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Abs tract: 

The first section (consisting of the fxst three chapters) of this thesis is a s w e y  of 

results on graph labelling exercises, specifically that of graceful graphs. Some of basic 

exarnples of graceful graphs are sampled (complete, 2-reguiar, wheels, prisms, etc.), 

dong with the origins of the theory (Rosa's cc-, p -valuations) . Cordial graphs and 

harrnonious graphs are also introduced, showing sorne of the variations associated with 

graph labelling exercises. 

The fourth and fifih chapters are a representation of my own research in this field. 

1 introduce a varïety of graphs which are both planar and self-dual: the girder graphs, the 

high-diameter wheel graphs of both square-mesh and diamond-mesh varieties, and two 

unusuai graphs which have neither symmetries nor vertices of degree > 4. The 

gracefulness of these graphs is investigated: al1 girders but one are graceful, and partial 

results on the high-diameter wheels were obtained. The thesis concludes with a brief 

discourse on a cornputer-implemented algorithm that was developed to compute the 

gracefulness of a particular graph of smail size. 
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Chapter 1: Introduction. 

1.1 Background. 

The act of labelling a graph is a simple one. With littie motivation except that which 

is given by whimsey, we can arbitrarily assign numbers, symbols, and even colours, to the 

veaices and the edges of a graph, and with no diEculty whatsoever. It is only when we try 

to apply r e s~c t ions  to the labelling, or attach a meaning or a purpose to the labels we 

choose that this problern becomes complicated. 

ui this thesis, we shall discuss a few varieties of die problems that are found in graph 

labelling exercises. In particular we shall discuss the problern of a "gracefd7' labelling: what 

is one, and which graphs have them? The first chapter shall introduce the basic terminology 

and notion involved in defining graceful graphs, as weli as introduce a few key examples. 

The second chapter is a comucopia of examples sampled fiom the literature which shows the 

many varieties of graceful graphs. Chapter three shows some of the major variations to 

graceful labellings: specifically cordial and harmonious labellings. And chapter four is a 

reflection upon my own research into this area, attempting to determine the gracefulness of 

certain families of planar, self-dual graphs. 

At the simplest level, the problern of labelling a graph with specific properties, is a 

mcreational one: can you label this diagram in such a way etc.? For a particular graph, 

singularly focused, Gnding a graceful labelling is akin to solving this p d e .  Sometimes we 

succeed; the level of difiïculty varies on the size and complexity of a particular esample. At 

other times, we discover a graph which has no graceful labelling; such proofs are usudly 

difncult. But when we discover a pattern, that one particular labelling scheme will work for 

another, we begin to discover the rich combinatonal design associated with graph labelling, 

and find joy when w-e finally succeed. 
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1.2 TerminoIogy and Notation 

The following section is a brief guide and index to the notation and terminology used 

in this thesis. Unless otherwise stated, a graph G = (V(G), E(G)) is an ordered pair of sets, 

where V(G) represents the vertices of the graph, and E(G) the edges of the graph. The set of 

edges is a set of unordered pairs of vertices of the graph. A graph is said to be simple if there 

are no loops (edges of the form (u,u) or uu where u is a vertex), or multiple edges between 

two vertices. Throughout this thesis it will be assumed that al1 graphs are of the simple 

The size or cardinaiity of a finite set X wîll be denoted by both 1x1 and by #X. 

The null graph, denoted by N, (where k is a naturd number) is the graph which consists of 
k vertices and no edges. 

'The path, denomi by Pb is the graph consisting of k vertices v,, v2, ..., v, and the k-1 edges 
V1V2ï V2V3 ..-y Vn,IV,. 

The cyclic graph, denoted by C,, is the graph consisting of k vertices v,, ..., vn and the edges 
Viv2, VIV,? .-.¶ Vn-, Vn, Vny. The cyclic p p h  is merely the path P, of length n Save that the edge 
vnv, is added. 

The (simplicial) join of two graphs G, and G2, denoted by G, + G2, is the graph whose 
vertices are V(G,) u V(G3 and edges are E(GJ u E(GJ u (UV : u E V(G,), v E (G,)). 

The complete graph, denoted K, is the graph N, + N, + ... + N, @ times) or, recursively: E$ 
= &, + NI, KI = NI, the complete graph K, h a k g  n vertices and n(n-1)/2 edges - any two 
vertices share an edge between them in such a graph. 

The product graph G, x G, is the graph whose vertices are the ordered pairs ((yv): 
u€V(G,), VEV(GZ)) and whose edges are of the form { (u, , vJ+, v,): q y and y y EE(Q )- 
or v,=v, and U,U,EE(G,)}. The product graph has #V(G,)#V(GJ vertices and 
#V(G,)#E(G~+#V(GJ#E(G,) edges. 

The graph G, (G,) is the graph G, , only each vertex of G, is the graph G, (including edges), 
with edges in G, associated with the join of G,. The graph G,(GJ will have W(G,) #V(GJ 
vertices and #V(G,)#E(G,J + #E(G,) (#v(GJ)' edges. 
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1.3 RosaYs a- ,P-, y-, 6-valuations 

The following section shall trace the beginning of the theory of graceful graphs as 

found in the fust paper written on the subject: a paper written by Alexander Rosa entitled 

"On certain valuations of the vertices of a graph" and published in 1967 [35]. 

Definition 1.1 

a.) A (vertex-)valuaiion p i s  an injective map fiom the set of vertices V(G) of a graph 

G to the set ofintegers. An edge-valuation a i s  a mupfiom the set of edges E(G) of 

a graph G to the set of integers. An edge-vahation is said to be induced by p f o  

(w) is a ficnction of @ (u) and Hv), wherever M is an edge between vertices u and 

v, i.e. ~ ( z w )  = f(@(u)? @(Y)), where f is independent of u and v. In rhis instance we 

open abbreviate f(@(u). p(v)) byjusr @(UV). 

b.) A binary valuation is a valuation mapping the set of vertices V(G) fo the integers 

mod 2. This induces the map a(uv) = @(u) + @(v) (mod 2). 

Unless there is more than one valuation in the discourse of a particuiar example, we 

shall omit the refcrence to a particular valuation: we will simply refer the clause 't = j" to 

mean "$(v) = j": or ''UV = j" to rnean "o(uv) = j". Throughout the text, the word c'vduation" 

shall be used interchangeably with the word "1abelIing": their meaning is interpreted as being 

identical with respect to every incarnation. 

We denote V,,, as being the set of integers which are images of the vertex-valuahon 

$. As is often the case, if an edge-valuation o is induced by Jr, then we denote 5 to be the 

set of integers mapped to by the induced vertex-valuation a(*). 

We now induce the foilowing edge-valuation: given an edge UV we set $UV):= [$(u)- 

q(v)l . That is, the edge is labelled by the absolute difference of the labels of the vertices 

which make up that edge. With this in mind we defme the following: 
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Definition 1.2 Given a simple graph G=(V,E) where $E = e, we defne the following 

V,  c{O, lY...,e}; 

V p  c{O, 1 ,..-,2e); 

E, c{ l:2 ,..., e}; 

E,c{x,,x, ,..., xJ, where xi = i or xi =2e + 1 - i, 

ïkx exists an x €{O, 1 ,..., e } ,  such that for any aven  edge (vi,v,) E E(G), 

either s x and $(vj) > x, or $(vJ > x and IJJ(v,) 5 x. (This condition 

necessarily implies that the graph G is bipartite.) 

De finition 1.3 : Given a graph G=fl E); if there exists a valuation satisfiing the 

properties fiom definirion 2.2, speczfxally: 

(i). (a), (c), (e) : @ is un cu - vaha tion 

(ii). (a), (c): q? is a p (gmeful) - valuation 

(iii) . @), (c) : @ is a y - valunrion 

(iv). @),(d): pisa  6-vuluation. 

Definition 1.4: A grnph is said to be gracefirl ifthe graph has a P - valuation . 

The term "gracefd graph", used to descnbe those graphs having a P - valuation, did 

not appear anywhere in [35] - it appeared later in a paper by Golomb in [21] and has been 

used since. 

There are two distinct possibilities for a graceful gmph in how the edge label e- 1 may 

be fomed: either by using the vertex labels { 1, e }  to bracket the edge, or by using the vertex 

labels {O, e- l ) ,  where n is the nurnber of edges of a graph). These two possibilities are 

related to each other by means of the arithmetic complement. In some contradiction 

arguments, we often restnct ourselves to the use of one or the other, usually the labelling 

such that vertex labels e and 1 are adjacent to one another. 
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Definition 1.5: The arithmetic complement of a ,O - valuation Pis the valuation PYv) = e - 

@(v), ivhere e is the number of edges of a particulm graph. (Figure 1.1) 

Since the edge labels induced by the arithmetic complernent 9' to + are identical to 

those produced by 9, it follows immediately that 9' is a P - valuation whenever Jr is. 

Figure 1.1 - A graceful labelling of a graph (left), with 
arithmetic complement (right). 

With the exception of the path P, and the trivial graph N,, the arithmetic complement 

of a i3-valuation will produce a valuation different than that provided by any graph 

symmetry. This is due to the fact that the vertex labels used to produce edge label {e-1) 

change from {O, e-1 ) to {e, 1) and vice versa. If the action on the vertex labels caused by 

taking the arithmetic complement was also a graph automorphism, then either the edge label 

{ 1 } is repeated, or e < 2. It Unmediately follows that the number of unique labellings of any 

graceful graph is divisible by 2 tirnes the size of its automorphism group. This fact is useful 

when attempting to search for a graceful labelling, as it elirninates many configurations fiom 

consideration. 

A graph is said to be Eulerian if there exists an unbroken cycle which traverses al1 

the edges of a graph exactly once. (A graph is Eulerian if and only if it is connected and the 

degree of al1 the vertices is even.) The foilowing theorem is quite useful, as it is one of the 

few principal negation-type results in graceful graph labelling: 



Theorem 1.6 (Parity condition for graceful Eulerian graphs) : Let G be a graph whose vertices 

are d l  of even degree (fG is connecte4 then G is Eulerian). IfG is graceful then e = (E(G) 

=Oor3mod3 .  

