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The howledge of the viscoelastic properties of molten polymers and the ability to 
predict their behavior under defonnation is of prime interest ta polyrner scientists and 

industry. The discrete linear relaxation spectnim [Gi, hi] is one of the important 

viscoelastic properties and it is widely used to characterize molten polymers. This 
spectnim is obtained fkorn experïmental values of the dynarnic moduli [G(a), @(a)]. A 

hear regression method with and without regdarization and a nonlinear regression 

method were compared for uiferring a discrete spectrum fiom experimental data. Since 

experirnental values are use& errors in the data wiU affect the reliabw of the spectrurn. 

Because of the limitations of the experimental apparatus, the moduli can only be 

determined over a certain fiequency range. The values of the relaxation times (hi) and the 

corresponding elastic moduiï (Gi) depend on the range of fiequencies over which the 

storage and loss moduli (G'(o) and G(w))  are measued and the method used to calculate 

them. Also, experirnental sources of errors such as uncertainty în the gap measurement, 

variation in the shape of the edge, residual stress due to the preparation of the sarnple, and 

temperature uncertainty will induce experimental errors in G(a) and G"(co). This work 

investigates the effect of tirne-scale truncation and experimental errors on the discrete 

relaxation spectrum. 



Connaître les propriétés viscoélastïques des polymères a l'état fondu et prédire leur 

comportement lors de déformations sont parmis les premières préoccupations des 

scientifiques qui étudient les polymères et de l'industrie. Le spectre de relaxation discret 

[Gi, hi] est une des importantes propriétés viscoélastiques largement utilisées pour 

caractériser les polymères à l'état fondu. Ce spectre est obtenu a partir des données 

expérimentales du module dynamique [(?(a), (?'(a)]. Une méthode héaire, avec et sans 

paramètre de régularisation., et une méthode non linéaire ont été comparées pour 
déterminer les spectres discrets à partir des données expérimentales. Puisque des valeurs 

expérimentales sont utilisées, des erreurs Secteront le calcul du spectre. Etant donné les 

limites de l'appareillage expérimental, le module dynamique n'est déterminé que pour une 

échelle finie de fiéquences. Les valeurs des temps de relaxation (hi) et des modules 

élastiques correspondants (Gi) dépendent de l'échelle de fiéquences pour lesquelles les 

modules d'accumulation et de perte (G(a) et G"(o)) ont été mesurés et aussi de la 

méthode utilisée pour déterminer le spectre. De plus, des sources d'erreurs expérimentales 

telles l'incertitude sur la mesure de l'espacement, la forme du rebord de l'échantillon, le 

stress résiduel à la préparation des échantillons et l'incertitude sur la tempérame vont 

induire des erreurs expérimentales sur G'(o) et G'(o). Cette recherche étudie les effets de 

la troncature de l'échelle des fiéquences de même que les effets des erreurs expérimentales 

sur le spectre de relaxation discret. 
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NOMENCLATURE 
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Constant to normalized the relaxation modulus Gi 
Continuous relaxation spectnim 
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Dynamic compliance 

Storage cornpliance 

Loss compfiance 
Torque amplitude in oscillatory shear 
Weight average molecular weight 
P olydisp ersity index 

Number of relaxation times (number of Maxwell parameters (Gi , hi)) 

Tirne 

Temp erature 

Column orthogonal matrix 
Transpose of an MxM mat& V 

MxM diagonal matrix contaking the singular values 
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Frequency 

Frequency range of the dynamic moduli 

Frequency where the value of 6Gi(a) reaches a plateau 



1. INTRODUCTION 

1.1 APPLICATIONS FOR THE RELAXATION SPECTRUM 

The relaxation spectnim is used extensively for the modeling of polymer processing 

(flow modeling) and the anaiysis of processing experiments. It is also usefil for evaluating 

constitutive equations and simulating transient experiments. The constitutive equation is a 

mathematical model that describes the relationship between applied stresses and the 

corresponding deformation responses of polymer melts or vice versa. Firsf the rheologist 
has to characterïze the flow behavior of a material using a set of tests. Then, using 

expehental data, he or she wants to predict the behavior of the polymer melt in different 

flow situations. With the appropriate constitutive equation and relaxation spectra, it is in 

theory possible to predict the materid response for a varïety of deformation histories. 

The relaxation modulus G(t) is most usefil for rheological modeling rather than the 

dynamic mo duli, G(o), G"(o), which are easily detemiined experimentally . The relaxation 

modulus can be measured directly with the step-stah experiment [30]. Although the 

analysis is sirnpler, the accuracy is not as good as for the dynamic mechanicd experiment 

becaiise a step strain deformation can not be generated as precisely as the sinusoidal 

defornation necessary for the dynamic moduli. It is therefore useful to be able to convert 

the data fiom the frequency domain (G'(o), Gt(o)) into data in the tirne domain (G(t)) 
which is easier to interpret. Kamath and Mackley [20] present two methods to determine 

G(t) fiom dynamic data using integral functions. Another way to convert fkom the 

fiequency to the time domain is to use the discrete relaxation spectnim [G,, hi] as an 

intermediate. As shown by Wmter et al. [3 71, nonlinear responses can be calculated if an 

appropriate model is available, and h e a r  responses can be expressed in an andytic form 

for specific strain histories. 

Ifthe relaxation specmim is known, other Linear viscoelastic material functions can 

be easily calculated [15]. For example, it is possible to estimate the viscosity value fkom 



the relaxation spectnun. Wmter et al [37] present two relations that predict the viscosity 

f?om the linear relaxation spectrum: the Cox-Merz relation and the Gleissle mirror 

relation. 

Moreover, the relaxation t h e  spectnim is also useful when- we are hterested in the 

relation between the molecular weight or mass distribution and rheological properties. 

According to Baumgeartel et al. [4], correlations between molecular parameters and 

longest relaxation time can be made. 

Findy, if the number of relaxation modes is kept small, the spectnim is convenient 

for data storage and numerical calculations [2]. It is thus usefid for a rheological data 

bank. 

To know the viscoelastic properties of rnolten polymers and to be able to predict 

their behavior under deformation is of great interest to polymer scientists and industry. As 

presented in the previous section, the discrete linear relaxation spectrum is an important 

rheological properties and is widely used to characterize molten polymers. This spectrum 

is inferred h m  a set of experimental data through a mathematical method as is shown on 

Figure 1.1. 

Since experimental values are used to calculate the discrete spectmm, emors in the 

data will affect the reliabilify of the spectrum. Ideally, the range of experimental data 

should be infinite. In practice, because of the limitations of the experimental apparatus, the 

moduli can only be determined over a Limited fkequency range (Figure 1.2). This is 

especially true at low fiequemies where it is difEcult and tirne consumuig to obtain values. 

Time-temperature superposition can ofien be used to broaden the available fiequency 

window; however with some polymers such as polyethylene this is not possible. The values 

of the relaxation times (Ai) and the correspondhg relaxation moduli (Gi) depend on the 

range of frequencies over which the storage and loss moduli are measured and the method 

used to calculate them. 



Frequency 

FIGURE 1.2 Experimentai window avdable to  infer the discrete spectnim. 

The first objective of this research was to compare several methods for inferring a 

discrete spectrum. From the rnethods descrïbed in the fiterahire we have chosen to study 

three: linear regression, linear regression with regularization, and nodhear regression. 

The second objective is to study the effects of point density, time-scale tmcation of 

data and experimental errors on the inferred spectra. The impact of these errors was 

studied for each of the three methods used for three sets of data. 



FIGURE 2.1 Stress relaxation experiment. 

FIGUNI 2.2 Shear strain in a stress relaxation expriment. 

