight 

parts. When she was instructed to think of pizzas, the girl replied that one and one- 

quarter was shaded. Mack contends that when the context of the problem was made 

clear, the student wuld correctly identifL the unit. 

Armstrong and Larson (1 995) explain students' lack of awareness or attendance 

to the whole c m  be trace4 at least in part, to the modeis of fractions that are presented to 

students. They state that the circular model is the most cornmon area model used in 

instruction with fractions. Since the parts are easy to compare directly and since the size 

of ?lie circles rarely Vary between examples, the circular models do not require -dents 

to consider the whole and as a result students usually don't In other words, the models 



as presented to the students, lead them, aibeit unintentionally, to ignore the whole. The 

whole is a given in the student's mind and need not be contemplateci. 'This type of 

presentation has the effect of focusing students' attention on the parts alone when making 

a cornparison, thus discouraging the formation and retention of part-whole relationships 

in the students' minds" (Armstrong and Lanon, 1995, p. 17). These researchers continue 

by asserting that cornparison of area probiems where the size of the wholes or unifs differ 

and where the parts to be compared are not coqyuent or similar in shape need to be 

included in the intermediate and middle school cum-cula in order to draw student 

attention to the whole in the part-whole relationship. 

Process of Comparing Fractions 

According to Markovits and Sowder (1994), 3he  devdopment of rational number 

sense is highly relateci to the acquisition of a quantitative notion for fractions" (p.6). 

Developing a quantitative notion for fractions means coming to understand the 

magnitude of such numben. hiarkovits and Sowder ( W 4 ) ,  state that understanding the 

magnitude of a number within a number domain includes "...the abilities to compare 

numben, to identiQ which of two nurnbers is closer to a third nurnber, to order numbers, 

and to find or identifj. numbers between two given numben" (p.6). If we consider the 

framework for fiaction sense that I adapted fiom McIntosh, Reys, and Reys (Figure 2, p. 

121, then we can see that these number sense skills of Markovits and Sowder relate to 

section one (Knowiedge aiid Facility with Fractions) of my adapted h e w o r k  for 

fraction sense. In pareicular, these skilIs, which are necessary in order to develop a 



quantitative notion for Fractions, are embedded in subsection 1.2 (Sense of orderliness of 

fkctions) and 1.4 (System of benchmarks) of my adapted fmmework. 

Several researc hen have shidied students' abii ities to compare and order 

fhctions. Markovits and Sowder (1994) studied children's abilities to loqte fractions 

between two given hctions and to order a set of fractions. When students used a like 

denominator and decimal equivalent method to compare fractions, the researchers 

deterrnined that these responses represented a "rule-based" approach. If the responses 

used a benchmark strategy then the researchers considered this a "number-sense-based" 

approach. The researchers pointed out that students who employed the rule-based 

approach may have had a good understanding of the numbers k i n g  compared However, 

they felt that since the number-sense-based approach was more efficient, students with an 

awareness of number size would not use such a tedious aigorithm. The researchers found 

that the use of benchmarks increased on the postinstnictional and retentional items and 

interpreted this to be a manifestation of fiactional nurnber sense. They noted as well that 

comparing fractions with benchrnarks introduced some new dificdties for the students. 

For exampie, when açked to compare two fractions that were both under 1R (3/8 and 

7/15), the students needed to determine how far away each fraction was from half, 

compare the 1/8 and 0.5/15, and then relate the result of the cornparison back to the 

original problem to detemine which fraction was closer to half and therefore larger. The 

researchers point out that it was the final step in the process that gave students the most 

difficulty. 



Behr, Wachsmuth, Post, and Lesh (1984) studied chi1drenys thinking when they 

ordered unequai fictions. These researchers felt that " o n e  measure of children's 

quantitative notion of rational number is their ability !O perceive the relative size of  the 

d o n a l  numbers in a pair or a larger sec that is, their ability to determine which of the 

relations, is equaï [o. is Iess tlzan. or is greater thun, holds for a gïven pair of rational 

numbers" (p.324). As such, questions posed by the researchen asked the children ta 

decide whîch of two or three fractions was the lesser or the least and then to explain the . 

reasons for the decision The fraction questions were grouped as  fol lows: Fractions with 

the same numerators, fractions with the same denominators, and fractions with different 

numerators and denominators. The researchers found that the c hildren em ployed a 

variety of stmtegies when determining the relative size of a fraction. 

Early in instruction, the researchers found that a large number of the responses 

from the grade four students when asked to compare 1/3 and 1/4 were of the type "one 

third is Iess than one fourth because three is Iess than four" (Behr et al., 1984, p.333). 

The researchen found that 'childrcnYs schemas for ordering whole numben are very 

strong and, at least during initial instruction in hctions, are overgeneralized.. ." (Behr et 

al., 1984, p.333). The researchers alço noted that this "... dominance by whole numbers 

diminishes in the face of instniction" (p.333). However, they warn that this is only for 

non-application probiems and when students are asked to apply their understanding of 

rational numbers, they have a tendency to "backslide" into whole-nurnber-dominance. 

Nancy Mack (1990) and partners Zvia Markovits and Judith Sowder (1934) also 

detected whole number dominance when students were asked to compare hctions. In 



al1 three studies, the fractions were such that students should have had experience 

ordering them with manipulatives. Behr and colleagues noted that younger children 

display a great deal of knowledge about the fraction 1/2, 1/3, and 114. They propose that 

the poor performance with ordenng the simple fractions muld be due to the students 

being "... overpowered by their knowledge of the ordering of whole numbers" (Behr et 

al., 1984, p.333) 

In later interviews when confronted with same-numerator problems, Behr and 

coIlagues noted that use of the whole-numberdominance strategy had diminished and 

most of the responses were of the ccNumerator and Denominator7' or "Denominator Only" 

variety. They cautioned, however, that three fifths of the explanations employed the 

denominator only strategy. They felt that "most of the children did not give overt 

evidence of being aware that both the numerator and denominator m u t  be considered 

when judging the order or equivalence of two fractions.. . . (and that) may cause difficulty 

when the children encounter other types of problems" (Behr et al., 1984, p.334). 

By the end of the teaching experimenî, most of the students were able to correctly 

order fiactions wiih the sarne denominator. However, Behr and his colleagues noted that 

success was not universal since one-sixth of the explanations incorrectly employed the 

numerator-anddenominator strategy or some other mpecified strategy. The siudents 

who did use the numerator-anddenominator strategy correctly also seemed to be using a 

mental image of their experiences with manipulative ai& according to the researchers. 

They contrasted this desirable behavior with those students whose explanations required 

direct action on the physical referents. The researchers felt that although the students' 



explmations were correct, the reliance on the manipdatives indicated that their thinking 

was less abstract than their cornterparts who wuid cal1 up a mental image. 

An unusual manifestation of the numerator-and-denominator strates was when 

students inverted the relation between the numerator and denominator. "Nine thirteenths 

is less than four thirteenths because 'four pieces are so big, nnie pieces would have to be 

srnalier to fit the whole" (Bshr et al., 1984, p.330). 

Behr and his colleagues found the "reference-point" strategy interesting because it 

had not been specifically taught in the experimental lessons. They interpreted the use of 

a third number as a reference point as thought that was abstract and generalized. They 

stated that "there appean to be a positive relation between thinking based on a reference 

point and a quantitative understanding of rational nurnbers" (Behr et al., 1984, p.335). 

Markovits and Sowder (1 994) found on retention tests that more students were using 

number sense stratepies to compare fractions than they had before instruction. niey 

interpreted this to be an indication of improved rational nurnber sense. Mack (1990) also 

noted ùiat some çtudents used reference points to compare fractions and, like the findings 

of Behr and his colleagues, these benchmark strategies had not been taught to the 

students but rather were part of the students' informal knowledge of rational nurnbers. 

Mack saw the use of these strategies as a strength and ernphasized that students could 

build upon these informal strategies in order to understand further Fraction symbols and 

procedures. 

An incorrect ffimpgrison çtrategy that Mack (1990), Markovits and Sowder 

(19941, and Peck and Jencks (198 1) noted was when students focused on the number of 



pieces versus the size of the fractions. For example, when asked to compare 4/5 and S/6 

the student replied that 'they're the same.. . .because there's one piece missing fiom each- 

1/6 mising from 516 and there's 1/5 missing from 4/5" (Ma& 1990, p.28). A sirnilar 

response is found in Markovits and Sowder's study when students said 5f6 and 9/ 10 were 

the same number because they were both "one piece away" frorn one. Peck and Jencks 

noted that approximatel y 20% of the sixth-, seventh-, and ninth-grade students 

intewienred cornpared fiactions by obseMng the number qf pieces left over. One student 

correctly sketched diagrams of 2/3 and 3/4 and stated that the hctions were equaf 

because 'Yhere are the same number of pieces left over" (Peck & Jencks, 1981, p.344). 

As was discussed earlier, Armstrong and Larson (1995) contend that this focus on the 

number of parts versus the size of the fractions is due to a weak undentanding of the 

part-whole relationship of hctions. They feel this weakness muld be related, at lest  in 

part, to the type of gaphics presented to nudents that do not require this kind of thinking 

to develop. They feeI that more research is needed in this a r a  

Surnmary 

Research is rnounting that suggests that many students lack conceptual 

understanding of fractions and that their knowledge is characterized by the rote 

application of memorized procedures. This jack of "fraction sense" is most often 

characterized by students who incorrectly or inappropriately apply leamed algorithms 

and have no ability to judge the reasonableness of their answers. Many researchen cite 

the rush to teach algorithms before students have developed a solid conceptual 



understanding of rational numbers as the difficulty that students are exhibiting when they 

try to work with fractions. They feel that they need more time than is conventiondly 

allotted to developing meaning for fractions. 

If students are to improve their "fraction sense" if they are to develop a feel for 

the meaning and size of fractions- then instruction must be smictured which promotes 

this type of thinking. Up until lately, however, "number sensen has been described in 

vague behavioral ternis that did not provide guidance to the educator on how to sequence 

lessons so that this type of thinking can be encourageci Mcintosh, Reys, and Reys ( 1992) 

presented a framework for number sense that identified the key components of nurnber 

sense and arranged them according to cornmon themes (Figure 1, p. 10). For the purpose 

of this thesis, I adapted this framework to provide a fi-amework for fraction sense (Figure 

2, p. 12) and to act as a guide for lesson sequencing for teaching hction sense. It is this 

framework that 1 use guide my shidy of each student's sense of the relative magnitude of 

fiactions and serise of orderhess of fîactions. 

Many components combine to create an understanding of the relative size and 

order of fractions. These.include the process for developing meaning fiactions and 

fraction notation; the mode of presentaîion of physical referents; the development of a 

part-whole schema for fi-actions; the ability to identiw the unit or whole; and the proceçs 

for comparing and ordering hctions. Literature related to these components has been 

presented in this chapter. The data in this literature served to guide the instmctional 

expenences of the grade 8 midents in my math classes and heiped to explain the analysis 

of results in the discussion section (Chapter VI). 



In this chapter, 1 present the methodology that 1 used to coltect the data for my 

study. This chapter includes a description of individuais who took part in my study and 

the method that 1 used to select hem; a detailed account of the tasks 1 used with my 

subjects both during the pre and pst-unit interviews; a description of the interview 

setting; and a report of the activities that were conducted wÏdi my two math 8 classes 

during our unit of fraction instniction. 

Partici pan ts 

Subjects for my study were solicited from the two math 8 classes that 1 taught at a 

middle school (grades 6-8) in a Iow to middle income suburb of Vancouver. According to 

the mode1 of a middle school as opposed to a junior high, students rernained together as a 

class for the entire schooI year for al1 academic courses (Hurnanities, French, Math, and 

Science). This allowed me to teach the same two classes Science 8 as well as Math 8. 

As such, I worked very closely with al1 my students for the entire year and felt that i got 

to know them quite well. 

Students in my two math 8 classes were asked to participate in my study. Frorn 

the volunteers who retumed their permission slips, I selected seven students: 4 girls and 3 

boys. 1 selected the students based on their math grades, given by their grade 7 teacher 

and by me in the first tenn of grade 8, and on their willingness and ability to articulate 

their ideas. 1 wanted to select a cross section of students so 1 chose 2 "top7' students, 2 



''average" students, and 3 "below average" students in math. Two students, Debby and 

Chris (pseudonyms) were considered top students and had received either 'A's" or "B's" 

in math and in most other subjects. They were both confident and very involved in the 

extracunicular activities in the school. Jacquie and Shari were considered average 

students and had received mostly '%" grades in math. Jacquie was very social and Shan 

was more reserved. Both were somewhat hesitant about their ideas and would seek 

confirmation of their understanding with me during class tirne. Tamrny, Liam, and 

Jeremy had received mainly below average grades (C-) in math. Both Liam and Jeremy 

had received leaming assistance in math in previous grades and fiom me dunng the first 

half of the school year. Liam was reserved and would ponder his ideas whereas Jeremy 

would answer quickly and confidently, even if his answers were incorrect. Although 

Tammy received low grades in math, she was actuaIIy quite capable in the subject. 

However, due to a troubled home-life she would sometimes miss class and generally did 

not do homework or study. As a result her grades suffered. I chose her however, because 

1 suspected that she had intuitive ability in math and was interested in what she could 

show me- 

Pre-Unit interview 

Setting 

Each student took part in a pre-unit, private interview which I videotaped and 

later tmrrscn~ed myself These interviews took place dm& the school day in a private 

room in the school. Each i n t e ~ e w  lasted for approximately 80 minutes each. A variety 



ofmanipulatives, including pencils and paper, were available for students to use at al1 

tirnes during the interview. 

Pre-Unit Intewiew Ouestions 

1 used the same tasks, manipulatives, and questions for al1 students. I would, 

however, expand on the questions that 1 asked in order to get further clarification fiom 

the student if 1 thought it was needed. The design of the intem-ew tasks was based 

larsely on the literature 1 reviewed o.i number sense a'id fractions. The tasks were al1 

preplanned and were not inff uenced by the responses that were given. However, as 

mentioned before, 1 would deviate fiom my questions if a response was unclear or 

cunous. A detailed description of each task that I used in this study follows. 

A full listing of the tasks that were used with students can be found in Appendix 

A In this section 1 describe only those questions which address each student's ability to 

sense the relative and absolute magnitude of fractions (section 1.1.1 and 1.1.2, p. 12) and 

the abiIity to sense the orderliness of hctions (section 1.2.1 ; 1 -2.3; and 1.2.4, p. 12). The 

data fiom these questions foms my analysis in chapter IV. I ornitted some questions 

because of the need to narrow the scope of this study. 

Section 1.1 Sense of the relative and absolute magnitude of fractions 

The ability to recognize that a fraction is a number relative to a defined unit or 

whole is crucial for a student' s fraction sense. For this reason, I have I isted it first in my 

adapted framework In order to develop fraction sense, students must first corne to 

understand a frzction as a nurnber relative to a defined whole. They need to understand 

the meaning of the numerator and denominator and consider them in relation to one 



another and the defined whole in order to develop a quantiîative notion for hctions. In 

the remainder of this section I describe the questions that 1 asked in the pre-unit i n t e ~ e w  

that addressed each student's understanding of the numerator and denominator and his or 

her ability to coordinate this information and consider it relative to one whole. Also 

included in this section are the questions that 1 asked to determine the models that 

students used as referents when thinking about fractions. 

Task ff 1 : Interpretinp; written notation. 

The first task (Question 1 ) involved showïnç the fraction 416 witten out on a card 

and asking the students to say the fraction aloud so 1 could determine whether they knew 

the standard form for saying fractions. Students were then asked to explain a d o r  show 

with manipuiatives what the notation 416 meant. I then proceeded to question each 

student about what the "6" in the Fraction tells you and then the "4" My purpose in 

doing so was to determine what meaning sbdents  gave to the numerator and 

denominator. I also noted what mode1 the student chose to represent the fraction. 

Task # 2: Meanine of "fourth? 

The second task (question 2) involved having the student separate a geoboard into 

fourths and explain how s/he h e w  that it was partitioned properly into fourths. In this 

task 1 was interested in finding out if students understood that the fiactional name, in this 

case 'fourths', determined the number of equal size, but not necessarily congruent, 

pieces. I asked students to provide me with several different arrangements of fourths on 

their geoboard and asked them if the fourths in one arrazgement were equal to the fourths 

in another arrangement of the same size geoboard. I was interested in this question to 



determine if students realized that fourths of the same size whofe were the same size 

even though they were not congruent 

If students did not provide an arrangement that had non-congruent pieces, I 

would make such an arrangement on a geoboard and present it to the student. I asked if 

what I had made were fourihs and asked himher to esplain why or rvhy not An example 

of such an arrangement is given in Figure 3. 

Figure 3. Geoboard example of non-conguent fourths provided by teacher 

Students were then s h o w  a vanety of examples and non-examples of fourths drawn on a 

sheet of paper (question 3). Students were asked to look at the figures and determine 

which ones accurately represented founhs and which ones did not Students were then 

asked to explain their thinking for each one. Also, different models of fourths were 

provided in order to ascertain how generalized each student's understanding of the 

meaning of "fourth" was. In other words, did students have a generalized idea that 

"fourth" meant to partition a given unit or whole in to 4 equal sized but not necessan'ly 

congruent pieces. Figure 4 illustrates the examples that were shown to students. 



Figure 4: Examples and non-examples of fourths provided to students in the 
first interview. 

Figures 4% 4c, and 4d al1 represented continuous or area models partitionai into 4 equal, 

congruent pieces. F i y e  4f represented an area mode1 partitioned into noncongruent 

fourths. Figures 4b and 4e were dso area models but both were non-examples of fourths. 

Figure 4b was a nonexample because the partitions were not equal in sÏze and 4e 

because they were not partitioned in to 4 parts. Figure 4g was a discrete or set model of 

fourths. In this question 1 was interested to determine what aspect of the model students 

concentrated on to determine if the example was indeed fourths. As a modification of 



this question, I would introduce another question that rearranged the circles into 2 sets of 

4 circles (Figure 5) and asked students if this arrangement represented fourths. 

Figure 5: Modification of Figure 4g to produce Figure 4 h  

The Iast figure, figure 4i, was a continuous or linear mode1 designed to determine 

whether or not students could iden@ the whole and decide if the whole was properly 

partitioned into fourths. 1 was trying to determine if students were merely seeing "four" 

pieces in total venus partitioning the identified whole into four equal pieces to determine 

fourths. I wanted to see if having "five" congruent pieces wouid alter each snident's 

abiliîy to explain where the fourths were. 

I also analyzed the responses to the diagrams 4a4i to determine which models 

students were able to interpret confidently and which ones they were not sure about. 

Task f: 3: Using different modes to represent fractions 

Figures 6 and 7 were the illustrations that I provided to students to specifically 

determine how they would react to diese models of Fractions (Questions 4 and 5). Figure 

6 is a discrete o: compund set model. 1 asked the student to tell me what part of the set 

was shaded. I then asked them what they would Say if I told them that 4/6 of the set was 



shaded. 1 also asked them to explain their thinking. 1 was interested in this question to 

determine if each student muid group the circles and if so, how they would do so when 

given the fraction 4/6. Since 416 was the fiaction given in task # 1, I was interested in 

cornparhg each student's response to 4/6 with this mode1 cumpared to the one s/he used 

in task # 1. 

Figure 6: Compound set mode1 to represent 4/6 

The illustration in figure 7 is a continuous, linear mode1 that required the student 

to shade in 213 on both 7a and 7b. 1 was interested to see if students could "unpartition" 

or ignore the lines in the bar in figure 7 a  This task of unpartitioning the bar is similar to 

the task in figure 6 that required students to group the circles. In figure 7% students had 

to group the smaller boxes into one group or double the size of the whoIe and ignore the 

lines. Figure 7b was given to students to see which figure they would do first and which 

they found easier to use as a rnodel. 

Figure 7: Two continuous (linear) models to represent 2/3 

Task # 4: Identi%ng the whole or unit 

The illustrations in figures 8 and 9 wee shown to students to detemine if they 

could identify the whole or mit (Questions 6 and 7). 



Figure 8: Shaded bar used to identiQ the whole 

Students were show figure 8 and asked to state a fraction for the part of the bar that was 

shaded. They were asked to explain how they figured it out. I then asked students if 

there could be another narne for the part that was shaded. I assumed that students would 

see the entire bar as the whole and state a fraction that was less than one for the shaded 

portion, so 1 asked students what they would Say if I told them that I IR was shaded. I 

was interested if they could explain how figure 8 represented 1 1/2. In particular, I 

wanted to see ifthey could identi@ the whole and what process they would use to do so. 

9a) 9 4  9b) -1 
Figure 9: Finding the whole with 414 and 4/3 

Afier figure 8 students were given figure 9 and told that fiyre 9a represented 4/4 

and 9b represented 4/3. Students were then asked to identify the whole. 1 was interested 

in seeing what each student took as the whole and if s/he could use the information from 

the given fractions to identiQ the whole. In particular, 1 was looking to see if the 

students couid identify 4/4 as equivalent to one whole and therefore represented by the 

a11 four boxes. Whereas 4/3 was 3/3 and 1/3, equivalent to one whole and another third. 

In other words, three boxes represented the whole, one less than the four boxes of the 



Section 1.2 Sense of the orderhess of fiactions 

Understanding number magnitude, according to Markovits and Sowder, 

"...encompasses the abilities to compare numbers, to identify which of two numben is 

closer to a third number, to order numbers, and to find or identie numbers between hvo 

piven numbers" (1994, p. 6) .  If a student is to be able to order fractions and understand 

fraction equivalence, then he or she has deveioped an ''..understanding of the 

compensatory relation between the size and number of equal parts in a partitioned unit" 

(Behr, Wachsmuth, Post, Lesh, 1 984, p.338). It is probably through the connechg phase 

of instmction where studentç develop this understanding. By working with 

manipulatives, students develop an understanding of the inverse relationship between the 

size of the denominator and the size of the unit hction. They may also at this stage 

develop the relationship between various fiactions and the benchmarks of half and one. 

In this section, 1 discuss the questions that I asked students in the first interview 

that addressed their sense of the orderliness of  hctions, I looked for evidence of their 

understanding of the inverse relationship between the size of the denominator and the 

size of the unit fi-action (section 1.2.1, p. 12) and for evidence of strategies to order 

fiactions (section 1.2.3, p. 12). h particular, I wanted to see if students used cornparison 

to benchmark referents when ordering fractions with unlike denominaton (section 1.2.4, 

p. 12) as a strategy. 



T& #5: or der in^ unit fractions-inverse relationship (denominator and size). 

In this task (question 8) I showed each student a wrïtten set of unit hctions (US, 

113, /12, 1/6, 114) and asked that the fractions be ordered Frorn smallest to bigseest. f 

proviaed a piece of paper and pen for this. While performing the task, 1 asked the student 

to talk aloud and explain his or her thinking. If the student was unable to perfom the 

task or \vas unsure about his or her order, I of'fered the fraction circles so that the answer 

could be obtaineci or venfied. In ihis question I was interested to see if students had 

developed an understanding of the inverse relationship between the size of the 

denominator and the size of the fraction or if their knowledge of whole numbers 

interfered with their work with hctions. 

Task #6: Ordering non-unit hctions-evidence of benchmark stratew 

In the first question of this task (Question 9), each student was asked which 

fraction was larger- 18/19 or 314. This questioned was designed to see if students would 

use the "convert to Iike denominator" method generaliy taught in school to compare the 

fractions or whether they would use the benchmark of "one" as a strategy. In particular, I 

noted whether or not each student noticed that each hction was one "'piece" away fiom 

one whole and whether or not they compared these unit fractions to determine the larger 

fiaction. 

In the second question (Question IO), I asked students to compare 7/15 and 6/10 

to the benchmark IR. 1  vas interested in the method they would use to determine this 

relationship to 1R. The second part of the question invoIved stating which of the two 



hctions was larger. 1 was interested to see if students wodd use the relationship of the 

two fractions to 1R as a strategy or if they would compare the fractions another way. 

Instruction 

Settirq 

Once the interviews were cornplete I began the unit of instruction on fractions 

with both math classes. The unit Iasted for approximately eight weeks in total, although 

the section of interest to this study lasted approxirnately four of those eight weeks. 

Dunng this tirne, 1 began the shidy of fiactions "at the beginning"; that is, I had students 

work with rnanipulatives to ensure that they connected the wrÎtten fiactional notation 

with referents that they could draw upon to guide their future work with fractions. 

Alfhough this work shouid have been done long before grade 8, my experience, and 

indeed that of research into hctions (Hiebert 1988; Mack 1990; Wearne & Hiebert 

1989), is that students have had M e  expen'ence working with manipulatives and 

developing referents for fractions. As such, 1 provided approximately 6 one-hour classes 

to this end. We moved from these connecting exercises to a series of activities that were 

designed to compare fiactions to the benchmarks of one and then half. Next we moved 

on the exercises that worked on rnodeling the equivalence algorithm with manipuiatives. 

Most students knew the equivalence algorithm, but wuld not explain or mode1 what was 

happening when they multiplied andor divided the numerator and denominator with the 

same integer. M e r  ihk section, I moved the students into strategis which were 

designed to help thern order or compare fractions without using the "like denominator" 



method Once these activities were completed, 1 moved students into operations with 

hctions. Since this thesis does not involve operations with fractions, I will not be 

discussing what activities were included in this section of the unit. 

Lesson Plans 

What foIIows is an outline of the fraction sense activities, with 

explanations of each, that were used in both math 8 classes. f i c h  class lasted for 

approximately 60 minutes. 

Reference: 

Purpose: 

Materials: 

Expianation: 

Tige's Treats 1.5 classes 

NCTM Addenda Series: Understanding Rational Numbers 

To establish that the fractional name tells you how many qua1 parts to 
separate the whole into 
To establish that ''equal" means equal in size or amouni not congruent 
To establish that al1 fourths of the same size whole are equal in size, even 
though they are not congruent 
To differentiate between four and fourths 
To work with a continuous (area) mode1 as a referent for fractions 

Geoboards, geobsnds, and geo- dot paper 

Students worked in small groups (34 students) to determine how many 
ways they could cut a square "cake" (geoboard) into fourths. They had to 
record al1 their fourth arrangements on geo-dot paper and answer 
questions in their math journal. The team wiîh the most different 
arrangements won a srnaIl cake. 

Dunng this activity many questions arose which helped us to define 
fraction. In particular, does separating a given area into 4 (unequal) parts 
constitute fourths, what does "equal" mean and are non-congruent 
fourths the same size. A side effect of this work with the area mode1 was 
Iûuning about conservation; that is, that a half or fourth of a given area is 
always the same àmount, no matter how it is partitioned. Also, students 
needed to consider how to calculate the area of parts of squares (on the 
geoboard) to determine the total area of the fourth. A lot of problem 
soIving went on with this activity. 



Lesson # 2: Examples and Non-Examples of Fourths O S  class 

Reference: Elementan, School Mathematics John A. Van de Walle p.225 

Purpose: To establish the conditions needed for "fourths"- a unit partitioned into 4 
equal in size, but not necessarily congruent, parts 

Materials: Photocopy of examples and non- examples (Appendix B) 

Explanation: Students were given a photocopy of examples and non-examples of 
fourths. They were asked to explain in their journals which diagrams 
were and were not examples of fourths and why they thought so. A class 
discussion of the answen followd individual respunses in their math 
journals. 