Proof: Each component of a graph G must necessarily be Eulerian, so we may represent 

each component by a sequence of vertices a, u,, u,, ..., u, = q,, v,, v,, vz, .-- vj = v,,, 

... whose disjoint edge paths traverse al1 the edges in G. Given a P- valuation, the 

edges lu, - u,l ; lu, - uJ , ..., lxi - ud , 1 v, - vo 1 , ... , IV, - v,.,I , --. must necessarily be 

a permutation of the set { 1,2, ..., e } .  Reducing al1 labels rnodulo 2, it follows that 

each individual cycle must have a sum congruent to O mod 2 as 1 u, - u, 1 +- ... + 1% - 

ukJ 5 1 4 - 1 = O. So the b i n q  sum of al1 the cycles is O modulo 2. However, 1 + 

2 +  ...+ e =  Omod2 i f andon iy i f e=3ore~Omodu lo4 .  

This panty cnterion allows us to immediately exclude certain families of graphs from 

being graceful. The first example is given below: 

Theorern 1.7: The cycle grnph C,, is graceftd ifand only i fn  = 3 mod 4 or n = O rnod 4. 

Proof: The cycle graph is regular of degee 2, so theorem 1.6 applies for these cases. An 

explicit valuation (and this is by no means a unique valuation) for the cases of when 

n =- O mod 4 or n = 3 mod 4 are given beIow: 

Case 1: n = 4k. Label the vertices v,, ..., v, by the following: 
vi = (i- 1 )/2 i odd 

n+ 1 4 2  i even, i r nQ 
n-i/2 i even, i > n/2 

The valuation used in case I is an a-valuation The rnissing vertex label out of the set (0, 1, 
.... 4n] is 3n - this is not a trivial coincidence (See section 2.1). 

Case 2: n = 4k+3. Label the vertices v,, ..., v, by the following: 
vi = n+l -  22 i even 

(i- 1 y2 i odd, i a (n-1)/2 
(i+ 1)/2 i odd, i > (n- 1)/2 
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Fi,gure 1.2: Graceful labeiling of cycle graphs C, and Cs. 

The converse of the parity condition given in theorem 1.7 is not true; we shail soon 

see that the complete graphs KI-,, and K,,,, (where t >O ) are both Eulerian, with the number 

of edges being con,pent to 4 and 3 mod 4 respectively, and yet not gracefid. 

1.4 Complete (and aimost complete) Graphs 

One of the fïrst families of graphs which were decided upon is the family of cornplete 

graphs Y, and the complete bipartite graphs kn. 

Theorem 1.8: The complete graph K, is graceful ifand onZy i fn  c 4. 

Figure 1.3: Graceful labelling of the complete graphs K,, K,, and K,. 
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ProoE Graceful valuations of K,, K,, and K, are easily exhibited. Let e be the number of 

edges in the complete graph Y with vertices v,, v2, ..., v, where n>4. Suppose there 

is a graceful valuation $ on 4. Without loss of generality (due to both symmetry and 

arithmetic complements) we have 1&)=0, $(vA=e, and Jr(v,)=l. The only way to 

have @(uv)=e-2, is to either use the labels { 0,e-21, { 1 ,e-1) , or (2,e}. Using q(v4)=2 

or $(v,)=e-1 repeats the edge label Y ", so $(v,)=e-2. (In the case n=4, e=6, this 

would otherwise provide a gracefid labelling of K.) 
A contradiction is obtained when we try to pick a vertex label for v, so that 

we obtain the edge labels e-4: using {e-4,0} or (e-1,3} repeats edge label 2, using {e- 

3, l  } or {e-2,2) repeats edge label l, hence V, = 4. But in the case n+, this repeats 

edge label 4. In the case n > 5,  a similar analysis shows that this will prevent the 

formation of edge label e-5. 

(A weaker version of this theorem, whose proof involves exploiting the solution to 

a diophantine equation, will be provided in section 3 -4.) 

The problem with the larger complete graphs is in that they seem to have too many 

edges, so one could ask the following question: if we could delete some edges fiom the 

complete graph %, how many (and which ones) would we have to delete in order to obtain 

a subgraph that is graceful? We have the following definition korn a paper by Bloom and 

Golomb [9] :  

De finition 1 -9: Given a positive integer n, an increasing sequence of positive integers O=v, 

< v, < v, < ... < v,, is suid to be a restricted difference basis for n, ifthe set formed by the 

elements v, - v, 0 > i) -possibZy with r-epetirions - is equivalent to the set il, 2, ..., vJ. 

Denote TwJ to be the Zmgestpossible value k such thar n has a restricted dzrerence basis 

with v, = k 
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The dennition of the restricted difference bais  (attributed to Leech [28]) allows us 

to answer question 1 above in the following manner: Given a restricted Merence bais  {v,) 

(i = 1 ... n) for n, we label the vertices of the complete graph Y, by v,. It is clear fiom theorem 

1.8 that for n > 4 this will not induce a graceful labelling; the edge labels, ui any case, shall 

possess inclusively al1 the integers fiom 1 to y,. By deleting those edges which repeat 

induced labels, we obtain a subgraph of the complete graph which is gracefül. In a 

superfluous manner, al1 gaceful graphs c m  be obtained in the manner - although it may 

be the case that several edges would have to be deleted. Indeed, consider the graph C,, wiih 

1 1 edges: considering it as a subgraph of the complete graph K,, wivith 55 edges, we wodd 

have to trim 80% of the edges - this is by no means an efficient method! 

It then follows that the value of r(KJ in definition 1.9 gives the ma.uimum number 

of edges in a graph with n nodes so that the graph has a graceful labelling. Consequently, the 

number of edges which we need to delete fiom Y, to obtain a gracefd graph is given by 

n(n- 1 )/2 - I'(lQ=c~(n). 

There are many partial results for given values of n (found by cornputer search), 

specifïcally the following: (Figure 1.4 shows an example of graceful labelling of &- { e }  and 

K, - {e,, q), two edge-deleted subgraphs of K, and K, respectively). 

n: basis {v,, v,, ..., v,) 
5 9 (0, 1,4, 7791 
6 13 (O, 1, 2, 6, 10, 13} 
7 17 {O; 1,4, 10, 12, 15, 17) 
8 23 {0,1,4,10,16,18,21,23} 

Figure 1.4: Largest subgraphs of &-, K, respectively 
which has a gracefid labelling. 
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An unpublished result of Erdos, stated in [GoIomb, 2 11 claims that r(KJ - n2 and 

~ ( n )  - cn2 where c is approximately 1/4. The definition of r(KJ c m  be extended for any 

graph G: r(G)=k is the highest vertex label possible in G such that the edges labelled by IV, 
- vil (where vivj is an edge) produces the set 1, 2, ..., k. It is entirely clear that if A is a 

subgraph of B then r(A) s r(B), since for any subgraph A one cm? do worse than that for 

B. And, of course, a graph G is graceful if and only if r(G) = #E(G). 

The bipartite complete graph Y, (= N, + N,) is a graph consisting of min vertices, 

and mn edges which lie exclusively between two sets of vertices (of size n and m). Unlike 

their cornterparts &, the family of bipartite cornplete graphs are quite graceful. hdeed, we 

have the following: 

nieorem 1.1 0: The bipartite complete graph K,, has an a-valuation for alZpositive integers 

rn , n. 

Proof: Let u,, u,, ..., y, and v,, v2, ..., v, be the vertices which make up the bipartitions of the 

complete graph Then set iIr (uJ = i-1 for i = 1, ..., m, and $ (vj) =jm forj=l,  

..., n). The resultant edge labels are then of the f o m  jm-i where i < m, j s  n; with 

each ofjm - i being distinct for each choice of (i j) we obtain the edges 1, 2, ..., mn. 

$ is then an a-valuation. An alternate labelling scheme is taken by reverskg the 

parameters rn and n - i.e. labelling the graph . (See figure 1 3). 

Figure 1.5: Two different ways to gracefully label the complete bipartite 
s a p h  %>,. 
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1.5 Graceful Trees and the Ringel-Kotzig Conjecture. 

A tree is a simply comected graph consisring of precisely n vertices and n- 1 edges. 

The tree is thus a bipartite graph without any cycles whatsoever. The term interlaced was 

fïrst used for some trees by Koh, Tan, and Rogers in 1978 [27]: a graceful tree is said to be 

interlaced if and only if the tree has an a-valuation. 

The following question was posed in the 1960's: 

Conjecture (Engel-Kotzig): There is a decornposition of the complete graph K,,, into 

tn+l  disjoint, isornorphic copies of an arbitrury tree T consisting of n edges. 

Rosa [35] had showed that this conjecture was equivalent to the following: 

Conjecture: All trees are graceful. 

This simple question is unsolved to this day, and has produced the largest volume of 

literature on any subject on graceful graphs. A few of the simpler cases are given below: 

Theorem 1.1 1 : Al2 paths (Pd are grnceful for all n > 0. 

ProoE Let v,, ..., v, make up the path of length n. Set vi = i - 1 for i odd and vi = 2n + 1 - 

i for i even. (This is also an a-vaiuation.) 

Figure 1.6: Gracefül labelling of the path P,. 

An even saonger result, although not proved here (see [33]), is the following: 

Theorem 1.12: Al1 paths, with but one exception, have an a-valuation such thar an arbitrary 

vertex is assigned O - the exception being the path P, where the vertex given the label O is 

in the middIe of the path. 
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A caterpillar is a tree consisting of two sets of vertices {v,, v, .. . vi), {u17 u2, . .., uj}, 
and edges consisting of the path u,u 2...uj and edges of the fom v,& (where 1 r x s i, 1 5 y 

s j). Alternately, a caterpillar is a tree whose subgraph consisting of those vertices of degree 

z 1 is a path. (Figure 1.7 shows a typical example of a caterpillar, with associated gracefil 

labelling) . 

Theorern 1.1 3 : AU caterpillars me grace&ul. 