The resulting stress is measured as a finction of time (O@), Figure 2.3). The shear 

relaxation modulus, G(t, y*), is the stress divided by the magnitude of the strain introdriced 

to start the experirnent: 

This relaxation modulus is generdy a function of the strain magnitude. However, 

when the strain is very small, as in the case of linear viscoelasticity, the modutus is 

independent of the strain, and the stress becornes proportional to the strain: 



Shear Stress Response 

FIGURE 2.3 Shear stress in a stress relaxation experiment. 

2.1 -2 Boltzmann Superposition Principle 

We can derive a general equation, descxibing all types of linear viscoelâstic behavior, 

starting &om the assumption that the relaxation modulus is independent of the strain 
amplihide. Consider an experhent where the sample is subjected to a sequence of s m d  

shear mains: 6y(tl), 6y(tz), 6y(t3) ..&( tN) as shown in Figure 2.4. 

Shear Strain 

O 

FIGURE 2.4 Sequence of smaü shear strains. 

Because we assume that the response to each step is independent of the previous 

one, we can simply add or superpose the stresses resulthg h m  the series of strains. For a 

succession of N small strains, the stress is given by: 



Ifwe consider a smooth strain history, insiead of the succession of f i t e  steps, we obtain: 

Since the rate of defonnation y is equal to dy(t)/df: 

t 

o(t) = / ~ ( t  - t ' )  y(t ' )dt' 
4 

In practice, it is not necessary to know the straùi history hfbitely far into the past 

(fiom -a to t) to calculate the stress. We usually start the experiment at some time FO 
when the material is not under stress (o(O)=O): 

These equations apply only to shearing deformations, but since the relaxation 

process in linear viscoelasticity is independent not oniy of the magnitude of the straui but 

also of the type of deformation (kinernatics), the shear stress (o(t)) can be replaced by the 

stress tensor (sii(f)) and the shear strain (y@) can be replaced by the intintesimal strain 

tensor (yg-@')). We then obtain the following two alternative foms of the Boltzmann 

superposition p ~ c i p l e :  



It is also possible to perform experiments where the stress is the controlled variable 

and the strain is the observed response. Such an experiment is cailed a creep test. The 

results are presented in terms of a material h c t i o n  cded the shear creep compliance 

(a)) which is dehed as the strain divided by the magnitude of the stress introduced to 

.ta< the experiment. Equation 2.2 is then replaced by Equation 2.9: 

The resulting main is measured as a function of time (y(t)). In the case of hear 
behavior, the creep compliance is independent of oo and the strain becomes proportional 

to the strain: 

Starting with Equation 2.10 and using the same development as above, the equivdent of 

Equation 2.8b for a creep test is: 

2.1 -3 Maxwell Model and Relaxation Spectnim 

In principle, if the relaxation moduIus (G(t)) is detemiined by any experiment, the 

linear response to any deformation (Equations 2.8a and 2.8b) can be predicted. It is thus 

convenient to have an explicit equation for G(i), with parameters that can be evaluated 

using experimental data. 

The rnost popular approach to use a f'unctîonal fora for the relaxation modulus that 

is based on the generalized Maxwell model (the details of this mode1 are descrïbed in 

Reference [8 1) : 

% ( t )  = c G,exp[-(t - t t  ) / A,] y,(tf )dtf 



2.1.4 Small Amplitude Oscillatory Shear 

Small amplitude oscillatory shear is the experiment most ofien used to determine the 
relaxation spectnim and other linear viscoelastic properties of polymers. During this 

experiment, a sinusoida1 shearing deformation of strain amplitude y0 and fkequency o is 
appiied to a sample of melted polymer through the lower plate of the rheometer (Figure 
2.5). 

FIGURE 2.5 Paraiiel disk rheometer. 

The shear main as a fiinciion of time is given by: 

By differentiating Equation 2.15, we obtain the shear rate as a function of time: 

The shear rate is out ofphase by 900 with the shear straui as shown on Figure 2.6. 



T i e  

FIGURE 2.6 Cornparison of the phase of shear strain and shear rate 

The stress exerted by the sample on the upper plate is measured as a fundon of 

tirne. If the straui amplitude (yo) is small, the Boltzmann superposition principle c m  be 

used to calculate the stress. By substituting Equation 2.16 into Equation 2.6, we obtain a 
stress response that is suiusoidal in t h e  and has the same nequency as the main: 

where a0 is the stress amplitude and 6 is a phase shift, also called the mechanical loss 

angle. 

Using a trigonometric identity, we can rewrite Equation 2.17 in a mare useful form: 

o(t> = y, [GI (o) sin(@ t )  + G' r (LU) cos(@ t ) ]  2-18 

where G and G are the storage and loss moduli, respectively, and are functions of 

fkequency. These two quantities c m  be interpreted physically in terms of energy storage 

(G) and loss (G"). In a material where there is no viscous dissipation (purely elastic 

material), the toss rnodulus is zero, and in a material where there is no energy storage 

(purely viscous Liquid) , the storage modulus is zero. 



The Maxwell parameters of the discrete relaxation spectnim are found by fitting 
Equations 2.19a and 2.19b to G' and G" data (Equations 2.20a and 2.20b). The 

p h e t e r s  CGi, hi] are determined by minunizing the average square deviation between 

the predicted G' and G" values and the measured G' and G" data (least-squares fit): 

The user specines N values of hi equally distributed on a logarithmic tirne scale, 

within the range of experimental fiequencies. The corresponding modulus Gi is 

subsequently determined. The discrete relaxation spectrum is plotted on a semi- 

logarithmic or double logarithmic scale because of the dierent contributions at short and 

long relaxation times (the contribution of short relaxation times is larger). 

Dinerentiation of the previous equation with respect to each Gi gives sets of 

equations called normal equations of the linear least-square problem. This system of 

equations can be solved by Gauss Jordan elirnination [26]. However, in many cases the 

normal equations are very close to singular and Equation 2.21 c m  be solved by a singular 

v z h e  decomposition (SVD) method to give numerical results 1171. 

A 2MxN matrix A and a M4xl  matrix b need tc? be created to apply the SVD 
method [25]: 



The matrir A is given by Equation 2.25: 

A = U  

where U is a column orthogonal ma* W is a MxM diagonal ma& with positive or zero 

elements calIed the sinpuiar values, and VT is the transpose of an MxM matrix V 
Programs to apply the S V D  method are available in many software library packages. 

The elastic modulus is given by: 

where Uk (k= 1, .. .,IV) represents the N colurnns of U, each column a vector of length UI. 

The results of Gi alone are insufficient to characterize the spectrum and the standard 

error on Gi must also be calcdated. The standard errors increase with the number of 
relaxation times and easily become as large or even greater than Gi [17]. The standard 

error of each element Gi is: 

where o is the coefficient of variation of the experirnentd G and G" data. 

A listing of the Matlab program for the linear regression method is given in 
Appendix k 



2.2.2 Luiear Regression with Regularization 

The previous method is somewhat arbitrary and rnay not lead to a unique, physically 

meaningfd spectmm. In fact, the values of Gi depend on the choice of hi and N, and 

certain choices can lead to negative Gi values, especially as Nina-es. Negative Gi must 

be avoided suice they are physicdy unrealistic. Equation 2.27 shows that if some suigu1a.r 
values Wfi  get too srnail, the errors become large, because the minimm is surrounded by 
a very flat vdey. Also, according to Equation 2.26, small changes in the experimental 

data may produce huge variations in Gi if some WM become too small. Consequently, a 

broad range of possible solutions (with large deviations n o m  each other) is found to fit the 

data within experimental error. Such a problem as the one encountered with the h e a r  

regression method is called a-posed. Honerkamp et al. [16, 171 illustrate the unavoidable 

problems associated with the ünear regression method. 