Lesson # 3:  Finding Fractional Parts and Wholes Using Cuisennaire Rods 
and Pattern BIocks 4 ciasses 

Reference: Elementarv School Mathematics John A Van de Walle p.229 
A Collection of Math Lessons MariIyn Burns p. 224 

Purpose: To use continuous lengîh and area models to rnodel fhctions 
To mode1 hctions less than, equal to, and greater than one 
To emphasizes that fbctions are relative to a defined unit 
To connect physical referents to fractional notation 
To detemine the fractional name (numerator and denominator ) when the 
whok is defined and a fi-actional part is identified 
To write proper, improper, and mked fiactions 
To determine the whole when the fiactional name is given and the 
fractional part is identified 
To detennine the fiactional part when the fractional name and whole are 
identified 
To determine that the denominator is the "denominations" of partitions of 
the whoIe and that the numerator "counts" the denominations- 

Materials: Cuisennaire rods, questions on overhead (Appendix B), 
Worksheet: Convertïng Fractions (Appendix B) 

Explanation: Students were given a set of Cuisennaire rods and copied the question 
chart of the overhead into their math joumals. Mer some initial 
instruction as a class, students worked in smail groups and 1 circulated 
among the student groups to help with questions they had. Once finished 



the overhead material, students worked on a worksheet exercise with 
accornpanying questions. 

In the first tasks. the whole and fractional part were defined to be specific 
rods ( e-g. whole =orange rod and fiactional part = 1 yellow). The task 
was to compare the fiactional rod (which initially waç less than the whole) 
to the whole and determine the fractional narne and write the symbol for 
the fractional rod (e.g. yellow = I/2 of whole orange). in order to 
accumplish this task, students had to detexmine the denorninator. This 
\vas accomplished by iterating the fractional part or smaller rods that 
evenly partitioned the defined whole and then counting the relevant 
denominations (e-g. 2 yellows = 1 orange therefore the denominator = 2 ; 
since the count is one yellow the numerator is 1 to give the fraction 112) 

The second task waç very similar to the first, except that the fractional part 
or rod was larger than the defined whole. This resulted in student writing 
irnproper fiactions and writing mixed fractions. It ernphasized the 
numerator as counting the denominations that could result in an improper 
fiaction. 

The third task involved defining the whole (e.g., brown) and giving the 
hction (e.g., 7/8) and asking students to find the rod wtiich represented 
this fractional part (e.g., black = 7/8 of brown). This task required, that 
students use the denominator to partition the whole (e.g., into 8 equal 
parts) and then iterate these untii the numerator value is reached (e-g., 7) 
and then find the rod that equals this value (e-g., black). This task 
emphasizes the role of the denominator and numerator and their 
relationship to the whole. 

The fourth task was a variation of the third except the fraction which was 
given was larger than the whole, therefore students had to look for a rod 
which was longer than the defined whole. 

The fifth task gave the fraction (e-g., 719) and defined the fiactional rod 
(e-g., blue) and students had to find the whok  This task was 
accomplished by iterating the defined rod (e.g., blue) into the number of 
parts given by the numerator (e-g., 7) and then iterating the remainder of 
equal parts to reach the whole (e-g., 7 and 2 more paris = 9/9 parts = black 
rod). 

The sixth task was the same as the fifih, except the given fraction -.as 
greater than one whole, therefore the rod which represented the whole was 
shorter than the defined rod. 



Lesson ff 4: 

Reference: 

Purpose: 

Materials: 

Explanation: 

Lesson #5: 

Reference: 

Purpose: 

Materials: 

Explanation: 

Work with the pattern blocks was very similar to the Cuisemaire rods. To 
emphasize that the whole is not al ways 1 object or area to be partïtioned 
the whole, in the case of the pattern blocks, was sometimes given as 2 or 
more shapes (e.g., whole=2 yellow hexagons). This \vas done so that 
students would have to consider the fiction (numerator and denominator) 
in terms of the whole and to avoid the overgeneraiization that a certain 
shape or color is half, as can happen with a mode1 when the whole is 
always defined as the large circle, yellow hexagon etc. 

Benchmark cornpanson to one whole 1 class 

Elementan, School Mathematics John A. Van de Walle p. 230 

To use manipulatives to look for patterns in the numerator and 
denorninator to write fractions that are l e s  than, equal to, and greater than 
one whole 

To wn'te improper fractions and rnixed fractions in a variety of ways 
Manipulatives (fraction circles, pattern blocks), 
Worksheet: Fractions- Less Than Equal to. Greater than I (Appendix B) 

Students worked with manipulatives and the worksheet to detennine niles 
for wri-ting fractions which were less than, equal to, and greater than one 
whole. This work was an extension of the previous work we had done in 
lessons 1-3. Students were encouraged to write a variety of equivalent 
mixed and improper fractions in order to prepare them for their work with 
subtracting which wodd require borrowing. (e.g., 2 4/6 = l+ 6/6 + 4/6 = 

1 10/6= 616 + 6/6 + 416 = 1616 etc.) 

Equivalent Fractions 2 classes 

Elementan, School Mathematics John A. Van de Walle p.234 

To determine what quivalent means 
To relate the known ccequivdence" aigorithm to a referent 

Paper stips 
Worksheet: Equivalent Fractions: Using Models (Appendix B) 

Students answered questions in their journal anü men discussed as a class 
what fraction equivalence meant to them. They then explained the 
methods they used to create equivalent fractions. Students then folded 
paper strips to create hction equivalents. The actions on the paper strip 



Lesson fC6: 

Purpose: 

Matenal s: 

Explanation: 

were related to the written algorithm. That is, rndtiplying numerator and 
denominator with the same number (e-g-, 2) was an increase the number 
of sections by 2 foId I also showed students that dividing by the same 
integer was the same as grouping or unpartitioning. 1 emphasized to 
students that since the fractions were equivalent that they were the same 
amount and therefore when they were multiplying they were actually 
multiplying by 1 to get the same quantity, except that the 1 was in the 
form 2/2 or 5/5 etc. 

Modefine fractions with discrete (set) models 

To mode1 fractions using sets 
To cernphasize that the denominator tells you how many equal groups 
To understand that the denominator is the number of groups, not the 
number of objects within a group 
To understand that the number of blocks within a group mut be the sarne 
to be equal but is not necessady the sarne nurnber as the denominator 
To re-emphasize that the numerator counts the equal groups 
To model fractions greater than one wtiole with sets of objects 

colored blocks 
Worksheet: Ecruivdent Fractions: Re~resentations (Appendix B) 

Students were given a set of colored blocks and were shown how to model 
given fiactions using the blocks. I emphasized to students that they 
needed to attend fint to the denominator and partition the whole set of 
objects into that many equal groups. For example, if the whole set was 
defined as 15 bIocks and the denominator was 3 (thirds) then the 15 
blocks needed to separate into 3 equal groups of 5 blocks. Once the set 
was correctly partitioned, then the student needed to attend to the 
numerator and count that number of equal groups. If the numerator was 2 
( e g ,  2/3) then the student needed to count 2 groups and then detemine 
the total number of blmks within the 2 groups to give the answer that 2/3 
of the whole of 1 5 blocks is 1 0. If the numerator was greater than the 
denominator (e-g., 413) then the student needed to get another set of blocks 
in order to count the correct number (e-g., 4). This would result in more 
blocks than the whoIe, which is consistent with the written notation 
(e.g.,4/3) which is greater than one whole. 

Benchmark comprison to half I class 

To compare fractions to one half 
To use half as a benchmark for cornparison of fractions 



Materials: Worksheet: Eauivalent Benchmarks (Appendix B) 
Overhead exercises (Appendk B) 
Fraction circles 

Explanation: S tudents were provided with worksheets and mani pulatives. They were 
asked to determine how a fiaction cornpared to 112. From the previous 
worlc with manipulatives, students had discovered that fractions are 
equivalent to half when the numerator is half the value o f  the denominator 
( e g ?  3 6  = 1 /2 because 3 is half the value of 6). They also knew that a 
hct ion is less than haff whe-n the numerator is Iess than hatf the value of 
the denominator (e-g., 2/6 is Iess than kalf because 2 ~ 3 )  and that a fraction 
is greater than half when the numerator is greater than half the value of the 
denorninator (e.g, 4/6 is p t e r  than half because 4 >3). Students then 
worked on comparing fractions with unlike denominators because 
comparing the benchmark half raiher than converting to like 
denominators- 

Lesson #8: Cornparing: Fractions using Benchmark Strategîes 2 cIasses 

Reference: Elernentaw SchouI Mathematics John A Van de Walle p. 233 

Purpose: To use a variety of benchmark strategies to compare and order fractions 
with unlike denominators, 

Materials: Worksheet: Compare and Test (Orderin.& (Appendix B) 
Manipulatives- fraction circles 
Quiz: Comparinp Fractions Usiw Concepts (Appendix B) 

Explanation: Students were provided with the worksheet and were instructed on how to 
till it out. We did the first few examples together and then students 
worked independently to fil1 in the worksheet We discussed the answen 
when students were complete. Manipulatives were used to explain 
cornparisons, especially the "less far away fiom one" strategy. 

The worksheet encouraged the midents to use the fotlowing strategies to 
compare the fractions: 

1. More of the same size parts (e-g., 5/8 > 3/8 because 5 eighths > 3 
eighths) 

2. Sarne number of different sue parts (4/7 > 4 9  because sevenths are 
Larger pieces than ninths therefore 4 sevenths > 4 ninths) 

3. Cornparison to half (318 < 6/20 because 3/8 is < 112 and 6/I 0 > 1/2) 
4. Cornparison to one 



Lesson #9: 

Purpose: 

Matenals: 

Expianation: 

a) more thad less than one (3/5 < 3/2 because 3/5 -= 1 but 3/2 >1) 
b) less "fa away" nom one ( 4/5 < 7/8 because both are one piece 

away fiom the whole but 1/8 is smalIer than 1/5 therefore 718 is 
closer tc 1 than 4/5) 

Findinn Approxirnate Benchmarks 1 class 

To use understanding of multiplication facts to estimate simpler hc t ions  
that could be used as benchmarks. 

Worksheet: Close to But No Ciear  end en dix B) 
Students were given worksheet anu 1 demonstrateci how I to use their 
knowledge of  multiplication facts and ratios to find "'Friendly Fractions". 
For example, students would look at the fraction 4/11 and think that 4 and 
12 are in a "fmily of facts" (multiplication facts) and therefore estimate 
the fraction 4/1 t to be 4/12 which they cm quickly change to 1/3 because 
they h o w  that 3 is the other term in the 4 and 12 "fact family". S tudents 
who had weak recdl of multiplication facts were encouraged to use a 
multiplication chart 

The remainder of the lessons in this unit involved operations with fractions. Since I did 

not focus on fraction operations in this study, 1 have not included these lesson plans. 

Post Interview 

Setting; 

Once the unit of fractions was camplete, I re-interview& the seven students who 

were involved in my study. These interviews occmed approximately 2.5 months after the 

initial interviews. Due to time constraints 1 interview& the students in groups of two or 

three, The tasks for the final interviews were different fiom the first tasks but related to 

them in that they dealt with what understanding or referents midents had for fractions 

and what strategies they used to compare and order fractions. Once again, rnanipulatives 

and paper and pencils were available for strrdentç to use. Below, I have outlined the tasks 



givea to students durhg the final interviews and have listed them according to die 

framework categories that they correspond to. 

Post-Interview Questions 

Section 1 - 1 Sense of the reIative and absolute magnitude of hctions 

As in the first set of interview questions, these tasks examined the manner in 

which students rnodeIed frictions using a variety of manipufatives, including a selection 

of continuous and discrete models. As in the first interviews, it is the part-whole 

meaning of fractions that 1 focused on. How students saw fractions in relation to the 

whole and what interpretation or meaning they gave [O the numerator and denominator 

was examined. 

Task # 1 : Intemreting wrîtten fractions. 

In this task students were first shown the fiaction 3/6 and then 613 written on a 

card. They were asked what they thought or could Say about each of the fiactions and 

then were asked to model the fractions. I then gave the students blocks (24 wi-th Y6 and 

12 with 6/3) and asked them to model the fractions using the blocks (set model). I then 

asked the students what îhe denominator and numerator in each of the fiactions tells 

them. Afier these questions were cornpiete, I then gave them photocopies of the 

diagrams in figure 10 and asked students to use them to mode1 316 and 6/3. 



. Figure 10: Diagrams provided to students to mode1 3 6  and 6/3. 

The questions in this task were designed to see what meaning the students 

gave the numerator and denominator and how the students viewed the fractions in 

relation to the whole. 1 was particularly interested in how students would relate the 

Fraction 613 to the whole. InitiaIIy students were fiee to model the fractions as they chose 

and then I asked them to use a set model and the diagrams in figure 10. I \vas interested 

in comparing how they handled the fractions with the different models. In particular, 1 

was interested to see if students were equally cornforrable using al1 models for the 

fraction 6/3 and how they would relate this hction to the whole in order to model it. 

Task # 2: Findine fractionai parts and whotes. 

In these tasks, students were given Cuisennaire rods (continuous length model) to 

mode1 fractions. The wholes anci fiactional parts were identified as fdows: 

a) orange is 1, what part is 2 reds? 

(fiaction less îhan one whole- iterate the red) 

b) yellow is 1, what part is I light green? 

(fiaction less than one whole- cannot iterate the green, need to get a smaller rod) 

c) Iight green is 1, what part is yellow? 

(fraction greater than one whole) 



The students then needed to use the blocks and state the fraction. 1 asked them to explain 

how they determineci the numerator and denominator. These tasks were designed to see 

how students used a different manipulative, in this case a contiiiuous length mode], to 

represent fractions Again, 1 was interested in the process that each student used to 

determine the numerator and denominator and how they refereed to the whole in order to 

achieve this- 

The next section of these tasks provided the fractional name of a given rod and 

asked the students to find the whole. The questions were as follows: 

a) brown is 4 5 ,  what is the whole? (whole is a iarger rod) 

b) black is 1 2/5, what is the whole? (whole is a smaller rod) 

Before students were allowed to find the whole, 1 asked them if the rod they were looking 

for was srnalier or larger than the brown or black one. I was interested to see if they 

could reaiize that if the btack was 1 2/5 that this was larger than one and therefore the rod 

they were looking for was smaller than the black. I was interested if students could 

handle the concept that the whole was srnalier than the fractional part. 

Section 1.2 Sense of the orderlinas of hctions 

The tasks in this section of the interview were designed to detemine which 

strategies students were using to compare and order fracriom. They were also intended 

to shed more light on how students thought about the numerator, denominator, and the 

whde and how they cwrdinate this information. 



Task # 3: Com~arine and orderina fractions. 

Students were shown a series of cards with pairs of fiactions wn-tten on them. 

They were asked how they wvould go about determining which one is the Iargest of the 

pair. The questions were designed so that a variety of strategies could be used. The 

questions and the possible strategies that could be used to order them are provided below: 

a) 314 and 3/5 

b) 415 and 615 

c) 213 and 6/7 

d) 3/4and5/I2 

Same nurnber of pieces, 5ut pieces are different in size. Needs to 

consider the inverse relationship of denorninator to Fraction size. 

The larger size pieces (fourths) are more. 

Same size pieces, the fraction with more pieces is more (615) OR 

6/5 is more than one and 4 5  is less than one so 6/5 is more 

Both are one piece away from one whole, but sevenths are smdler 

therefore 6/7 is closer to I and therefore larger than 2/3 

Over half and under half- benchmark cornparison 

e)  3 5  and 517 Both i so  pieces away from one whole- sevenths are smaller 

therefore 5/7 is closer to one whole and therefore larger than 3/5 

f3 3/5 and 6/9 Convert to percentages: 3/5 is 60 % whereas 619 is 66% therefore 

6/9 is more. 



g) 4/I O and 5/9 Benchmark to half- 4/10 is les  than half and Y9 is more than ha1 f 

therefore 5/9 is more. 

The second part of this task was to order a set of fractions using a variety of strategies. 

The fractions were written on a card and shown to students. Students were provided with 

paper to wn'te their answers on. 

4/23 5/9 5/12 2/5 10/8 

6/6 1 Ill7 9/18 4/2'. 

Figure 10: Corn parhg and ordering fractions problems 

Both sets of Fractions invoived comparing to benchrnarks of half and one whofe in order 

to order them. The fractions, 5/12 and 2/5, in the first set were both under one half The 

Fraction 5/12 was one-twel fth below ha1 f and 2/5 was half a fifth or one-tenth DeIow hai f. 

I wanted to see how sttidents would resolve these hctions which were very near to each 

other in size. 

Task # 4: Qualitative reasoning about fractions 

These last questions were designed so that students would have to provide 

qualitative versus quantitative answers regarding fractions. The fraction "'ah" was 

written on a card and shown to students. I asked a nurnber of questions that are listed 

below. Each question was intended to prompt students to think qualitatively about the 

size of fractions and the relationship of the numerator and denominator to size of the 

fraction 

a) " If 1 told you "a" was (kss than, equal to, greater than) "b", what cm you tell me 

about the size of the fraction cornpareci to one whole? 



These questions were designed to have students think about the numenitor relative to the 

denorninator and to use this information to determine the fkction size relative to one 

whole. 

b) "if I increased the number "a" what would happen to the size of the fraction? 

This question focused on the numerator and its relation to the size of the fraction. 1 was 

interested in seeing if students undentood that there is a direct relabonship between the 

size of the fraction and the  numerator. That is, an increase in the numerator iesults in a 

larger fraction. 

C) "If 1 increased the number 'b" what would happen to the size of the fraction? 

d) "If I decreased the number "b" what wouid happen to the size of the fraction? 

Questions "cm and " d  focused on the denominator and its relation to the size of the 

fi-action 1 was interested in detemining if students understood that there is an indirect 

relationship between the size of the fraction and the denorninator. That is, an increase in - 

îhe denominator results in a decrease in the size of the fraction and vice versa, 

Analysis Method 

Once the intem-ews were completed I transcribed the videotapes. I watched the 

videotapes and recorded the audio verbatim ont0 index cards. I also wrote down notes 

regarding gestures, voice intonation, and work with the manipulatives that would serve as 

M e r  evidence to student explanation Each question was recorded on separate car&. 

Once this was complete, 1 coded each -dent's response for each taçk in order to 



generate similarities and differences in approach of the seven shidents I interviewed. The 

cudïng of the data is presented in tables in the next chapter (Chapter V: Data Analysis) 

along with a discussion of the analysis of the data. 



CHAPTER V 

DATA ANALYSIS 

This chapter presents the analysis of the results of my study. First, the method 

used to analyze the data gathered h m  the videotaped pre- and post- interviews with the 

seven students is described. Then, the analysis of the results is sumrnarized in eleven 

tables. A discussior, of the analysis of the data follows the tables and completes the 

chapter. For the purpose of this thesis only the results that related to the meaning that 

each shident gave to hctions and the strategies thaf each student used to order and 

compare fractions was analyzed. 

Andysis Method 

Once the interviews were cornpleted 1 banscfibed the data from the videotapes. I 

watched the videotapes and recordai the audio verbatim onto index cards. 1 also mote 

d o m  notes regarding gestures, voice intonation, and work witn the manipulatives that 

would serve as kther evidence for *dent exphations. Each question was recorded on 

a set of index cards. 

Once the transcxïption was complete, I looked at al1 the data collected for each 

çtudent's response to each question. The responses from each student for each question 

were coilated on a second set of index car&. From these collated responses I looked for 



similarities and differences in approach to answen'ng each question. I then made notes 

about cornmon trends (or Iack thereof) that 1 noticed in the student responses for each 

question. 

For the purpose of this thesis, oniy the data from the questions that addressed 

each student's knowlc7dge undfuciliry wiflzfiuctionv \vas analyzed (Section 1. p. 12). In 

particular, sub-sections I .  1 and 1.2 of the adapted frarnework were examined (p. 12). The 

first being an exploration of how each student viewed fractions in relation to the whole or 

unit and what meaning or interpretation slhe gave the numerator and denominator 

(section 1.1.1 and 1.1.2, p.12). inherent in this exploration is a study of what models or 

referents each student utilized when thinking about fractions. If  a student has a well- 

developed sense of the magnitude of fractions then s/he will, accordinç to Hiebert ( 1  988), 

be able to cal1 to the mind S cye visual referents that were firmly co~ected  during the 

initial connecfing phase. I f  the notion of fraction is tnily generalized, then the student is 

able to bnng to mind many physical models that represent the various meanings of 

Fractions. A sign, therefore, of an individual with a well-developed notion of fractions, is 

his or her ability to translate between these dif5erent visual modes with ease. As such, 

while 1 expiored what meaning students had for the magnitude of fractions, I 

simultaneously explored what models they could use to represent them (section 1.1.1, 

P- 12) 

The exploration of sub-section 1.2 involved studying the processes that each 

student was using to order or compare fractions. In particular 1 was interested i f  each 

student understood the inverse relationship between the size of the denominator and the 



fraction size and whether s/he used this information to order hctions (section 1.2.1). 1 

was also very interested in how students ordered a given set of hctions (section 1.2.3) 

and if they used benchmarks, such as half and one, to order fractions (section 1.2.4). 

Although each question in the pre and pst-unit interviews was designed to 

examine a particular aspect of fraction sense, in practice, each question elicited many 

aspects of each student's fraction sense. In order to manage the large amounts of data 

coilected from the pre and pst-interview questions. only data from the ques:ions which 

best addressed the particular aspect of fraction sense t hat I wished to examine was 

anafyzed. The questions and responses are grouped according to the followinç aspects of 

fraction sense given below 

Pre-Unit 1ntem.e~ Data Analvsis 

Section 1.1 Student's ability to sense the reIative and absoiute mamitude of fractions 

Reference to WhoIe/Unit (task # 1, and # 4)) 

Meaning of Numerator and Denominator (task # 1, #2 and # 4- Fig. 9) 

Referents for Fractions (task # 2, #3: ) 

Section 1.2 Sense of the orderliness of iFrac'cions 

Inverse Relationship between Denominator and Fraction Size (task # 5) 

Ordering and Comparing Sîrategies (task # 6) 



Post-Unit Interview Data Analysis 

Section 1.1 Student's abilitv to sense the relative and absolute mamitude of fiactions 

Reference to WholeNni t (task # I and # 2) 

Meaning of Numerator and Denominator (task # 1 , 1 L  2, and # 5 ) 

Referents for Fractions (task # 1, # 2 ) 

Section 1.2 Sense of the orderliness of fractions 

Inverse Relationship bebveen Denominator and Fraction Size (task # 3 )  

Ordering and Cornparing Strategies (task f: 3 ) 

The data is presented in a matrix chart format. Each aspect of fraction sense 

listed above is presented in  a chart with behaviors that students displayed forming the 

categorïes (listed vertically). Each task number is listed honzontally. The data Jisted in 

the chart describes how many times the seven students interviewed displayed that 

particular behavior for each of the questions or tasks. The nurnber of students displaying 

that behavior is presented in brackets in the chart as well. For exampie, the nurnber 20(7) 

in the third line of Table # 3 (p.72) means that sever. students were unable to correctIy 

identi@ which model was partitioned in fourths and they demonstrated this behavior 20 

times. Following these data tables I discuss the data in further detail and elaùurate on 

student responses with references to specific students responses. 



Pre-Unit Interview Data Results 

Section 1.1 Student's abilitv to sense the relative and absolute mamitude of hctions 

Table # 1 : Reference to Whole/Unit (task # 1 and # 4) 

Responses Task (# 1 and # 4) 

Frequency of responses 

(Nurnber of Students) 

Interprets 
Wrïtten 
Fraction 
(416) 
6 (6 )  

- -  - 

Given 1 % 
Find Whole 
(Fig. 8) 

- 

Find the Find the 

lnterprets fractions as a 
whoie to be ~artitioned 
Does not interpret fractions 
as a whole to be ~artitioned 

. 