Proof: We will inductively constnict a graceful labelling of a caterpillar, with the induction 

based on the number of vertices in the longest path in the tree.. If the length of the 

longest path is equal to 3, then the tree is also a bipartite complete graph: the middle 

vertex is labelled q (where q is the number of edges in the tree), the other vertices 

(being incident to the middle vertex) are to be labelled O, 1,2, .. ., q-1 . 
Let T be a caterpillar with n+r edges and longest vertex path Q,, u,, uZ7 u,, ..., 

u,., where k 2 3. Here we have u, and u, as end-vertices, with u,, being adjacent to 

u, and u,, of degree r+I (the remahhg vertices incident to uk-, being w,, w,, ..., w,, .) 

Consider the subgraph T 'formed by delethg vertex u, and vertices w,, w2, .... w,,. 

The subgraph T' is a caterpillar and would have a graceful labelling @' by induction 

hypothesis in a marner such that u,., = O. We then form Jr by labelling wj = n + j (for 

j = 1,2,  ..., r- 1) and u, = n + r. Then the arithmeticd compliment of gives us the 

desired labelling. (Note that this algorithm will provide an a-valuation.) 

Figure 1.7: A caterpillar with graceful labebg. 
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A crab is a tree whose subgraph consisting of those vertices with degree > 1 is a 

caterpillar. It is still an open problem today as to wheîher even a l l  crabs are graceful. Figure 

1.8 shows an example of a crab iree with a graceful labelling. It is ceaainly untrue that all 

crab trees possess a-valuations: the graph shown in figure 1.9 has no a-valuation. However, 

there is one published resuit, attributed to Zhao [41], which States that: 

Theorem 1.14: Al2 hees of diameter s 4 me gracefil. mat is, every hee whose longest path 

consists of 5 vertices and 4 edges is graceful. 

Figure 1 -8 : A large crab tree with graceful labelling. 

Figure 1.9: Smallest crab-tree without au 
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The unial method of deriving new families of trees being graceful is to take certain 

farnilies of trees which are h o w n  to have a-valuations (such as paths and complete k-ary 

trees) and "glue" them onto other trees with at least p-valuations in order to produce larger 

families of trees which are gracefüi. It is hoped that most of the families of trees c m  be 

shown to be gracefûl in this method in order to solve the Ringel-Kotzig Conjecture. One of 

the more successfd examples to date of this is proved in a paper by Chen, Lu, and Yeh [13]. 

The following is an example of this method: 

Theorem 1.1 5 : Let T, = (VI, E,) and T,  = (77,. EJ be irees with vertex bipartitions (X, u YI) 

and (X, u Y3 respecrively. Let fi be an a-valuarion of TI and fi be a pvaluation of T, A 

valuation tjk on TI u T, is @en by (v) = 

The tree T given by TI u T2 + (üv), where zr E- V,, v E V, and 1 @(zuitr) - @(v) 1 = !X, u 

Y,[, is then graceful by means of @ 

Figure 1.10: An example of Theorem 1.15 in action. The upper trees are T, and T,. 
The edge connecting the vertices labelled 13 and 8, can be replaced by any edge 
whose vertices fkom different subîrees have labels differing by 5. 
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Chapter 2: Potpourri of Results 

This chapter is a selective s m e y  on results gathered on gracefd graphs, beyond those 

simple graphs discussed in Chapter 2. 

2.1 2-regular graphs: 

A graph is said to be 2-regular if al1 the vertices of the (not necessady comected) 

graph al1 have degree 2. As we are only considering simple, finite graphs, 2-regular graphs 

then consist of disjoint unions of cycles. In section 1.1, it was shown that any graph whose 

vertices are al1 of even degree m u t  have an edge comt of the form 4k+3 or 4k, in order for 

that graph to be graceful. This was shown by usïng an Eulenan parity condition on each 

component to force the proper parity on the sum of the edges. 

In a paper by Abraham and Kotzig [l] it was s h o m  that in the case of the graph 

having precisely two components and being 2-regular, that the edge count condition is also 

sufficient. That is, every 2-regular graph with two components and 4k+3 or 4k edges is 

graceful. In addition, Abraham and Kotzig had also shown in [l] that the graph C, u C, has 

an a-valuation if and only if both p and q are even and p t q  = O mod 4. (Figtrre 2.1 shows a 

grncefrri labelhg of the graph C, u C,) 

However the restriction that there be only two components is a serious one. Also 

stared in [l], is the result that for al1 positive integers p 2 11 there exists a 2-regular graph 

with IEI = 3 or O mod 4, and yet is not graceful, the first counter-example being C, u C, i: q. 
However, certain families of kegdar  g-raphs with 3 cornponents are not only gracefûl, but 

have cl-vaiuations: 

a.) p, q > 1, p+q s rn: C,p u C4q u Cam 

Figure 2.1 : Graceful labelling of the graph C, u C,. This is 
not an a-valuation, although one exists. 
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Another family of 2-regular graphs that was considered by Abraham and Kotzig in 

[3] is the family A,, which consists of k disjoint copies of the cycle C,. It is rnanually 

verifiable that A, has an cc-valuation for k c 10 excepting the graph A,. Also in the above 

paper is the following result proved: 

Theorem 2.1 : FA, has an a-valuotion, then A+, A ,-, and A,-, also h m  an cr valuation- 

On a curious note, it was shown in [2] that ifG is a 2-regul- p c e f u l  graph with 4r 

vertices, then the vertex label not used (x, say) in the valuation, must satisQ the relation r s 

x s 3 L Furthemore, x=r or x=3 r if and o d y  the valuation is in fact an cc-valuation of G. 

2.2 Triangular Snakes: 

A triangular snake is a connected graph whose blocks are iriangles arranged in a path 

(linked at the corners). The û-iangular snake T, then consists of 2n+l vertices and 3n edges, 

where the vertices are al1 of even degree, so the parity condition applies: the trian,dar snakes 

T, cannot be gracefül if n = 2 or 3 mod 4. The other cases are resolved by the following 

theorem (found in [3 11): 

nieorem 2.2: Eveïy triangular snake T, when n O or I mod 4, is gracefu. 

The proof of th is  theorem relies on random guesswork for the cases n s  7. For n 2 8, 

the labelling is formed by means of a "Steiner Triple System", which was first used in [34] 

for this purpose. 

Figure 2.2: The triangular snake T, with graceful labelling. 
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A 0-graph is a =ph consisting of two vertices of degree 3 which are joined by three 

disjoint paths. (A 8-gaph literaily looks like the Greek character 8). 

A conjecture, which was attrïbuted to Bodendiek, Schumacher and Wegner in 1 977 

[l O], is that al1 graphs consisting of a cycle and a chord are graceful. This cycle plus chord 

combination is an immature form of the 0-graph, where the smallest path is of length th. 

This first conjecture was verified in a paper published in 1980 by Delorme, Maheo, 

e t  al. in [ls], and so the more general question of aU 0-graphs were considered. Their result 

was later extended in 1985 that all cycles with the chord P, were also graceful [26]. The 

farnily of 8-graphs was hally found to be graceful in 1986 by N. Pabhapote and N. Punnim 

using a severe case analysis pz], albeit a partial proof using maîrix theory can be found in 

[II]. As the proof by Punnim and Pabhapote requires analysis of 64 separate cases, it shall 

not be included in its entirety, although two of these cases will be covered in appendix A as 

Figure 2.3: The 0-graph with cycle C,, and chord P,, with graceful labelling. 
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2.4 Graphs with dihedral symmetry: wheels, prisms, and some of their relatives 

(Note: there are at l e s t  two f d i e s  of graphs with dihedral symmetry, the high order wheel 

graphs and the girder graphs, each of which are detailed in sections 4.34.4. They are not 

included here as they possess a much more interesting property than just radial symmeq.) 

The wheel graph W, = C, + K, was first conjecnired to be graceful by Hebbare, and 

was later proved by Frucht in 1979 [18]. 

Theorem 2.3: The wheel graph W, is gracefirl for al1 n a 3. 

The gear graph, which is taken fiom the wheei graph by subdividing each and every 

one of the edges, was shown to be graceful by Ma and Feng in [ 161. (Figure 2.4 shows the 

wheel graph W7 with ~valua~ion,  and the accompanying gem graph with 7 spokes is shown 

in figure 2.5 with ~valuation.) 

Figure 2.4: The wheel graph W,. Figure 2.5: The gear graph with 7 spokes. 
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A graph which is similar to the wheel graph is the fan graph P, + K,, consisting of 

nt1 vertices and 2n- 1 edges. 

Theorem 2.4: The fun graph P, + K, is graceful for al1 n 2 3. In fact, the graph G + KI is 

graceful for any graceful tree G. 

Proof: Let be any graceful labelling of the tree Pn (which exists by theorem 1.1 1). Set O' 
on P, + K, with q'(v3 = q(vJ where vi is the path (v,, v,, ..., v$ in P, + K,; and let 

$'(u) = 2n- 1 (where u is the single vertex of large degree). (Figure 3.5 shows the fan 

graph P, + K, with ~valuation.) 

Figure 2.6: The fan graph P, + K,, with graceful labelling. 

In addition to the wheel graphs Cn + K,, we have the prism graphs C, x Pz. This 

family has been studied in detail, including both edge-deleted and vertex-deleted variants. 

Theorern 2.5 

a) The prism graphs C, x P, are graceful for aZl positive ifitegers n 2 1. 

b) The vertex-deleted subgraph C, x P2 - (U) is graceful for all n 2 2. 

c) The edge-deleted subgraph C, x P, - (zm) is graceful for al1 n r 2, where {uv) is 

any edge Ni the graph. 

(This result is proven in [17,25] .) 
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Gallian and Fmcht [17] notes that the prism graph C,x& has an a-valuation precisely 

when n is even. (Figure 2.7 gives an a-valuation for the prism graph C, x PJ.  Although it 

was stated in [ 191 that the cyhdrical grid C, xP, has a graceful labelling for whenever both 

m and n are even; no such proof was published. However, successful results has been 

obtained for the following three cases: CZ,xPn (for n z 2) [24], C,,,xP, (for 3 r n < 12) 

[ibid.], and C,,,xP,,, [39]. 

Figure 2.7: The prism graph C, x P2, with a-valuation. 

2.5 Miscellaneous examples 

The following is a list @y no means an exhaustive one) of assorted farnilies which are also 

gaceful. 