If we are only interested in a representation of one material hction, any one of the 

soiutions may be chosen. However, if one is interested in the relaxation spectnim as a 

physical reality, one would try to pick out the m e  solution from the whole set of solutions 

by introducing some fùrther information. There are several methods for solving iu-posed 

problems, as we will see in the last section, which can be used to find the tnie solution 

fiom the set of possible solutions. The most commonly used is the regularization method 
of Tikhonov. In order to apply that method, Honerkm and Weese [17, 181 introduced 

an additional criterion in Equation 2.2 1 : 

where A* is the regulakation parameter. 

Several methods also exist to determine A*. If the regularization parameter is too 

large, the solution wilI be over smoothed, and if the regularization parameter is too small, 
the solution is stiII af5ected by too large errors. Following several authors 117, 22, 251, we 



The nonlinear technique pro po sed by Baurngeartel and Wmter simultaneousiy 

adjusts the parameters Gi, hi and N of the discrete specmim to obtain the best fit of G, 
P. By keeping not ody Gi but also N and hi fieely adjustable, all the Gi are found to be 

positive. The method was found to be insensitive to the choice of the initial values (Gi h 

î, 6 No) - 

The number N is adjusted during the iterative calculations depending on the need to 

avoid ill-posedness and for improved fit. Baurngeartel and Wmter found that the problem 

ill-posedness cari be avoided by using a small nurnber of relaxation times. They found that 

an optimum range of relaxation times that depends upon the material under investigation 

exists but is not laiown a prion. The choice of Nis  thus crucial for the success of theïr 

method. With too few relaxation modes, the average deviation between data and fit is 

large. As N increases, the average deviation decreases rapidly. With only a few relaxation 

tirnes per decade, the fit improves markedly and represents the data within experimental 

error. Above a certain value of N, the fit does not improve any fiutber. A further increase 

in the number of relaxation modes is not justified, and the problem becomes ill-posed. At 

a high value of N, negative Gi values start to occur. Also, in most practical cases the finite 

number of data points is not sufficient to determine the large number of Gi and hi 

associated with high values of 

The initial number of relaxation times is chosen between 1 and 2 per decade. The 

authors found it to be advantageous to start with a large N and let the program eliminate 

unnecessary relaxation times. The appearance of negative Gi values is one criterion f ~ r  
reducing the nurnber of relaxation modes. 

2.2.4 Other Methods 

This section bnefly presents a few other methods also found in the Literature, 

although these methods were not used in the present work. The list found here is not an 

exhaustive one, but most of the recent methods are named and bnefly introduced. 

The methods to calculate the relaxation spectra presented in Section 2.2 are recent. 

They approach the ill-posed problem in a physical manner with simple and robust 

numencal methods. These methods incorporate a constraint, a physical criterion, that 

translates a priori knowledge about the solution instead of a stnctiy numericd cnterion. 



This p e d t s  the avoidance ofthe problem of ill-posedness and selects the correct solution 

Erom a set of otherwise equivalent solutions. 

Soskey and Wmter [30] used another linear method. They minimized the error 

between the experimental values Gy G and then back-calculated dpamic moduli using the 

method of Marquardt-Levenberg. The appearance of negative fiequencies permits one to 

deteimùie the number of fiequencies. 

Provencher [27, 281 used a general constrained linear regularization method to 

circumvent the ill-posed character of the linear problem. n i e  simplest solution that is 

consistent with pnor knowledge and the experirnentd data is thus found. The method is 

also available through software named CONTIN- This general method cari be applied to 

the determination of the discrete relaxation spectrum 123 1. The problem is fonnulated as a 
least squares equation with an added quadratic f o q  the regdarizor, wbich imposes prior 

howledge. Physical consiraints (all GgO) andlor consistency with other independent 

rheological measurements, can be incorporated into the numencal algorithm. Numerically 

stable orthogonal decornposition and quadratic p r o g r d g  algorithms are used to obtain 

the unique global solution. The regularization parameter cm be automaticdy chosen on 

the basis of an F-test and confidence region. 

As was said in Section 2.2.2, several methods exkt to determine the regularization 

parameter of Equation 2.28. In that section, one method, the minimization of the 

predictive mean-square signal error, was presented. Honerkamp and Weese [ 1 81 consider 

two other methods: the well-known discrepancy principle and the recently developed self- 

consistency method. These methods are well presented in reference 18. Their conclusion 

was that the self-consistency method is the most reliable. 

Apart nom the regularization method, there are other ways to solve ill-posed 

problems. The maximum entropy method cm be found in the fiterature [IO] as weil as 

Uiferred spectra [Il, 161. A recursive cornputer algorithm is presented by Emri and 

Tschoegl [12, 13, 141. Also, the Padé-Laplace method can be extended to the extraction 

of the Maxwellian modes fkom the G' and G' data (291. 

The solutions obtained depend on the errors assumed for the experimental data. 

Instead of assuming a constant absolute error, Elster and Honerkamp [9] present an error 



model. They introduced this aprion knowledge or constraint in the regularization method 

and the maximum entropy method, avoiding the problem of a-posedness. 

Methods to infer the continuous relaxation spectnun are also presented in the 

literaiure. The 'Parsimonious Modeling' (program IRIS) develop-ed by Baumgeartel and 

Wmter [2] also determines the continuous spectrum. Weese used the Tikhonov 

regularization technique to determine the continuous spectnim in his program FTIKREG 

(Fast TWionov REGuIarization method) [33 1. The regularization parameter was 
d e t e d e d  usïng the self-consistent method cited previously. Elster et aL [Il]  present 

some spectra infemed using FTIKREG. Weese also created the program NLREG 
(NonLinear REGularization) [24, 193. This nonlinear regularization method is a 
generakation of the linear regularization method used in the program FTIKREG- 
Tschoegl [32] presents several methods to derive the continuous spectrum fkom a step 

response or a harmonic response. The Regularization-Quadratic Progammùig (RQP) 

method also permits the deterrnination of the continuous spectnun and was proposed by 

WÏE [3 5, 361. Finally, a minimax method is presented by Basistov et al. [Il. 

2.3 PREVIOUS WORK 

2.3.1 Determination of the Discrete Relaxation Spectnim 

Orbey and Dealy [25] compared Iinear regression with and without a regularization 

parameter and nonlinear regression. They found that al1 three methods give similar results 

for Gi for a given hi. In t5e linear regression without regularization and the nonlinear 

regression (EUS),  the relaxation tirnes' range chosen Eh,,, ha-] affect the final values 

of Gi. Furthemore, if, in the case of linear regression, N is small, negative Gi are avoided. 

In the regularized solution, the chosen range of relaxation tirnes [&in. %rzar 3 
and the coeEcient of variation of the experimental data influence greatly the regularization 

parameter h* and thus the relaxation spectrum. Findy, they concluded that linear 

regression with regularization gives the best agreement between the experimental dynamic 

moduli (G' and G" experimental) and the recalculated moduli based on the discrete 

spectrum (G' and G" back-caiculated ushg Gi and hi determined by the regularization 

method). 



Baumgaertel and Wmter [2] concluded that their rnethod, nonlinear regression, has 
the advantage of being simply executed by a M y  autornated program- The solution is dso 

independent of the starting parameters (Gis hi and N). They reported the ability to convert 

successfûlly all the data measured in their lab or given to thern. They also found [5] that 

the spectnim is insensitive to data noise or variations in data intensity, which is an musual 

situation for a problem recognized as ill-posed. They conclude that increasing the number 

of Ici values causes ill-posedness, and this problem is avoided by using a s m d  number of 

relaxation times. 