O (O) 
. - . - - - - 

Mentions the word "whole" 
directlv 
Only mentions the "whole" 
indirectlv 
Models whole being 
partitioned but does not 
retèr to it direct or indirectly 
Does not mode1 the whole 

- - - - - - 

Enterprets "whole" to be 
entire objectket to be 
~artitioned 
Dues not indicate the 
"whole7' when given an 
objedset to be pariitioned 
Able to interpret "whole" to 
be less than entire obiecthet 
Able to interpret "whole" to 
2e k s  than entire objecvset 
ifter prompting 
Llnable to interpret "whole" 
:O be Iess than entire 
>biect/set 



Table # 2: Meaning of Numerator and Denominator (task #2 an( # 4- Fig. 9) 

1 Reswnses and #4 (Fig.9) 
Esarnples and non- 
examples of 4ths 
(Fig. 4) 
Area Set Linear 

Frequency of 
responses 
(Number of students) 

lnterprets 
wiîten 
notation 
(416) 

Geoboard 
Fourths 
(Fig 3) one whole 1 

Fig. 9 
(414) 
2 (2) 

Fig. 9 
(4/3 1 

4 (4) Refers to numerator as 
what is t herdremoved 
Refers to denominator 

as partitions (no 
1 mention of whoie) 

Partitions whole 
correctly using 
denorninator or 
fraction name (third 
etc.) 
Does not partition 
whole correctly with 
denominatod name 
Models 
congmentlequal size 
partitions 
States parts need to be 
equal size 
Uncertain if parts need 
to be eaual in s i x  

l States panitions needs- 
to be conment 

-- - -. 1 States partitions do not 
1 need to be conmen t  1 Uncertain if partitions 
need to be congruent 
Has dificulty 
expiaining or 
modeling fractions 
when numerator> 
denominator 



Table # 3: Referents for Fractions (tasks # 1, # 2, # 3, # 4-9a) 

Set Respnses 
Frequency of 
responses 
(# of students) 
Able to identi@ or 
explain the 
denom inator 
correctiy without 
prompting -able to 
partitiodunpartition 

Linear Area 
Congruent 
Fig.4qc,d,e 

5 1 (7) 

Noncongruent 
Fig.4b7f 

Cmpnd 
Fig.$g,h 

Able to identiQ or 1 I ( 1 ) 

(1 
Fig. 7,9a 

expïain 
denom inator 
wrrectly ~ 4 t h  
prompting 
Unable to identi@/ 
explain 
denominator 

0 (O) 

O (0) 

wrrectiv I 
Able to identifjd 1 NA 

establ is hed meaning 
for numerat or and/ 
or denominator in 

explain numerator 
correctly without 
prompting 
Able to identifjd 
explain numerator 
correctly with 
prompting 
Unable to identi@/ 
explain numerator 
correctlv 
Atternpts to invert 
fraction (4D-b 31'4) 
Abandons 
previous t y 

order to fit notation 
to the mode1 
Incurrectly a1 ters 

NA 

NA 

- 

NA 

0 (0) 

mode1 in order to fit 1 
to fraction notation 1 



Section 1.2 Sense of the orderliness of fiactions 

Table # 4: Inverse Relationship between Denominator and Fraction Size (task # 5 )  

Frequency of Responses 
(Number of students) 

Orders unit fractions correctly and 
confident of order 

Orders unit fractions correctly but is 
unsure or draws d iagms or uses 
known benchmarks to confirm order 

- 

Orders unit fractions incorrectly 

Corrects order of unit fractions 

Explains inverse relationship between 
denominator and fraction size 
correctly 

Does not explain inverse relationship 
between denominator and fraction size 
correctly (uses who1e nurnber logic) 

- -- - -  ~~~~~~ 

Corrects explanation of inverse 
relationship between denominator and 
fraction size after prornpting/ work 
with manipulatives 



Table # 5: Ordenng and Comparing Strategies (task # 6 )  

1 Uses a benchmark strate= to order 1 0 (0 )  ! 

Frequency of Response - 

(Number of Students) 
Comectiystatesthelargerhctionwithout 
conveTting to tike denominators 

18/19 vs. 3/4 

1 (1) 

like denominator method or converting to 
decirnals 

fractions (reference to '/r or I ) 

Correct1 y s tates larger fraction by using 1 ( 1 )  

Correctly states larger fraction by drawing 
a diagram 

Incorrectly or is unable to state larger 
fiaction 

O (0) 

Correctly states larger fraction but states an 
incorrect reason (focuses on range between 
numerator and denominator) 

O (0) 

I 

Corrects answer after drawing diagram 1 2 (2) 

States fractions are equal (both missing one 
piece) 

6 (4 )  



Post-Unit Interview Data Results 

Section 1.1: Students' abilitv to sense the relative and absolute magnitude of fractions 

Table # 6: Reference to Whole (task # 1 and # 2) 

Response 
Tnterprets wvritten 1 Given the whole 
notation / find the fraction 

-- 

Given the partition i 
Frequency of responses 
(Number of Students) 

and fraction name 1 
find the  whde 
CI  >I i ' "' 

i 
' ") ' 

i 
Mentions the word 
"whole" directIv 
Mentions the whole 
indirectlv 
Models onewhole but O (O) 1 9 (7) 3 (3) 

I 

I 
does not refer to it 
directiy or indirectly 
Interpets whole to be 
entire objectl set to be 
partitioned (whole > 
fractional part) 
Able to interpret the 
whole to be less than 
entire objecv set 
(whoIe<fractional part) 
Able to interpret the 
whole to be Iess than 
entire object. set with 
prompting 
(whole~fTactiona1 part) 
Unable to interpret the 
whole to be less than 
entire abject/ set 
[whole<fiactional part) 



Table # 7: Meaning of Numerator and Denominator (tasks # 1,  and # 2 ) 

Task # 1 and # 2 
Given the 
partition find 
the whole 

Frequency of responses (Number of 
s tudents) 

Written 1 Given one 

1 find the notation 

I Refers to numerator as what is there 
or rernoved 
Refers to numerator as 'counts" of 
the ~artitions or the denominator 

1 Refers to denominator as partitions of 
l the whote 

Refers to denominator as the "whote" 
number but no mention of ~artitions 

denominator/hction name (eg fifihs) 
Partitions whole correct1 y using 

1 denominator/fraction name (eç fi fths) 
with prompting 
Doesn't use denominator to partition 

1 whole (doesn't partition whole 
- 1 Uses numerator to show appropriate 

1 numbea of partitions/ groups or 
correctly states the numemtor 
Uses numerator to show appropriate 
number of parts/groups or correctly 

appropriate numbzr of partdgroups or 
incorrectly states the numerator 
Models equal partitions 

L 

Converts mixed to improper 



Table # 8: Referents for Fractions (tasks # 1 and # 2)  

Frequency of Responses 
Wumber of Students) 

Set 

- - 

( Able to identifjd explain 
denominator correctly without 
prompting able to partition/ 
un partitio n 
Able to identifjd explain 
denorninator wrrectIy with 
prompting -partitions/ 
unpartitions with prompting 

' 
Unable to identiw explain 
denominator correctly-unable to 
correctly partition/ unparti tion 
Able to identitj/explain the 
Numerator correctly wïthout 
Prompting 
Able to identitjdexplain the 
Numerator correct f y with 

the numerator correctlv 

-- 
O (O) 

Y 
O (O) 2 ( 1 )  

- - 

Atternpts to invert 
Fraction 
(Le. 4/3 -b 2/41 
Abandons previousl y 
EstabIished meanhg for 
Numerator and/or 
Denominator in order to '-fit7' 
Notation to mode1 



Section 1.2 Sense of OrderIiness of fractions, 

Table # 9: tnvene relationship between denominator and fraction size 
(tasks # 3a; #4f; #Sc, 5d) 

Frequency of responses 
(Number of students) 

% VS. 3 5  5/6 vs. 5 7  Ah3 
Decrease 
in B 

lncrease 
in B 
7 (7) Correctiy identifies the 

iarger fiaction 

Esplains inverse relationship 
between denorninator and 
fkction size correctly 

identifies the larger fractions 
correctly but is unsure and draws 
diaçrarns 

Incorrectly identifies the larger 
hction 

Does not explain inverse 
relationshi p between 
denominator and fiaction 
size correctly 
(uses whole number loçic) 

Corrects identification of 
larger fiactions after 
prornpting/ work with 
mani pulatives 

Corrects explanation of 
inverse relationship between 
denominator and fraction 
size after promptingl work 
with manipdative 



Frequency of responses 
(Number of students) 
Correctly states larger 
Fraction vithout 
converting to like 
denomi nators 
Uses a benchmark 
Strategy to order 
fractions (reference to 1 /2 

' or whole, "rnissing less 
therefore more, etc.) 
Correctly states larger 
fraction by usinç like 
denominator method or 
by converting to decimals 
Correctly states (arger 
fraction by drawi-ing a 
diamm 

% 
vs. 3/5 
4 (4) 

3/5 
vs. 5/7 

Correctly orders fractions 
but states an incorrect 
reason (focuses on range 
between numerator & 
denominator 
Incorrectly or is unable 
to state larger fraction 
(focus on -'rangev) 
States hctions are equal 
(both missing I piece) 
Corrects answer after 
drawing diagram 



Table # 1 1: Ordering and Compan'ng Strategies (task # 3h and 31) 

Evidence of references tu 
one whole and half 
benchmarks 

Orders set incorrectly 

1 Orders set correctly when 
prompted to consider 
benchmarks 

Orders fiactions using 
range between numerator 
and denominator only 

Orders fractions using 
benchmarks and "range" 
strategy 

Recognizes that the 
"range" strategy is 
not correct but persists in 
using it 

Evidence of whole 
number iogic with 
denominators 

Unsure how to order 
fractions in same range 
00th under/ over 1/2 etc ) 

Set 3h Set 3i 



Analysis of Results 

The analysis of the results is presented in two parts. P.e fint part, addresses sub- 

section 1.1 (p. 12) of the adapted framework for fractions. In this first section, data from 

the pre and pst-unit interview that addressed the meaning that students gave to fractions 

was considered. In particular I attended to how each student related the fraction to the 

whole, what interpretation slhe had for the numerator and denominator, and what rnodels 

ar referents each student used or brouçht to his /her mind's eye when worliing with 

fractions (sections 1.1. I and 1 . 1 2 ) .  In the second part of this analysis, the processes that 

each student used when comparing and or ordenng fractions (section 1.7, p. 12) was 

explored. In particular, I noted whether each student understood the inverse relationship 

behveen the denominator size and Fraction size and whether or not each student used this 

information to compare fractions (section 1.2.1, p). I alço attended to the processes that 

students used to compare and order fractions (section 1-23), includinç the use of 

benchmarks, such as half and one (section 1.2.4). 

Section 1 . 1  : Sense of the ReIative and AbsoIute Magnitude of Fractions 
Discussion of Pre and Post-Unit Results 

According to the adapted framework for fiaction sense (p. 12), if a student is to 

develop fraction sense sihe must first have an understanding of how a fraction relates to 

the defined whole or unit. She must have meaning for both the denominator and 

numerator tem and be able to consider them in relation to one another in order to 

develop a quantitative notion for fractions (Section 1 .1  ). S/he must understand that the 



denominator represents the number of equal partitions of the defined whole and that the 

numerator represents the counts of those partitions. 

Understanding the meaning of the denominator and numerator implies mental 

referents. If  a student is to develop sound fraction sense, s/he rnust be able to bnng to the 

mind's eye many diEerent mental referents or models. Since it is my contention that 

these are the initial conditions required for the development of fraction sense, it follows 

that how the seven students understood the whole and the numerator and denominator is 

examined fint In particular, the awareness that the students had for the whole and how 

this guided or inhibited their work with fractions is considered. Next, the meaning that 

each student had for the denominator and numerator and, once agio, how this guided or 

inhibited hislher work with fractions is examined. Finally, the models that each student 

used for understanding the meaning of the numerator and denominator is explored. In 

particular, the ability of each student to model fractions using a variety of referents and 

hisher ability to translate between the various modes of representation is considered. 

Reference to WhoW Unit 

Focus on Partitionino;. 

In the pre-and pst-unit interviews students were presented with a senes of tasks 

which required them to consider the whole in order to solve the given fraction task. I f  we 

examine the data in Table # 1 (Reference to Wholenlnit tasks #1 and # 4, p.70), two very 

strong trends emerged with regard to the whole. The firr.? Seing that al1 but one student 

interpreted a fraction to mean a "'whole" (usually interpreted to mean a "pie" or square) 



which is equally partitioned with a certain portion colored in or taken away. Generally, 

students did not state or refer to the whole directly but rather focused on and discussed 

the parts as if they were discrete units. For example, when asked what the notation "416" 

rneant Shan stated, "Altogether there's six and four out of sixes" and Jeremy offered, 

"Four-sixths. It means there7s 4 Iike say there's 6 pieces and there's 4 therc or 4 

missinç". M e n  asked for a definition of fourths, responses included- "a group of four7'; 

"four different sections?': " four equal pieces". These students focused on the partitions 

as discrete units with no reference to the whole being partitioned. 

Vague Awareness of the Whofe. 

If students did refer to the whole, it was an indirect reference where the whoie 

took the fom of a geometrïc shape, such a s  a circle or square (Table # I. p.70). When 

asked to tell me about 4/6, Chns initially offered 4 divided by 6 (learned from algebra) 

and then explained "square divided into 6 parts. Four of the parts are taken away or a 

different color or whatever." Debby echoed this idea- " That, um, like Say you had a pie 

and it was cut into 6 pieces and the Fraction and 4 of it was eaten the fraction would be 

that, Csiahs." Definitions of fourths included vague references to the whole as " cut if 

into 4" or " four boxes in flzere." Once again the notion of the who!e is not made explicit 

except by Tammy who States a fourth is " four pieces in a whole". 

It is possible that each student assumed that the notion of the whole is understood 

by al1 and can be considered a given with no need to directly refer to it. From the models 

of squares and "pies" that students partitioned, one could be led to assume that these 

students undentood the concept of a fraction as a partition of a defined whoIe. However, 



the Iack of direct reference to the whole seemed to suggest that the concept of 'me 

whole- was not fully developed or at Ieast appreciated by the students. For exampie, 

even though al1 the students could name fractions for one whole (4/4,3/3 etc.), only two 

of the six students who were presented with this problem could tind one whole when 

~iven the fnction 4 3  (Figure 9, p. 48). When given the fraction 1 IR on Figure 8 (p.48), - 
only two of the six students could successfully locate where one whole would be (Table # 

1 ,  p.70). Of these students, two were able to reason that one whole was two-halves and 

therefore they only need to partition the shaded portion in to three equal parts (three 

halves)? locate two parts (two-halves), and label one appropn'ately. The other student 

who k v a s  successful wvith this task (afier some prompting) reasoned that the shaded 

portion was 1 I L 2  and the entire figure was two therefore one would be half way in the 

diagram. The other students were unable to apply the concept that one whole was two- 

halves, even though they did know this. 

Perhaps, as 1 have suggested the concept of one whole is not weIl developed with 

these students. I suspect that the concept of one whoie is not really considered, but rather 

discrete partitions are focussed on. The difficulty in this becomes apparent when 

students are asked to work *th fractions greater that one whole. If they are given 

models with more partitions than one whole, then they do not seem to know what to do. 

This idea is presented again when I discuss the meaning that each of the students has for 

the numerator and denominator- 



fncreased Attention Given to the Whole, 

In the pst-unit i n t e ~ ~ e w  there was a noticeable increase in direct references to 

the whole by the students (Table # 6, p.75). This direct reference was most noticeable 

when students were working with fractions greater than one. When asked to model sis- 

thirds (6/3), Chris showed two fraction circles covered in six bhe pieces and explained, 

"Three mates a whole and so three added together, but there's sis equal ... two wholes." 

Jacquie defined 6/3 as "Top nurnber is bigçer than the lower one and it's one whole 

cause the sis goes into the thrce once and then it can go in to it one more time, that's like 

two times so that's like h o  wholes." When asked to mode1 6/3 with the rectangie of six 

boxes, Liam said 'two wholes" and then doubled the rectangular bar and shaded in both 

bars to create two wholes or 126 (Figure I 1 ,  p.85). ARer listening to me question his 

partner on thirds, he then changed this model and worked with the first bar by splitting 

the bar of six boxes in half and then shading in al1 six boxes (Figure 12, p.86). He 

explained that he changed it "because three means a whole" and then indicated the one 

whole was three boxes. This represented real grawth in Liarn's understanding of 

fractions from the pre-unit interview where his concept of a fraction was a multiplication 

array. 

t 1 I I I 1 t 

I 1 l I I I l 

Figure 1 1 : Liarn's first model of 6/3 showing 2 wholes 



Figure 1 2: Liam's revised mode1 of 613 showing two wholes 

This increase in direct reference to the whole indicated to me  that students were 

attending (more often) to the fact that a fraction was a partition of a defined whole, not 

just a collection of discrete partitions. This \vas evidenced in task t! 2 (Table if 6, p.75) 

where stuGents were asked ta find the whde with Cuisennaire mds. Students were çiven 

the light green (3cm) rod as the whole and the yellow ( 5  cm) as the fractional part. Shan 

and Jacquie stated that the yellow part was 1 U5 however Tammy suggested that it was 1 

3 Shari and Jacquie then agreed that Tammy was correct and the fractional part was 

indeed 1 213. When I asked them why it was not Z5, Shan said "Green, it's the bottom 

number" and Jacquie said "Three is the denominator, green is the boaom." Although 

they did not clearly articulate that the green represented the whole and the partitions to be 

considered were those of the whole, they most likely did understand this concept. This 

suggested to me that they were moving away fiom faccussing on the partitions as discrete 

units and were considering the partitions as  parts of a whole, which must have been taken 

in to account when they considered the denorninator of the fraction. 

Liam and Jeremy also seemed to be more aware of the concept of the whole as  

weil. When presented with the black rod (7 cm) as being 1 2/5 or 7/5, they were able to 

quickly identiQ the yellow (5 cm) as the whole "cause you can fit five into the yellow 

one." Jeremy was able to explain that the yellow is one whole and the extra blocks 

represented "two out of five more." 



Although there was more of an awareness of the whoIe, each of the students 

dernonstmted that they would shift back to considering the partitions as discrete units 

with no consideration of the whole k i n g  partitioned (Table H O ,  p.80). This will be 

discussed more fùIly in the Iater sections on the meaning that students give to the 

numerator and denominator. 

A WfioIe as An Entire Firmre. 

Another trend :hat is supported by the data in Table # I (p.70) is that students 

aiways interpreted the whole to be the "who1e"- read "entire"- object or figure. When 

shown Figure 8 (p.48), students automatically assumed the whole was the entire bar 

and stated that Y4 of the bar ivas shaded. When presented with Figures 9a and b (p.48), 

al1 six students presented with this problem were punled when asked to indicate the 

whole with 4 6  Chris recognized that 4/3 meant that the whole wouId need three-thirds 

(three boxes) with "...an extra box down here ..." but his notion that the whoIe was 

represented by the entire bar \vas so strong that he felt that "...there's one box stili not 

here." Upon further prornpting to think how he could show thirds, he suddenly realized 

that the whole could be represented by a section less than the entire figure. He stated that 

the question confused hirn at first but then he just figured it out. 

Jacquie, Jeremy, and Shan circled the entire bar of four boxes as the whole for 

both 4/4 and 4/3. Al1 three were so insistent that the whole was the entire bar that they 

tried to invert the irnproper fraction frorn 4/3 to 314 in order to make the notation agree 

wi-th the figure (Table #3, p.72). In fact, irnmediately after she had explained that it was 

the bottom number "'4" in the fraction 4/4 that tofd her where the whole was, Jacquie 



circled al1 four boxes for the whole in 4/3 and even said the whole was separated into 

four. It was only upon fûrther questioning by me that she recognized the discrepancy and 

proceeded to reconcile the dificulty by inverting the fraction to 3/4. When presented 

with the ffaction 4/3, Jeremy's first response was "How can that be?" Then he began to 

partition the entire bar into three parts, ignoting the other lines. He recognized that this 

would not suffice- "1 started putting the lines in to make it 3 pieces, but that wouldn't do 

it cause I need four.'' Like Jacquie, he reconciied the problem by invertine the fraction. 

Of interest is the tàct that bot h Tammy and Debby were able to identi& that the 

whole was represented by Iess than the entire bar. They were also the only bvo to refer 

directly to the whoie and to use the fractional name of thirds venus "three" when they 

talked about the fractions (Table # 1, p.70). Tammy explained "Cause ... I don't 

knowx,.'cause it wouid be like three of them would be a w / d e  cause it's 3-tlzirds or 3- 

thirds would be a wlzde and then another would bc four-thirds." Debby stated "... it's not 

really a proper fraction in our mixed fraction it would be one and 1-fhirdso the whole 

would be three 'cause there's one left over." 

The other four students never mentioned the whole directly and did not talk of 

"thirds" but rather "three". Jacquie named 4/3 as "four three", Shari stated that she 

needed "four or three" to make the whole, Jeremy said "...I trïed to make it three 

pieces...", and even Chris, tvho did corne to a solution with minimal prompting stated 

that there should be "...three sections d o m  here ..." and explained his solution as "...so 

this part right here is three out of three right here is one out of three ... which equals this 

(points to 4/3)." The lack of direct reference to the whole and the apparent aversion to 



the hctional names, may be semantics. On the other hand it could point to a deficit on 

the student's part to consider a fraction as a quantity relative to a whole. It could signal a 

fixation on the fiactional parts as discrete units that students think can be considered 

independent of the whole. 

ChalIen.gïng the Notion of Whole k v r t h  Improper Fractions. 

When asked, most students reported that they wcre used to seeing fractions as a 

shape that was "cut up" and they had to shade in t h e  parts. In the pre-unit interview, al1 

seven students reported that they had not worked with questions that involved modeling 

an improper fraction. if this is indeed the case, then students would not have much need 

to consider the whole. The whole could always safely assumed to be the entire shape or 

çroup and all that need be considered is the number of partitions to be colored in. This 

notion was particularly strong witb Shan'. When she was asked to identiQ the whole 

given 413 (Figure 9b, p. 48) she repeatedy insisted that the whole was four. When 1 

pointed to the notation, she then stated that she needed three to make the whole and 

circled three boxes on the diagram. 1 then asked, "and so if this (pointing to t h e  three 

circled boxes) is the whole and yet you've got four-thirds (1 point to the extra box), what 

have you got- more than the whole, less than the whole?" She then replied, "less than the 

whole.. . .um, because altogether it's four and there's only three." Once again, SharÏ 

ignored her previous answer and the notation and focusseci on the whole as being the 

entire rectangle of four boxes. 

In order to guide her work with Figure 9b (p.48), 1 asked her to work with 

Cuisennaire rock and find the whole when provided with rock that represented the 



fractional part. While working with the rods, it becarne clear that Shan' did not 

understand how the fiactional parts got their names. She seemed to associate the 

fractional name with the color of the rod, therefore green rods (3 cm) were thirds or 

threes as she \vas more apt to d l  them. She did not associate the fiactional name with 

the partitions of the whole and did not understand that the name of the rod would change 

when the whole as given changed. In order to progress with the question, 1 expiained to 

her how the rods got their names in relation to defined whole. Once 1 was satisfied that 

she understood this concept, we rnoved on to finding the whole wïth a variety of rods. 1 

gave her the green rod (3 cm) and told her that it was a third and asked her to show four- 
Y 

thirds. She showed me four green rods. 1 then asked her to find me the one whole at 

which point she claimed that there isn7t one that fits. 1 removed one green and she said 

"three-thirds" and told me that it should equal one and then proceeded to get the blue rod 

(9 cm) to fit the three-thirds. I then replaced the fourth green rod and asked where the 

one whole was. She said "there's not a whole that is equals." Presumably, she still saw 

the "whole" as being the entire length to fit al1 the blocks and didn't understand that the 

whole could be less that the fractional part Even though she knew the three-thirds (three 

green) were equivalent to one whole, she did not see the four green as four "one-thirds" 

( th- th i rds  and one-third) and therefore having the sarne whole (blue rod). 

1 decided to pursue this idea and asked her to compare three red rods (2 cm- 

partitions) to the black (7 cm-defined whole). She stated that the three reds are three- 

thirds. When asked for four-thirds, Sharî showed me four red rods. However, even 

though she had just established the three-thirds and four-thirds, she was unable to show 



me the whole with the four-thirds- "it's- .. not that one.. , no it's he- *, m.,. 1 don't know 

what it is." I asked her if four-thirds was bigger that one whole. She answered that "yes, 

it was" but was not sure if it was allowed to be. 

In the post-unit interviews, ali the students once again assumed the whole to be 

represented by the entire object or set (Table 6 ,  p.75). However, they were more 

cornfortable with problems that presented the whole as Iess than the entire object or set, 

although this cornfort did not necessarily result in total success with these types of 

probiems. When presented with 6/3 ali students except Jeremy saw two wholes and 

rnodeled this with fraction circles- In task # 2, students were given Cuisennaire rods and 

told that the light green rod (3 cm) represented one whole and the yeliow (5 cm) 

represented the fractional part. AI1 five students who worked with this problem were 

able to partition the whole correctly anci, after some discussion, use this reference to the 

whole to state the fractional part as 1 2/3. When given the fractional part as 1 2/5 (black 

rod-7 cm) al1 of the five students were able to identiw the whole as the yellow rod (5 

cm), although two of the students required some discussion to corne to the answer. In 

these questions, the students considered how many partitions were equivalent to the 

whole and used this information to solve these questions. This is an improvement fiom 

the pre-unit i n t e ~ * e w  where several of the students had difficulty locating one whole 

given 1 1/2- The difference between the first and final interview seemed to be the 

students' awareness of the whole and consideration of the number of partitions that were 

equivalent to the whole when solving these problems. 



Mthough the students seemed to have more success in the final i n t e ~ e w  with 

f'ractions that presented the whole as less than the entire object or set (fractions greater 

than one whole)? this seemed to be Iimited to area and linear models of fractions. 

Questions that involved hctions greater than one whole with set models continued to 

pose a challenge to students (Table # 8, p- 77). I address this situation in a latter section 

entitled 'Referents for Fractions'. 

Meaning of the Numerator and Denominator 

I analyzed data fiom tasks in the pre and pst-unit intewiews that required 

students to explain and apply their understanding of the numerator and denominator. 1 

wanted to determine if the students understood the intimate relationship between the 

denominator, numerator, and the whole. In particular, I wanted to know if students 

understood that the denominator represented the equal, but not necessanly congruent, 

partitions of the whole and that the number of these equal partitions of the whole is 

detemined by the fiaction name. 1 also wanted to know if the students understood that 

the numerator represented the count of the partitions and could be greater than the 

number of partitions ( p a t e r  than one whole). Finally, I wanted to know if the students 

could apply their understanding of the relationship between the denominator, numerator, 

and the whole to soive tasks with fractions less than and greater than one whole. 

Focus on the Denominator as Discrete from the Whole- 

Students in the pre-unit interview demonstrated that they understood the 

denorninator to be equal partitions (Table # 2, p.71). Student definitions for the 



denominator included: "number of groups"; 4ells you what to cut"; 3ota17'; and "number 

of pieces there are". The students did no5 however, explicitly state that they were equal 

partitions of the w?zde but rather tended to talk of the denominator as if it were discrete 

units that could be contemplated without consideration of the whole. 

Generally, students seemed to equate the fraction name or denominator with a 

whole number; therefore, sixths were "sixes" and fourths were "four? For example, in 

task # 2 (p.45)' students were shown a variety cf diagrams (Figures 4a-t, p.45) and asked 

to explain whether or not they were modeis of fourths. Explanations tended to focus on 

that fact that there were four equal parts: "Pretty even, four7'; "Because they were equal 

and cut in fours"; 4'They're in four pieces"; "Four equal pieces ... they're cut equally and 

they're each measured equally." This use of whoie nurnbers for the fractional names 

wuld be a linguistic emor or it could be a subtle reflection of the students' view of the 

partitions as discrete units that c m  be thought of using whole number logic. 

Students' tendency to think of the denominations as discrete objects without 

regard to the wiiole was most evident when they compared fractions. When presented 

with the fractions 18f 19 and 34,  four of the six students challenged with this problem 

replied that they thought the fractions were the same (Table #5, p.74). Tammy said the 

fractions were the same because 'Yhere's only a diffierence of one between the top and 

bottom number". When asked to compare 1/2 and 1/6, Jacquie stated that both fractions 

would ". . . be the same.. . because, well, it's still Iike one piece out of two pieces and 

that's one piece out of six pieces." In these situations, these students seemed to focus on 

the denominations as discrete objects without regard to the whole. In other words, they 



did not appear to consider how the different denominations would partition the whole 

differently, thereby resdting in different sized pieces. They seemed merely to cowider 

"pieces" as if they were objects disunited from the whole that could thought of using 

whole number logic. 

This comparison of the "pieces", without regard io the relative size of the pieces. 

occurred even though students had just explained the inverse relationship of the number 

of fractional pieces to fraction size (Table M ,  p.73). It seems that although they could 

explain that the size of the fraction decreases uith an increase in the denorninator or 

number of partitions, they tended to ignore or abandon this understanding when faced 

with absîract notation. When faced with the notation 18/19 and 34, four of the six 

students did not seem to consider the mental referents they had for the relative size of the 

denominators (Table #5, p.74). Or if they dici, they did not seem able to coordinate a11 

the variables together in order to correctly compare the two fractions. In Shan's case, 

she did make mention of the relative sizes of the denominations but then seemed to 

abandon it- ". .. they're the same size pizza, and one piece is gone but these will, these are 

into fourths so these ore bigger so.. . so they're be same, equal amount. .. I know how to 

do it but 1 can't really explain it." It appeared that although she made an attempt to 

consider the relative size of the denominators, she  was not able to coordinate this 

information with the quantity of pieces. It seemed it was easier for her to think of the 

denominations as discrete fiom the whole and therefore the same size. In this manner, a 

direct comparison of quantity (one piece) was possible which leci her to confirm that the 

two fiactions were the same- 



Dificultv with Focus on Denominator as Discrete Units. 

nie focus on discrete pieces proved successful for the students as long as they 

worked with area models of fractions less than on- whole. "Four equal pieces" worked 

for th-e Figure 4 a-f (p.45) which were area models with congruent and non-con-ment 

fourths, thirds, and unequal partitions of four. Al1 of the seven students were able to 

correctly identiw the examples and nonexamples of fourths with area models (Table #2, 

p.71). They recognized that there needed to be four pieces and that the pieces needed to 

be equal in size although not necessarily congruent in order to be fourths. 