A crown C R  (although the notation C,pz) is sometimes used) is a graph consisting 

of the cycle {u,, u,, ..., un) and the vertices {v,, v2, ..., v,) with the edges qv,  for 1 5 i L n 

pendant to the cycle. ((2% has 2n vertices and 2n edges). 

Theorem 2.6: All crowns are gracefil. 

Proof: Also proven by Fmcht in [18]. Figures 2.8 and 2.9 (on the followkg page) show a 

graceful labelling for the cases n=7 and n=8. 
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Case 1: n = O mod 2. 
vi= 2n-(i-1) 

i- 1 
1 

y=  i-1 
1 

2n +l -i 

Case 2: n = 1 mod 2. 

vi = 2n tl- i 
2n- i 
i -  1 

q =  i - 1  
2 n H - i  
2n - i 

i odd 
i even, i r d2.  
i even, i > n/2. 
i odd, i < d 2  
i odd, i > n/2 
i even 

i odd, i r n+1/2 
i odd, i > n+ L /2 
i even 
i odd 
i even, i 2 n+l/2 
i even, i > n+1/2. 

Figure 2.8: The crown graph CR, 

Figure 2.9: The crown graph C&. 
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Theorem 2.7: The grid gaph  PmxPn is graceful for al2 choices of nt, n 2 1. 

Proof: Let { s(i j) : 1 s i i m , 1 j i n denote the vertex labels for the product graph 

PmxPn. The graph then consists of mn vertices and e = 2mn - m - n edges. Set 

s(i3 j) = (i- l)(m+n-2)/2 + (i - 1 )/2 i odd, j odd 
e + 1 - (i-l)(m+n-2)/2 - j/2 i odd, j even 
e + 1 - n - (i-2)(m+n-2)/2 - (j-1)/2 i even, j odd 
n + (m+n-2)(i)/2 + (j)/2 - 2 i even, j even 

The edges are then labelled in decreasing order, going column by column fiom vertex s(1,l). 

This labelling scheme will actuaily produce an a-valuation. (Figure 2.1 0 shows the grace ful 

labelling of the graph P, x P,, using the above proof.) 

Figure 2.10: Gracefùl labelling of P, x P,. 

One family of grids, the toms grids Cmx C,, has remained unsolved. CmxCn cannot 

be graceful ifboth rn and n are odd, as this would otherwise violate the parity condition for 

Eulerian graphs (theorem 1 -6) - the graph wodd be regular of degree 4 and have edge count 

2mn - 2 mod 4. The only other case which has been decided is that of when n is even and 

m-O mod 4 [42]. The first otherwïse undecided case (m=4, n=3) is given on the following 

page: 

Conjecture 2.8: The torus grid Cm x CR is grucefil whenever one of (m, n) is even. 
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Figure 2.1 1 : T o m  grid C, x Cs, with graceful labelling. 

The windrnill %" is the graph consisting of n copies of Y, with one vertex in 

common. The case of when m = 3 are referred to as either Dutch n-windrnills or fiendship 

graphs, and the case of m=4 as French n-windmills. 

Theorem 2.9: The Dutch n-windmills are gracefulpreciseIy whenever n O or I mod 1. 

ProoE The proof follows fiom a solution to a problem by Skolem: for what values of m is 

it possible to partition the integers { 1,2,3, ..., 2m} into pairs (a,, bJ, 1 < i 5 rn, such that bi 

- ai = i? (A solution is given in [37]). Given that the ûkngles are given by (r, 4, vJ with 

vertex r being common, and given the sequence {(q, b,)} above, a gracefd iabelling scheme 

is derived by setting Jr(r) = O, Jr(u,) = 2m + ai, and $(vil = Zm+bi. 

Figure 2.12: The Dutch 5-windmili. Figure 2.1 3 : The French 4-windmill. 
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Conjecture 2.10: The French n-windmills are graceful for n= I or n a 4. 

(The French 1-windmili is just &. The French 2-wiodmill and 3-windmill are not 

graceful [7]. The windmills are part of a larger question concemuig difference bases and 

when they occur. A generakation of these graphs is given in section 4.1 .) 

Theorem 2.1 1: lfthe windmill K," is graceful, then m < 6. 

A book consists of n copies of the cycle graph C, with one edge in common; 

alternately, a book is the product graph K,,pP, - so c d e d  because of it's similarîty to a 

book. (The book graph consists of 2n+2 vertices and 3n+l edges.) 

Theorem 2.12: The books K,+,xP, are grucefid ifand only i fn  s 3 rnod 4. 

Proof: Found in [14, 301. Necessity arises fiom the parity condition on Eulerian graphs 

whenever n is odd. 

Also in [14] is the following: 

Theorem 2.1 3 : The graphs consis fing of n copies of hl, with exactly one edge in common, 

(TU',(PJ +- PJ, also h o w n  as &-books, is gracefirl. 

Figure 2.14: The book K, ,  x P,, with 5 pages 

Figure 2.15: The &-book with 4 pages. 
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3. Extensions, Generalizations, and Modifications to the Basic Theory of Graceful 

Graphs 

Most modifications to the basic theory are the result of the simple question: "What 

if ? m e  realization that some certain graphs just won9 lie amicably @un intended) down 

to a gracefd labelling has resulted in the tinkering of the notion of what comprises a fi- 

valuation in order to Say that these abhorrent graphs at least have some sort of unusud 

property. Altemately, one could impose an even stronger condition than having a B-valuation 

- Le., the a-valuation which was discussed in section 1.3 - and see which graphs satisfy 

the new criterion. Or, one can take an even more bizarre tangent by changing the labelling 

scheme which is induced by vertex labelling. We shall examine at least a few of these "what- 

ifs" which comprise a more enriched theory. 

One possible generalization of "gracefulness" is to that of "k-g-racefdness". This 

notion was arrived at independently by Slater [38], and by Maheo and Thuiller[29]. The 

term "k-graceful" is used for graphs whose edges are enumerated by successive integers 

starting with the positive integer k. The term "arbitrarily graceful" is used to denote those 

graphs which are k-graceful for any choice of k - this defuiition was first coined by 

Acharya [3]. 

De finition 3.1 : A graph is said to be k-graceful (where k is a positive integer), ifthere exisfs 

an injective rnapping @ V - (û,1,2. ..., e+k-Il, where e is the nzmber of edges, ssuch thar the 

induced labelling @(vivJ = @(vJ - @(v) 1 produces the set k+l, .. ., e +k -1). 

Definition 3.2: A p p h  is said to be mbib-arily graceful Vand on& f i t  is k-gracefirlfor d l  

positive integers k 
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The following establishes a clear comection between k-graceful graphs and graphs 

with a-valuations: 

Theorem 3 -3 : Al1 graphs with a-valuations (see section 2.1) are arbitrarily gracefil. 

Proof: Given a graph G with a-valuation i, let q be the positive integer such that al1 edges 

are between vertex labels r q and i q. Then, to obtain a k-graceful labelling we use: 

qf(v) = e(v) + k - 1 if Q(v) 2 q and $'(v) = $(v) otherwise. 

The following results can be found in [29]: 

Theorem 3.4: The cyclic graph CR is k-gracew ifund only ifone of the following conditions 

hold: 

a) n 5 O mod 4, (the cycle graph CR has an a-valzmîion in rhis case) 

b) n r 1  mod4, k i sevenand2ksn  -1, 

c) n 2 3  mod4, k i s o d d a n d 2 k c n  -1. 

Theorem 3.5: The wheel graph fi-, is k-graceful for any k r 1. 

Theorem 3.6: Ifthere exists a k-graceful labelling of the m-windmill (see section 2.5), then 

either: 

a) n=j, m even and m r 4k - 2, 

b) n = 4, rn à 2k - 1, or 

c ) n = 3 , m ~ 2 k - I a n d f k i s o d d . : m  d,Irnod.ir,  

or i fk is even: rn - 0.3 mod 4. 

Proof: Found in [7,8]. The case of when n=3 also happens to be a suniciency condition. This 

question was not originally posed in terrns of d-gracefülness, but as a combinatonal problem 

arïsing from radio-astronomy [7]. Maheo and Thuiller had also conjectured that the wheel 

graph W, is k-gracefbl for k 2 5, but this is known to be fdse when k = 3 or H. 
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3.2 "NearIy" Graceful 

The property of being "nearly graceful" is a weakened variant of gracefulness which 

will d o w  at least some families of p p h s  - to wif those graphs which are Eulerian but yet 

fail the parity condition in section 1.3 - to obtain some measure of gracefulness. 

D e f ~ t i o n  3.7: A graph is said to be nearly graceful ifthere exists n vertex-valuation @ 

being an injection into fhe set {O, 1, ..., e+l),  such that the induced edge-labe Is (equal tu the 

absolute drerence in vertex labels, jurt as for gracejùl valuations) form an e-element subset 

of (1, 2, ..., e+I).  (Definition 3.7 can be found in both [3 11 and [34].) 

Another form of 'iiearly" gracefid c m  be found in [3 11 - called "almost" graceful. 

An almost graceful labelling is a nearly graceful labelling such that the omitted edge label 

is either { e }  or (e t1  ). (One example is the triangular snakes as discussed in section 2.2). 

This is Iargely a matter of hair-splitting: "almost" gracefid implies "nearly" graceful, and 

there seems to be no advantage to differentiating between the two criteria so given the 

choice between the two, both "nearly" and "alrnost" should apply to the former. 

Theorem 3.8 : All cyclic graphs C, are "nearly " graceful. 

Proof: Let v,, v2, ..., vn be the vertices of the cyclic graph Ç, (with edges yv,, mod n). The 

cyclic graphs C, are already graceful for n = 3 or O mod 4. An explicit labelling 

scheme is given below for the cases n = 1 or 2 mod 4: 

(i- 1)/2: 
d2:  
n-f-2- i/2 
n+l -i/2 
d 2  + 2 

(Of course, Zgraceful implies "nearly" graceful.) 

i odd, i + n 
1 = r l  

i even, i s (n- 1)/2 
i even, i > (n- 1)/2. 

i odd, i + n-1 
i=n-1  
i even, i < (n- 1)/2 
i even, (n- 1)/2 < i c n 
i = n. 
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3.3 Harmonious Graphs 

Innead of maintainhg the scheme of labelling the edges by subtracting the absolute 

value of the incident vertex labels, we adopt a dEerent scheme. This time vie add the vertex 

labels and take their sum modulo e (where e is the number of edges), and produce an entirely 

different problem: harmonious graphs. Much of the groundwork on hamionious graphs was 

laid out in 1221 by Graham and Sloane in 1980. 