Elster and Honerkarnp [9] in their study of the role of the error model found that the 

determination of relaxation spectmm using a regularization method gives a spectnim that 

depends on the error model proposed for the experirnentd data. In Our case, the error 

model assumed (cl-onstant) is the moa common and simplest one. 

Honerkamp and Weese [17] presented the ill-posedness nature of the linear 

regression method and concluded that the results obtained with that method are entûely 

unsatisfactory. They then used linear regression with regdarkation with simulateci 

experïmental and real data. They obtained good agreement with the known relaxation 

spectmm for the simulated data and plausible results for the real data. 

Finally, Honerkamp and Weese [18] tested three methods for detemiinuig the 

regularization parameter in the Tikhonov regularization method. For the predictive mean- 

square signal error method, they obtained reasonably good results, although the best ones 

were obtained with the self-consistent method that they developed. 

2.3 -2 The-Scale Truncation and Data Errors 

There has been no exhaustive study of the effect of time-scale tnincation. Nothing 

was found about data errors, fiom the point of view of interest to us, and nothing was 
found about point density. The next part will present the conclusions of the few authors 

who have studied the impact of tirne-scde tmcation on the discrete relaxation spectnim. 

Mead [23] looked at the impact of tnincation in order to test his numencal 

interconversion method, with and without integral moment constraht. He considered 

nurnerically simulated data [Gj, Xi] (tme solution). First, the data set [G', G'] was twice 



truncated at low fiequency. The relaxation spectnim was then calculated using the füll 

data set and the two tnuicated dynamic data sets. Cornparhg the spectra with the "true" 

solution, he found that large relaxation times (Iow fiequencies) were more aEected. 

Although the dynamic data were incomplete in the low fiequency range, the application of 

the moment constraints was found to Iead the spectra closer to the true solution at large 

relaxation times. 

Honerkamp Cl61 also considered dynamic data generated nom a mode1 spectnim 

[Gi, hi]. Data were available in the fkequency range ~ O - ~ S ~ S ~ O ~ .  Two methods were 
used to determine the spectnim: the regularization method and the rnsorimum entropy 

method. The data set was then tmncated and oniy values for ail0 were considered. The 
inferred specmim could not be trusted for 3+<10-', but it was still correct for Xi~lO-' in 

the case of the two methods. Monnation concerning the asymptotic behavior of the 
dynamic rnoduii was then included in the two previous methods. This information led the 

inferred spectmm closer to the "true" solution at lower relaxation times (hi~lO-l). 

Honerkamp concluded that many data points could be left out without seriously defomllng 

the spectrum. 

Elster, Honerkamp and Weese [ I l ]  found that time-scaie truncation can irnprove the 

results of the calculation of a continuous relaxation spectnvn using the Tikhonov 

regularization method (program called FTIKREG). They found that difficulties arise if the 

dynamic moduli are available in the transition region. These difnculties are caused by the 

considerably dzerent contributions in the spectnim of short and long relaxation times: 

short relaxation times have a large contribution and describe the rheological properties in 
the transition and glassy region, and long relaxation times have a small contribution and 

characterize the rheological properties in the terminal and plateau region. They avoided 

these difiiculties by using the dynamic moduli data only in the terminal and plateau region 

in the calculation of the relaxation spectrum. Honerkamp and Weese 1191 showed, using 

simulated data, that these diificulties can also be avoided by using a nonlinear 

regularization method (program called NLREG). 



FIGURE 3.2 Dynamic moduli versus frequency (hypothetical materid). 

FIGURE 3.3 Complex viscosity versus frequency (hypothetical materid). 

3.2 HDPE 

The second spectrum used was for a high density polyethylene (M~3 .1%10+~ and 

MVm=3 1). The molecular weight distribution information was obtained fiom gel 

penneation chromatograghy measurements perfonned by Hoescht AG, the resin supplier. 

The dynamic moduli were determined experimentdy using a Rheometrics Dynamic 

Analyser II @DA Il). The experimentd and data analysis methods will be described in 

Chapter 4 and the results will be presented in Chapter 5. 



3.3 POLYBUTADIENE 

The last data set is for a narrow rnolecular weight distribution polybutadiene. The 
experirnental data were presented by Honerkamp and Weese [lq. Figure 3 -4 and Table 
B.2 in Appendk B give the experimental storage and loss moduli of the polybutadiene, and 
Figure 3.5 gives its complex viscosity (Equation 3.1). The coefficient of variation was 

given as 0.04. This data set was used in order to apply time-scde tnincation to a second 
polymer and to compare the reproducibility ofthe results. 

1 1 O 100 1000 10000 

Frequency [radfs] 

FIGURE 3.4 Dynamic moduli versus frequency for the polybutadiene. 

1 10 LOO 1000 10000 

Frequency [radis] 

FIGURE 3.5 Cornplex viscosity versus frequency for the polybutadiene. 



4. EXPERIMENTAL AND DATA ANALYSIS METHODS 

4.1 STRATEGY OF EXPERIMENTATION 

4.1.1 Apparatus 

The rheometer used was a Rheometrks Dynarnic Analyser II (RDA). The 

experirnents were performed at 190°C. The reliable range of the torque transducer is 

between 5 and 2000 g.cm for this instrument. 

4.1 -2 Sample Preparation 

AU the samples were rnolded using a hydraulic press at 190°C. Two procedures 

were employed, a slow one (method no.1) and a fast one (rnethod 00.2). These are 
descnbed in Appendix C. 

4.1.3 Stability Test 

To assure the thermal stability of the HDPE at 190°C for the duration of the longest 

experirnent (3 hours), a tune-sweep of three hours (Table 4.1) was performed. Since the 

effects of degradation are more visible at low fiequency, 0.05 radis was chosen. The straïn 

appiied was below the lUnt for h e a r  viscoelasticity (120%), and the gap was set at Imm. 

Tirne-sweeps were performed under an inert atmosphere (nitrogen gas) and also under an 

oxygen contarninated atmosphere. In the second case, the sample was heated and 

prepared under nitrogen. The flow of gas was then interrupted before begùining the the-  

sweep. If no degradation occurs, rheological properties (v iscosi~ storage and loss 



moduli ...) wiu stay constant. Since some experiments were dso done for 20 minutes at 

220°C (Section 4.3.4), we did a time-sweep at 220°C under Ntrogei 

1 TABLE 4.1 The-swee~ conditions. 

Duration h l  1 3 

& [psi] 1 75-80 

Sample preoaration 1 Method no. l 

for 30 minutes. 

4.1 -4 Frequency Sweep 

The dynamic moduli [G'(o), G"(o)] for the HDPE were measured at 190 OC between 
0.005 and 500 rack with an ascending fiequency sweep test (Table 4.2). AU experiments 

were conducted under an inert atmosphere (Nd with a strain of 10%. A different sample 

was used for each experiment, since the stress history caused by a previous fiequency 

sweep on the sample could infiuence the results. The sarnples were prepared according to 
method no. 1 and trimmed at 1 mm to obtain a flat edge (Figure 2.5). 



According to the accepted 

Gaussian errors) the minimum 

population variation is 20. Since 

rule of thumb (for control charting of data containing 

number of runs required for a reliable estimate of 

the coefficient of variation is needed to apply the linear 

regression with and without regularïzation, the average dynarnic moduli as weLi as the 

standard deviation are based on 20 experiments. The standard deviation depends on the 
resin studied, the apparatus used, and, as we will see in Chapter 5, on the Eequency. In 
the case of the average, assuming an average relative standard deviation of 7%, seven 

experiments would have been sufncient to correctly identify a ciifference of 10% in the 

means oftwo populations with a probabilïty between 0.95 and 0.975. 