The dificulty with this limited focus on the "four parts" as discrete u n i s  sufaced 

when the students worked with the set models of fourths (Figure 4 g & h, p.45). When 

confionted with the set models al1 students expressed some uncertainty or confusion with 

the mode1 (Table #2, p.7 1 ). Since they seemed to be working with a detinition of fourths 

as "four", and not as the whole partitioned into four equal groups, they were unceriain 

what aspect of "four" they shouid focus on with the cornpuund set mode]. 

Figure 4 g Compound Set Mode1 of Fourths Figure 4 h: Compound Set 
Mode1 of Hatves 



Shari decided that both models represented fourths because Figure 4g represented 

four (pointed to the groups) but she said that she didn't know what the two represented. 

She felt Figure 4h  was also fourths because there was "... four in there ... ." She did, 

however, recopnize that she "... didn7t use the same de."  Debby also felt that both 

dia-mams represented fourths because she codd focus on four in both diagrams. For 

Figure 4g sh2 ctated that "... it's four groups of two ... so 1 fipred that was a goup of 

four ... ." For Figure 4h she decided it was also fourîhs because "..- there's four in these 

Iwo groups so I figured that was a grou ... um ... like cut into four, split into fourths." A 

hesitation and a smile was noted in the last explanation. it appeared that die sensed that 

it was the "groups of7 that she was to focus on since she began to Say the word but then 

changed her mind and focused again on four. Jeremy, Iike Shari and Debby, focused on 

four as his criteria for fourths. Jeremy also felt that both figures could be fourths because 

Figure 4h had "four in it" and Figure 4g could be rearranged into groups with four in it. 

Jacquie, Tarnrny, and Liarn did not feel that either figures 4g or 4h represented a fourth 

" because there7s more than four" and "there's eight-" These three students focused on 

the objects as discrete uni& and did not initiaily consider the groupç as relevant 

Limited Awareness of the Part-mole Relationship. 

When presented with the cornpan'son of 18/19 and 3/4 Shan was not able to 

maintain her thinking about the cornparison of the relative sizes of the denorninators to 

the whole. However, her attempts to do so (p.94) did dernonstrate that she was aware of 

the neer! io do so. Other students atso demonstrated that they urere aware of the need to 

consider the denominator in relation to the whole. They demonstrated that they were 



aware that the whole needed to be identified first and then the partitions considered. 

They seemed cognizant of the fact that the partitions could not be considered 

independent of the whole, even though they did not consistently attend to this concept 

when working with fractions. 

When confronted with Figure 4i, Tarnmy stated she did not feel the figure was an 

example of fourths "cûuse there7s five things." 

Figure 4i: Linear Model of Fourths 

This initial response seemed to indicate that she was t reat iq the denominations 

as discrete objects. In other words she interpreted fourths as "four" and rejected Figure 

4i because she saw five objects. However, when I assured her that the "tifth" box was 

not attached to the others, she changed her answer and decided that Figure 4i did 

represent fourths and stated that the fifth box represented tive-fourths or one and one- 

fourth. 

Other students were also confused by this question because they were not certain 

if the "extra" box was ". . . attached so you really can't tell if it's part of the group or not." 

Chris reiterated this reference to the whoie when he stated he was mot sure if the box was 

"hanging around" or "if it's a part of il." Jererny did not feel Figure 4i was fourths 

"because there's five pieces and they7re not al1 stuck together." He seemed to be 

suggesting here awareness that the partitions need to be considered in relation to the 

whole. However. this understanding seemed to be based upon a physical joining of the 



partitions like one would find with an area modei. When I explained that the extra piece 

was just there, he changed his answer and said that the diagram did represent fourths 

". . . because it has four pieces" and then went on to say that if the fifth box was not "stuck 

together" then Figure 4i was fourths. 

Figure 4i seemed to force students to consider the partitions in relation to the 

whole when determining the denominations rather than just considering the partitions as 

discrete units. AIthough only two students directly referred to the whole when they 

discussed the task, the others referred to it indirectly by questioning whether the fifth box 

was "part of it" or "pari of the group". This suggested to me that the students did 

understand that denominations needed to be wnsidered in relation to the whole and not 

merely as discrete objects. Their references to the whole in Figure 4i, their repeated 

modelinç of a whole k i n g  partîtioned, and their ability to explain the inverse 

relationship between the denominator and the size of the fraction would seem to suggest 

that the students undentood the concept of the denominator as partîtions of the whole. 

However, the students' difficulty with the compund set models and their cornparison of 

18/19 and 3/4 as the same fraction le& me to suspect that their working definition of the 

denorninator is limited and sometimes ignored when faced with unfamiliar models or 

abstract notation. I suspect students have generalized the concept of the denorninator to 

be the number of cuts or pieces of a geornetric shape. This is probably a consequence of 

the overgeneraiization h m  area modeis and is discussed in the section "Referents for 

Fractions"- 



Partitions Considered in Relation to the Whole Shows Some Im~rovement, 

In the pst-unit inteniews, students seerned to have developed a broder working 

definition of the denominator to indude equal groups ofthe whole. When presented with 

a set of blocks and asked to show 316 with 24 blocks. a11 of the students except Liam. 

were able to put the blocb in to six groups of four blocks (Table #7. p.76). When given 

this task, Shan irnrnediately said "Divided them in to six.. . four in each goup." When 1 

asked her if it was correct to have four or six in the group she stated that four in the group 

was correct Her partner. Jacquie stated that the four groups of six arrangement was not 

correct ". . . cause there's four çroups." When given this same arrangement, Jererny said it 

u.. . would represent 1 /4 'cause there's four gïoups." These students seemed to have 

expanded their definition of the denominator to include the number of equal groups that 

the whole can be parti-tioned into versus their earlier focus on discrete objects in the pre- 

unit interview. 

In the pst-unit interview, al1 the students made reference to the whole when 

defining the denominator (Table # 7~176). This was a significant change from the pre- 

unit interview where students focused on the partitions without mention of the whole 

(Table #2, p.71). In the pst-unit interview students defined the denominator as 

partitions of the whole or, interestingly, as the "whole" number without reference to the 

partitions. For example, Chris said "three makes the whole" and Shan' said "three in the 

whole numbef' when discussing 6/3. Although their definition for the denominator now 

included the whole, they failed to mention the partiiions (Table #7, p.76). 



Focus on "CRangey' be~een_the_Numerator andD.enominator. 

Although dl -dents in the pst-unit interview seerned to demonstrate a broader 

understanding of the concept of the denominator and how it relatzd to the whole, five of 

the seven midents would continue at times to disregard this concept when companng 

fractions (Table ff 10, p.79). When presented with two written Fractions, these students 

would use a "Range Sû-ategy" to compare fractions. That is, they would focus on the 

rang2 or the difference beîween the numerator and the denominator in order to determine 

the larger fraction. In other words, these students did not consider the relative size of the 

denominators when comparing them but rather treated the partitions as if they were 

discrete units. For exarnpie, when presented with the fraction 2/3 versus 6/7, four 

students claimed that the fractions were equal because they're both missing one piece. 

An excerpt fiom the interview with Jeremy and Liam illustrates this thinking. 

Interviewer: 
Jerern y: 
Interviewer: 
Jeremy: 

rnterviewer: 
Liam: 
Interviewer: 
Jeremy: 
Intewiewer: 
Jeremy : 
Interviewer: 

Jeremy : 

Liam : 
Interviewer: 

'Which is Iarger 2/3 or 6/7?" 
730th are the sarze." 
"Why?" 
"Because 1 get 2/3 of a pizza which would be 3 4  and Liam would 
get 617 which wodd alsu be 3/4" 
"What do you think of that?" 
"1 agree with him" 
"So 2/3 is the same as 3/4 and 6/7 is the sarne as 3/4?" 
"&Mnihmn" - 
"How corne 3/4? Why did you choose 3/4?" 
"Because there7s 1 /4 missing out of both of these." 
""k, if there's 114 missing , um, but what's the number here I'm 
working ~ & h ? "  [ I point to the denominator of three] 
" Three. Oh hang on, or we7d each get the same amount of pizza, 1 
rnean pie, 'cause heyd be gemng six out of seven and 1 would be 
getting two out of three pieces which would add up to the same 
thing-" 
Nods in agreement 
"When we're dealing with thirds and sevenths, what cm you tell 
me about the sizes, thirds compared to sevenths?" + 



Jerem y: "Thirds would be bigger than the sevenths, but we'd stilt get the 
exact same of the pies were the same size." 

There are a number of interesting thirigs to take from this convenaticn. Firstly, 

Jeremy compared the missing pieces as if they are both the same size; that is, he gave no 

consideration to the relative size of thirds compared to sevenths but treated them as 

discrete pieces. Even when he did articulate that the thirds were larser than the sevenths, 

he continued to state that the fractions were still the same size. The second thing to 

notice is that he compared the missing pieces to 1/4. Perhaps he realized that the missing 

piece is a fraction and therefore he cannot speak of one piece but must speak of 

fiactional pieces. I suspect that he chose 3/4 and 1/4 because this is a fraction that he is 

familiar wîth. On the surface 2/3 and 6/7 are similar to 3/4 because al1 are "one piece" 

from a whole. The third thing to take note of is Jeremy's awareness that both wholes 

m u t  be the same size in order for the cornparison of the tiactions to be valid. It is 

interesting to contrast this consideration of the size of the wholes with his apparent lack 

of consideration of the relative size of the two denominators. Although he seemed to 

understand the inverse or compensatory relationship between the size of the denominator 

and the size of the fraction, he appeared to disregard this information when faced with 

the abstract notation. 

Shari and Jacquie also seern to disregard their understanding of the inverse 

relationship between the size of the denorninator and the size of the fraction in favor of 

the range strategy. They focused on the range between the numerator and denominator 



and compared the differences of the two fractions in order to compare the fractions. The 

conversation below serves to il1 usfrate this point- 

Interviewer: 
Jacquie: 
Shari: 
Inte fietuer: 
Jacquie: 

Shan: 
Interviewer: 
Jacquie: 

Shari: 

"Which is biçger 314 or 51 1 2?" 
cc 3/4" 
" Bigger- 34" 
''MY?" 
" Because, um, 3 4  is like three out of four and that one's 
like five out of twelve and that7s Iike, 31'4 is closer to the whole." 
"Yah, doser to the whole" 
" How do you know?" 
'"'Cause the top is three and bottom's four and the other 
one's five and the other one's twe1ve7' 
" There's one difference and the other one's six difference" 

When questioned about fourths and twvelfths both Shan and Jacquie were able to 

describe the difference in their sizes. They explained that twelfths would be more pieces 

but thar they would be srnaller than fourths. Like Jeremy and Liam, they both seemed to 

undentand the inverse relationship beiween the size of the denominator and the size of 

the fractions, but seemed to divorce this understanding when they worked with the 

abstract notation. 

Phvsical Referents Dissuade Use of the Range Stratew. - 

Al1 studenîs were able to correct their thinking and recognize their errors when 

they worked with manipulatives to mode1 the fractions (Table H O ,  p.79). However, the 

work with the concrete referents did not result in students abandoning this "range" 

strategy when confionted with symbolic notation. After establishing with manipulatives 

that the range strategy didn't work, al1 five students continued to use this strategy to 

compare and order fractions. When given the fint wn*tten set of fractions to order (4/8; 



5/9; 5/ 12; 2/5; I O/8): 

expIain his thinking: 

Jeremy: 

In teniewer: 

Jeremy : 

f ererny ordered them: 2/5; 4/8; 5/9; I O B ;  Y I  2 and went on to 

" By countinç how many pieces went into after, two, then there's 
three pieces missing, four, and then there's four pieces missing, 
five, and then there's still four pieces rnissinç but this is one is 
bigger than this one, then there's ten over eight which would be 
1 2/S and then there's 5/12 which would be seven missing.-' 

" Now, do p u  have an- problems rvith what you've just talked 
about?" 

'' I want to switch these two around (Y 1 2 and 1 018) because 
there's aiready one whole in eight over ten and then you put ten 
over eight." 

In this case, we can see that Jeremy was able to attend to the notation and used the 

benchmark of one whole to correct his thinking, however, he did not feel that there was 

anything else wrong with ~ h e  order. 

M e n  given the sarne set, Jacquie also recognized that 1018 was over one whole 

and therefore identified it as the largest fraction. However, she then reverted to the range 

strategy when she compared the remainder of the fractions. She explained that 5/I 2 was 

the smallest because it was farthest away h m  the whole and was unsure what to do with 

4/8 and 5/9 since they were boîh four pieces away from the whole. After finding 

common denominators she determined that 519 was larger. I then questioned whether her 

range strategy was stil l working considering that both 4/8 and 5/9 were four away from 

the whole and yet she had just identified 5/9 as the larger fraction. Her response was 

non-cornmitta1 and unsure. However, she then pcnisted wiîh the strategy with the next 

set of fractions when she ordered 11/7 as greater than 3/1 because 11/7 was four greater 



than the whole and 3/ 1 was oniy two over the whole. Again, she used the range strategy 

when she compared the fractional pieces as if they were discrete wits with no 

consideration of the relative sizes of the denorninators. 

Student Definitions of the Numerator: Influence of Area Models. 

Al1 students in the pre-unit interview undentood the numerator to represent what 

is there or removed (Table # 2, p.7 1 ). Student definitions of the numerator inciuded " the 

nurnber of pieces colored in or taken away"; " the number of pieces eaten"; and 'the 

number of pieces you want or filied in." AI1 of these definitions suggest a mental 

referent of area models. Coloring in or eating suggests a "pie" or "cake" mode1 of a 

circle or square k i n g  partitioned. These definitions also suggest referents to fractions 

less than one whole since "eating" or "coloring in" serves tu guide one's work when a 

fraction is less than or equal to one whole. 

Challenmng. Students' Definitions of ,he.Nurnerator with Improper Fractions. 

Men the numerator becornes greater than the denominator, definitions of the 

numerator as "eating" or 'coloring in" do not guide one toward a representa~on of the 

fraction How does one "eat" or "take away" more than one has? Indeed., in the pre-unit 

interview, al1 students experienced difficulty with fractions that were over one whole 

(Table # 2, p.71). When shown the fraction "32" Jacquie's initial response was " I have 

no idea" and when shown "6/4" Tarnmy also responded in the same way. In both cases 1 

encouraged the girls to draw a picture of the fraction Both begun be drawÎng a circle 

and partitioning it correctly. Jacquie colored in the two parts and then sîated " Oh, one 

and a half '. She proceeded to draw another circle and color in half but then stated that 



her diagram was 314 not 312- We worked with the fraction circles and she was easily able 

to identie 1/2 and 2 2 ,  however, she was very unsure if her model of 3R was correct 

S he even had di ficul ty saying "t hree-halves" but rat her said "three-two". 

When I reminded Tammy that her definition of the top number (numerator) was 

how many to color or take away and I encouraged her to use this idea to help her with 

614, her response \\as "How?" Clearly her own definition was not leadinç her toward a 

. solution. I encouraged her to see how far she could get at which point her response was 

''1 have no idea, would it make it a negative number?" 1 then changed the fraction to 414, 

which she was immediately able to model. She used this model to suggest that 6/4 was 

four ( f o ~ h s )  and two-fourths and then proceeded to draw two circles partitioned into 

four pieces each and then six pieces in total colored in. When I asked her if what she had 

drawn made sense she said ''.-.if just doesn't seem right" I îhen asked what she would 

draw for 1 2/4. She identified her diagram and was able to reason that 6/4 and 1 214 was 

the same thing. 

In both these situations the two students were able to properly partition the whole 

and represent one whole, however, they were uncertain what to do when the numerator 

was greater than the denominator. Even when they did am-ve at a solution, they were 

uncertai-n if it was correct. Tammy was sure, however, that her model was correct with 

the proper form of the fraction, where the numerator remained less than the denominator, 

but was skeptical with the irnproper form. 

Other students also had difficulty with the fraction 4/3. Jeremy's first reaction 

was "How can that be?" Jacquie, Jeremy, and Shan al1 tned to invert the fiaction to 314 



and persisted in modeling 3/4 venus 4/3. Although they had al1 stated that it was the 

denominator that determined the partitions in the whoIe, aI1 these students continued to 

state that there were four partitions in the whole. M e r  repeated prornpting to look at the 

denominator did the students eventually show the whole as king three partitions with 

four coIored in. 

Debby and Tammy were both abte to correctly mode1 the 413 fraction. Both 

students recognized that 4/3 represented 3/3 or one whole and an extra third and used this 

knowledge to model the fraction. 

Definition of the Numerator Expanded to Include "Counts". 

In the pst-unit i n t e ~ e w  students continued to define the numerator as what is 

there or what is removed but they also expanded their definition of the numerator tu 

include the count of the denominations (Table #7, p.76). I noticed an improvement in 

each student's ability to approprîately model the numerator, especially with fractions 

greater than one whole. When asked to model 6/3 al1 students except Jeremy modeIed 

two whoie circles. Chris, Debby, and Tammy al1 modeled two circles each pariitioned 

into three pieces. Shan, Jacquie, and Liam dl modeled two circles, however, they 

represented the partitions with sixths. When this was pointed out, they corrected their 

models to diirds. Liam explained that it was ". . . supposed to be three in a group.. . I 

showed you srx, I2/6." 

It is interesting to note that Shari, Jacquie, and Liam a11 recognized that 6/3 was 

two wholes, b ~ i  then modeied the fiaction with sixths. Perhaps they saw the larger 

nurnber as the denominator, regardless of its position. 



Jeremy was the only student to mode1 this fraction incorrectly. He modeled 3/6 

and stated that " I just thought it'd be the same." Even after he stated that the whole 

would be partitioned in to three and watched Liam's explanation, Jeremy was still not 

totally sure if his model of Y6 or Liam's of 6B was correct Jeremy was the student in 

the pre-unit inteniew that \vas most surpnsed by the improper fraction and insisted on 

dealing with it by inverting it. He continueci this invertïng in the pst-unit interview as 

well. When asked for the proper form for Y3 he offered Y5 and when h e  discussed 10/8 

he referred to it as eight over ten. It is possible that Jererny considers "proper" form to 

m a n  the big number on the' bottom of the fraction and simply invetts the fraction to 

satis- this condition. 

Cuisennaire Rod Activities Encourage Countina Aspect of the Numerator. 

The tasks with the Cuisennaire rods forced students to consider the numerator, 

denominator and whole in relation to each other in order to solve the tasks- When the 

brown rod (8crn) was identified as 4/5 and studenis were required to find the whole, all 

midents couid iterate the brom rod with four smaller units (red blocks-2 cm) and then 

add one more red block to make a total of five bIocks or 515 (orange rd-10 cm). They 

al1 recognized that the numerator represented the counts of the partitions and that the 

whole would require five of them. They reaiized that the brown rod represented four 

parts and iterated it accordingly. 

Another question that forced the shulents to attend to the numerator was the 

question that identifid the black rod (7cm) as 1 2/S. Shari, Jeremy, and Liam preferred 

to work with the irnproper form 7/5 to solve the problem. They did this by iterating the 



black rod with seven smaller white blocks (1 cm) and then counting off five of them and 

finding that the yellow rod (5 cm) was equivalent to these five itemtions. These students 

recognized that the seven represented the counts of the denominations or partitions and 

that the five represented the denominations and not the other way around. 

Generally, al1 students were able to articulate what the numerator \vas and were 

able to work with fractions with numerator iess than, equal to, and geater than one 

whole in the pst-unit interview (Table # 8, p.77). They were mostly successful with 

area models and moderately successful with set models. Since I fiel1 that the problems 

that the students encountered with the different models were more a function of the 

model than the concept, I lefi discussion of îhese situations to the section below entitled 

'Referents for Fractions'. 

Visual and Concrete Referents for Fractions 

In the pre-unit and post-unit i n t e ~ e w s  students were presented with a vanety of 

models of fractions. These models included area rnodels, simple and cornpound set 

models, and linear aodels ' of fractions less than and greater than one whole. According 

to Hiebert (1 988), if an individual has a welldeveloped sense of the magnitude of 

fractions, then s/he is able to bring to the mind's eye visual referents of fractions. If  the 

concept of fractions is truly generalized, then the studeent is able to bring to rnind many 

physical rnodels that represent the various meanings of fractions. 

1 Area models involve cornparison of two dimensions (Iength and width) when modeiing fractions, Iinear 
rnodels involve cornparison o f  one dimension (Iength) when representing hctions. Bo?h area and Iinear 
rnodek are considered cocrtinuous rnodels because t h e  is no visual break in the d e l .  Set rnodets are 
coiiedons of objects that must be partitioned to represent the -%don. Set models can be simple, meaning 
the mrnber of objects is exactly qua1 to the denominator, or wmpound, meaning that the objects need to be 
groupeci in order to represent the denominator, Set models are considered discrete because the objjects a 
physically separateci or "dimete" fiom each other. 

2 os 



Most students begin their work with fiactions by modeling fractions and by 

interpreting diagrams. This is what m e k t  (1988) refen to as the connectirrgphase. I 

believe the meaning that students give to the numerator and t he  denorninator, and indeed 

the fraction itself, is a consequence of their work with these physical referents. I also 

suspect that the rneaning students bnng to their work wïth fractions is also limited by 

their work with manipulatives. That is, if they are only exposed to one type of model. 

theri 1 suspect that they over-generalize from this one rnodel and develop a narrow 

understanding of fractions. 1 examined the results from the students' work with the 

different modeIs in order to see if this was the case. 

Challenge of Non-Comment Fourths with Area Modek 

In the pre-unit interview all students, except Liam, demonstrated that they could 

wrrectly mode1 fractions less than one whoIe with an area mode1 (Table # 1, p.70). The 

most common mode1 that students used was a circle partitioned into a number of equal 

and conpent  pieces dictated by the denominator, which the appropriate number of 

pieces shaded in accordance with the numerator. 

When presented with a geoboard (area model) and asked to mode1 fourths, most 

of the students partitioned the geoboard into four equal and congruent pieces. No one 

produced partitions that were equal but noncongruent (Table $2, p.71). When I 

presented noncongruent founhs on the geoboards (Figure 3, p.44), four students felt that 

they were stilI fourths whereas three students were unsure. The students who felt sure 

that the noncongruent hurths were irideed fourths did this by determining the inierÏor 

area of each piece and camparing them to see if they matched or were equal. Two of 



these students were able to reason îhat fourths in one configuration (squares) were equal 

to fourths of another configuration (triangles) because they were a11 fourths of the same 

size area 

Surprisingly, when presented with the models in Figure 13 five o f  the students did 

not initially fee1 that the fourths of the square arrangement were equal in amount with the 

fourths of the triangle arrangement. They seemed to focus on the physical features of the 

shapes and not-the logic o f  the situation. For example, Jeremy and Liam both saw the 

triangle founh as Iarger than the square fourth. 

(a) (b) 

Figure !3: Two Geoboard rnodels of fourths ("a" is non-congruent to "b") 

Liam explained that he agreed that both arrangements were fourîhs but did not see the 

square and partitions as equal in size because the base of the triangle was longer 

than the side of the square. 

Two of the students who were not sure if the fourths of Figures 13a and 13b were 

examples of fourths were also unsure if being equal in measurement was important for 

fourths (Table ff 2, p.7 1 ). Althoush they always modeled equal fourths, they were not 

certain if four unequal sections, such as Figure 14 (p. 1 1 1 ), were acceptable as fourths. 

They w r e  not sure if the conditions for fourths included equal partitions. However, they 



suspected that "equal" was a condition of fourths and d i 4  at least tentatively, reject the 

unequai partitions when pressured for a definitive answer. 

Figure 14: Non-esample of fourths 

When pursued for a definition of equal, these students indicated con_ment meant equal. 

When 1 indicated that equal mûant equal in amount or measurement, they were then able 

to determine that the non-congruent fourths (Figure 13) were equal by directly comparing 

their respective areas. 

Challenge of Identifving Fourths with a Variety_of Picto-rial Models. 

The next set of tasks asked students to examine a vanety of dia-mams to decide if 

they represented founhs. The diaprns (Figures 4 a-i, p.45) included a r a  models, linear 

models, and compound set models. AI1 students had no difficulty with the area rnodels 

(Table X2, p.71). They were able to easily distinguish the examples from the non- 

examples. A11 of the students were able to recognize the non-congnient fourths as 

fourths. Presumablyt the students who were unceriain with the non-con-ment figures in 

the previous problern had leamed that fourths could be non-congruent. The non- 

examples included a square partitioned into four, unequal pieces. A11 the students 

recognized this figure (Figure 4 b, p.45) as a non-example of fourths because of the 

unequal partitions. 



Students were rnuch less successful with the cornpound set models of fourths 

(Figure 4 g & h, p.45). I discussed earlier, in the section "Difficdty with Focus on 

Denominator as Discrete Units wi-th Di fferent Models" (p.95) that students were unsure 

what aspect of fourth was relevant when considering the set models. Most of the 

students were working on a concept of four equal "discrete" pieces, When they 

encountered Figures 4g and 4h, they were uncertain what aspect of ''four" they should 

focus on. They were uncertain if it was the number of groupç or the number ~ d h i n  the 

g o u p  that they shouid focus on. 

Challenge of Un~artitionin~ with Set and Linear Models, 

It is interesting to note that representing fractions with a simple set model did not 

pose a problem for students. However, modeling fractions with a compound set model 

did cause students dificulty in the pre-unit interviews. For example, d e n  students were 

asked to model 8/12 with a simple set rnodel (Figure 15), al1 students were able to use the 

model correctly to represent the fiaction (Table #3, p.72). 

Figure 15: Simple set model of 8/12 

However, when asked to mode1 4/6 with the same model, only three of the students were 

able to group the circles (Table # 3, p.72). Chns and Jacquie grouped the circles or 

"unpartitioned" the model by drawing divisions between the circles and considering the 

group of two circles as one p h t i o n  (Figure 16, p. 1 13). 



Figure 16: Four-sisths partitions of a set mode; 

Although Debby was able to partition the circles, she could only do so if sbe converted 

the set rnodel into a square area model (Figure 17). 

Figure 17: Debby's set mode1 converted to an a r a  mode1 and partitioned 

The other four students were unable to unpartition the simple set mode1 to show 1/6. 

They were, however, able to unpartition the area rnodel o f  4/6 to show 213 (Figure 18). 

Figure 18: 4/6 area model unpartitioned to show 213 

Why these students were able to unpartition the area model and not the simple set 

mode! may be a function of the fact that they were unfamiliar wïth the set model and 

therefore were not certain what was "al1owed". Whereas, they seemed fairly sure that 

they were "allowed" to unpartition the area model by grouping the individual boxes and 

considering the group as one partition. Debbie's response would seem to support this 



hypothesis. She was able to convert the simple set model in to an area rnodel and then 

unpartîtion it correct l y (Figure 1 7,p. 1 1 3). S he seemed to understand the concept of 

unpartitioning, but did not seem aware how to do it with the set model. It is also possible 

that there are visual dues that differ between the two modets. This couId be an area for 

further research. 

Challenqe of P r o ~ r .  Impro~er, and Mixed Fractions nith Different Models. 