Definition 3 -9: Suppose there is a vertex valuation t o n  V(G) of a graph G such that V, s 

cl. .... e). The graph G is said to be harmonious ifthe valuation o(w) = @(u) + @(v) (mod e) 

idrced by is such that E, {O, 1. 2, ..., e -1). The valuation (or labellin@ is said to 

be harmonious in this case. In the case of when the number of vertices is one greater than 

the number of edges (i e. for trees). then exact& one of the vertex labels modulo e may be 

repeated 

It is not the case that the set of harmonious graphs and the set of graceful graphs are 

either disjoint or coincident, as this next result shows: 

Theorem 3.10: The cycle graphs C, are harmonious ifand onZy i fn  is an odd nurnber. 

ProoE The sum of the edge labels is given by (v, + vJ + (v, +- v3) + ... f (v, + v,) = 2(vi + 

v, + ... + v,J = n(n- l), since each of the numbers 1,2,3, ..., n must be used exactly 

once as vertex labels. This sum is then equal to zero modulo n. On the other hand, 

the sum of the edge labels is given by 1 + 2 + ... + n = n(n- 1)/2. If n is an even 

number, then n(n- 1)/2 is not zero modulo n. This shows necessity. For sufficiency, 

we have the following harmonious labelling for C,, when n is odd: v, = (i - 1) 1 2 for 

i odd, vi = (n+i- 1) / 2 for i even. 

A survey of graphs which are known to be hamionious can be found in [19,22,36]. 

There is a labelling scheme related to harmonious labelling - called a felicitous labelling 

- which is analogous to nearly graceful graphs in comparison to graceful graphs. In a 

felicitous labelling, the vemces are to be labelled by distinct integers (O, 1, ..., n} mod n+l, 
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with edge labels induced by the sum mod n. A survey of results on felicitous graphs can be 

found in [3q, noting that 'Yelicitous" and '%harmonious" have identical meaning in the case 

of trees. 

Unlike that for graceful graphs (excephg those possessing a-valuations), hannonious graphs 

have the following cyclic mcture: 

Theorem 3.1 1: Let pbe a harmonious labelling for a g a p h  G with n edges, and let a, b be 

elements ofZ, such that a is invertiHe. Then the valuution flv) ' : = a flv) +b (mod n) is also 

an harmonious labelling. (See [22] .) 

As immediate corollaries: if a graph is harmonious, then there is a harmonious 

labelling such that any arbitrary vertex is given the label 0, and rhat in any harmonious tree, 

any particula. label can repeat itself (rnod n). 

Harmonious graphs have the following parity condition which is analogous to thar . 

for graceful graphs (Theorem 1.6). 

Theorem 3.12: Let G be a harmonious graph with an even number of edges e. Ifthe degree 

of every vertex is divisible by for some k > O, then e is divisible by 2-'. 

Proof Let d(v) denote the degree of a vertex v, q(v) the vertex label of a harmonious 

labelling Q. Then the sum of the edge labels induced by i[r is given by the sum 0 4  

+ ... +e-l=e(e-1)M. The sum of these labels is also given by C,,d(v)i(r(v). Since 2k 

divides d(v), 2' must also divide e (e- 1)/ 2, so 2"' divides e (e- 1). That is, 2"' 

divides e. 

As an example, the book PpK,,  , (fiom section 2.5) a graph consisting of 22 edges, 

with every vertex being of even degree, is not harmonious. 
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As for gracefd graphs, the cornplete graph Y, is harmonious if and only if n < 5 [22]. 

For complete bipartite graphs, the result is far different: 

Theorem 3.13: The complete bipartite graph Km,, is harmonious ifand only i f m  =I or n=l. 

ProoE The graph K , ,  is harmonious: set $@)=O and label the vertices in the opposite 

bipartirion with the numbers (O- 1, ..., n-1 ). If rn > 1 and n > 1, then the sets 

A={$(y) 1 ug U}, B={$(vJ 1 v,EV}, (where U, V are the bipartitions of the vertex 

set) form a disjoint, direct-sum decomposition of the abelian group 2- under 

addition. This means that the elements {a+b 1 ~ E A ,  b€B) are distinct elements of &. 
But then {a-b 1 acA, beB} would also be distinct elements of &. That means a-b=O 

and hence a=b for some aEA, ~ E B  - contradiction. 

The following definition and idea were used to attempt to solve a particular problem 

(detailed in chapter 4), but were scrapped in favour of something else. However, the idea of 

what 1 cal1 "binary gracefulness" was at least a littie useful: 

Definition 3.14: Consider a [abelhg @on the vertices of a graph such thar V,  = ( O ,  I l ,  
inducing the edge labelling a(uv) - p(u) + Rv)  mod 2. The p p h  is said to be binary 

graceful or well balanced if 1 (v EV: N v )  =O} 1 SI +e/2, and I 2 1 {e EE: 

@ce) = 1) -1 (e FE: @(e) =O) 1 20. Any valuation of V(G) which shows G to be well balanced is 

said to be a binary pvaluation (or binary gracefi<l labelling). 

The preceding definition was calIed a binary labelling in Golomb [2 11. On the surface 

such a definition could be considered fanciful. However, fïnding vertex valuations which are 

binary p-vaiuations for a graph dlows one to search more efficiently for a p-vduation when 

using brute force. Hence the usefulness in such a definiaon being fomulated is in the 
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application of a computer search. 

The following result is quite trivial: 

Theorem 3.15: Al1 graceful graphs are binary gracefùl. AZZ hartnonious graphs with an even 

mrnber of edges are binary graceful. 

Proof: Reduce dl labels in a gracefd or harmonious labelling modulo 2. 

We can use this to prove a slightly weaker result than theorem 1.8: 

Theorem 3.16: The cornplete gmph K, is graceful onZy i f n  or n-2 is a square nurnber. 

ProoE Suppose Y, has a graceful labelling +_ hence is well-balanced. Let u,, 4, ..., y and 

v,, v,, ..., v, @+q = n) be the vertices of such that $(q) O rnod 2 and $(vJ = 1 

mod 2. (ünless n = 1, both these sets are non-ernpty.) There are two cases, assuming 

that n > 4 (the cases n = 2,3,4 are already dealt with) : 

Case 1 : The number of edges #E = (n)(n- 1)/2 is even (Le. n -O or 1 mod 4). It then follows 

that there are p@-1)2 + q(q-l)/2 = (n)(n- 1)/4 edges with even parity. That is: 

n(n- 1) = 2p2 - 2p + 2qZ - 2q. 

which, when simplified using the identity p+q = n, yields: 

4q2 - 4nq + (n2 - n) = O. 

Solving this equation as a quadratic polynornial in ternis of q yields the solution for both p 

and q: 

q = ~ ( n * J n ) , p = ! 4 ( n ~ & ) .  

Since both p and q are positive integers, it immediately follows that n is a square number. 

Case 2: The number of edges #E = (n)(n- 1)/2 is odd (i.e. n -2 or 3 mod 4). In a similar vein, 

there are p(p-1)/2 + q(q-1)/2 = (n)(n- 1)/4 - 1 edges with even parïty. That is: 
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n(n- 1) - 2 = 2p2 - 2p + 2q2 - 2q, 

which provides, when simplified yet again using the identity p+q = n: 

4q2 - 4nq + (n2 - n + 2) = 0. 

Solving for p, q yields: 

q = % ( n d n - 2 )  , p = % ( n ~ J n - 2 ) .  

Hence under this circumstance, n - 2 must also be the square of an integer. 

(However, this is also a smcient condition for K, to be binary gracefül: set vi = 1 for 

i = 1, 2, ..., q and v, = O for i = q+l, ...; q+p.) 

Note: Obviously this theorern and proof is supplanted by that found in section 1.4 on 

complete gaphs, but it seemed ununial to be able to express a labelling exercise in terms of 

the solution to a set of diophantine equations, and so was included for interest only. A 

slightly stronger result, which was obtained in [40] using complex polynomials, asserted that 

for 2 s n 5 100, n must equal either 2, 3,4,27,36, 38,49,64 or 81. This is merely a subset 

of those values pennissible in theorem 3.1 3. Both the theorem and its proof was found in 

[ X I ,  but the latter proof required more detail. 

3.5 Cordial Graphs: 

Cordial graphs are quite similar in nature to that of binary graceful graphs. Indeed, 

the definitions are aimost identical, although cordial graph theory shares a common weakness 

with that discussed in section 3.4 above in that few results could be used to make statements 

about graceful or harmonious graphs. Cordial graphs were first defmed in a paper by Cahit 

in 1987 [Il]. 

Definition 3.17: Let +O be a vertex Zabelling of a g r q h  G=R E) which maps the ser V lo the 

set {O, l), +O inducing the edge ZabeZling flw) = p(u) + Nv) (mod 2). The valuation q? is then 

a cordia2 valuation (or cordial labellin& if 1 #{Nv) =O] - #{flv) =l} 1 s I a d  1 #{He) = 0) 

- +{Ne) = 1) / 5 1. The graph is said to be cordial if it admits a cordial valuation. 
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As can be seen, the formation of cordial valuations differ from that of binary graceful 

valuations. The restriction that I#{+(v) = O) - #{$(v) = l}l 5 1 is not present in binary 

graceful labeliings, hence bhary gracefulness is a weaker condition than cordiality as a 

propers.- 

We have the following observations: 

Theorem 3.18 : Al1 gmceful trees are cordial. 

Proof: Reduce a graceful Iabelling modulo 2 of any tree to obtain a cordial labeiling- 

Theorem 3.19: Al1 harwroniozrs trees are cordial. 

ProoE There is no restriction on the repeated label in a harmonious labelling for a tree (see 

the note to theorem 3.1 l), so we may as weU assume that one of {e,e-1) is repeated, 

and that the repeated label is odd. Hence the reduction modulo 2 of the harmonious 

labelling will produce a cordial Labelling. 