4.2 STATISTICAL ANALYSIS[~~] 

Two types of error are encountered in experiments. The first, within sample error, is 

due to measurement noise ( i i  this case the torque). The second one, between sample 

error, is due to variations in the gap or the sample diameter and will affkct ail the 

measurements on a given sarnple to the same extent. This last type of error will cause a 

shifk in the viscosity curve of one sample compared to the next. To get rid of the between 

sample error, a correction factor (6G(ai)) is introduced. The correction factor is 
calculated as foilows: 

where Gi(a) corresponds to G(o) or @(a), and GaVg-(a) is the average value of G or O' 
for each gequency o. These values of 6Gi(o) are then plotted as a function of the 

eequency (Figure 4.1). For each experiment, the value of Ki(@) reaches a plateau at a 
fiequency a*. The correction factor (6Gj) will be the average value of 6Gi(w) for ara*. 
The corrected dynamic data sets are then calculated as foUows: 



The average dynamic moduli [G(co), G"(o)], as weIl as the coefficient of variation, is 

then calculated using the values of G,, and G",,. 

In addition to avoiding the problem of within sample error, this method of correction 

also provides a way to vem the quality ofthe results and a reliable criterion for discarding 

bad data sets. Section 5.2 wiU provide an example of this procedure. 

l * Run #2 
X Run #3 

X * * * : * * * *  * * * * * * * *  * x I 
* x : x  X X X  X  X X X X X X X  

O* 

Frequency 

FIGURE 4.1 Variation of the corrected factor as a function of frequency. 

4.3 IMPACT OF DATA ERROR$ 

The impacts of gap size, edge shape, residuai stress due to the preparation of the 

sample and temperature were studied separately. This study is riot exhaustive and is only a 

fmt step in the study of the impact of errors. This study is therefore qualitative. In each 

case (Sections 4.3.1 to 4.3 A), only 8 runs were conducted to obtain a reliable average. 

The average deviation was not needed in these cases. Also, the fiequency range was 
restricted to 0.05 to 500 radk to avoid the time-consuming low fiequencies (the duration 

of the experiment is reduced fiom 3 hours to 20 minutes). Table 4.3 presents the 

conditions for the reference state, and Table 4.4 presents the parameters studied 
independently for the impact of data errors. 



FIGURE 4.2 Ob-g of a cambered edge 

4.3 -3 Impact of Residual Stresses 

To study the residual stress, the samples were prepared according to method no.2 
(Appendix C). This method does not ailow the sample to relax as much as method no. 1. 

AU other parameters were as shown in Table 4.3. 

4.3 -4 Temperature Impact 

To find the impact of temperature, 8 frequency sweeps were conducted at 220°C- 

AU the other parameters were those shown in Table 4.3. 



5. EXPERIMENTAL RESULTS 

Figure 5.1 presents the complex viscosity for the HDPE at 190°C and 220°C under 

nitrogen. It can be seen that the HDPE is stable for three hours at 190°C and for 30 

minutes at 220°C (Table 4.1 and Section 4.1.3 give the experimental conditions). The 
complex viscosity at 190°C without nitrogen is also shown (190°C no N2). Under these 
conditions, degradation of the sample o c m s  very fast, and the complex viscosity is not 

constant. Degradation occurred before the E s t  data point as the nitrogen flow was 
stopped, before the beginnuig of the fiequency-sweep. 

O 50 100 150 200 

Time [min] 

FIGURE 5.1 Time-sweep of HDPE at 190°C, with and without nitrogen. 



5.2 FREQUENCY SWEEP 

The 20 experiments were treated as explained in Section 4.3. The correction fâctor 

for G' and G" (Equation 4.1) was calnilateci for each experiment. Figure 5.2 gives an 

example for G' in the case of the e s t  ten experiments. AU other experiments showed 
similar results. A plateau was reached above lrad/s, and the average correction factor was 
deterrnined for o25rad/s. 

FIGURE 5.2 Correction factor of G" for the first ten m. 

As was previously mentioned, the technique used to treat the data eliminates the 

between sample error and also pemiits the identifkation of unsatisfactory data sets. For 

example, Figure 5.3 presents the correction factor for G' for the experiments 1, 2, 3, 8 

and 13. With this method, it is possible to conclude that data fiom experiments 8 and 13 

should be discarded. In fact, the correction factor does not reach a plateau at fiequencies 
above Iradis for either mns 8 or 13. Such behavior can be caused by an air bubble trapped 

in the sample, degradation due to insufncient nitrogen flow, or incorrect trimming of the 

sample. In order to obtain twenty 'good' experiments, twenty-three experiments were 



necessary. The average of the twenty experiments is presented by Figure 5.4 and Table 
D - 1  in Appendix D. 

Frequ ency [rad/s] 

FIGURE 5.3 Correction factor of G" for the experiments number 1,2,3,8 and 13. 

FIGURE 5.4 Dynamic moduli of HDPE. 



5 -2 -2 Average Standard Deviation 

Figure 5.5 shows the relative standard deviation as a h c t i o n  of fiequency. The 
average relative standard deviation obtained was 1.86% for G' and 1.11% for G". The 

average of these two values was 1.49%. Thus, the value used for the coefficient of 

variation in the linear regsession with and without regularization was 0.0 1 5.  

FIGURE 5.5 ReIative standard deviaaion for the WDPE. 

5.3 IMPACT OF DATA ERRORS 

5.3.1 Gap Size Impact 

Figure 5.6a presents the dynamic moduli resulting fkom a gap setting of 1.5mm with 
aii other parameters as shown in Table 4.2. The increase of the gap resuits in a vertical 

shift of the dynamic rnoduli. Figure 5.6b gives the dinerence between these dynamic 

moduli and the reference data as a fiinction of frequency. This difference is cdculated as 

follows: 

where G is either G' or GY 



An average difference of 27% for both the storage and loss moduli corresponds to 

an increase of 50% in the gap. This large merence is not surprising, since it is known 

that the value of the gap has a large impact on the moduli. 

1.00E-02 1.OOE-01 1,00E+00 l.OOE+Oï l.OOEM2 1.00EI03 

Frequency [rad/s] 

FIGURE 5.6a Dynamic moduii for the gap of 1.5- (-), Reference data (-1. 

Diff G' 
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FIGURE 5.6b DiEerence between the dynamic moduli for the gap of 1.5mm and 

the dynamic moduii for the reference data, 



Depending the purpose of the rheological measurements, both shapes (flat and 
cambered) rnay be appropriate. If the purpose is the cornparison of rheological properties 
between resins, as long as the sarne shape is used for aIl sarnples, the edge shape does not 
matter. Often flat edges are preferred because this technique is supposed to give better 
reproducibility. 

5 -3 -3 Impact of Residual Stresses 

Figure 5.8a gives the dynamic moduli when the samples were prepared using method 

no.2 (high residual stresses). In this case, the data are shifted horizontally, and the impact 
appears to be a ninction of fiequency. Figure 5.8b gives the difference between these 
dynamic rnoduli and the reference data The ciifference in the storage modulus starts at 
16% and decreases to 4%, giving an average of 8%, and the difference in the loss modulus 

starts at 10% and decreases to 2%, giving an average of 5%. This is probably due to the 

fact that the residual stresses are decreasing with time, bringing the sarnple doser to the 

reference data as time passes. Therefore it is likeiy that the impact of residual stresses in 
the sample is a function of the amount of time that has passed since the experiment started 
rather than the fiequency at which the measurement is being taken. 