L fnear Mode/s 

The last model that students were presented with the in the pre-unit interview was 

a linear model. When they were asked to identie the fiction in Figure 8, al1 students 

gave either Y4 or Y7 as an estirnate (Table # 1, p.70). They did this by partitioning the - 
length into four or seven partitions and then counting the number of partitions 

represented by the s haded portion. 

Figure 8: Shaded bar used to identiQ the whole 

When provided with Figure 9% al1 students were able to represent 4/4. 

Figure 9a: Findinç the whole with 414 

It was when students had to work with the linear mode1 with an improper Fraction and a 

mixed Fraction that they encountered difficulty. When told that Figure 8 represented 



1 1/2, ody two students were able, without assistance, to iocate one whole, as 1 discussed 

in the section "A Whole as an Entire Figure" (p. 87). M e n  as ked to rnodel4/3 with 

Figure 9a (p. 1 14), again only two students could do so without prompting. When shown 

Figure 4i (p.97), only one student initially was able to identify the figure as being fourihs? 

with 5/4 represented. As I discussed earlier, the other students rejected Figure 4i as 

fourths for one of bvo reasons. Either the students saw five objects and therefore rejected 

the 5gure as fourths, or, they were not certain if the "extra" box was attached to the other 

four and therefore could not ÏdentiS the exact number of partitions in the whole. 

1 suspect the inability that these students initial ly had when working with Figure 

9b (p.48) stemmed from their lack of experience modelinç irnproper fractions. Since the 

models that most of the students reported working with were area models of fractions 

less than one whole, I suspect that they had over-generalized the whole to mean the 

"entire" figure. As a result, the students seemed to have difficulty reconciling Figure 9b 

to the fraction 4/3. Chris knew that was 4/3 was greater than one whole so he felt that he 

needed an extra box. Jeremy began by repartitioning the entire box into thirds but then 

became confbsed when he knew he needed four boxes. I suspect that these students did 

not have the experience to realize that the whole could be less than the entire figure. As 

a resulf they found it very difficult to mode1 irnproper fractions when the partitions on 

the mode1 did not seem to correspond exactly with the denominator. For example, the 

shidents did not have dificulty with modeling 4/4 with Figure 9a because the number of 

partitions of the mode1 (four) matched with the denominator (four). However, when 

asked to model4/3, I suspect the students had difficulty because the partitions in Figure 



9 b  (four boxes) did not match the denominator ( t h ) .  1 suspect that the students were 

not aware that they could identiQ the whole as k i n g  less than the entire figure. That is, 

that they were "a110wed7' to identiQ three of the partitions in Figure 9b as the whole and 

the fourth partition as the third of the next whole. 

A rèu Models 

This confusion with fractions greater than one whole (irnproper fractions) also 

arme with area models. In the fint i n t e ~ ~ e w  I asked Tammy and Jacquie ;O rnodel6/4 

and Y2 respectively. They were both fully able to modei 4/4 and 2/2 with the fraction 

circies, but did not know how to proceed beyond that point. After encouraging them to 

consider what the numerator wâs telling them zhey did eventually "'get more pieces" but 

were not certain if this was "allowed". When I asked Tammy if her model represented 

1 2 4  she agreed that it did and indicated that she was cornfortable with this notation. 

She also agreed that 6/4 was the same as 1 2/4, however, she stil l seemed skeptical about 

her model. Jacquie, afier modeling 2/2, noted that 3/2 was 1 1/2, but she still had trouble 

understanding her rnodel. When she used two hct ion  circles covered with three halves 

she then said her model was 3/4- She had re-defined the whoIe to be the two circles and 

therefore the 3 2  was now Y4 figure 19). 

Figure 19: Jacquie's model of 312 that she interpreted to be 3/4 



I suspect that this occurred because her experience had been that the whole was the entire 

figure or group. When I asked her to count the halves she hesitated afier two-halves, 

calling three-halves "three-two7'. She did eventually corne to say three halves and could 

identiQ that the whole was Iess than her fractional pieces (three "half pieces). 

Mised Success Mode1 ing Proper. Irn proper. and Mixed Fractions. 

In the post-unit interview, studcnts were also show area models, set models, and 

linear models. AII students were able to mode1 fractions l e s  than one whole wîth area 

models and linear models (Table B8, p.77). There was also an improvement in the 

students' abilities to model fractions less than one whole with compound set rnodels. 

Only two of the students needed some guidance partitioning 24 blocks into sixths. Al 

the students except Liam, understood that partitioning the blocks into six groups of fo 

represented si?ahs whereas four groups of six blocks represented fourths. They al1 also 

realized that the groups in the set model had to be equaal in quantity in order to be 

considered sixths. 

Three of the students, however, still had some dificulty with the numerator when 

working with the compoilnd set model (Table #8, p.77). #en 1 showed them four 

groups of six and asked for the name of what 1 had represented, Tammy offered &'six- 

fourths" and then "four-sixths". Liam also referred to this arrangement as "four-sixths'. 

It seemed that these students had abandoned their definitions of the numerator and 

denominator when they ofTered these names. It appeared that the quantity of objects 

within the groups distracted their fûcus away fiom the focus on the groups, just as it had 

in the pre-unit intem-ew. 



Students also showed some improvement with their ability to model improper 

fractions in the pst-unit interview (Table # 8, p.77). When given 6/3 to model, al1 

students except Jeremy, stated that 6/3 was two wholes and modeled two cirdes that they 

identified as two wholes. Hoivever, as I discussed earlier, three students modeled 12/6 

venus 6/3. This also happened when they were asked to mode1613 on a linear model. 

Two of these students doubled the whde but recognized that their models demonstrated 

I2/6 so they chaiged their rnodel to 613 (Figures 1 1, p.85: Figure 12, p.86). Chris and 

Liam both explained that they just doubled the whole to create hvo wholes but then 

recognized that their denominations were not correct and changed them to thirds. 

Although the hctions that the students modeled were equivalent to the one 1 suggested 

(6/3), they were not correct. 1 suspected although the students could convert the improper 

fiaction of 6B to the proper form of two wholes , they still vieiveci the larger number as 

the denominator and therefore modeled it as such. 

Three of the students continued to have difficulty with modeling 6/3 with a linear 

model, even though they were able to do so with the area model. When presented with 

this problem, Jacquie recognized that she needed thirds so she altered the model by 

drawing three extra boxes to create thirds ( Figure 2Ob). 

Figure 20: Jacquie's model of 6G 



When asked to show thirds she said she had forgotten that part and was just thinking 

about the two wholes. When she modified her diagram, she was able to show the thirds 

and as three groups of two and was able to show six parts colored in but she was unable 

to show the whole (Figure 2 1).  She knew her diagram was incorrect because she needed 

two whoIes but \vas unable to resolve ît. 

Fip re  71 : Jacquie's second modified model of 6-thirds 

In Jacquie's second modified dîagarn (Figure 2 1 )  we can see that she has 

attendeci to the thirds by unpartitionhg the figure provided and representing the thirds as 

three groups of trva To accommodate the six in the hction she colored in six boxes 

(she repartitioned the figure to 6 boxes). in this situation it seemed that Jacquie had not 

understood or considered that the numerator counts or 'coIors in" the denominations. 

She had rnerely çatisfied the need for six boxes to be colored. It seemed that Jacquie 

considered the denominator and the numerator as separate, independent terms. It is 

interesting to note that Jacquie was able to represent 613 with the fraction circles, but she 

was not able to transfer her understanding to the linear rnodel. She knew that she needed 

two whole circles partitioned into thirds, but she was not able to recognize that she 

needed to modifL Figure 20a (p. 1 18) either by creating another whole (bar partitioned 

into thirds) or by redefining the whole as half the bar of six boxes. 

Shan was also unable to satisfactoriiy mode1 6/3 with the bar model. She 

interpreted the whole to be the entire length of six boxes, however, she was unable to 



identie the thirds. Later, she doubied the entire length to represent twa wholes, but was 

still unable to unpartition the figure to represent thirds and was not able to show where 

the six in the 6/3 woulc! be, 

Although only four students were able to mode1 613 iÿith the lengrh model 

diagram (Table # 8, p.771, al1 students were able to model irnproper fractions with the 

Cuisennaire rods (Table X 8, p.77). When presented mith a black rod (7 cm) as 1 2/5, al1 

students were able tu change ibis to 715 and find the rod that represented the one whole 

(yellow- 5 cm). When given a smaller rod as the whole (green-3 cm) and the larger rod 

as the fractional part (yellow-5 cm), three of the five students presented with this 

problem were able to state the Fraction was 5/3. Shan' and Jacquie initially stated that the 

fraction was 1 215 but then changed their min& and explained that 1 2/3 was correct 

because the smaller (green- k m )  rod was the boaom (whole). When Jeremy worked 

with the Cuisennaire rods to mode1 4/3, he was able to do so even though he repeatedly 

failed at properly modeling the fraction wîth the diagram (Figure 9, p.48). When he 

applied his understanding of the rods to the diagram h e  was able to represent the whole 

(3/3) as less than the entire diagram. 

Working with the physical manipulatives seemed easier for students than working 

w-ithin the confines of a diapram. It is beyond the scope of this thesis to consider the 

reasons for this; however, it could serve as the basis for further research. 

The final rnodel that students encountered \vas the compound set model with the 

improper fraction 6/3. Debby and Chris were able to represent 6/3 with twelve blocks 

with no dificulty. Tamrny and Shan were abie to represent thirds with the twelve blocks 



however, they were not certain how to proceed. Shari stated that they needed to double 

it, but then did not continue with this idea Tammy put the blocks into six groups of two 

and then said "'That would be six out of the thirds." Shari replied "What thirds?" to 

which Tamrny answered "1 don? know " The group then put the blocks into four groups 

of three, and then three groups of four for thirds. They recognized this satisfied the 

condition for thirds, but were notable to reconcile the six in 6/3. When 1 asked them to 

remember what the fint thing they i d c e d  about 6/3, Tammy said " two wholes" and 

separaied the blocks into two halves and then quickly rejected this. 1 encouraged the 

students to count the groups. They agreed that they could count three but needed to 

count sis. After reconfigun'ng the set of twelve blocks into fourths and half, Tamrny 

finally said "we need like more." Afier they realized that they needed more blocks, they 

were quickly able to mode1 6/3 and relate the compound set mode1 to the area (circle) 

model they had made earlier. 

It seemed the dificulty Tammy, Shari, and Jacquie had with the compound set 

model and 6/3 was understanding that they were able to "get more blocks". They knew 

that 6/3 was two wholes, and had no trouble doubling the whole with the fraction circles, 

however, they did not seem to hansfer this idea to the set model. They were abie to 

partition the set correctly, but then changed these partitions in an effort to accommodate 

the six in 6/3. I noted two behaviors when this was occum-ng in this pst-unit interview. 

Firstly, the group was much more certain that thirds were 'ihree groups" and not a 

"group of t k "  when they worked with the set. Secondly, they had abandoned the 

meaning of "counting" they had previously established for the numerator. This leads me 



to suspect that when students encounter "new temtory' they do not readily transfer their 

understanding of the meaning of the numerator and the denominator, but rather tend to 

ignore it in an effort to make the notation "fit" the mode1 or vice versa This appears to 

be the case when student work with models with which they are unfamiliar and wïvith 

symbdic notation, as discussed in the next section ' Sense of Orderliness of Fractions'. 

Section 1.2 Sense of Orderliness of Fractions 

Analvsis of Pre-unit and Post-unit Interview ResuIts 

The exploration of section 1.2 of the adapted framework for fraction sense (p. 12) 

involved studying the processes thai each student used to order or compare fractions. In 

particular I was interested to see if each student understood the inverse relationship 

between the size of the denominator and the fiaction size and whether s/he used this 

information to order fractions (section 1.2.1 y p. 12). 1 was also ver -  interested how 

students ordered a given set of fractions (section 1.2.3, p. 12). I was interested to know if 

students used benchmarks, such as half and one, to order Fractions (section 1.2.4, p. 12). 

Understanding; the Inverse Relationship between Denominator Size and Fraction Size 

In the pre-unit interview, only three of the seven students was confident in their 

order of a set of unit fractions (112; 1/3; 1/4; 1/5; 1/6) and were able to explain the 

inverse relationship between the denominatm size and the hction size (Table #4, p.73). 

Another two of the students were able to order the set correctly but were unsure of the 

order and needed to confirm the order with diagrams or hown benchmarks. The 



rernaining two students ordered the set incorrectly and did not explain the inverse 

relationship between the denominator and fraction size correctly. 

Whole Number Logcic Used to Grder Unit Fractions. 

Jacquie and Jeremy both ordered the set o f  unit fractions incorrectly. Jeremy had 

the order totally revrned. but \vas able to quickly recoçnize this and correct the order of 

his fractions. He was also able to explain the inverse or "compensatory" relationship 

between the size of the denominator and the size of the fraction. Jacquie ordered the set; 

fiom smal test to greatest: IR; 1/3; 1/4; 1/5; 1 /6. She then reversed this order and then 

revened it a g i n  saying that one-sixth was "bigger". She continued in this vein even 

afier 1 described a pizza scenario where a p i n a  \vas cut into two pieces and six pieces. 

When I then reiterated the pizza example by stating that "pu get one of six pieces and 1 

get one of hvo pieces, who would get more pizza?" Jacquie replied that we'd both çet the 

same "because well it's still like one piece out of two pieces and that's one piece out of 

six pieces." When I asked her if both our pieces would be the same size she then 

answered that they would not be and her sixth would be tiigger. She even drew an area 

diagram to explain how her sixdis would be biçger. It wâs not until 1 had her mode1 one- 

haifand one-sixth with the fraction circles that she was able to correctly identify the 

larger fraction and explain the inverse relatiowhip between the denominator and fraction 

size, 

Three things stand out when analyn'ng Jacquie's response to this question. First, 

she seemed to be using a whole number strategy when comparing the unit fractions and 

stating that the sixth (six) was more than two. She seerned to pzrsist in this thinking, even 



with the pizza scenario and her own mode1 of sixths. The second thing that was of 

interest was her response that both pieces were the same because they were both one 

piece. It seemed that she was considering the pieces as discrete units and giving no 

consideration to the relationship behveen the denominato- the whole, md the size of  the 

fraction. The final thing that was noticed was that it was after she worked with the 

manipulatives that she was able to understand the concept Her diagram did not help her 

understanding of the concept. As was mentioned previously (p. 1201, there appears to be 

a difference in some student's mincis between a diagram and physical referent of the 

same model. 

Usine Benchmarks to Order Unit Fractions. 

Initially, Sharï was also uncertain how to order the set of unit fractions but then 

she applied her understanding of "half' in order to do so. She knew that half was larger 

than the other fractions and used this to order them, but was puzzled by this because 

". . . this [points to the six] is a bigger number than half" After she worked with the 

fraction circles, she was able to explain why one-sixth was less than one-half, however, 

she still seemed a little pualed when she said "... so the more.. . is the mallest?" 

Like Jacquie, it was noted in Shari's response evidence of whole number thinking 

when she commented that the six was more than half rt was interesting that she said 

"half" and not c'two". She seemed to identify "half' as a number and seemed to have a 

strong sense of its magnitude. This sense was so strong that she used it to order the other 

fractions even though she did not seem to totally understand why she was doing it that 

way. 



Although Shan had a strong sense of the magnitude of 1/2 as a nurnber, the 

undentanding of this fraction did not transfer to other fractions. For example, when 

presented with the set of unit fractions, she did not see the fraction 1/6 as one-sixth but 

rather as "six". It appeared that when she l a s  faced wiîh fiactions other than 1/2, she did 

not coordinate the meaninç of the numerator and denominator into a number with a 

single value, but rather tended to disassociate the denominator from the nurnerator. That 

is, in the case of 1/6. she treated the denominator "six" as separate fiorn the nurnerator 

"one". 1 suspect that she focussed on the six partitions as discrete units, disunited from 

the whole. As such, the six partitions became the whole number "six". However, I 

suspect that although she indicated 1/6 as beinç "six" she was aware that she was deaiing 

with fractions, and that 116 was not the same as six, even though she could not articulate 

the reason. 

Jeremy, like Shari, used benchmark fractions to compare other fractions. In 

Jeremy's case, his benchmark fractions were 1 /2 and 314. Sirnilar to Shan, Jeremy's 

understanding of the magnitude of 112 and 314 did not transfer to other fractions. For 

example, in the pre-unit interview, he  stated that 18/19 was the same as 3/4 and in the 

post-unit interview he  claimed that 2/3 and 6/7 were both 3/4 and missing 1/4. 1 suspect 

that Y4 was a strong mental referent for Jeremy. He was able to cal1 to his mind's eye an 

image of 3/4 and could compare this correctly to half. However, he did not seem to have 

a solid undentanding of other fractions and therefore appeared to equate any fraction that 

is "one piece" away from the whole as 3/4. That is, 3/4 with its 1/4 piece missing, was a 



strong mental referent and took the place for al1 fractions that were missing '&one piece" 

fiom the whole- 

Use of Manipulatives and Dia.rzrams to Order Unit Fractions. 

Jacquie, Shan, and Debby al1 benefited fiom their work with the hction circles 

to mode1 unit fractions. Shan was able to esptain the relationship between the 

denominator size and fraction size after modeling the various unit fractions. She was 

able to corne to an understanding of why 116, with its six partitions, was less than 1 /2 

with its two partitions. 

Debby, like Shari, was initially unsure how to order the fractions because 

"... they're al1 cut differently, like the denominators are different so like ... .the 

denominaton would have to be equal." When 1 encouraged her to work with the 

fiactions she knew for sure she stated that she knew a half and then a fourth and ordered 

these two. She then explained with a diagram how one-half cornpared to one-fourth. She 

îhen drew a diagram of thirds and made it into sixths and then ordered these fractionr 

accordingly. She then placed one-tifth and one-seventh in the set correctly because 

"ihere's a paîtem." 

Debby was used to companng fractions by finding like denominators and was not 

totally sure how to compare them when the denominaton were different. Like Shari, she 

had a strong sense of "'haif' which she useci, along with the aid of diagrams, to order the 

unit hctions. She was able to explain the inverse relationship between the denominator 

and the fraction size, nowever, this did not seem to be a concept that she had reaily 

considered before. 1 suspected that this was the case because of the length of  time it took 



her to complete this question (2 minutes) and the fact that she needed diagrams to work 

with hctions as basic as one-third and one-sixth, 

Understandine of Fraction Magnitude is Weak. 

Although all seven students were eventually able to order the set of unit Fractions 

correctly, only three of these were able to do so based on their understanding of the 

inverse relationship between the  denorninator size and the fraction size (Table # 4, p.73). 

Two students relied on diagrams and benchmarks to establish thc order of these basic 

unit fractions and two students relied on my guidance and manipuiatives in order to 

establish the correct order of these fractions. I would have expected that students at 

made 8 would have a fairly solid understanding of the inverse relationship beîween the 
LI 

denominator size and fraction size. At the very least; I would have expected that the 

students would have ordered these cornmon unit fractions based on their everyday 

experience with them. The fact that four of the seven students had difficulty with this 

task led me to three considerations. The first being that these students did not have an 

adequate understanding of the inverse relationsh i p between the denominator and the 

hction size and therefore were unable to order the fractions based on this understanding. 

The second being that they did not have a sense of the magnitude of these numbers and 

therefore ordered them incorrectly. The third possible conclusion was that they did 

understand the relationship between the denominator and fraction size, but that they 

tended to ignore i t  Instead, when presented with the fraction notation, they focused on 

the surface details of the notation and applied their whole number expience to order the 

set without regard to the meaning of the fiaction notation. 



AIthough each of these three conclusions is different, they al1 point to a lack of 

"feel" for tiactions. Either these students had not developed a sense of the magnitude of 

these nurnbers, or if they had, this sense had not been adequately connected to their 

abstract symbolic representations. Either way, I felt that these students required more 

work with a variety of manipulatives in order to establish mental referents for the 

fractions so that they could develop a solid sense of the size of these fractions relative to 

the whole and to each other. I aiso felt that thev needed more work connecting their 

understanding of the magnitude of these fractions to the syrnbolic representations. The 

goal, of course being students who are able to work with the notation independent of 

their mental referents. In other words, the notation embodies the meaning of the 

magnitude of the fraction just as the whole number notation does for the  students. 

Attention to ''Inverse Relationship" Inconsistent- 

In the pst-unit interview, there was an improvernent in each student's ability to 

explain the inverse relationship between the denominator size and the hc t ion  size 

(Table # 9,p.78). Four of five students presented with the problem of cornparing 3 4  and 

Y5 were able to correctly identiQ the larger fraction and explain the inverse relationship 

between the denominator and Fraction size. Jeremy explained that Y4 would be more 

because ". . . he gets 3 4  and I only get Iike a bit more than half.. . . I think 3/4 would be 

more.. . cause if you break, if you break this whole into five pieces and that whole into 

four pieces, his pieces would be bigger than my five pieces." In this explanation, Jeremy 

very clearly explained thc inverse relationship between the denominator and the size of 

the fraction, but a i s 0  he made reference to the benchmarks "half and "threequarten". 



He mentioned that Liam got 314 whereas he himself only got a bit more than half. It 

appeared that he assmed it was seIfevident that 314 is more than 1/2- 

Liam was the only one to compare 314 to 3/5 inconsistently. Me stated "except he 

gets five" when Jeremy stated that 3/4 is the larger of the nvo fractions. In this question, 

Liam seemed to focus on the five pieces alone. He did not consider the relative size the 

five pieces to the four pieces, nor did he seern to even acknowledge the numerator (3) .  

This is iq contrast to his ability in the pre-unit interview to correctly order the unit 

fractions and explain t h e  inverse refationship between the size ofthe denominator and 

fraction size. It seemed that this understanding seerns to "tune" in and out. 

Shari also seemed to have an understanding of the inverse relationship between 

the denominator and fiaction size that seemed to "tune" in and out. She was able to 

correctly identifl Y4 as larger than 35 and explained the difference in the relative sizes 

of the pieces. However, when asked to compare 5/6,5/7, and 5/23, Shan initially claimed 

that sixths had smaller pieces, but then changed her mind to eighths and stated "more 

pieces is srnalier-" However, she then contradicted this staternent when she offered 519 

as a fiaction farger than 5/6 and 97.  

Al1 of the students were able to correctly expIain what would happen to the size 

of the fraction "ah" when 'b" increases, and when "b" would decrease. However, the 

explmations did not always relate the increase or decrease in the fiaction size to the 

corresponding decrease or increase in the number of partitions (b). Jacquie explained 

that when "b" decreased the fraction would become "bigger.. . 'cause you're taking like 

l e s  pieces say that's away to begin with and you're making it less than the top nurnber so 



you7re gem'ng closer to the denominator" to which Tammy added " the actual whole." 

This explanation highlights Jacquie's use of the "range" strategy to compare fractions. 

That is, her preference to determine the relative size of fractions by finding the difference 

between the numerator and denominator and companng these differences without regard 

for the relative sizes of the pieces she's comparïng. 

When presented with these two questions, Chtis and Debby both went into an 

elaborate discussion, complete with models of how the whole itself became greaier or 

smaller. Chris stated fhat "when you increase or decrease the denominator you're either 

losing or gaining some more wholes." When 1 questioned this thinking with an example 

of 3 4  and 3/3, both students were able to correct their explanations and recognize that it 

was not the whole that was changing but the partitions of the whole that were changing. 

This explanation was unusual from Chns and Debby and was a complete departure fiom 

everything else they had explained and rnodeled for me previously. I wondered whether 

they redly believed the whole itself changed or whether this unique expianation was a 

consequence of the use of variables in the hct ion notation that rnight have confused 

them. I also wondered if this explanation was connected to their earlier definition of the 

denominator as being "the whole" wi-thout reference to partitions. I wondered if indeed 

they saw the denorninator as "the whole". That is, when the denominator changed the 

whole as defined also changed niat was what they were modeling with the "Wb" 

question However, since this did not occur for any other question in either the pre-unit or 

pst-unit interview, I considered it an aberration in their thinking. 



From the analysis of the data in the pre-unit and post-unit interviews, I believed 

that al1 the students &ad shown improvement in their understanding of the inverse 

relationship between the denorninator size and fraction size. However, 1 felt that 

atthough this understanding had irnproved, I did not feel tbat it \vas a suficiently well 

established or connected to the wrivritten notation. Students were still using whole number 

loçic and the "range" strategy to compare the fractions. 1 believe that if the relationship 

between the denomiiiator and the Fraction size was well enough understood and 

connected strongly enough to the wn-tten notation then this would not happen. 1 cannot 

imagine these students ordenng whole numbers incorrectly. The sense of the magnitude 

of these numbers is too well understood and connected to the written notation. E feel that 

this sense of the magnitude of fractions is still iacking in these students. 

Ordering and Comparinn Strateeies 

The ordering task of the pre-unit in te^-ew involved ordering a set of unit 

fractions and cornparkg the fraction 18/19 and 314. From the responses to these 

problems, I identified a variety of appropriate and inappropriate strategies that students 

used in order to compare and order fractions. The appropriatc strategies incfuded: wing 

like denominators to compare fractions, using area mode1 diagrarns and manipulatives to 

determine the relative size of fractions, using a pattern to order the fractions, using 

benchmarks such as half and fourth to order fractions, and comparing the relative sizes of 

ihe denominators. Although al1 of these strategies were appropriate, the 1st two 

strategies indicated that the individuals who used these stratepies had a good sense of 



fractions. Using benchmarks to compare and order fractions points to an individual who 

has a strong sense of the magnitude of fractions. OrderÏng and comparing fractions using 

an understandina of the inverse relationship between the size of the denominator and 

fraction size also points to a strong understanding of the concept of fractions. 

In contrast, the first three strategies did riot require a sense of fractions. StrateJies 

such as the likedenorninator method can be applied with little or no sense of the 

magnitude of fractions. For exampie, Chris was only able to corectly compare 18/19 

and 3 4  by finding like denominators for both fractions. He said he was not sure of 

another way of to compare the Fractions without finding like denominators f i r ~ t  He did 

acknowledge that this method uns tedious with denominaton such as 19 and 4. 

If Chris truly understood the magnitude of both fractions, then he would have 

k e n  able to recognize t hat they were 1 / 1 9 and 1 /4 away fiom the whole. I f  he had strong 

fraction sense then he would have compared thesc "missing parts" and then reasoned that 

1811 9 was the larger of the two fractions. 

Similariy, students who required the physical manipulatives did not have a strong 

sense of the magnitude of fractions, even those as basic as 1/3 and 1/6. Shan, Jacquie, 

and Debby al1 needed the manipulatives to order the unit fractions. Clearly, these 

students did not have a strong sense of the magnitude of fractions or else they would not 

have needed the manipulatives to order the set of basic unit fractions. 

The use of a pattern to order the unit fractions also did not require a sense of the 

relative size of the fractions. Debby, afkr establishing the order of 1/2, 113, 1/4, and 1,6 

using dia~mms, placed 1/5 and 1/7 based on a whole nurnber pattern of the denominaton 



(e-g. 2,3,4,5,6,7). Even though she had used diagrains to determine the relative size of 

the unit fractions 1/2, 1/3, 1/4, and 1/6, this concept did not appear to transfer to 1/5 and 

1/7. The use of the pattern in the denominaton did not require or demonstrate a sense of 

fractions- 

Some students often used inappropnate srrategies ro order and compare fractions. 