To show that al1 trees are cordial, one could prove the RingeKotzig conjecme and 

then use theorem 3-17. However, there tums out to be two separate proofs (both in [Il]) that 

al1 trees are cordial, one using induction on the number of vertices, the other dgorithmic, and 

neither providing any elucidation on the RingelKotzig conjecture. 

Theorem 3.20: -411 trees are cordial. 

Theorem 3.2 1 : The complete graph K, is cordial ifand only i f n  s 3. 

Proof: Using the same notation as that of theorem 3.16, we have p = q if n is even, or 

Iq-p(=l if n is odd. If n is even and n > 4, then we have p = q, or (n - Jn)/2 

= (n + Jn)/2 i.e. &=O. If n > 4 is odd, then we have Ip-ql = 1, or 

n=2 and n=3 are trivial enough. 
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As for graceful graphs, there exists a parity condition for an Eulenan graph to be 

cordial. Unlike for gracefûi graphs, this parity condition can be extended to "odd" graphs 

(graphs whose vertices are al1 of odd degree): 

Theorem 3.22: (Parity condition for Eulerian and odd graphs) 

a.) Let G be a (not necessarily connecte4 Eulerian graph with 4k+2 edges for some non- 

negative integer k. Then G is not cordial. 

b.) Let G be an odd graph such that j + ]El = Ik+Z for some Niteger k; then G is not 

cordial. 

Proof: Part b. is proved fiom part a by noting that if G is an odd graph with #V+#E = 4k+2, 

then G + {K,) is an Eulerian graph with 4k+2 edges, and that any cordial labelling 

for G would induce a cordial labelling for G + {K,,}. Part a is proven in a similar 

manner as for the parity condition for graceful Eulerian graphs - the sum of the 

edges m u t  be an even number in any component of an Eulerian graph, yet the sum 

of the edges in a cordial labelling of a graph with 4k+2 edges is odd. 

As an immediate corollary we have the following: 

Corollary 3.22: Every cubic graph with 8k-H edges is not cordial. 

The two parity conditions for cordial graphs imrnediately ailows us to discount a 

large variety of graphs fiom being cordial, specifically the following: 

The ladder graphs Ln = P2 u P2 u P2 u ... u Pz, whenever n = 4k+2 

The wheel graphs W,, whenever n = 4k+3 

The cycle graph Cn and the triangular snake T, (see section 2.2) whenever n = 4k+2 

The pnsm graph C, x P,, and M o h s  strip ladder Mn, whenever n = 4k+2. 

Those families listed above are otherwise cordial whenever they do not satis% the 

parity condition. 
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4. Graceful Planar Graphs with Self-Duality 

(It will be assumed that the reader has a passing knowledge on the definition of 

plunar graphs and some (very) basic theory on dualism. A beginner 's explanution can be 

found in [20].) 

4.1 A Curious Planar Property 

This section is an attempt to correlate graphs with two seemingly unrelated properties 

of planar graphs: whether a graph has a D-valuation, and whether it has the property of being 

self-dual. Although the property of a graph being planar has nothing to do with a graph being 

graceful (not all  planar graphs are gracefûI - to wit, the cyclic graphs of order 1 or 2 modulo 

4), it is hoped that self-duality imposes the existence of a 8-valuation. One simple family of 

self-dual graphs are aiready known to be gracefül: the wheel graphs C,, + K, as discussed in 

chapter 2, are both seifdual and gracefûi. In this section we will consider a few families of 

self-dual planar graphs for investigation of a B-valuation, but quickly realize the question to 

be in the negative. We especially pay attention to a farnily of graphs with one additional, 

restrictive, propem. 

Definition 4.1 : A planar grnph is said to have properv "Q " ifthe graph is 

a). Self-dunl, (i. e. isomorphic to its topologhl / corn binatorial dual) 

b). The maximum degree of n vertex is ut most 4. 

Conjecture 4.2: For any natural number n > 3. there exists a planar graph of order n wirh 

properw "Q ". 
As is immediately apparent, the above definition and conjecture have no relationship 

to the theory of graceful graphs. They were denved independently by the author a full year 

before work on this thesis began. 

Property a in definition 4.1 forces the number of faces and the number of vertices of 

a graph to be equd in number. So then by Euler's formula, a graph with n vertices must also 
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have n faces and 2n-2 edges. Property b in dennition 4.1 is even more restrictive: ail the 

vertices must now be of degree 4 or 3, and there must be exactly 4 triangles (Le. 4 vertices 

of degree 3) - al1 other faces must be quadrangles. This is under the assumption that both 

G and G* would be simple graphs: if in a simple planar graph there is a vertex of degree 

one, then the dual has a looped edge, whereas a vertex with degree two will give rise to 

multiple edges in the dual.) 

n i e  veracity of this conjecture is so far unknown to the author. However, one cm 

find graphs with properîy "Q" for certain natural numbers. When n.24 is an even number, one 

c m  find a planar graph with property "Q": the girder gmphs in section 4.3. m e n  n is of the 

form 4k+l or 3k+l, there is also a planar graph with property "Q" - the higher-diameter 

wheel graphs W(3,k), W(4,k), X(3,k) and X(4&) of 3 or 4 spokes will be discussed in section 

4.4. The key values for which the conjecture is undecided are those integers of the f o m  

12k- 1 and 12k+3, although (as it will be shown in section 5.4) there are graphs with property 

"Q" for n=l1 and n=15. 

A complete classification of ail spherical polyhedra (read: planar graphs) with self- 

dudity cm be found in [5]. This paper, written by Archdeacon and Richter, had described 

al1 the constructions that were sufficient to generate all spherical polyhedra, but had not made 

it clear that polyhedra with max. degree 4 and 12k- 1 or 12ki3 vertices O( r 2) could be 

constructed, so the problem seems to remain open. 
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4.2: A Potential Correlation Between Conservative and Self-dual Graceful Graphs 

The following is a possible correlation between the notions of a graph being 

"conservative" and being graceful. The notion of "conservative" graphs was first seen in 

[6] by Slater, Bange, and Barkauskas, and is defined below: 

D e f ~ t i o n  4.3 : A directed numbering is a numbering of the edges (using the integers 1, 2, 

3, ..., e where e = 1 E(G) I), with orientation, such that the Jow inro a vertex is equal tu rhe flow 

out of that vertex. 

Definition 4.4: A graph is conservative ifand only ifrhere is a direct numberiizg of the edges 

using the integers 1.2, ..., e, where e = #{edges in G). 

'Iheorem 4.5: A graph G has a direcred numbering if and oniy Fi t  is 3-edge connected 

(hence our restriction thai G has minimum degree 3.). 

A relationship between conservative graphs and gaceful graphs is provided by the 

following theorem, also found in [6] :  

Theorem 4.6: Let G be a plana gracefùl graph. Then the dual graph G * is conservufive. 

Proof: Give G a graceful labelling. Number the edges in G* so that an edge in G* is given 

that number attached to the edges in G which this edge crosses. Direct this edge outward (or 

inward) from a face in G if the larger vertex number in the graceful labelling of G is to the 

nght (or left, respectively) as the edge is crossed. If a vertex of the dual G* corresponds to 

a triangular face, it is easy to see that the flow is conserved at a particular vertex using 

orientation and numbering. The theorem then follows by induction on the number of edges 

in a face of G. 



Page 38 of 58 

The converse of theorem 4.6 does not happen to be me. Zn figure 4.1 is s h o w  a 

planar graph which has a conservative labelling, yet whose dual (itself - the graph is self- 

dual) is not graceful. Figure 4.2, showing a graceful l a b e h g  of a wheel-type graph, provides 

an example of how theorem 4.6 works to induce a conservative Iabelling of its planar duai. 

Figure 4.1 : A conservative labelling of the girder graph Ci, - 
an example of a self-dual graph which is not graceful. 

Figure 4.2: An example of a planar, gracefid graph (left - the wheel graph W(7,2) ), which 
induces a conservative labelling of its dual graph (right). The left graph is a high-diameter 
wheel graph, which are d e h e d  in section 4.4. 
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4.3 The "Girder Graphsn: 

One particular family which exhibits property "Q" are the "girder graphs". 

Holistically, a girder graph is a long, straight sequence of X's tied to one another 

corners, bracketed by a long cycle on the exterior (see figure 4.3). Explicitly, the 

graphs G, (where n is a naturd number) is a graph consisting of 2n+2 vertices (label1 

u,, ..., y and v,, v,, ... vJ and the following 4n+2 edges: 

(a3 VI,) . ( 4 2  VA Y 

(Uï, q71) z ('& vi7,) 9 (V~Y U~+JY (vi Y Vi+l 1- (for i = OJy..., w 1). 

at the 

@der 

ed ib? 

Figure 4.3 : Vertex labelling of the girder graph (3,. 

The girder graph G, is only the complete graph &. As shown in 6,oure 4.4, the girder 

graphs G, are planar. Alternatively, the girder p p h s  are merely the graphs P,,(N2) with two 

additional edges at the "ends" to create the minimum four triangles necessary in self-duai 

grap hs. 

Figure 4.4: The p~anary self-dual representation of the girder graph G8. The smd-case vertex 

labels ui, v,, correspond to the upper-case face labels U, Vi respectively. 



Theorem 4.7: ?Re girder graphs G, are self-dual. (The pattern shown in figure 4- 4 cun be 

extended or conîracted as necessmy.) 

We s h d  now attempt to construct a graceful labelling for the girder graphs G,. Of 

course, this h a  already been done for the case n=l . To comtruct the labelling of the higher- 

ordered gaphs we shall make use of an extension lemma and then use induction to construct 

the exact labellings we require. 

Lemma 4.8 : Suppose the girder graph G,, has a graceful lubelling for some positive i~rteger 

n. Furthermore, suppose thaf in this gruceful labelling the vertex v, is @en label "0': and 

u, is @en either the label I or 2. irhen there is a graceful labelling of the girder gmph G,_, 

with v,  = O and u, = I or 2. 