FIGURE 5.8a ûynamic moduli for high residual stresses (-). Reference data (-). 



FIG- 5.8b Difference between the dynamic moduli for high residud stresses and 

the dynamic moduli for the reference data- 

5.3.4 Temperature Impact 

Figure 5.9a gives the dynarnic moduli at 220°C. In that case dso, the data are 

horizontaily shifted, and the impact decreases with increasing fkequency. Figure 5.9b gives 

the difference as a percentage (Equation 5.1). The difference in the storage modulus starts 

at 34% and decreases to IO%, giving an average of 21%, and the Merence in the loss 

rnodulus starts at 27% and decreases to 3%, giving an average of 14%. Therefore we c m  

conclude that temperature has a larger impact at low frequency and that the impact 

decreases as the fiequency increases. 



FIGURE 5.9a Dynamic moduli at 220°C (-). Reference data (-). 

FIGURE 5.9b Difference between the dynamic moduli at 220°C and the dynamic 

moduii for the reference data 



6. ANALYSIS OF THE DATA 

6.1 CBMPARISON OF METMODS FOR DETERMINING THE 
SPECTRUM 

6.1.1 Determination of the Spectrum 

In the case of the linear regression method, the relaxation spectrum is determined by 

trial and error. The best solution is determined by trying difEerent numbers of relaxation 

times (N) and by inspecting the average absolute deviation (IADI) as weU as the standard 

error in Gi ((&(Gi), Equation 2.27). When different ranges of relaxation times (h, X 
,) were tned, the standard error on Gi was found to be large if Lhmul was less than l/o 
, or & was greater than 1 /amin.- Thus, the relaxation times aiways correspond to 

the fiequency range (&-=l/o,- and &-=l/umin.). Also, as desaibed in Chapter 2 

and references [17, 251, as N increases, negative Gi start to appear anid the standard error 

for Gi increases. The number of relaxation tirnes should stay small. 

In the case of the linear regression with regularization, the spectnim is insensitive to 

the number of relaxation times, and a large value of Ncan be introduced [I7]. The number 

of relaxation times per decade was arbitrarily set for the whole study of each dynamic 
rnoduli. This number was set at 6 points per decade for the simulated data and 10 points 

per decade for the polybutadiene. These values are the same as those used by Orbey and 

Dealy [25]. For the HDPE and the polybutadiene sarnples, it was necessary to divide the 

values of G and G" by 106 in the calculation of the regularization parameter, to prevent a 

machine precision lunit. This problem occurs when the condition number (ratio of the 

largest, in magnitude, of the singular value to the smallest of the singuiar value) is too 

large [26]. 

Finally, the nonlinear regression method does not require any input data other than 

the dynamic moduli values. The software adjusts the number of relaxation times and their 



N=6. Wïîh the hear regression with regdarization (LRwR), it is possible to recover veIy 
closely the onginal spectrurn with a large nurnber of relaxation times (N=30 and h 

*=2.17). The noniinear regression method (IRIS) gives results that f d  on the original 

spectnxn for M. 

l.OOE-03 1 .OOE-02 1 .00E-û 1 1.OOEMO 1.0OE-tOi 1 .OOE+û2 

Relaxation Time [SI 

FIGURE 6.1 Cornparison of the three methods used to  infer the reIaxation 

spectnim of simulated data (- original spectrum). 

0LRwR (hf=2.17 and h60.397)  A L R ( h ~ 2 . 3 0 ) .  IRIS (h0=1.58). 

The cornparison of the spectra obtained with the hear regression and the noniinear 

regression using the dynarnic data for the HDPE is shown in Figure 6.2. The relaxation 

spectmm was obtained for N=5 with the linear regression method. The nonlinear 

regression rnethod gives results with N=8. Unfominately, the spectnim of the HDPE 

could not be deterrnined for a large number of relaxation tirnes since it was not possible to 

regularize the solution for that particular set of dynamic moduli. This problem will be 

discussed in detail in Section 6.3.2. Although it is not possible in this case to compare 

with the "true" spectnun, it is possible to say that the two spectra agree reasonably weli. 
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FIGURE 6.2 Cornparison of the two methods used to infer the relaxation 

spectrum of HDPE. 
A LR ( h ~ 2 . 3 0 )  i IRIS (h0=2.04). 

The results obtained for the polybutadiene are compared in Figure 6.3. The linear 
regression method gives positive Gj values with N=4. With the linear regression with 

regularization , it is possible to infer the spectrum for N=30 (h*=0.9 16). In that case, as 

was shown by Orbey and Dealy [25], it is possible to use relaxation times outside the 

fiequency range. The spectmrn was calculated for &=lxloJ instead of 1x10~~ 

( 1 )  The nonlinear regression method gives results for N=3. AU. the results seem to 

agree reasonably well, as in the case of the HDPE. 

The dynamic moduli were then recalculated £kom the discrete spectra given in 

Figures 6.1, 6.2 and 6.3. The absolute average deviations between the experimental and 

recalculated moduli are listed in Table 6.1 for the three methods and the three data sets. 

The rcgulanZation method gives the smallest average deviation in G' and G". The 

nonlinear regression method gives the best results if a s m d  number of relaxation h e s  are 

desired. The hear regression gives the poorest results. These conclusions are in 

agreement with those of Orbey and Dealy [25]. 



1.00E-05 1 -00E-04 LOOE-03 1.00E-02 1 .OOE-0 1 1.00E-toO 

Relaxation Times [SI 

FIGURE 6.3 Cornparison of the three methods used to infer the relaxation 

spectrum of polybutadiene, 

LRwR (l*=0.9 16 and hr0 .235 )  A LR ( h ~ 2 . 3 0 )  0 IRIS ( h ~ 1 . 6 4 ) .  

- - 

1 TABLE 6.1 Values of the absolute average deviation 

1 for recalculated dvnamic moduli. 
- - -  -- - - 

Method lADl G' [AD1 G" 
b L 

1 Polvbutadiene 

HDPE . 

.. 

1 Simulated Data 

ER 16.67 13.74 

0.91 

1.27 

LRwR 
IRE 

0-75 

1.18 



6.2 IMPACT OF DATA POINT DENSITY 

The next three figures present the impact of point den si^ on the discrete spectnim 

of polybutadiene for the three methods. The original dynamic moduli (1 7 data points over 
3 decades) contain 6 points per decade (Figure 3 -4). To study t& impact of point densis> 

a certain number of points per decade was deleted, reducing the number to 3 and 2 points 

per decade. The spectra of these two smaller data sets were then inferred using the three 

methods and compared to the spectrum obtained for the original data set. Figure 6.4 

presents the results for the linear regression (LR). The spectnim inferred with the 

regularization method for the data set with 6 points per decade is shown as a reference. 

Figure 6.5 presents the results of the regularization method (LRwR) and Figure 6.6 @es 

the results for the nonlinear method (IRIS). We see that the spectnim is nearly unchanged 

for linear regression with regularization. AIthough there is a sipifkant effect in the case 

of the one calculated using noniinear regression, even here the effect is smaiI. The same 
type of results were obtained for the HDPE data and the simulated data. 
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FIGURE 6.4 Impact of point density on the relaxation spectnun of polybufadiene GR). 
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FIGURE 6.5 Impact of point density on the relaxation spectrnm of polybutadiene (LRwR). 
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FIGURE 6.6 Impact of point density on the relaxation spectrum of polybutadiene (DUS). 



I TABLE 6.3 Impact of point density on the absolute average 

1 deviation for recalcdated d 
. -. - - - . - - - 

1 Method 1 Pointddecade 

IRIS 

I TABLE 6.4 Impact of point density on the absolute average 

Method 

ERwR 

or recalculated dvnamic moduli of simdated data. 