These strategies included: corn parinç the  denominators incorrectly wïthout regard to the 

inverse relationship between the denorninator and the whole: "a whole nurnber strateg": 

and focussing on the "range- between the numerator and denominator to order fractions- 

considering the partitions of the fractions as discrete units. 

The "whole nurnber loçic" strateg was espiained in the section "Whole Number 

Logic" (p. 123). Students who used this strateg ordered the set of unit fraction 

inappropriately. The order of the set was in accordance with whole nwnber Iogic so 1/6 

was identified as the largest fraction and 112 was identified as the smallest. 

The "range" strate9 proved to be one that students applied frequently to compare 

and order fractions. When presented with 18/19 and 34, three students felt that both 

fractions were equal because they were both missing "one piece." 

Shari was not sure she could answer the question so 1 encouraged her to visualize 

a pizza cut into fourths and nineteenths with one piece missing from both. She then 

clairned that both would be equal "because they're the same size pina and one piece is 

gone ... ." She went on to mention that the fourths are bigger but she dib ' t  seem able to 

sustain her expianation and told me " so they're, be same, q u a 1  amount.. -1 know how to 

do it but I can7t really explain it." 



Tammy imrnediately stated that 18/19 and 3/4 were the same because "there's 

oniy a difference of one between the top and bottom number." When 1 asked her to 

consider that both are missing one piece, she told me that the 3/4 was more because the 

pieces are bigger. 1 then asked her to consider which fiaction was missing less. She told 

me that 18/19 was missing less and then indicated, albeit with some uncertainty, that the 

1 8/ 1 9 was the larger fractions. 

krerny stated that 18/19 and 3/4 were actually the same because "there's one less 

than the bottom nurnber." He went on to explain to me that 213 and 314 were also the 

same, even afier imagining a pizza scenario. He even penisted in saying that they were 

the same even after rnodeling the fractions with fraction circles. It was not until he lay 

the fraction pieces overtop each other that he changed his answer to identify 3/4 as the 

Iarger fraction. He then stated that he would not be able to just tell by looking at the two 

fractions, which one  as larger. 

Improvement Mted in Ordering Strate~es. 

In the pst-unit interview, students were asked to compare a number of pairs of 

fractions and to order two sets of fiactions (Table # 10, p. 79 and Table # 11, p.80). 

Three trends were noticed in the pst-unit interview. The first was that students used the 

benchmarks of one-half and one-whole more Freguently to order fractions. The second 

trend was that students seemed to have dificulty compring fractions by comparing what 

was missing from each fraction. The third trend noted was that shidents persisted in 



using the "range" strategy of ordering fractions even when it was repeatedly proven to be 

an inappropriate strzitegy- 

Use of "inverse Reiationship". 

AI1 of the students correctly ordered 3/4 and Y5 by focusing on the relative size of 

the denominator, escept Liam who used a whole number strategy and claimed that five 

pieces was more than four pieces (Table # 10, p.79). In this question, most o f  the 

students correctly appiied their understandine of the inverse relationship between the 

denominator and fraction size. Nobody suggested using a like-denominator method, as 

had been suggested in the pre-unit interview. A h ,  no one needeci manipulatives to 

explain the inverse relationship between the size of the denominator and the size of the 

fractions. 

Use of Benchmarks. 

When presented with 4/5 versus 615, three of the five students presented with this 

problem, named 615 as the larger fraction because it was greater than one whole (Table # 

10, p.79). Liam and Jeremy both gave 415 as the larger fraction, however when 1 

repeated the question Jeremy changed his answer and expIained that 6f5 was larger 

"...cause there's one whole and stiIl some ieft". Liam continueci to insist on 4/5 

". . . 'cause um, four, cut in four is bigger." Ln this case, Liam seemed to interpret the 

numeraton (which are different) as the denorninator. He seemed to reverse the rneaning 

of both terms that he had previously established. 

Except for Liam, an immediate recognition that 6/5 \vas greater than one whole 

was noticed. Four of the five students used this benchmark in order to order the two 



fractions. This was a significant improvement fiom the ~ r e - ~ t  in te^-ew where rnost 

students were confusai with the irnproper form of fractions. 

Use of the "Range" Stratew Persists. 

Tammy, Shan', and Jacquie al1 identified 6/7 as larger than 2/3. However, Shan 

and Jacquie went on to explain that both fractions are missing "one piece" and are reallv 

the m e  but not the same size. When 1 asked them how we decide which is the larger 

fraction, Shan replied "because six is bigger than two" to which her parmers both 

laughed Afier working with the manipulatives al1 three audents could identie that 6/7 

was missing less and was therefore a larger fraction. 

L i k  Shari and Jacquie, Liam and Jeremy focused on the difference or "range7' 

between the numerator and the denominator and stated tbat 2/3 and 6/7 were the same- 

Jeremy even stated that both were equivalent to 3 4 ,  perhaps because this is a mental 

referent for him of a fraction that is missing "one piece". Even afier discussing a pizza 

scenario, both students continued to state that both hctions would be the same. Jeremy 

was able to state that thirds would be bigger than sevenths, but continued to insist that 

both fiactions would still be the same amount 

In this question, Shan ernployed whole number Iogic when she claimed that 

" .. . six is bigger than two." Four of the five students used the range strategy to order the 

fiactions (incorrectly). These students compared the missing "piece" of both fractions as 

if îhey were discrete units. Ttiey seemed to have totally disregarded their understanding 

of the inverse relationship between the denominator and fraction size that they had 

cleariy described in the first question. 



To aid the students, 1 encouraged them to draw diagrams and use the 

manipulatives to mode1 the fractions. 1 wanted them to notice which hction was 

rnissing less and was therefore a larger fraction ("rnissing less therefore bigger" strategy). 

Afier considering the models, al1 three girls could identiQ the larger fraction, however, 

the hvo boys continued to have dificulty. Jeremy and Liam recognized that thirds would 

have larger pieces atîd then identified the 2/3 as k ing  more. They eventuaily were able 

to esplain that the fraction missing the smaller piece (617) was the larger fraction. 

however, this required a great deal of support fiom me and 1 did not feel it was a strategy 

they were comfortabfe with. It seemed tliat they were cornfortable with a direct 

cornparison of the size and quantity of the pieces. However, the indirect cornparison that 

required students to compare the rnissing pieces, decide which Fraction was missing less, 

and then use this information to decide which fiaction was more seemed dificult for al1 

students, especially Jeremy and Liam. 

The next fiaction pair was 3/4 and 5/12. AI1 five students correctly identified 3/4 

as the Iarger Fraction but only Tarnmy used the benchmark of half to order the two 

fiactions (Table # 10, p. 79). Shan and Jacquie once again focussed on the range between 

the denominator and numerator, even though they had just demonstrated to themselves 

that that strategy did not work. Jeremy explained the difference in the relative sizes of 

the denominators and seemed to be able to visualize making the twelfths equivalent to 

the fourths and then cornparhg the equivalent with the 3/4. When I asked them what 

they noticed nght away about 5/ 12, Liam noted and Jeremy agreed it was almost half 

When asked about Y4 Jeremy replied "ifs 314" and Liam said "over half' to which 



Jeremy replied " It's also 3/4." Here again, Jeremy seemed to be demonstrating his 

strong identification with 3/4. 

When show 3/5 and 5/7, Shari immediately identified them as equal but then 

seerned to change her mind and explained that ''well, they would be equal, the, like 

they're equal in.. . 5/7 is bigger but 3 5  and 5'7 are both h o  apart." Jacquie agreed with 

this statement but ctaimed that 517 was bigger because -. . . that denominator (7) is bigger 

than that one (3.'' Tarnrny was able to identi- 3/5 as being larger after drawing a 

diagram and expiaininç the "missing less therefore bigger" strategy. Neither Shan nor 

Jacquie seemed to be able to follow her argument. Shan stated that she could just look at 

the fraction numbers but she claimed she couldn't really explain it like Tammy had done. 

Again, Shan and Jacquie relied on the range strate= and whole number logic to 

order these fractions, even though they have admitted that these strategies were not valid. 

When confionted with same question, Liam and Jeremy recognized that both 

fractions were greater than one-haK Both then went on to describe the size of the pieces 

relative to each other and the quantity of pieces, but they did not seem able to coordinate 

these two pieces of information simultaneously. After drawing diagrams, Jeremy once 

again considered the pieces as discrete units and stated that both fractions were îhe same 

because they were both missing two pieces. 1 encouraged his to consider the reIative size 

of the pieces. To which he answered t hat the fi fi hs were bigger pieces and therefore 3/5 

was the larger fraction. Again, the indirect cornparison proved d i f i c u l t  for both students. 



The "range" strategy proved itself to be a stubbom one. Even though they had 

repeatedly proven to themselves that the range strategy would not lead ?O the correct 

solution, several of the students continued to employ it. Jeremy's first comment when he 

compared 3/5 to 6/9 was "Three-fifihs.. . because there's three out of five pieces there and 

the 6/9 there's only sis pieces out of nine. The three out of five is hvo pieces.. . ." 

Jeremy did, however, beçin to recognize his error "...oh, hang on, it's just like the k t  

one ... ." He then tned to consider not only the size but also the quanti- of the rnissing - 

pieces simultaneously. He came to the conclusion that both fractions were the same 

because the smaller size of the nineths was compensated for by the fact that there were 

three of them \hich equaled the h o  larger fiRhs. Afrer some discussion and rnodeling, 

Liam suggests that we use a calculator but they are not sure how to proceed beyond this 

point 

Tammy, Jacquie, and Shan' al1 used the range strategy to compare the fractions 

and determineci that 3/5 \vas larger because it was " hvo apart". I suggested the "rnissing 

less therefore bigger7' çuategy but they found this very difficult and suggested the "like 

denominatoi' algorithm. 

Chris used the like denominator algorithm for al1 the questions whereas Debby 

LE& benchmark to half in order ts solve them. Both students felt that the benchmark 

strategy worked but that the Iike denominator algorithm was more accurate and 

suggested this was a better strategy to use, especially if the numbers were quite srna11 and 

easy to rnultiply. 



Range and Benchmark Strategies used Sirnultaneouslv, 

The Iast two tasks involved ordering h o  different sets of five fractions with 

unlike denominaton (Table # 1 1, p.80). AH the students found the first set ((4/8; 5/9; 

5/12; 23;  10B) thc most difficult. They felt the second set (6/6; 3/1; 11/7: 9/18; 4/21) 

was easier since the fractions were more spread out. Like in the compaiing questions 

(Table # 10: p.79), the range stratey continued to be employed by Jeremy and Jacquie. I 

did notice, however, the application of benchmarks to the tasks. I felt this was an 

improvement over the pre-unit inteniew where none of the students used this strateçy or 

reported ever having seen it. 

Debby and Chris were able to order the second set correctly and only disagreed on 

the order of 4/8 and 5/12 in the first set. I noted that they use benchmarks to half in order 

to settle the disagrecment. Chris explained that 4/8 was equal to half and 5112 was less 

than half, therefore 4/8 ~aas  more. Debby quickly agreed and changed her answer. Both 

students said the second set was easier to order because the ". . , estimates were closer to 

half or whole" as compared to the fint set 

Tammy also used the benchmarks of half and whole to order the two sets of 

fractions correctly and used diese benchmarks to point out the errors in her partner's 

order. Jacquie used a combination of benchmarks and the "range" strategy to order the 

set as did Jeremy. Both recognized that 1018 was over the whole and used this to order it 

as the largzsr fraction. However, both of them continued to use the difference between 

the numerator and denominator in order to decide the order of the fractions. When 1 



poioted out that 4/8 and 519 were bath " Four away nom the whole", Jacquie expressed 

confusion with these and said " Yah, I how7  I didnyt know what to do with that one." 

She clearly did not consider the relationship of these two fractions ta ha! f. Jeremy 

resolved this problem by saying that 5/9 was "bigger" than 4/8 even though both were 

"missing foui'. He did not, however, explain how he came to decide this. 

Liam had more success with the ordering and esplained his use of half and whole 

as benchrnarks. He was unsure what to do, holvever, with 2/5 and 9 1  3 since both were 

under half. Jeremy felt that 2/5 was larger since it was ". .. half away €rom half" In this 

response, I noticed Jeremy attempting to apply the "missing less is more strategy" to 2/5 

and 5/I 2. However, when comparing 0.515 and 1 /12 he considered these "missinç7' 

pieces are discrete units. As a result, he compared the '0.5" piece to the "1" piece, 

detennined that the '0.5" piece \vas smatier, and, therefore decided that 2/5 was larger 

than 5/ 12, 

Jeremy continued to change the order of his fractions. He would vacillate 

between the benchmark strategy and the "range" stratep. At one point he considered 

5/12 to be larger than 10/8 since 5/12 was equal to 2 2/12. 1 noted that this inverting of 

5/12 to 1 W was the opposite of his earlier tendency to invert the improper fraction. 

The last set of fractions once again saw the "range" strategy appear. Jacquie 

ordered 3 1  before 1 1/7 because 1 117 [vas four over the whole whereas 3/1 was two over 

the whole. S he immediately recognized her error afier Tammy explained that Y I  was 

three wholes whereas i li7 was only 1 4/7. AIthough Jacquie seerned abie to interpret the 



notation, she nonetheless seemed to disregard the rneani-ng of the hction notation and 

persistai in using the inappropriate "rangen strategy to compare the !?actions. 

Jeremy and Liarn were bath successhl in ordering the last set and both used 

benchmarks when comparing and ordering the fractions. Interestingly, Jeremy once 

again inverted 1 1/7 to 7/11 but onlv for a moment and quickly caught the error. Both 

students went on to clearly explain that 3/1 was the largest fiaction since it was three 

whoies and 4/2 1 IWS the smallest since it vas under half, 

The pst-unit in te^-ew dernonstrated to me that students could interpret the 

notation correctly, could explain the inverse relationship between the denominator and 

fraction size, and could relate fractions to  Lrnown benchmarks (half and one whole). 

However, it also demonstrated that students could also ignore or abandon al1 of this 

understanding and employ whole nurnber Iogic to the hctions. The persistence of the 

"range" strategy, in spite of the student's ability to correctly interpret fractions, needs 

fkther exploration and M e r  consideration. 



CHAPTER VI 

DISCUSSION 

In this chapter the results of the pre and post-unit interviews are discussed. The 

findinp of m'; research into students' fraction sense are summarized and the pedagogical 

implications of these findings are discussed. As well some areas for Further research are 

s ugsested. 

Discussian of Rcsults and PedagogÎcal implications 

In this section the results of the pre and post-unit interviews are presented in 

accordacce with the adapted framework for fraction sense (Figure 2, p. 12). Fint, the 
- 

major findings of my research into students' sense of the relative and absolute magnitude 

of fractions are discussed, which is subsection 1.1 of the adapted framework. Then, the 

results of the exploration into students' sense of the orderliness of fractions are presented 

(subsection 1.2). As a part of this discussion, the impact that classroom activities and 

instruction had on these two components of students' fiaction sense is considered. 

Recommendations for activities and instruction to help students irnprove their number 

sense are also included. 

Subsection 1.1 : Students' Sense of the Relative and Absolute Maenitude of Fractions 

Students' sense of the relative and absolute magnitucie of fhctions involves 

understanding the meaning of the numerator and denominator and how these two entities 



combine and relate to the whole in order to produce a number with a single value. In my 

research into this understanding, 1 examineci the awareness and significance that students 

had for the whole. I also looked at the meaning students had for the denominator and its 

relationship to the whole. In addition, 1 investigated the rneaning students had for the 

numerator and its relationship to the denominator and the unit. Inherent in these 

explorations, was an investigation into the understanding that students had for the witten 

notation of f~actions and how this understanding affected their work with fractions. As 

well as an investigation in to the different models of fractions that students undentood 

and those that caused them dificulty. 

Students' Understandings of the Whole: Pre-unit Interview ResuIts. 

Students disreeard whole f i e r  it is uartitioned. 
* 

Students in the pre-unit interview demonstrated a part-whole understanding of 

fractions. That is, they viewed a fraction as a whole that is partitioned (into congruent 

segments) with a section of the partitions shaded in or removed. Students' behaviors and 

dialogue suggested that their mode1 of the whole was aiways a geometnc figure, such as 

a circie or square. No other model of the whole was produced voluntarily by students. 

In the pre-unit interview, once the whole was partitioned, shidents usually did not 

consider it again Raîher, they focused on the partitions and treated them as distinct units 

that could be thought about without consideration of the whole fiom whence they came. 

This manifested itself in both sîudent speech and action. Students in the pre-unit 

interview rarely rnentioned the whole when defining the denominator. Instead, they 

spoke of the partitions as "parts" or "pieces" without reference to the whole. When asked 



to identiQ the whole on diagrains that modeled the fractions 1 112 and 4/3 (Figures 8 & 

9, p.481, fewer than half of the seven students could do so confidently. 

Whole is viewed as the entire figure. 

Another trend that was revealed in the pre-unit interviews was that students 

thought of the whole as being the entire figure or model. They had a great deal of 

dificulty seeing the whole as Iess than the entire set or object. As such, most of the 

students had difficulty intepretins and mode1 ing fractions greater than one rvhole. 

Students' Understandings of the Whoie: Post-unit interview resuhs, 

WhoIe given more consideration. 

In the pst-unit interviews there was a noticeable increase in direct references to 

the whole, especially when students worked with fiactions greater than one whole. 

Students demonstrated an increased awareness that the denominator represented 

partitions of the whole rather than the total nurnber of partitions present. Students 

defended their selection of a denominator by making direct reference to the number of 

partitions of the whole versus the total number of partitions. This was an improvement 

from the pre-unit intemiews where students focused on the total number of objects as the 

denorninator. For example, when show the model of 5/4, many students rejected it as 

fourths because there were five objects. 

Whole viewed flexibl- students model irnpro-per fractions. 

The students also demonstmted that they were more willing to view the whole as 

rejxesented by Iess than the entire set or object. As such, students were able to mode1 

fractions greater than one whole whereas students were generally confûsed with these 



fractions in the pre-unit interview. This improved ability to mode1 and interpret fractions 

greater than one whole did appear to be mode1 specific, however. Students were able to 

rnodel fractions pater than one whole with concrete referents and diagrams of area 

models and with concrete referents of linear models (Cuisennaire rods). However, some 

of the snidents could not model 6/3 on a diagam of a linear model (with partitions 

already provided). Modelinç fractions greater th rn  one whole with set models also 

proved difficult for al1 but two students. However. once students wers aware that they 

were "allowed to get more blocks (in the set model), they were able to model the 

Fraction greater than one whole. I concluded that the differences in success in modeling 

the fractions geater than one whole \vas a factor of the model and not the concept AS 

such, this discussion is continued in the section "Students' Referents for Fractions". 

Consideration of whoIe disre~arded when comparing fractions. 

Although students demonstrated more awareness of the relationship between the 

whole and the denominator, they also demonstrated they would abandon this awareness 

when comparing or ordering Fractions. They would compare the "pieces" of each 

fraction as if they were independent of the whole and therefore the same six. This 

situation is discussed further in the section "Students' Understandings of the 

Denominator7S 

Pedaeopical considerations 

In order for students to undersiand fully the part-whofe concept of fractions, they 

mwt develop a conscious awareness of the w h l e  and its relationship to the denominator 

and numerator. To keep the thought of the whole foremost in students' minds, I 



instnicted them to utilize a three-step process when solving problems with fractions. The 

firçt step had students question "What represents the whole?" and then ask cLHow many 

equd groups or parts of the whole?" The final step had students ask themselves "How 

many partitions do 1 count?" 1 encouraged students to always attempt to identiQ the 

whole before they tried to mode! the fraction because I wanted them to be very conscious 

that the partitions were not discrete but parts of the whole. Tc develop this awareness, I 

would constantly re-define the whole so students could not always assume it to be a 

certain object or shape. Constantly changing the whole, encouraged students to ask me 

to define the whole first before we began any other work. My goal with this approach 

\w that students wvould keep the concept of the 

patitions foremost in their rninds. 

Although I encouraged students to verbal 

whole and itç relationship to the 

ize the questions listed above, I saw no 

evidence in the pst-unit inteniew that they would do so voluntarily. I suspect this was 

the case because this was an unfamiliar activity that I had introduced Iate in grade 8. As 

such, the students had not developed the habit of using this approach. Also, I suspect that 

they did not really believe they needed to use it since it no other teacher had presented it 

except me. I would be interested to try this approach with shidents just begiming their 

shidy of fractions in order to see if they would apply it to their work with the referents 

and i f  they were successful with it. 

1 was aware that Armstron,o and Larson (1 995) had concluded that the area 

models that are typically utilized in fraction instruction do not focus attention on the 

whole but rather tend to focus attention on the parts as discrete units. As such, I tried to 



design activities that would raise awareness of the whole. These activities asked the 

student to identiQ the whole given a mode1 of a fraction less than or greater than one 

whole (Lesson # 2, p.53) and identiQ the fraction when the whole as defined was 

repeatedly changed and the fractional piece as defined remained constant (Lesson # 3, 

p.53). Since these problems could not be solved without consideration of the whole and 

its relationship to the denominator and numerator, it was my goal that these activities 

yould increase students' awareness of the role of the whote when working with fractions. 

1 felt that the activities that students worked on during the instructional unit were 

effective in improvîng students' awareness and consideration of the whole. In the pre- 

unit inteni-ew, students were unsure how to find the whole when provided with a mode1 

of an improper fraction. After me instructional activities with the Cuisennaire rods in 

Iesson # 2 (p.53), students in the pst-unit intewiew were able to ÏdentiQ the whole with 

fraction less than and greater than one whole. I a h  noticed that there was an 

improvement in students' abilities to identi@ the name of the fictional piece 

(denominator) in relation to the whole. When the whole was constantly redefined (task 

$7, pS3), a11 students were able to reference the partitions of the whole as the reason for 

their choice of denominator. This was in contrast to the pre-unit activities where students 

focused on the total number of objects or partitions as the reason for their choice of 

denominator. 

The best results were seen with tasks in the pst-unit interview that matched 

activities that students worked on in class. For exarnple, identi5ing the whole with 

Cuisennaire rods given a fraction greater than one whole or rnodeling fractions greater 



than one whole with area and linear models were practiced in class and showed good 

results in the final interview. Since we did not model a lot of fractions with set models, 1 

was not totalIy surpnsed that students were unsure what to do with this model. This 

finding agrees with that of James Hiebert (1988) who found that ". . . the success of 

instructional efforts seems to be restricted to the referents and actions which children 

have experienced and about which they are knowledgeable" (p. 348). 

Although the activities described above did improve students' awareness of the 

whole, I did not feel that they aione were enough to overcome students' tendencies to 

ignore the relationship beîween the whole and the denominator when they compared 

fractions, especially spbo l i c  fractions. Suggestions for activities that force students to 

keep in mind the relationship between the whole and the denominator are provided in the 

next section entitled "Students' Understandings of the Denominator". 

Students' Uriderstandings of the Denominatoc Pre-unit interview results. 

Partitions seen as discrete objects. 

Students demonstrated that they understood the denominator to represent the 

number of con,pent partitions of a geometric figure, such as a circle or square. It 

appeared, howvever, that students interpreted these partitions to be discrete units 

independent of the whole, not as partitions or groups offhe wltole. This finding was 

sirnilar to those found by other researchers (Mack, IWO;  Markovits & Sowder, 1994; 

Armstrong & Larson, 1 995). 

Tnis interpretation of the denominator as discrete units manifested itself in many 

different situations. Several of the students had difficulty with models that had a number 



of partitions or objects that were di fferent fkom the denominator. For example, ody three 

students could represent 416 with Figure 6 (p.47) although al1 could explain its equivalent 

8/I 2 with the rnodel. I suspect that the four students who could not reconcile 4/6 to 

Figure 6, were working with the "discrete" approach to the denominator. That is, they 

saw twelve objects and therefore concluded that the correct denominator in their minds 

twelve, not six. The three that could reconcile 4/6 with Figure 6 did so by grouping 

or "unpartitioning" the twelve circles into six coups of two. I suspect the working 

definition of the denominator for these three students was the ''groups of the who[e" 

approach. Indeed, 1 find support for this hypothesis in the students' detinitions of the 

denominator. Thoss in the "discrete" camp defined the denominator as parts without any 

mention of the whole, whereas those in the " ~ ~ o u p s  of the whole" camp, would 

sometimes mention the whole, albeit indirectly as "parts of it" or "the square is cut into 6 

parts". 

Another manifestation of the "discrete" approach to the denominator surfaced 

when four students claimeci that fractions 18/19 and 314 were the same. Explanations 

mentioned that both Fractions were missing one piece and therefore represented the same 

amount. These explanations from students seemed to indicate they were not considering 

the partitions in relation to the whole. That is, they were not considering the difference 

in size of the partitions of the two fhctions. Rather, they treated the partitions of the two 

fractions as independent from the whole; that is, as discrete units of the same size. 

Stahng both fractions were the same also pointed to a weak understanding of the concept 

of equivaience of  fractions. 



Confiision between esual and congruent vartitions. 

Another conclusion drawn from the first i n t e ~ e w  was that studena interpreted 

'equal" as congruent. This conclusion was based on the fact that al1 students modeled 

congruent partitions only and that most students were not certain, at Ieast initially, if non- 

congruent equal sized parts were acceptable. 

I alsa discovered that some students' understanding of congruent or equal parts 

did not t rader  between rnodels. Although four students rere certain that equal parts 

were required for partitions of area models, only one was certain that this was also the 

case with set models. Four students reporteci that they were uncertain if the p u p s  

needed to be equal when working with sets. These results would seem to agree wÏth 

those of Peck and Jencks (1981) who found that fewer than half of the grade 6 students 

intew-ewed, knew that the partitions needed to be equal in size. 

Weak understanding of conservation of area. 

Another surprising discovery was that mon students were not aware that fourths 

of one arrangement were equal in size to &ose of another arrangement of the same whole 

(Figure 13, p. 1 10). Only one student was able to reason that since both were fourths of 

the same size whole then the fourths were equal, even if they didn't look to be so. The 

other students either detemineci the equality in the figures by a strategy similar to the 

Area of P a W  Decompose-Recompose strategy of the students in Armstrong and Lanon's 

study (1995) or they rejected the figures as being qua1 based on visual information. 

1 believe that this behavior agrces with my earlier conclusion that students 

viewed the partitions as discrete units, not as parts of the whole. When students viewed 



the two arrangements of fourths (Figure 13, p. 1 10) I suspect they agreed that they were 

fourths because they saw four congruent parts in each model. However, 1 suspect they 

did not see four equal parts ofthe whole and therefore did not consider the concept of 

conservation of area of the whole. 

Students' understanding of "inverse" relationship weak. 

The pre-unit results those four students had diffrculty ordering a set of basic unit 

fractions (l/2, l/3, 1/4, 1/5, 1/6) was rnost surprising. Although two of these students 

(one was an "A" student in math) were able fo order the set correctly, they needed 

diagrams or manipulatives in order to do so. The other two students used whole nurnber 

logic to order the set incorrectly. By grade 8, I would have expected that most students 

would have developed a sense of the magnitude of these unit fractions either through 

everyday experience or classroorn instruction and would have been able to order the 

hctions on this understanding done. 