ProoE Given the girder graph G,,, with vertices b, ..., v,, ..., vW2 and edges as given 

above, use a graceful valuation 9 of G, such that v, = 0; and a = 1 to construct 9' 
as follows: 

Since @ is a gracefid labeiling of G,, it follows that i(rJ will label those edges, 

consisting only of those vertices u, v2, ..., with the numbers 2,3,4, 5, ..., 4n+2, with 

the vertices using only some of the integers fkom 4 to 4n+6. The edge labeled 1 is 

relocated to q,v, and the remaining edges 4n+3, ..., h + l O  are inserted between the 

vertices y, v,, u,, v,, y, and v, . The proof is identical when y =1 is replaced with q-, 

= 2, Save oniy that q'(v,) = 4n+9. 
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Figure 4.5 - extension lemma in action 

Figure 4.5 provides a Merent  look at the proof of lemma 4.8. Given a gracefül &der 

G,, a separate girder G, is glued to the end. The two overlapping edges are deleted- The 

added component provides the additional high-numbered edge labels, whereas the 1-edge is 

retained in the end edge q,v, position. With a simple correction (adding 4 to al1 vertex 

labels), a graceful labelhg of the girder Gb2 is obtained. 

Lemma 4.9: 

a.) n e r e  is no graceful labelhg of the girder graph G, 

b.) ne re  is no groceful labelling for the girder graph G, such thnr v, = O and u, 

= I or 2 - although the girder graph is indeed grace ful. 

c.) There is a graceful labe l lhg of G, such rhat v, = O and u, = 1. 

Proof: There is no simple proof of part a except either by computer search or bj r brute force. 

However, the graph was noted as not being graceful in 1231. The proof that there is 

no graceful labeliing of G, where v, = O and u, = 1 or 2 is also by means of computer 

search. The following labelling for G, and G, are given on the next page: 
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Figure 4.6: Graceful labelling of girder graph G,. 

Figure 4.7: Gracefid Iabelling of girder graph G,. 

Note that the labelhg for G, cannot be contracted (by "chopping" h, v,, u,, and v,, 

and subtracting 4 fiom the labels of the remaining vertices) to provide a labelling for G, such 

that v, = O and = 1 - the label for y wouid then lie beyond the accepted range. 

Initia& 1 had thought of using definition 3.13 in an atternpt to show that the girder 

graphs Gn are not gracefûl for n even. This naïve idea was based upon my apparent lack of 

success when n=2. The planned method was to characterize al1 the possible binary 

confi~ou~ations of al1 the girder graphs Gn that made them weU-balanced, and then show that 

no such configuration could exist when n was even. Unfortmately, there were plenty of 

configurations for when n was even, and that particdar method was scrapped. However, 

knowing al1 the possible binary configurations in advance allowed for a rapid search of G6 

to find p-valuations, thereby cornpleting the theorern: 
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Theorem 4.10: n e  girder graphr G, are gracefu for all n > 2. 

Proof: The extension lemma 4.8 dlows us to inductively construct a gracefid labelling for 

G,,, given a graceful labelling of G, with certain properties. For odd numbers, the 

labelling is constructed fiom the base case of n=l ( q, = 1, vo = O, u, = 6, v, = 4). For 

even numbers, the base case is given by the labelhg given for G, (lemma 4.9). The 

case of G, was handled separately. 

An explicit labelling scheme for the girder graphs will be given in an appendix. 

It should be pointed out that ifwe delete either the edge q,v, or the edge %v, (or both!) £kom 

G,, then the resultant edge-deleted girders are graceful, especiaily in the case n=2. 

In the case of one "end-"edge being removed, the extension lemma 4.8 can be used for a 

graceful labelling given v,=O and h=l for G, - upn,  to obtain a gracefûi labelling for Gn+? 

- h,vn+,. Such a graceful Iabelling exists for the troublesome case n=2. In the even simpler 

case of Gn - uovo - yv,, (which is just P,(NI)), it is easier to simply provide an exact 

labelling, dso given in appendix A. 

The edge-contracted girders G, \ q,vo are dso  graceful for al1 n > 1. (The edge- 

contracted girder G, \ u,,v, being K, is obviously graceful.) Again, the proof is by direct 

construction, provided in appendix A. 

'fo VI 

Figure 4.8 : The edge-deleted girder G, - (qv,} 

Figure 4.9: The edge-contracted girder G, \ {q,,~,} 
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4.4 Hi&-diameter wheels: Two Famiües of dihedral-symmetric graphs with property 

Q= 

Let W(m,n) (and X(m,n)) denote the square-meshed wheel (respectively diamond- 

mesh) wheel of diameter 24  with m radial "spokes" (where m>2). The graphs W(m,n) and 

X(m,n) are then graphs with l+mn vertices and 2mn edges. 

Let r and s(i j) (1 i i sm,  1 s j m )  be the I+mn vertices of W(m,n) and X(m& The 

edges for theçe gaphs are given by the fomulae: 

The simple wheel graphs W,= Cm + K, are merely the hi&-diameter wheels for the 

case n=l . Figures 4.9 through 4.13 show the structural differences between the two families. 

Like their s m d e r  cousins, the hi&-diameter wheels W(m,n) and X(m,n) are planar and are 

easily seen to be seIf-dual. So the hi&-diameter wheels W(m,n) and X(m,n) will also exhibit 

property "Q" when m=3 or m=4. 

Conjecture 4.1 1: The g~aphs W(m,n) andX(m,n) are graceful for all numbers m 2 3 and n 

2 1. 

It is an open probleru as to whether the diamonci-mesh wheel graphs X(m,n), or 

whether the square-mesh wheels W(m,n) are graceful or not. A few partîcular valuations 

have been found for various high-diameter wheels - they are to be found in the appendix. 
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Figure 4.10: The wheel graph W(4,3). Figure 4.1 1 : The wheel graph W(6,2) 

Figure 4.1 1 : The wheel graph X(4,3). F i , ~ e  4- 13: The wheel graph X(6,2). 

While searching for P-vduations for these graphs, 1 had attempted to exploit certain binary 

graceful valuations, and had met with some success for certain families. The following 

conjectures hope to exploit tb is :  

Conjecture 4.12: There exists a gruceful lubelling ofX(m, 2) for all rn r3 such that the rnidde 

vertex is zero, its adjacent vertices are uZZ even, and aZZ other vertices with odd labels. 

(Shown to be mte for n r 7). 
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Conjecture 4.13 : There extst a graceful labelling of W(m,n), for ail rn 2 3, n z 2. in which 

vertex s(i,j) = j mod 2 (and middle vertex zero). 

One possible method which could be used to show that these conjectures are true, is 

to find a way of inductively extending a gracefbl valuation for a particular sub-family of 

wheel graphs, and then use a computer to search for a base case. This was the exact method 

used in proving that dl girders are graceful. Using binary graceful valuations - or cordial 

valuations - and noting how we could extend those patterns, we may assay an atternpt to 

construct a valid extension lemma. 1 was able to prove that the wheel graphs W(m,n) and 

X(m,n) are cordial for all n>l and m>2 -the proof is omitted here due to space limitations. 

If we allow m=l or m=2 in the definition of W(m,n) and X(m,n), we obtain classes 

of non-simple, plana graphs. By removing multiple edges between pairs of vertices (which 

wilI certainly be the case for W(2,n) ), we obtain three families of simple, planar (but non- 

self-dual) graphs. W(l ,n) and X(l ,II) become, in fact, a path consisting of n edges: its 

gracefulness is already evident. The family X(2,n) degenerates into the edge-contracted 

girder graph G, \ hv,, shown earlier to be graceful for al1 n > 1 0((2,1) is just K,). The 

farnily W(2,n) becornes the edge-contracted polyomino grid PpP,-, \ %vo: these graphs, 

which look like a string of squares with a triangle on top, is also graceful (see the labelling 

scheme for th is  family in appendix A). 
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4.5 Two Graphs with Unusual Characteristics 

We now present two planar graphs with property "Q". The two graphs, one of order 

1 1, the other of order 15, are given in figures 4.14 and 4.15 respectively, with Iabelling for 

both the vertices and the faces. Self-duidity is obtained by pairing the vertices Iabeled by a, 

b, c, ..., m, n, O, with faces A, B, C, D, ..., N, O respectively. 

Figure 4.14: n i e  unusual graph U, , . Figure 4.15: The unusual graph U,,. 

In addition, these graphs assume one M e r ,  unusud property: 

nieorem 4.14: The unmual graphs U,, and U,, hme nivial automorphism grozp. That is. 

the gmphs possess no symme~ies. 

Proof: Let @ be an automorphism of the graph U,,. We shall show that @(v) = v for any 

vertex v in U , , . 
Since preserves the degree of a vertex, we must have @{a,b,c,d} = 

{a,b,c,d), Le. the vertices of degree 3 are mapped to themselves. Since preserves 

adjacencies between vertices, we must also have @(a) = a, @(b) = b, or @(a)=b, 

@@)=a. Since vertices b and c are the only pair of cubic vertices sharing two 

neighbours, we m u s  have a@) = b or c. Hence, a@) = b, @(cl = c, @(a) = a, arid 

consequently @(d)=d. 

Vertex e is the only vertex adjacent to both a and d, so @(e) = e. @(f) = f, as 

vertex f i s  the only vertex adjacent to b and e, and is of degree 4. Vertex g is the only 



Page 48 of 58 

one in a cycle involving vertices e, f. and d; @(g) = g. a@) = h, due to the cycle 

@,f,c,h). @(i)=i: cycle (c,h,i). @(j)=j: cycle (a,b,hj). Lastly, @(k)=k - the other 

vertices have been assigned. 

The proof for U,, haWlg the trivial automorphisrn group, is sirnilar in nature. 

There is only one way with which to map the vertices of degree 3 ( a, b, c, d), and this 

in turn forces the mapping of vertex h by automorphisrn to itself, as vertex h is the 

only vertex adjacent to both vertices a and b. Inductively, the other cycles are mapped 

individually to themselves in a maMer similar to U, , . 

This differs fiorn the other graphs previously mentioned: the high-diameter wheel 

graphs in section 4.4 have dihedral symmetric groups, and the girder graphs possess an 

automorphisrn group of order 2' for some integer k. 