6.3 IMPACT OF TIME-SCALE TRUNCATION 

To study truncation, the dynamic moduli of the various data sets were tnuicated at 

low Eequency, at high fiequency and at both ends. Figure 6.7 gives two examples of 

truncated dynarnic rnoduli in the case of the simulated data. The number in parenthesis 

refers to the number of data points deleted (multiple of the number of points per decade). 

For example, the data set (5/0) has only one decade deleted (5 data points) at low 



50 

eequency and the data set (10/5) has two decades deleted (10 data points) at low 

Frequency jrad/s] 

FIGURE 6.7 Examples of truncated dynamic modulli. 

Using the three mathematical methods, the discrete hear spectra were calculated, 

and using the inferred spectra, the dynamic rnoduli were back-calcdated. An average 

deviation was calculated for each tnincated data set. 

LKN3CA.R REGRESSION 

In the case of the simulated data, it was possible to compare the results to the "me" 
values (sùnulated relaxation spectrum). The data set was tmcated at high fiequency and 

at low nequency (1, 2, 3 and 4 decades were successively deleted in each case). 

Truncation was also done at both ends. Each decade contains 5 points. 

Figures 6.8 to 6.10 present the relaxation spectra inferred using linear regression 

(LR) for truncation at high frequency, low fiequency and both ends, for the simulated 

dynamic moduli. AU the resulting spectra agree reasonably well with the "true" spectrum. 

Of course, the higher the number of truncated decades, the more distant the infiex-red 



spectnim is fiom the true spectnun. This is especially mie in the case of tnuication at low 
fiequency [(15/0) and (20/0)]. Tmcation at both ends is consistent with the &er results 
and seems to be simply the equivdent of an addition of the separate effects of tnincations 
at hi& and low fiequencies. 

Each tirne the dynamic modulus data set is truncated, information is lost (for 

example a, decreases). At the same time, the range of resulting relaxation times also 
decreases (&=l/o,). The result is that the s p e c t m  extracted &om the tnincated 

dynamic data seems to contain sufficient information within the relaxation time range of 

the inferred spectrum. 
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F'IGURE 6.8 Impact of time-scde truncation at high frequency on the discrete 

spectrum of simuIated data (LR). Original spectrum (-). 

Figures 6.1 1 to 6.13 compare the recalculated dynamic moduli with the original 

moduli. As was seen with the spectrum, the recalculated moduli are in very good 

agreement with the original moduli, within the tmncated range of fiequency. But in most 

of the cases, the moduli are not properly recovered outside diis range, as has been 
previously demonstrated [16]. In the case of simulated data, this was tnie for linear 
regression with and without regularization and also for nonhear regression. 



FIGURE 6.9 Impact of time-scale -cation at low frequency on the discrete 

spectrum of simulated data (LR). Original spectrum (-). 
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FIGURE 6.10 Impact of the-scale tnincation at both ends on the discrete 

spectrum of simulated data GR). Original spectrum (-). 



FIGURE 6.11 Impact of time-scale truncation at high frequency on the recaicdated 

moduü using the spectrum of Figure 6.8 (- =original spectrum), 

G' (o/o) A G' (5/0) r Q (10/0) 8 G' (wo) O G" (010) A G (510) a cff (io/o) O G( (ls/o). 

FIGURE 6.12 Impact of time-scale truncation at low frequency on the recaicdated 

moduli using the spectrum of Figure 6.9. Original spectnim (-1. 
0 Gr (0/0) A G' (0/5) El G' (0/10) 8 G' (0/15) O Go (0/0) A G" (0/5) h G" (0/10) O Gn (0/15). 
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FIGURE 6.13 Impact of tirne-scale truncation at both ends on the recdculated 

moduli using the spectnim of Figure 6.10. Onginal spectnrm (-). 

0G' (10/5) A G' (5/10) El G' (915) O G" (10/5) A G" @/IO) ei W (5/i5). 

Table 6.5 summarizes the behavior of the absolute average deviation between the 

recdculated moduli (using the spectra of Figures 6.8 to 6.10) and the original moddi 

*out truncation. Table E.2 in Appendix E gives the numericd values of the average 

deviation. As is expected, the absolute deviation increases as the nurnber of truncated 

decades increases. For tnincation at high fiequency, the average deviation of G" was 

dways found to be higher than that of G'. In the case of mincation at low fiequency, we 

have the opposite situation, and the average deviation of G' is dways found to be higher. 

For mincation at both ends, the results are consistent with the previous cases. For 

example, Table E.2 indicates an AD of 15.01 for G" and 6.38 for G' for tnincation at high 

frequency. The lost modulus is more affecteci. At low frequency, the average denation is 

9.86 for G" and 11 -43 for G'. This time the value is higher for G'. For tnincation at both 

ends, it is a mix of the previous results, with 11.62 for G and 15.01 for G'. This behavior 

was noted for all the methods and ail the truncated data sets (simulated data, HDPE and 

polybutadiene) . 



TABLE 6.5 Snmmary of the impact of truncation on the absolute average I 
deviation for recalcuiated dynamic moddi of smiulated data (LR). I 

Truncation at both ends Consistent 1 

L m A R  REGRESSION with REGULARIZATION 

Figures 6.14 to 6.16 present the relaxation spectra Sen-ed using linear regression 

with regularization (LRwR) for tmncation at high fiequency, low fiequency and at both 

ends. The spectra agree reasonably well with the "tnie" spectrum except at the smallest 
relaxation times when there is tmncation of more than one decade at high f?equency 

(0/10), (0/10) and (5/10). 

1.00E-03 1 -00E-02 1.00E-0 1 1.OOEMO 1.OOEM I 1.00Ei02 
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FIGURE 6.14 Impact of the-scaie truncation at high fiequency on the discrete 

spectrum of simulated data (LRwR). Onginal spectrum (-j. 
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FIGURE 6.15 Impact of tirne-scale tnincation at low frequency on the discrete 

spectrum of simulated data (LRwR). Original spectnm (-). 

Relaxation Time [s] 

FIGURE 6.16 Impact of time-scaie truncation at both ends on the discrete 

spectnim of simulated data (LRwR). Original spectrum (-). 



Table 6.6 summarizes the behavior of the absolute average deviation between the 

recalcdated moduli (using spectra of Figures 6.14 to 6.16) and the original moduli without 

truncation. Table E.3 in Appendix E gives the numerical values of the average deviation, 

and Table E.4 gives the reguiarization parameter. As expected, the absolute deviation 
incr&ses as the number of truncated decades increases. For tnincation at both ends, the 

results are consistent with the previous results. 

- - 

( TABLE 6.6 Summary of the impact of -cation on the absolute average 

I deviation for recalculated dynamic moddi of simulated data (LRwR). 

I IADl G' and lADl G" 

Tnincation at high o 

Truncation at low o 

Truncation at both ends 

lADl 3 as tmcation 

Not possible to regularize (0/20) 

lADl 3 as tnincation 3 

Remlarize onlv for (5/0) 

Consistent 

It was not possible to regularize the moduii with 4 truncated decades at hi& 
fiequency (0120) or with more then 1 tnincated decade at low fiequency [(10/0), (MO), 

(20/0)]. It was also not possible to regularize the following sets: (10/10), (10/5) and 
( 1 0 1  In these cases, the regularïzation pararneter was very srnail. If the regularization 

pararneter is too srnail, it does not have any impact on the values of W (the suigular 

values), and Equation 2.30 is reduced to Equation 2.26: 



We then go back to a simple hear regression method (Equation 2-26), and many negative 
values of O, appear since N is large. This problem was previoudy encountered by Orbey 

and Dealy [XI. 