Equally surprising \vas that only three students could correctly explain the 

compensatory or inverse relatiorship between the number of partitions (denorninator) 

and the size of the fiaction. Perhaps, not surpnsingly, these were the same three students 

who could confidentiy order the set  Once again, I would have thought that this concept 

would have been firrnly established in al1 students' min& by grade 8. However, 

according to Behr and his colleagues (1984), the understanding of this concept is highly 

variable and can remain elusive for some students even when they've ".. . had ample 

oppomuiities to leam and practice" (p.338). 



There might exist a link between students' focus on the partitions as discrete units 

and their lack of consideration of the inverse relationship between the number of 

partitions of the whole and the size of those same partitions. Perhaps if a student sees the 

partitions as discrete from the whole then the inverse relationship is of no real 

consequence in the student's mind. 

Students' Understandines of the Denorninator: Post-unit inteniew results- 

Partitions s discrete units continues to appear- 

All students s howed improvement in their understanding that the denominator 

represented equal partitions or groups of the wlzole. Definitions and explanations of the 

denominator made more fiequent references to the whole. Students had show real 

growth in this area compared to the pre-unit interview when either they focussed on the 

total number of objects ("discrete" approach) and ignored the goups altogether, or else 

they focussed on both the groups and the number of objects within the groups when 

working with set models. 

Further evidence was provided when students correctly named the denominator of 

an improper fraction modeled with Cuisennaire rods. Students referenced the partitions 

of the whole when they defended their choice of denominator. When I asked thern why 

the total number of partitions was not the denominator, four students explaincd that it 

was the partitions of the whole that determined the denominator, not the total nurnber of 

partitions. 1 did notice in these explanations however, that only two students directly 

mentioned the word "whole". The other two studenîs referred to the whole indirectiy by 

citing the color of the block that represented Lie whole. Although I accepted that these 



two students were discussing the parts of the whole, their lack of direct reference to it 

was noticed. These two studenîs were also the most likely to shifi into thinking about the 

denominatcr as discrete units, whereas the two students who made the most direct 

references to the whole did not employ this type of thinking. 

Even though al1 the students dernonstrated growth in their undentanding of the 

denominator as partitions or groups o f  the whde, four students would abandon this 

understanding when confionted with comparing and ordering ;roblems. These students 

used the "range sîrategy" to compare fractions. This strategy is explained and 

esemplified in Chapter 5 (p. 136)- 

Interestingly, students were able to use the "missing less therefore biser" 

strategy with this "range" strateg. That is, students reccpized that the fraction that was 

missing the smallest amount was the smallest away fiom the whole and therefore was the 

largest fraction. I have assumed here that students were compannç the fractions to the 

benchmark one whole. Howeveq they could also be ignoring the whole and merely 

comparing the differences baîed on the fraction that has the smallest piece rnissing 

before the denominator matches the numerator, which al1 students had demonstrated to 

understand as one. This type of thinking would not be based on a part-whole concept of 

fractions, but rather on a surface rnatching of the denominator to the numerator. Further 

research is needed to distinguish between these two possibilities. 

Range stratew proved powerfuI. 

The "range" strategy proved to Ce a powerful one. The four snidents who used 

this strateey wouid c.ontinue to do so even though they would demonstrate to themselves 



that the strategy did not work consistently I suspect that this was the case for a few 

reasons. One was the fact that the strategy was easy and fàst and proved itself successful 

more often than it did not. The four students who used this method were not the 

strongest math dudents and did not profess an interest in math. I believe that these 

students were not troubled with the fact that the range strategy was not consistent and 

therefore cet mathernatically valid. Cunversely, the students who did not ernploy the 

strateg were the ones 1 considered better math students. I believe that these studen~s 

rejected the range strategy because they undentood that it was not valid or correct, and 

also because they couid mentally handle the complexities of the other stratepies. That is, 

they could maintain the inverse relationship of the denorninator to the whole and 

coordinate this thinking with the numerator and the whole in order to compare fractions. 

This is perhaps the second reason why the other students opted for the range strategy. 

That is, these students had difficulty maintaining and coordinating al1 the components of 

fractions, as a result they cIung to the range strategy because it was the only strategy they 

could be moderately successful wi-th. I detailed earlier how two students tn'ed to explain 

the cornparison of two fractions but could not maintain and coordinate the different 

aspects of the denominator and numerator. As a result, they abandoned the explanation 

for the range strategy. 

Although four students continually retumed to the range strategy in the pst-unit 

interview, 1 was encouraged to note that they would abandon this strategy for the 

benchmark strategy when the fractions were fairly easy to compare to a benchmark (Le., 



one fraction under half and the other above). It was when both hctions were both under 

or over half (or one) that students were most likely to use the range strategy. 

Confusion between equal and congruent elirninatee 

In the final intervie- al1 students dernonstrated that they understood that the 

partitions or groups of the whole needed to be equal. but not necessarily con-ment. 

Students explained that the groups of a whole set needed to be equal in quantity and that 

the n u ~ b e r  of objects within the group need not equal the denominator. This was a 

signifiant improvement from the pre-unit interview where many students did not see the 

croups as relevant or else they did not belicve the p u p s  needed to be equal (althoueh - 
they believed this necessary for area models). Students also discussed W h  confidence 

that the partitions of an area mode1 could be noncongment and as long as they were 

equal in are% they were valid as a representation of a given fniction. 

"Inverse" relationshi~ more cleariv ex~lained. 

Alone with growth in referencing the partitions to the whole, was students' 

abilities to explain the inverse relationship between the number of partitions and the size 

of the partitions. Only one student did not explain this relationship correctly. The others 

were able to very clearly relate the number of partÎtions to the size of each partition and 

use this relationship to compare simple fractions such as 3 4  and 3/5. 

Similar to referencing the partitions to the whole, sorne students would abandon 

their understanding of the inverse relationship between partition number and partition 

size when ordering fractions that could not be easily compared using benchmarks That 

is, they would treat the partitions of h o  different fractions as if they were the same size. 



For example, four students stated that 213 and 6/7 were the same because they were both 

missing one piece. The inverse relationship that they had previously explained for thirds 

and sevenths was ignored. My thoughts on the reasons for this behavior are presented in 

the section Tomparing fractions using the range strate&. 

P e d a ~ o ~ ~ c a l  Irnpkations. 

A number of instructional activities proved to be very effective in aiding students 

in their understanding of the Jenorninator. The first activity. "Tige's Treats" (Lesson !: 1. 

p.52) was very effective in teaching students about the conditions imposed by fractions. 

Students leamed that a fourth implied partitionhg the area into four equal parts. Th- 

learned the difference between equal and congruent and also that non-con-ment pieces 

could be equal in s k .  

Work with a varïety of manipulatives modeling examples and non-examples 

fractions heIped students generate a more generalized understanding of the meanin; of 

the denominator. Students learned that the denominator indicates the number of equal in 

size parts or groups to separate the whole into. They were able to apply this 

understanding to area, linear, and set models which was a sigificant improvement from 

the first interviews, 

Activities such as lesson 1: 3 (p.53) where midents had to find the whole given the 

model of the fraction or the fraction given the whole, proved very effective in focusing 

students' attention to the relationship between the numerator, denorninator, and the 

whole. These problerns couid not be solved without doing so. I relate the improvement 



in students' abilities to find the whofe, given a mode1 of an improper fiachon to these 

activities and as such, I would use them again. 

Activities that I would change are some of the benchmark cornparhg problems 

that I presented to students. Upon examination of the questions presented to students, [ 

noticed that the majority of the cornparisons could be solved using the "range strategy". I 

discovered that the pmblerns provided were inadvertently prornoting this type of 

approach. Narnely, the problems enco~iaged students tu consider the partitions as 

discrete fiom the whole because it was easy, fast, and usually effective to think of them 

that way. To correct this situation, I would create problerns where using the range 

strategy would result in the wrong answer more frequently than the right one. Hopefully, 

the lack of success would extinguish this strateg frorn students' min& It would be an 

interesting study, in fact, to see if students would drop this strategy if they repeatedly 

proved to themselves that it did not work. If they did not, then more research would be 

required to explain why it waç so attractive to them. 

ûther recommeridations are that students need to spend a great deal of time in the 

intermediate grades working with a variety of referents to mode1 fractions. In particular, 

the inverse relationship between the number of partitions of the whole and the size of 

those partitions should be stressed However, studenis should not be told 3he bigger the 

denominator the smaller the fraction". They should come to this conclusion themselves 

through work with manipulatives. 1 recommend that students should be encouraged to 

explain their thinking to other students and in their math journal. I found that 

cornrnunicating their ideas helped students to clan@ their thinking. The NCTM also 



supports communication in math classrooms as a means to develop deeper 

understandings of math concepts. 

Other activities to emphzsize the part-whole concept that [ recommend are ones 

like lesson f i  3 (p.53) where students need to find the whole y-ven a model of the 

fraction, or name the fraction based on the model of a fraction, or mode! a fraction that is 

specified. In ail cases, fractions should be proper. improper, and nixed and a variety of 

concrete and visuai modets should used. 

It is impomnt that audents have many opportunities to partition rnodels and 

diagarns thernselves rather than providing the partitions "ready made7' on diagrams. 

Students need to learn the subtle differences between partitioning an area model venus a 

set model. Students also need to goup or "unpartition" modeis and dia_marns They 

need to expenence models and diagrams where the partitions or object in the set are not 

the same as the denominator. Students need to be given esperiences where they learn to 

partition and "unpartition" models correctly to match the fraction notation. The ability to 

partition and unpartition is an important precursor tg understanding equivalent fractions. 

In order to keep students' minds focussed on the relationship between the whole 

and the partitions, the whole should be re-defined regularly so students don? corne to 

associate the whole or  the fractional parts as any one color of manipulative or shape. 

Changing the size and shape of the whole would lead students to appreciate that the narne 

of a "piece" is reIative to the whole. Activities such as those in the addenda series 

"Understanding Rational Nurnbers" that compare the fractional sections of two different 

sized pizza force students to consider that the wholes need to be the same size if a 



cornparison of the fiactions is to valid. Students in my class remembered this tnck I 

played on them- two students in the final i n t e ~ e w  referenced the need for the wholes to 

be the same size when hvo fractions are compared. 

. Students' Understanding of the Numerator : Pre-unit interview results 

Influence of area modets. 

Student definitions of the numerator were consistent with a mentai referent of a 

diagram of an area rnodel. Their definitions referred to colorinç in or taking away or 

"eating" parts or sections. These definitions do not suggest much experience with linear 

modek such as number Iines since one doesn't "color in" or "eat" the partitions with a 

number line. Nor do these definitions suggest much experience \vith set rnodels since all 

the definitions referred to the nurnber of pieces not groups. 

Students' understanding of improper fractions weak. 

Five of the seven students were confused when presented witb notation of an 

improper fraction. Effons to mode1 the fraction 4 3  with a prepared diagiam, resulted in 

some students trging to invert the fraction to 3/4. Students were able to mode1 fractions 

where the numerator was equal to the denominator (equivalent to one whole). They were 

also able to mode] rnixed fractions, such as 1 214. However, they appeared very confused 

when the numerator became larger than the denorninator. 

I suspect that most students' experience with fractions had been modeling proper 

or mixed fractions with diagrarns of area rnodels, like those found in most textbooks. If 

this was indeed the case, then most students had probably developed a liinited 

understanding of the numerator as k ing  the parts on the diagram that you color in, That 



is, the nurnber of parts you color in (the numerator) was never more than the number of 

parts that were there (the denominator). Since 1 felt that "coloring in" or "eating" did not 

inspire a mental image of getting more pieces, I decided to encourage students in 

instructional activities tu considei that the numerator "numerates" or counts the parts. It 

was reasoned that the students ' experiences \vit h counting-on would encourage them to 

count-on more partitions once the numerator became larger than the denominator. 

Students' IJnderstandine of the Numerator: Post-unit inte-*- results. 

Numerator definition included "counts" occasionallv. 

Most students continued to define the numerator what you color in. take away. or 

eat. However. two students did mention the "counts" aspect of the numerator. Given 

that oniy two students mentioned "counting" as a definition of the numerator, and no one 

applied this understanding when they were unsure how to model improper hctions with 

sets, 1 conduded that students had not adopted this definition for the numerator as I had 

intended the! wouid. 

Modeling improper fractions shows sorne improvement, 

AH students except one were able to model 613 with fraction circles. However, 

this success with the area models did not hansfer to the diagram of the linear model. 

Three of the seven students were able to model the hction (613) on the diagram, 

however success was not immediate. Two students initially modeled 12/6 but then 

changed their model to reflect 6/3. 1 wondered whether students were once again seeing 

the i;crger number (6) as the partitions regardless of its position. Three shidents could 



not resolve the problem of modeling 613 with the diagram with the linear mode1 

provided. 

This inabiIity to model the improper Fraction with the partitioned linear rnodei 

was contrasted wiih students' abilities to rnodei such fractions with the physical referents 

of Cuisennaire rods. I wondered whether the freedorn to partition the rods as they saw 

fit cornbined witb the active manipulation of the materials was responsible for the 

students' success with.this model. Armstrong and Larson ( 1995) cite Kieren as 

susesting that partitioning experiences ". . . may be as important to the development of 

rational number concepts as counting experiences are to the development of whole 

number concepts'' (p. 17). Perhaps it was t h e  partitions on diagrarns of the linear models 

that caused students difficulty. A study that examined student success with modeling 

improper fractions on diagams of linear and area rnodels with and without partitions 

might shed sorne light into this problem. 

Five students could not model 613 with a set model without my intervention. 

They were able to pariition the set correctly but became confused wïth representing the 

numerator greaater than the number of groups. It required me to suggest that the 

numerator counts the groups before wo students offered that they needed to get more 

blocks. Once "more blocks" was acknowledged as being "allowed" students were able to 

solve the problem. I had to acknowledge here that midents did not consider the 

numerator as counting the partitions. They had not developed this concept as I had 

hoped they w ~ d d .  



Pedagorricai impiications. 

The fact that students did not adopt the '4counting" definition of the numerator 

that 1 advocated during instruction. and continued to speak of "coloring in" or 'kating" 

pieces leads me to conclude that it is very difficult to replace prior constnicts with new 

ones. Indeed several researchers had commented on this same phenornenon (Hiebert? 

1988; Wearne & Hiebert, 1988 Mack, 1990; Markovits & Sowder, 1994)- 1 recclrnrnend, 

therefore that when students are first introduced to fractioi~s, the numerator be defmed as 

the term that counts the partitions. Since children already have experience "countinç 

on", I think they wouM readily understand 'kounting on" more partitions or groups when 

the numerator is Iarger than the denorninator if this was stressed in their early work with 

fbctions. This would serve as an interesting bais for a new study. 

The mixed success in the pst-unit interviews with modeling improper fractions 

with different models points to the fact that children should, in their earliest work with 

Fractions, model proper and improper hctions so that they do not distinguish between 

them. I propose that teachers have students model !?actions less than one whole and then 

count up with the number of pdtions until the whole is reached and then keep on going. 

Students would corne to leam that the numerator can be Iarger than the denominator and 

would understand how to model this situation. In this way, proper, whole, and irnproper, 

and mixed fractions would al1 be viewed as a continuum of the same concept, not as 

different entities. 

1 felt that the instructiorial activities I provided were effective in helping students 

understand the numerator and irnproper fractions. However, I felt that more tirne and 



experience modeling proper and improper fractions with a varïety of diEerent models 

and diagrams was n e e d d  Unfortunately, this extra tirne was not avaïlable at the grade 8 

level. If students are to thoroughly understand these concepts, they need to begin this 

work in the earty intermediate grades and continue practicing them every year until the 

late intemediate grades. Teachers also need to reafize that a vanety of rnodels would 

m 
need to be utilized in order for the concept of fractions- proper, irnproper, and mixed- to 

be generalized. 

Students' Abilities to Mode1 Fractions with Different Referents: Pre-unit interview 

resul ts. 

Area models dominate thinkinq. 

Students' descriptions of fracticns suggested that diagrams of area models were 

the ovenvhelming mental referent for students. All students opted to model a fraction 

with an area model. Linear and set rnodels were never used voluntanly by students. 

Using an area rnodel as mental referent limited students' understanding of fractions, 

however. Students modeled only congruent partitions and were not sure it non- 

conamence was "allowed". Four of the seven students were certain that equal partitions 

were necessary with models of fractions. However, when asked to work with set models, 

four students were not certain that the groups needed to be equal. In fact, five students 

were not certain that the groups were relevant at all the set modefs 

lmproper fiactions were dificult for students to mode!- 

Students were able to model fractions that were less than one whole with area, 

linear, anà set models as long as the number of parti-tions or objects in the set matched 



the denorninator of the fraction- However, when the denominator was different from the 

nurnber of partitions or objects, dl of the students experïenced some difficutty modeting 

the fractions- four of the students were unable to resolve the diEculty without rny 

prornpting. Compound set models proved the most difficult for students. 

Modeling fractions greater than one whole also proved confusing to al1 of the 

students, especially when provided wvith a diagram with the partitions already indicated. 

Onl:: two students were able to independently mode1 fractions l a t e r  than o n e  whole. 

The rest all required promptinç on my part, even with a fraction as simple as 3 2 .  Al! 

students could model fractions equivalent to one whole with diaprams and manipulatives 

of area and linear models, however, they did not hmow how to move beyond that point. 

Students were unable to mode1 fractions when presented with a set of blocks. No one 

confidently prtitioned the set correctly. 

Students' Abikties to Mode1 Fractions with Different Referents: Post-unit interview 

resuIts. 

Area models continued to dominate thinkine- 

In the final interviews, it obvious that area rnodels continued to be an 

overwhelming mental referent for al1 students. Al! students continued to define the 

denominator and numerator with descriptions consistent with a r a  models and all 

students continued to mode1 fractions onty with area models, even though all models 

were avaiiabie to the students. 



Abilitv to work with one mode1 didn't readilv tramfer to another, 

Al1 students except one were able to mode1 proper and improper fractions with 

area models. However, this ability did not transfer automatically to other concrete and 

visual referents. For exampie, one student who could rnodel and explain 6/3 with the 

fraction circles could not transfer this understanding to a diagram of a linear model with 

the partition lines already provided. Similarly, another student could not transfer her 

understanding of modeling 613 witn the fraction circles to the set models, even though 

she had partitioned the set model correctly. In fact, this student completely abandoned 

the meaning she had established for the numerator and denorninator when confronted 

with the conundmm of rnodelinç the improper fraction with the set model. One student 

who was not able to mode1 an improper fraction with the diagram of a linear model, was 

able to mode1 the fraction (with some guidance) with a concrete linear model. He was 

then able to transfer this understanding baclc to the diagram of the same model. 

AnaIysis of the resulis with the diRerent concrete models and diagrarns suggested that 

most students could model proper and irnpraper fractions with concrete area models and 

linear models which allowed the students to determine their own partitions. The 

presence of established partitions seemed to have negative effect on the students' 

abiIities to rnodel fractions. More research needs to be done to deterrnine what role 

parîitioning plays in students' understanding of the part-whole concept of fractions. 

Pedago.gica1 implications. 

The difference in abiliîy of the individual to model fractions with the difKerent 

physical and visual referents and the lack of transfer between the different models raises 



some intereshng points. Fint, it emphasizes that al1 rnodels must be presented to 

students during the connecting phase. Students must be presented with a variety of area 

models, iinear models, and set rnodels so that they cm develop a generalized 

understanding of the part-whole concept of fractions. Hiebert (1 988) w a m s  us that using 

any one model may limit a student's undentanding of fractions to that model. The results 

of my study and othen' (Peck and Jencks. i 98 1 ; Armstrong & Lanon, 1995) sugçest that 

most students' prÏrnary mental referent for fractions is the area model. 1 felt that this 

model limited students' understanding of the part-whole concept of fractions. In 

particular, I felt it limited their understanding of partitioning to congruent pieces and 1 

suspecteci that it allowed students to focus on the pieces when comparing fractions versus 

the relationship between the pieces and the whole. 

Reviewing my lessons, 1 realized that we had spent most of our time with fraction 

circles and pattern blocks (area) and Cuisennaire rods (linear) as models of fractions. Far 

less tirne was given to other diagrams and set models. This was due in part to tÏme 

constraints and partly because I failed to recognize that a concrete model was not the 

same in the students' minds as a diaagam. I did not recognize that the partitions on the 

diagrams would restrict students and cause them difficulty whereas the concrete models 

allowed students fieedom to partition the area or length as they liked. 

This is the second point that needs to be considered Students need experience 

w i t h  a variety of concrete rnodels, but they also need experience with a varïety of 

diagrams. ". . . Physical aids are just one component in the development of 

representational systems and . . . other modes of representation-verbal, pictonal, and 



symbolic- also play a role in the acquisition and use of concepts (Behr et al., 1984, 

p.325). As 1 have discovered for myself, students do not readily transfer theu part-whole 

understanding between different models, diagrams, and notation. The tacher must 

carefully plan Iesson sequences and experiences for students ro purposefully encourage 

the transfer of understanding from one mode to another. In the future, 1 will ensure that 

not oniy will I use rnanipulatives in my lessons, but also 1 will consider the variety of 

manipulatives, d iapms,  and verbal descriptions tliat I present to students. And 1 wïll 

stnve to plan lessons that are smictured so students can make links between the difirent 

models. In this manner, 1 hope to create ". . . experts [who] view all modes of presentation 

of information as quivalent.. . " (Bright, Behr, Post, Wachsmuth, I 988, p. 230). Further 

research needs to be conducted to determine what, if any, aspects of models and 

diagrams encourage or lirnit transfer of understanding of fractions between the different 

modes of presentation. Also, a study that determines the optimum sequence in which 

models and diagrams should be presented in order to encourage transfer of the part-whole 

concept between the different modes of presentation needs to be conducted. 

Although 1 recognize that more time was needed to be spent on the other models 

and diagrams and comparing the similarities and differences in each of the rnodels, I did 

not feel that the grade 8 curriculum al!ow& time for this exploration. As such, 1 do not 

feel that I could have given it any more time than 1 already did. 1 believe that if students 

are to develop a generalized understanding of the part-whole concept with fractions, then 

the extensive work co~ec t ing  the physical referents with the syrnbolic notation needs to 

be done in the earlier grades (grades 3-61. 



1 suspect that students are not getting sufficient experience during the 

uco~ecting77 phase (and therefore have weak fraction sense) for severai reasons. First, I 

suspect that the referents that students are provided with are limited pnmarily to area 

models. Several researches have suggested this is indeed the case (Peck and Jencks, 

198 1; Armstrong & Larson, 1995). If this is the case then students' understanding of the 

part-whole concept will not be generalized, but rather will be limited to this model. A 

study that esamines the models that teachers use in the cIassroom needs to conducted to 

see if indeed this is the case. 

Second, 1 suspect that time spent of connecting referents to wrïtten notation is 

limited. 1 believe, that either students' expeiience with fractions is limited before they 

are moved on to other mathematical topics or that their experïence comecting referents 

to fraction notation is limited kfore they are moved into "routinizing" activities. I 

suspect that early intermediate teachers feei they are doing a service to students by 

introducing the algonthms of fractions early to students to give them a "head stari7' for 

their work in later grades. Unfortunately, research seems to be telling us that rushg 

students into routines results in students who mechanistically appiy, often incorrectly, the 

algonthms they have been shown. Ln other words, rushing the early stages of 

'%onnectingl' to get to the "routininng" stage results in students with poor fraction sense. 

A study of tacher beliefs and attitudes about fraction insrniction is required to determine 

whether students are actually receiving ample time in the c'co~ecting" phase or if indeed 

they are being hurried into the "routinizing" stage. 



The third suspicion I have is that there is a mistaken belief by some intermediate 

teachers that Fractions are no longer stressed in the intermediate grades since operations 

with fractions have been moved to the grade 8 year in the BC Mathematics Instructional 

Resource Package (IRP). As such, I suspect that fractions are not being given the same 

attention they used to in order that teachers can teach the other topics more thoroughly. A 

study of teacher beliefs woutd reveaI whether or not this w.s the case. 

I believe that al1 three of rny suspicions are correct and ail three are valid 

explanations that partly explain why students lack fraction sense. 1 suggest that a 

research project that explores the "implemented cum*culurn" and teacher beIiefs and 

attitudes about fraction instruction in grades three through seven would provide valuable 

insight into the actual arnount of time students have to connect referents to abstract 

symbols in the "connecting phase" and also reveal the scope of the referents presented to 

students. 

Subsection 1.2 Sense of Orderliness of Fractions 

In my research I t a s  interested in the undentanding students had for the size of 

the fractions and in their ability to order them. I was most interested in the strategies that 

students used to order and compare fractions. It was my suspicion that the "like- 

denominator" method would be the most common strategy cited by hidents for 

comparing fractions. 



Students' Ordering and CornDaring Strategïes: Pre-unit interview results. 

"Inverse relationship" not a ~ ~ l i e d  to ordering unit £?actions. 

As has already been discussed in the section "Students' understanding of 'inverse' 

relationship weak" (p. 152)' most students did not order the set of basic unit hctions 

with confidence. These students did not demonstrate a strong grasp of the inverse 

relationship beisveen the number of partitions of the whole (denominator) and the size of 

the partitions. Only three students, in fact, used their understanding qf this inverse 

relationship to order the  fractions. The others used inappropriate whoie number logic or 

manipulatives and diagrarns to order the fractions. There was also some evidence of 

reference to 112 as a benchmark for ordering the other Fractions. 

Other ordering strategies employed by students. 

The students demonstrateci that they had essentially no eEèctive strategis for 

ordering Fractions. Oniy one student suggested using the likedenominator method to 

compare the fractions 1 8/ 19 and 3/4- Four of the students used the "range" strategy and 

incorrectly stated that both the fractions were the same. Surprisingly, these students 

couid suggest no other methods to compare the fractions. Even though they 

demonstmted in other problems an understanding, albeit a faulty one, of the like- 

denominator method, they did not consider it as a strategy to compare fractions. This 

was contrary to my expectations. 1 would have expected students to say that the 

denominators had to be the same (Iike-denominaton) before they could be cumpared 

since this is the algorithm most comrnonly taugit to students. Either these students did 



not have a lot of exposure to this rnethod or they did not retain it or see it as applicable to 

the problem at ha td  

Students' Ordering; and Cornparinn S tratePies: Post-unit i n t e ~ k w  resul ts. 

Inconsistent attention to "inverse" reIationship. 

In the pst-unit i n t e ~ * e w  there was an improvement in each students' ability to 

expiain the inverse relationship beisveen the number of partitions and the size of those 

pertitions. However, this understanding was only applied by four of the five students to 

the cornpan-son of 314 and Y5 and by two students to the cornparison of 516 and 5/7. 

The remainder of the cornparisons was based on either the use of benchmarks or more 

often, the range strategy. 