This lack of symmetry becomes an unfortmate burden when it comes to a brute-force 

search for a-vduations. The burden comes in the fact that we gain no advantage 

cornputationally in forcing a particular edge to be labelled with the nurnber e (where e is the 

highest-labelled edge). As there is no syrnmetry to exploit, the number of computations 

cannot be easily decreased - brute force becomes even more brutish. However: with a Little 

bit of luck, we are rewarded: 

Theorem 4.1 5: The unusual graphs U,, and U,, are gracefid. 

Figure 4.16: Graceful labelling of U, , . Figure 4.17: Graceful labelling of U,,. 
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Chapter 5: Conclusion and Further Remarks 

Perhaps the most valuable tool I had developed in the study of this subject, is 

designing an implementation of a cornputer algorithm for the search and cataloguing of 

graceful valuations. The resultant program allowed me to determine, at least for graphs of 

s m d  size (< 3 0 edges), ail possible valuations which are gracefûi. (A change of but two lines 

of code converts the program to h d i n g  any harmonious labeiling.) The usefulness of such 

a program is this: it allows me to not only ven@ patterns suspected of producing graceful 

valuations, but to determine the initial case of these patterns. 

This was done in the case of the girders descnbed in section 4.3. Although 1 had the 

idea of the extension lemma beforehand, I had resorted to the computer to determine upon 

which cases this extension lemma could be used. The complete graph K, = G, was an easy 

example, but the girder graph G, was already known to be disgraceful (the computer program 

ver5ed this quickiy). A search by hand succeeded in fmding a graceful labelling of G,, but 

it did not have the desired placement of particular labels - and the computer search 

co-ed this- The computer fmally found the appropnate base case of G, (in facf it found 

several), and so the general theorem (Theorem 4.6) was proven. Given an extension lemma, 

the computer can aid in the proof of a family being graceful. 

The aigorithm goes as follows: 

The boolean function isgracefil, accepts the following parameters: 

G=(V,E) - the p p h  G with vertex sets V and E. The vertices are labeIled v,, v,, ..., v,, where n is the 
number of vertices. 

d - the current depth of the graph 
A - the current set of vertex labels already assigned to vertices in G, 
B - the current set of edge labels as yet assigned to edges in Gy 

The fünction retunis TRUE if the current vertex labels induce a gracehl p p h ,  and FALSE if the current set 
of vertex labels cannot produce a graceful labelling. 
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boolean kgracefil ( G, d, A, B): 

ifd = n+l, r e t m  TRUE, exit fiinction. /* Current vertex Iabels are pce fu l .  */ 
int i = 0. 

Repeat 
/* If we can safely add label a to vertex v, without causing repetition ...* / 

if ( i e A) and (Vc):((vd,vJ E E(G), c < d, and IV, - vJ E B) 

v, = 1; 

isgracefuZ(G, d + 1, A + (i), B + ( IV, - vJ : c < d, (v,,vJ E E(G)}) 

i = i +  1; /* try the next possible label */ 
until (i > e). 

r e m  FALSE. /* AI1 possible valuations usinp vertices x,, ..., x, are exhausted*/ 
End (of boolean fimction isgracefùl). 

The disadvantage in the "gracefd graph" algorithm I had irnplemented is in its lack 

of speed - it employs a brute-force search by Q i n g  al1 the possible permutations in order 

and evaluating each permutation to see if it is graceful. The aigorithm is, therefore, 

exponential in complexity: in the worst-case scenario, an attempt to label a star-tree (N,xNd 

by labelling the outer vertices fxst, would examine al1 (k+l) ! permutations. Having even a 

modest number of edges (say, 20) means that the prograrn would take an excessive amount 

of t ime to execute. Even with these modifications, however, only graphs of a modest size 

( 30 or less edges) could be examined. 

The algorithm can use the following modifications: 

a.) Implementing a recursive search. Instead of applying al1 the labels in a particular 

permutation simultane~usly~ the program would attempt to insert a label one at a time, 

providing that the insertion would not already violate one of the conditions of gracefulness 

(repeaîing edge-labels or vertex labels). This allowed for entire branches of permutations to 

be omitted. 
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b.) Forcing the parity of particular vertices. The nurnber of permutations to check decreases 

drastically once the parity of all the vertex labels is known. Detemiiniog the parity is merely 

an exercise in hd ing  binary valuations - also exponential, but far easier. (In a sample case 

of 20 edges and 10 vertices: knowing the panty of the vertices results in a total of (,,PJ2 = 

914,457,600 permutations for a worst-case cordial labelling, whereas not speciQing the 

parity gives a possible 2,,P,, = 670,442,572,800 permutations - a one-thousand-fold 

improvement ! ) 

c.) Utilinng graph symmetry and selecting a particular edge to have the maximum weight 

(Le. selecting the labels O and "max".) This avoids repeats and eliminates branches of 

permutations to check. Using the above example of 20 edges and 10 vertices (assuming no 

symmetry), knowing the location of O and 20: ,,P, = 1 58,789,030,400. Knowing the parity 

of the other vertices, assuming a cordial labelling: ,,P,-,P, = 1.0x107. (lt is the difference 

beween seconds and hours.) 

The most obvious direction to take in terms of future research is to h d  m e r  

families of graphs which are gracefûl, hamionious, or cordial. There are always more 

families to discover, although the more cornplex the graph is, the harder it is to find a 

labelling without the means of brute-force computer checking; of course, the larger the graph, 

the harder it is to even use brute force. ho ther  direction is to h d  different labelling 

problems and solve those in t u ;  most new problems however do not provide as simple a 

solution for particular cases as that of gracefül graphs. Of a certainty there is also the Ringel- 

Kotzig conjecture to consider: current methods have done little to solve this problem except 

to attack parbcular sub-cases in a piece-meal fashion, and it seems unlikely that this problem 

will be solved even in the next half-century. 
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Appendices: Algorithmic Graceful labelling for certaio families of graphs 

A. 1 : Girder Graphs (Section 4.3), and sub-variants. 

The graph G,,, where n2 1, is a planar, self-dual gaph with 2n+2 vertices and 4n 
edges- The vertices are labelled 4, u,, ..., y, and v,, v,, ..., v,, and the edges are of the 
following fom: av,, \vn, and qv,,, , qq+, , viviT,, vi+, , for i=O, 1, .. . n- 1. (Alternately, the 
girder graph G, is the graph P,@J + av ,  + %v,.) 

n > 1, n odd: u, = 2(n+i), vi = 2(n+i)+2 (i odd) 
u,=2(n-i)-2,vi=2(n-5)-1 (ieven) 

11 > 6, n even: 
i < n-3, i even: 1+=0+3 i  - v, = 1 +Si. 
i < n-3, i odd: q = 4n - 2i, vi = 4n - 2i + 2. 
i = n-3: q = Z n -  3, v i = 2 n +  10 
i = n-2: 4=Zn+4,  v i = 2 n + 7  
i=n-1:  u,=Zn-5,  v i = 2 n - 4  
1 = n: ui=2n+9, vi=2n+11. 

The vertex labelhg of G, and G, were already given in section 4.3. Remember that C$ was 
not found to be graceful. 

The edge-deleted girders Gn - yv,: (n > 0, O s i s n) 

n even: 
i even: q = 2(n-i) - 1 ,  vi = 2(n-i) - 3; 
i odd: q = 2(n+i) + 1, v, = 2(n+i) - 1; 

n odd: 
i even: = 2(n-i) + 1, vi = 2(n-i); 
i odd: = Z(n+i) -i 3, vi = 2(nti) i 1; 
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The edge-contracted girders Gn \ q,v, : The degenerate wheel graph X(2,n) 

n even: (i > 1) 
i even: LI, = 2(n- i+l), vi = 2(n- i); 
i odd: q = 2(n+i) + 1, vi = 2(n+i); 
u,=2n-3,  u, =2n+-2,v,=2n. 

n odd: (i > 0) 
i even: LI., =2(n+i) + 1, vi = 2(n+i) - 1 ; 
i odd: U; = 2(n-i) + 1, vi = 2(n- i); 
%: 2nH.  

The degenerate wheel graph W(2,n): 

The graph consists of 2n+l vertices and 3n edges. The vertices are labelled b, u,? ..., 
q, v,, v?, ..., v,, andtheedgesaregivenby~bq, %y, qy fori=l; 2, ..., n, q ~ ,  and yy,, for 
i = 1,2, ..., n- 1. A graceful labelling exists for all n > O (with W(2,1) = K,), and is given by 
(for dl values of n > 0) 

i even (i *O): U, = 2(n-i) vi = 3n - (n - i) 
i odd: y = 3 n -  (n-  i) vi = 2(n- i) 

u, = ?(n-i) + 1 

What foliows is a graceful labelling for some families of 8-graphs (see section 2.3) 
as found in the proof that al1 such graphs are graceful[32]. 

Let G=C,(l,k) be the 0-graph with vertex set (v,, v,, . .., v,, . . . , v,,~} and edge sets 
consisting of the cycle of length n: (v,v2, v2v3, ..., vnvJ and chord of length 1: (v,vn-,, 
vn-t lV,z7 * - - Y  vn+k37 v ~ -  1 ) - 
Case 1: n = 4t, l=4a, k = b ,  where t r 2, ar 1, bz 1: 
Wi>= J : i = 4 t + 4 b  - 3 - Zj, j = Oy 1, ..., t-a+b- 1 

t-a+b+l+j : i = 2t + 2a + 2b - 3 - 2j j = 0,1, ..., a+b-2 
t+2b+l+j : i = 2 t + 1  - 2j j = O, 1, ..., t- 1 
2t+2b+l+j : i = 2 + 2 j  j = 0, 1, ..., 2a-2 
2t+2a+2 b : i = 4 t + 4 b  - 2 
2t+2a+2b+lij : i = 4a + 2j j = 0, 1, ..., 2t -2a+2b-2 
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A.3 : Current results on high-diameter wheels 

This section contains graceful valuations for those high-diameter wheels which are 
known to have them. &abelhg schemes: using notation as in section 4.4, fust row is given 
by vertex r7 each row thereafter is given by s(i j) for a f î e d  row j.) 

Square-mesh Wheels W(m,n): 
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