Although I felt that al1 the students had a better undentanding of the 

compensatory relationship between the denominator and fraction size, I did not feel that 

this understanding was deep. Students seemed to be able to apply this thinking to a direct 

cornparison of fhctions with the same numerator and a difference of one between the 

denominators. Even then, they did not do so consistently When an indirect comparison 

of fractions was involved (comparing missing pieces), students abandoned their 

understanding of the inverse relationship of denominators and cornpared the 

denominators as discrete pieces of the sarne size. This focus on pieces did noi appear to 

happen when an easy, direct comparison of the fractions was possible. Further research 

is needed to determine what aspects of the notation encourage students to focus on 

discrete pieces. For example, would students focus on discrete pieces wiien directly 



cornparhg fractions *se denominaton were greatly different but whose numerators 

were the same (e.g 4 5  and 4/20)? 

Benchmark and "range" stratenies favored. 

There was signifiant growth in the use of benchmark smtegies amongst most of 

the students. A few different benchmark strategies appeared in the final interview that 

were not present in the first one. Unfomuiately, the use of the "range" strategy also 

appeared an2 was used extensively by two of the students and occasionally by another 

three. The good news was that either the benchmark strategy seemed to "win out7' in 

students' minds when the fractions were close and easy to compare to known 

benchmarks or students would quickly abandon the range sshategy if they judged their 

answen incorrect by re ferencing them to benc hmarks. 

The rnost commonly applied benchmark strategy was comparing two or more 

fiactions to 1R or 1. This strategy was most consistently and correctly applied when the 

fractions were 'more spread out7' according to the students. 

The students who experienced the most succes; ordering the sets of fractions 

(task # 3, p. 62) generally avoided using the range strategy. These students would order 

the fractions they could by using 1!2 and 1 as benchmarks. The Fractions that they could 

not order were usually left out Only two students recommended using the Iike- 

denominator strategy to resolve the order of the fractions that could not be ordered easily 

with the benchmark strategy. The others could suggest no solution. As I mentioned 

previously, I was surprised by how few students suggested the iike-denominator rnethod 

of cornparhg hctions given how prevaient it is in math textbooks and most classrooms. 



The two students who had the rnost difficulty ordering the sets of fractions used 

the benchmark strategy and range strategy, even though they had proven the range 

strategy to be less than 100% accurate and valid. There did not seem to be any pattern in 

the fractions that would predict which strategy these students would choose. It seemed 

that if certain fractions that were easy to compare to benchmarks 'jumped out7' at them, 

then they would use a benchmark apprnach to order them. Otherwise, the ';range" 

strate9 was em ployed. 

A strategy new to the final interview was "missing less therefore bigger strate&'. 

This strategy was introduced to students during instruction in order to compare fractions 

within the same dornain (either over or under half or one). Most of the students tried to 

apply this strategy however, they were often ~uccessful  with it They were able to 

follow al1 the steps except one. When they had to compare the rnissing addends of the 

fractions (to reach one whole) smdents did not compare fractional parts that were relative 

to one whole but spoke of pieces as if they were discrete units. For example, when 

students compared 2/3 and 617 they said both were missing one piece and were therefore 

the same. For students; detemining whether 1/3 or 1/7 was smaller based on the inverse 

relationship between the size of the denominator and the fiaction size, and then relating 

this information to the original fractions to determine which fraction was larger based on 

their smaller fractional addends was too much to handle intellectually. The students who 

did try to consider the relative size of the fractionaI addends, could not relate this 

information back properly to the original tiaction pair being compared When asked to 

compare 3/4 and 18/19? Jeremy claimed that 3/4 was more because 1/4 was a bigger 



piece missing and so fourths were bigger so 3/4 was more. He couId not mentalIy 

coordinate the inverse relationship between the relative sizes of the "rnissing parts" 

(themselves an icverse relationship) with the relative sizes of the pair of !%actions. This 

relationship, however, \vas easy for students once they drew a picture of it or made a 

mode1 of it (or a sirnilar pair) with fraction circles. 

Comparing and ordering activities in ciass emphasized the use of benchmarks and 

the inverse relationship between the denominator size and fraction size as a means to 

determine the relative size of hctions. When fiactions were both under or over half or 

one, 1 encouraged students to use a "missing less therefore bigger" approach. 

The first lessons I presented had students use manipulatives to find Fractions 

equivalent to half and one and then to compare fractions less than and greater than half 

and one to these benchmarks. I believe that students' first experiences determining the 

relative size of fiactions must include rnanipulatives so that they c m  develop mental 

referents in their mincis. Unfominately, f don't believe that some students in my class 

had developed strong mental referents since they could not handle the "missing less 

therefore bigger" type problems. During instruction, most students were unreceptive to 

working with the manipulatives to compare fractions. They said they could just look at 

the notation and state which fraction was more, especially compared to half and one. 

CIassroom management became an issue so 1 moved them into companng fractions in 

notarional form. Unfomuiately, I bel ieve this had the negative effects of encouraging 



students to look at the numerator independently f?om the denominator and use the range 

strategy- 

When I questioned students about their understanding of fractions quivalent to 

haIf, al1 explmations focused on the nurnerator relative to the denominator. That is, 

students determined that a fraction was equal to half if the numerator was half the 

denominator (36 is equivaient to IR because 3 is half of 6) .  This thinking concernecf me 

because it seemed to be based on a whole nurnber schema of multiplication and divisioi. 

rules versus a rational number schema of the-sixths is half of six-sixths. Although 1 

recognize tha  the students' approach was an eficient way to make rapid cornparisons to 

benchmark fractions, 1 was wncemed that this thinking encourageci students to view the 

nurnerator and denominator as separate ternis. 

I suspect that having some *dents ty to mentally manage the "missing less 

therefore biggeryy strategy without the benefit of extensive modeling with manipulatives 

led to the range strategy k i n g  engrained in their thinking. Without the benefit of 

manipulatives, 1 suspect that these students couldn't keep the relative size of the missing 

pieces in mina so they simply thought of the missing pieces as discrete units and 

determined that the fraction that was missing fewer pieces was larger. 

The other unfortmate resdt of the instruction with the notation only, was that the 

range strategy worked more often than it didn't given the examples that were on the 

worksheets. Students were getting good results on the tests and assignments so I did not 

realize they were using this faulty approack I thought they were using the strategies that 

I had taught them. Unforîunately, that didn't appear to be the case with some students. 



The students in my research who did not w the range strategy did seem to 

manage the mental complexity of coordinathg the numerator and denorninator into a 

number with a specific value. They also seemed to manage the mental demands of the 

"'missing Iess therefore bigger" strategy. Perhaps, they did not require extensive work 

with the manipulatives whereas the other students did. 

Although 1 suspect my instruction may have had some oegative side effects, I do 

feel there were some positive outcomes. In particular, most students used the 

benchmarks of 1R and 1 properly to order fractions. This behavior was not demonstrated 

nor suggested in the first interviews so 1 attnbute the change to the work we did in class. 

Also, even though some students used the range strategy they couid also use the 

benchmark stratepies to order fractions and recognize errors in their thinking with the 

range strategy. 

In the future I will not introduce the "missing less therefore bigger" strategy 

without manipulatives. Only when students demonstrate a thorough understanding of the 

concept will 1 allow them to work with symbols alone. Student communication will be a 

large part of this instruction. Students wilI have to repeatedly explain their thinking to 

ensure they are not cornparkg ">ieces" but fractional pieces. To this end, 1 will insist 

ihat students compare the missing addends by using the hctional name, not the word 

"pieces". For example, to compare 3/4 and 8/9, students would be required to Say "one- 

fourth and one-ninth is missing" saying both are missing "one piece" would be taboo! 

In the future I would aIso try to discourage the use of the range stratzgy by 

carefully siruchring the probierns on worksheets such that use of the range strategy 



would lead to incorrect solutions. I wouid dso provide examples of faulty thinking with 

the range strategy and have students explain to me why they know the solution is 

incorrect For example, I would provide the solution of 2/4 and 1/3 are the sarne because 

they are both missing hvo pieces. Students wouid explain tu me why this solution and 

thinking is incorrect. 

Although I recognize that I did not provide enough opportunity for sorne students 

to work with the maaipulativcs in my class, I aiso recognize that most of my students had 

developed strategies to compare fraction notation to 1/2 and I and did not want to work 

with the manipulatives. E wncluded fiom my experience, therefore, that it is difficult to 

go backwards in time. That is, it is difficult to take students back to working with 

manipulatives when they have already been working with the notation. Indeed, Hiebert 

(1 988) stated that ". . . if these initial processes are not engaged when children fint 

encounter a particular symbol system, it may be more dificult to go back and engage 

them later" (p.349). As such, 1 recornmend that teachers in the intemediate grades begin 

students on manipulative activities that encourage them to develop a generalized 

understanding of the absolute magnitude of Fractions and then the relative magnitude of 

fractions. Finally, students should compare fraction notation and explain their thinking 

in discussion and math journals Ifthere is evidence of the range strategy or Iack of 

attendance to the absolute magnitude of the fractions, then students should be moved 

back to manipulatives to strengthen their mental referents. I believe these concepts must 

tx: estabiished in sequence in the intemediate years. By grade 7 they must 'oe firmiy 



understood by a11 shidents or else I fear they will remain undeveloped since there is not 

tirne in the middle school math curriculum to address these topics adequately. 

1 have assurned here that developing a generalized understanding of the absolute 

and relative magnitude of hctions would prevent the use of the range strategy to 

compare hactions. Research needs to be done to determine if this assmphon is correct. 

Self Reflection 

Pariicipating in the process of research has given me new appreciation for the 

position that research has in educational practice. As a teacher, evaluation of student 

learning is usually based on fleeting conversations and pencil and paper work. The 

teacher usually does not get an indepth view in to her student's thoughts. By takinç the 

role of teacher-researcher I have been given that opportunity to look closer at my 

student's thoughts which have infomed my instructional practice. In parkular, 1 have a 

new appreciation for the impact that manipulatives have on student learning. I recognize 

the need for the connectirg phase to be thoroughly engaged before students are asked to 

manipulate syrnbols. I recognize t h t  niçhing this stage is futile. I also have corne to 

understand that not al1 manipulatives are created equal. The features of any one referent 

limit "Meaning". Therefore, students must be provided with many diEerent referents, 

physical and pictonal, in order to develop a generalized understanding of the symbol 

system they are studying. I also have corne to realize that students do not readily transfer 

between different physicd and pictonal forms and I must keep this in mind and help 

them to make those transfers. Communication of ideas in the math classroom has taken 



on more importance in my mind. In my classroom, 1 probably would not have known 

about the mi-s-leaming that occmed when students cornpared fractions using the "range" 

strategy. On paper, their scores would have been fine and 1 would have thought that 

students had leamed what I had intended. However, communicztion of thinking 

highlighted this \vas not the case. As such, it is important that communication be an 

integral part of mathematics learning to avoid inappropriate leaming. 

I also have new appreciation for the complesity of the part-whole concept of 

fractions. 1 recognize that much effoort has to go into helping students generalize this 

concept. 1 feel that the amount of  time and effort given to this phase is completely 

inadequate. Sîudents must be given as much time and experience (or more) developing 

an understanding of the magnitude of Fractions as they are given with whole numbers if 

students are to develop any sense of the magnitude of  fiactions a t  all. 1 understand thai 

activities that encourage fraction sense, such as ordering fractions by cornparison to 

known benchmarks, must be practiced and mastered before procedures and algorithms 

are introduced. If students are to be successful with fractions, they must develop as solid 

an undentanding for ihese numbers as they have for whole numbers. If not, I fear that 

the vast majority of students will be confined to mernorizing procedures with fractions 

that hold litiie or no rneaning for them. 

nie most important concept 1 have leamed fiom my role as teacher-researcher is 

that students do strive to make sense of fractions and numbers in general, even though it 

may not appear that they are successful in doing so. 1 have came to appreciate that this 

development of understanding, however, does not progress in a tidy, Iinear fashion, but 



rather is erratic in its path. I realize that as students encounter new mathematical 

situations, their understanding of fiactions may regress or be abandoned altogether. As 

the teacher, I must be ever vigilant to this situation and not assume that understanding of 

fractions will be transferred from one setting to another. I am convinced more than ever 

that strong student-teacher and student-student communication is crucial if students are 

to properly develop fraction sense- 
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APPENDIX A 
PRE AND POST-UNIT LNTERVIEW MATEMALS 



Rational Number Sense Interview Questions 

Tige Woodward 

The purpose of my sîudy is to examine the number sense strategies that 
selected grade eight students use when they are trying to solve various 
problems that relate to the ske_ order, and equivalence of proper fractions. 

Meaning of Fractions 

S hoiv: 4/6 (have manipulatives, paper, etc.) 

Ask: " What does this mean? C m  you tell me or show me?" 

" Wliat does the '6' te11 yu?" 

"What does the '4' tell you?" 

Ask: Using the whole geoboard as the whole please separate it 
into fourths in 4 different ways. 

Ask: "Please explain how you know that these are fourths." 

"Do the fourths d l  have to be the same shape?" 

Show 

Ask: "Are these fourths?" Why do you think so?" 

Ask: " Look at the examples below, which ones are fourths and 
which unes aren't?" PIease explain why you think so." 





Show: 

Ask: 

"Cm you tell me what part of the set is shaded?" 

"How did you figure that out?" 

" If I told you that 4/6 is shaded, what would you say?" 

" Please explain how you know?" 
"Please shade in 2/3 on each of the dirigrams" 

Show: 

"Cm you tell me what part of the bar is shaded?" 

Show: 

Ask: 

"Please telI/show me how you figured that out? 

"Could there be another fraction for thz part that is 
s haded?" 

"What would you Say if I told you that 1 1/2 is shaded?" 

"The first example is 414 and the second is 4/3. Please 
show me what the 'whole' or 'unit' is-" 

Ordering Unit Fractions 

Show: fiaction circles (1/2, l/3, 1/4, I:6), paper, pens 

Ask: "What part of a circle are these?' 



"Please explain how you figured that out?" 

"PIease write the names of each of these fiaction pieces 
in symbolic notation." 

"Please explain why you wrote l/x for this piece?" 

"Wliy did you think to wite x as the denominator for 
this piece? M;hy did you ~ r n t e  1?" 

"Please order these written symbols from smallest to 
biggest? Please esplain your thinking out loud." 

"What made you decide that I/x is the smallest? 
Bigges t?" 

"Please order each of these fraction pieces fiom 
smallest to biggest." 

"Look at the order of the fraction pieces and what you 
wrote for the fraction symbols. Do they agree? Which 
one is correct? C m  you explain your thinking?" What 
do you notice about the denominators?" 

Ordering Non-Unit Fractions 

cc Which fraction is Iarger 18/19 or 3/4?" Please expiain 
your thinking." 

Equivalence of Fractions to Cumrnon Benchmark 

Ask: " M a t  does it mean when two fiactions are 
equivaient?" Please show me with the fiaction pieces." 

"1s Y1 0 equivalent to 1/2? Please explain your 
h&g?" 



Show: 

"How would you use the blocks to check your thinking 
figure out the answer?" Please show me." 

"1s 7/15 equivalent to 1/2? How do you know?" 

Ask: "f is what fraction of the whole? 
"b,c,d,and e together is what fraction of the whole?" Can it have 
a different fiaction narne? 

Using Benchmarks to Determine Sue for Order 

Ask: "1s 7/15 smaller than, equivalent to, or greater than 
1/2? Please explain your thinking." 

" 1s 6/10 smaller than, equivalent to, or greater than 
1/2? PLease explain your thinkuig." 

"Thinking about your previous answers, tell me which 
fiaction is larger 6/10 or 7/15? Please explain your 
thinking." 

Size of Fraction: Changes to Numerator/ Denorninator 

Ask: "When 1 have a fiaction (2/5), and 1 change the '2' to a 
'3 ', what happens to the size of my fiaction: 
decreases, stays the sarne, increases? Please explain 
your thinking." Can you show me with blocks/ draw? 



"When 1 have the fiaction (2/5) and I change the '5' to a 
'6',  what happens to the size of my fkaction: Decr, 
same, incr? Explain. 

"When I have the fiaction (2/5) and I change the '5' to a 
'4', what happens to ihe size of the fraction? ... Explain" 

When 1 have the fraction (2/5) and I change the '2' to a 
'3' and the '5' to a '6': what happens to the size of my 
%action?" Ditto 

Rational Number Sense and Addition of Fractions 

Ask: ccPIease te11 me if 6/10 + 7/12 is smaller or Iarger than 
one? 1/2? 

" What if I told you that 6/10 is larger îhat 1/2 and 7/12 
is also larger than 1/2. Would the answer to 6/10 + 7/12 
be smalIer or larger than one? 1/2? Please explain your 
thinmz-" 

"Please tell me if 5/11 + 7/19 is smaller than or larger 
than one? 1/2? 











Fractions Unit- Final Interview (Woodward) INTERVIEW WITI-1: 

Section One- Meaning of Fraction Notation 

Given 316: What do you thinkl say when you sec this fraction? 
What inodel cnn you make for ine? 
What if l gave yoii 24 blocks? 
What does this nuiiiber tell you? (6) 
What does this nuinber tell you? (3 )  

Given 613: What do you think/ sny wlien you see this fraction? 
Whrit model can you meke for inel 
What if 1 give you 12 blocks? 
What dors this nimber tell yoii?(3) 
What does this nuinber tell you?(6) 



g g . 2  
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APPENDE B 
INSTRUCTIONAL UNIT MATEMALS 



Compare and Test (Orderin& 
Date: 
Math Journal 

Predi~r whichfiacfzon behw is the Iarger of the two (assume the whole is 
the same szze). Do NOTchange to like denomirmors or cross multip[v. 
Jmtifi yo ur predictr'on- Test your prediclion w W  the fraction cides. 

Fractions 

-l - 
318 M? 

Larger Justification Test 



Fraction Larger Justification 1 Test 



Converting Fractions Name: 
Date: 
P.fath Work 

Compkfe rhe questions below. Use your Cuisennaire rodr and pattern blocks fo help 
YOZ 

W holc Fractional Part Sym bo l(s) 

brown 1 14 

dark green Y3 

darlc green 312 

dark green 

dark green 

dark green 

brown 

pink 

Iight green 

brown 

black 

pink 

purpie 

dark geen 

yellow 

yelIow 

b1 ue 

2 orange 

2 blue 

2 Nack 

2 dark greens 

3 yellow 

2 .Mue 

2 blue 



A w e r  the questions in below in defail please! 

I . Use the light green block as the whole and the brown as the fractional part. 

a) Will this fraction be greater than one whole? Greater-than two? 

b) What are 3 different ways that you can express this Fraction (2 mixed, 1 improper)? 

c )  What other fractional values could you give this fraction? 

2. State whether the following fiactions will be less than one, equal to one, or greater 
than one. 

Fr- 

4/3 

6 /  1 

7/I O 

5/2 

416 

213 

3. if I was to write an improper fraction for an amount greater than one, what can you 
tell me about the number on top (numerator) as compared to the number on the bottom 
(denominator)? 



4. "'a'' and "b" represent whole numben. 
1) If a< 5, then is the fraction less than, equal to, or greater than one whole? Explain. 

iij If a = b, then is the fraction less rlian, equal to: or greater than one wholr? Explain. 

iii) If a > b, then is the fraction less than, equal to, or greater than one whole? Explain. 

5. C m  you explain your method of converting the following mixed and irnproper 
fractions? 

6.  Use a diagram to explain why 7/3 = 1 4/3 = 2 l/3 



7. How can I knowjust by lookinç at a fraction if it is kss than or greater than one? 

8- How c m  I know just by looking at a fraction if it is greater than two? 



Equivalent Fractions: Usiw Models 
Date: 
Math Journal 

Use the rnodels below to demonstrate equivalent fractions. 

Show 

4/6 x 212 

Show 4/6 

Show 

416 x 4/4 

1 

f 

Show 

4/6 - 212 

Show 8/12 

Show 
8/ 12 x 212 

Show 

Show 
8/ 12 -2 4/4 



h s w e r  the following questions in detail. Use labeied diagrams to support your answer. 

1. Whrn you find equivalent fractions, you rnultiply the numerator and denominator by 
the same number. 

a) I f  l were to rnultiply the kaction a/b by 2/2, explain how many pieces 1 
wouid cut each of the fractional parts into? 

b) If 1 multiplied by 3/3,4/4,5/5 or nh, how many pieces would 1 cut each of the 
fractional parts into? 

c) Explain the relationship bttween the nurnber you rnultiply the numerator and 
denorninator with and the number of parts you cut the fractional pieces into? 

2. When you multiply numerator and denominator with the sarne number (e-ç. 2/3 x 2 4 ,  
you are actually multiplying by 1. 

a) What happens to a number when you multiply it by I ?  

b) I f  when I rnultiply a fraction by 1 (e.g 2/3 x 2/2 = 4/6) how corne it looks like a 
different number (e-g. 4/6)? 



Equivalent Fractions: Re~resentations 
Date: 
Math Joumai 

Materials: GrÏd paper 
Fraction circIes 
Cuisennaire rods 
Blocks 

Use the equiprnenr listed above to demonslrate the jollow ingfiaction 
equnialencies. Record all your duta 

1 .  On the grid paper, the square outline represents one whole. A fractional part has been 
shaded in. State what fractional names you could give this part For each fractional 
name, indicate (by drawing on the grid paper) what equal sized piece you are considering 
the denominator. The first one is done for you. 

3. BeIow areas of circles have been drawn for you. If one white circle represents the 
whole, what fractional names can you give for the areas. Explain your answers by using 
labeled diagrams. 

3. Cornplete the chart below: 

Fractional Narnes Whole 

blue 

brown 

Fractionaf Part 

&rk !?Je* 

pink 



brown orange 
4. Use 24 blocks as the one whole. Represent the different fractions with different 
colors. Record p u r  data using X's and 0 's .  The first one has been done for you 

Fractional Part 

213 and 2 /3 1 

Record 

1/2 and 1/2 

1 /6 and 51'6 

1/2 of24= 12 x x x x x x x x x x x x  
0 0 0 0 0 0 0 0 0 0 0 0  

314 and 114 



Journal: Ordering Fractions 

1. Which fiaction below has more fiactional pieces? Explain how 
you know. 

a/3 or al8 

3. \mich fraction below has larger fractional pieces. Explain 
you know. 

how 

3. What is the relationship between the number of fiactional pieces 
and the size of the pieces? 

4. Order the unit fractions below. JustiQ your order. 



Fraction Unit Test- Estimation 
Date: 
Math Journal 

This is a time-limited test You must use estimation to answer the questions below or 
yolr will not get through the questions. 

A- Order the fractions below from 

Smat lest Biggest 
 CL=^ (Greatest) 



B. Perform the operations indicated below. Remember to give your answen 
as estimates only. Think about fnendly fisictions. 



APPENDLK C 
ETAICS REQUIREMENTSIPERi1ITSSION DOCUMENTS 



SIMON FRASER UNIVERSITY 

PARENT DIFORMATION SHEET 

Title of Project: An Investigation of Children's Understanding of Fractions and 
the Role that Number Sense Plays in that Understanding. 

Student performance on rational number concepts (fractions, ratio, decimals) and their 
applications have been weak on every provincial mathematics assessrnent Research 
indicates that most students are merely memorizing procedures for operations with 
fractions without a conceptua1 understanding of such niles. As a result, students ofien 
confuse the V ~ ~ O U S  d e s  which govem the operations on fractions. Since students are not 
k ing  given the opportunity to develop a conceptual understanding of the meaning and 
size of fractions, they have little ability to judge the reasonableness of their answen 
am-ved at when applying rnemorized procedures. Even if they try, students are not able 
to recognize their own fauity application of rules because they have little or no nurnber 
sense of fractions which would help them to detect the ridiculousness of their answers. 

1 would like to examine how children understand the meaning of fractions and how they 
undentand fraction size. I would then like to examine the impact that "number sense" 
activities have on children 's understanding of fraction meaning and fraction size. I wiII 
conclude my research by exploring the effect that number sense strategies have on the 
ability of students to judge the reasonabIeness of answers obtained by adding fi-actions. 

My research will be conducted by me with students in my mathematics 8 class. All 
students wil1 participate in the fraction nurnber sense activities. I would Iike to conduct 
videotaped intewiews with selected students in oïder to collect detailed information 
about their undentanding of fractions. I will also use student wïting in their math 
journals and assignments, field notes (written by rnyself), and selected 
videotaped/audiotaped lessons, as other sources for my data. 

I hope that you will be willing to have your child participate in this study. Please be sure 
that a11 activities will support the current mathematics 8 curriculum and the children 
should gain a better understanding of fractions at the grade 8 level. By signing the 
permission slip, you will allow me to videotape and audiotape your child as they 
participate in the classrwm andor in persona1 interviews and to use their journal for my 
researc h. 

You and your child can be assured of the following: 
1) Students' participation in my study is completely voluntary. There wi11 be no 
prejudice whatsoever toward those students that initially elect not to participate. 
2) Parental consent is required for participation and may be withdrawn at any time. 
3) Students cm withdraw frorn the study at any tirne, with no negative consequences. 



A)  There will be complete anonyrnity and contidentiality of research findings. Students 
will be protected because of the use of a pseudonym in my thesis, in any publication or 
conference presentation or in any discussion about the study. 
5) Only mysel f, rny research advisors (Dr. Sandy Dawson and Dr. Rina Zazkis), and m y 
technological support advisor, Linda Hoff, wîll ever view the videotapes or listen to the 
audiotapes. 
6 )  The data collected in rny research assessrnent (e-g. personal interviews) will not be 
used for evaluation or reporting purposes. Assignments, math joumals, and tests, which 
al1 children will take part in, wi1I be used as part of my normal reporting process. 
7) Any concems about the study rnay be addressed to me at any time or to Dean Robin 
Barrow at Simon Fraser University, Bumaby BC 
8) A copy of the results of this study , once compIeted, may be obtained by contacting Dr. 
S .  Dawson. Faculh of Education, Simon Fraser University. 

I f  you would like more detailed information on my thesis research, please feel free to 
contact me at 942- 1 835. Thank-you for helping me uith my master's research in 
mathematics education. 



INFORMED CONSENT OF MINORS BY PARENT OR G U A R D W  TO PARTICIPATE IN THE 
PROJECT "AN INVESTIGATION OF CHILDREWS UNDERSTANDING OF FRACTIONS AND 
TBE ROLE THAT NUMBER SENSE PLAYS R ï  TaAT UNDERSTANDLNG" 

Further clarification on any issue regarding the project "An Investigation of Children's 
Understanding of Fractions and the Role that Number Sense Plays in that Understanding" 
may be obtained h m  Ms. Tige Woodward, mathematics teacher at Kwayhquitlurn 
Middle School(942-1835) or Dr. Rina Zaskis, Assistant Professor of Education (29 1 - 
3662)' Simon Fraser University, or Dr. Sandy Dawson, Professor of Education, Simon 
Fraser University (29 1 -5969). 

As a parent or guardian of (name of child) , 
1 consent to hisher engagement in the procedures specified in the Participant Information 
Sheet for the project "An Investigation of Children's Understanding of Fractions and the 
Role that Number Sense Plays in that Understanding." I have read the Participant 
Information Sheet. 1 understand that any documentation resuIting from this study will 
guanntee the anonymity of the above-narned child and that hislher name will not appear 
in any publication. 

1 give my consent for the above-named child to participate in this project, and 
acknowledge receipt of the Participant Information Sheet. 

signature date 

I do not give my consent for the above narned child to participate in this project. 

signature date 
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