To understand why the dynamic moduli of the simulated data cannot always be 

regdarized, we need to look at the cornplex viscosiq for that data set (Figure 6.17). It 

appears that the plateau at low fiequency contains essentiai information for the 

regularization method. Thus, as soon as the plateau at low fiequency is tnincated [(10/0), 

(190) and (20/0)], the data cannot be regularized properly. Also, if only the data points of 
the plateau are used (0/20), there is not sufEcient information to h d  a good regularization 
parameter. Similar results will be given in the section about HDPE (Section 6.3 2). 
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FIGURE 6.17 CoanpIex viscosity versus frequenc; for the simulated spectaum. 

NONLINEAR REGRESSION 

Figures 6.18 to 6.20 give the discrete spectrurn infemed ushg nonhear regression 

(IRIS) for tnincation at high fiequency, low frequency and both ends. The results are not 

as good as those for the other two methods, especially at low frequency, but the spectnim 
is reasonably weli recovered. 
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FIGURE 6.18 Impact of time-scaIe truncation at high frequency on the discrete 

speçtnim of simdated data (IRIS). Original spectrum (-1. 
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FIGURE 6.19 Impact of tirne-scale truncation at low frequency on the discrete 

spectnim of simulated data (IRIS). Original spectrum (-). 



6.3.2 HDPE 

I2NEA.R AND NONLINEAR REGRESSIONS 

For the HDPE, there is no "tme" spectrum. We considered the (0/0) spectnim as 

the reference case since according to the previous resuks, it is very close to the "pue" 
spectnun. The data set was tnincated at high fiequency and at low fiequency (1, 2, and 3 

decades were successively truncated), It was also done at both ends. Each decade 

contains 7 points. 

Figure 6.21 presents the relaxation spectnim inferred with the hear regression (LR) 
for tnincation at high fiequency of the HDPE dynamic moduli. The spectra agree 
reasonably weli with the (0/0) spectmm in the case of the linear regression. Of course the 

higher the number of deleted decades, the m e r  the infemed spectnim is fkom the 

reference spectnrm (0/0). In the case of the nonlinear regression (IRIS), the deviation 

nom the reference case was larger (Figure 6.22). 

The recdculated dynamic moduli were compared in all the cases (iinear regression 

and nonlinear regression) with the original moduli. The recalculated moduli were in very 

good agreement with the original data, within the truncated range of fiequency. In most 

of the cases, the moduli are not properly recovered outside this range, as was previously 

dernonstrated [ 1 61. 

Table 6.8 summarizes the behavior of the absolute average deviation between the 

recalculated moduli and the original moduli without tmcation (Tables E.6 and E.7 give 

the numericd values of the average deviation). As expected, the absolute deviation 

increases as the number of tnincated decades increases both with the hear and nonlinear 

regressions. 
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FIGURE 6.21 Impact of tirne-scaie truncation at high frequency on the discrete 

spectrum of HDPE (LR). 
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FIGtTRE 6.22 Impact of time-scale tnincation at high frequency on the discrete 

spectrum of HDPE (IRIS). 
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FIGURE 6.23 ReIaxation spectrum of two other sets of pdyethyiene. 

ETGURE 6.24 Cornparison of the cornplex viscosity of the HDPE, HDPE2, LLDPE 
and polybutadiene samples. 
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LIIWAR AND NONLINEAR REGRESSION 

As in the case of HDPE, there is no "true" spectnim for the polybutadiene. We took 

the (0/0) spectnun as a reference since, according to the previous results, it is very close to 
the "true" spectnim. The data set was tnincated at high fiequency and at low fiequency 

(1, and 2 decades were successively deleted). Tmcation was also done at both ends. 

Each decade contains 6 points. 

Figure 6.25 presents the relaxation spectra inferred using the linear regression CLR) 

for truncation at low fiequency of the HDPE dynamic moduli. The spectra agree 

reasonably well with the (0/0) spectrurn in the case of the hear regression. Of course, the 

higher the number of deleted decades, the fùrther the inferred s p e c t m  is fiom the 

reference spectnun (0/0). Similar results were obtained for the other truncations (hi& 

fiequency and both ends) as well as in the case of the noniinear regression method. As 
was noted before, the nonlinear regression method is usuaily more afZected by tmncation, 

and the deviation nom the reference case is normally larger. 

LRwR (O/O) 

" (O/O) 
(6/0) 

O (12/0) 

V.&W . 
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FiGURE 6.25 Impact of time-scale truncation at low frequency on the discrete 

spectnim of polybutadiene WR). 



Table 6.9 sumarizes the behavior of the absolute average deviation between the 

recalculated moduli and the original moduli without truncation. Table E.8 and E.11 in 

Appendix E give the numerical values of the average deviation. As expected, the absolute 

deviation increases as the number of deleted decades inmeases for both methods- 

1 TABLE 6.9 Summary of the impact of truncation on the absolute average 

1 deviation for recddated dynamic moduli of polybutadiene (LR and IRIS). 

Truncation at hi& o ]AD1 a as tucat ion 71 

Truncation 

Truncation at both ends Consistent 

lADl G'and lADl Gtt 

LINEAR REGRESSION with REGULARIZATION 

It was possible to regularize the polybutadiene moduli, except when two decades of 
data were deleted at low fiequency. By inspecting the complex viscosity curve of 

polybutadiene in Figure 6.23, we can see th5t tthis truncation corresponds to the plateau, 

and as soon as the plateau is rnissing, the regularization parameter becomes too small 
compared to the shgular values, and severai negative elastic moduli appear. 

Figures 6.26 to 6.28 present the impact of truncation on the polybutadiene spectnim 

inferred with the regularization method (LRwR). The spectra are in good agreement. For 

tuca t ion  at high fiequency, the fkst peak is misshg in the spectrurn. This peak 

corresponds to the information contained in the I a s t  decade of the moduli. Since the 

relaxation time range has been widened (Section 6.2), this peak disappears as soon as the 

fkst high eequency decade of data are deleted. 
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FIGURE 4-26 Impact of tirne-scale truncation at high frequency on the discrete 

spectrum of polybutadiene (LRwR). 
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FIGURE 6.27 Impact of the-scale truncation at iow frequency on the discrete 

spectrum of polybutadiene (LRwR). 
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FIGURE 6.28 Impact of time-sde tnincation at both ends on the discrete 

spectnim of polybutadiene (LRwR). 

Table 6.10 summarizes the behavior of the absolute average deviation for the 

recaicuiated dynamic moduli using the spectra in Figures 6.26 to 6.28 (Table E.9 contains 

the numerical values of the average deviation and Table E.10 contains the regulaization 

parameter). As expected, the average deviation inmeases as the number of data deleted 

1 TABLE 6.10 Summary of the impact of truneation on the absolute 

average deviation for recalcuIated dynamic moduii of polybutadiene (LRwR). 
Il 

1 Truncation lADl G' and lADl G" 

Truncation at low w 

Tmncation at both ends 

JADI 71 as truncation 7i 

/AD1 3 as truncation 3 

Rermlarize onlv for (Y01 

Consistent 



The recalculated dynamic rnoduti were compared in all cases (Iinear regression with 
and without regularization and nonlinear regression) with the original moduli. nie 
recalculated moduli were in very good agreement with the original moduli within the 

tmcated range of f?equency. 

6.4. DATA ERRORS IMPACT ON THE SPECTRWM 

nie discrete spectra were calcdated using the dynamic data presented in Section 
5.3 for the HDPE. Only the nonlinear regression method @ U S )  was used to determine 

the discrete relaxation spectra since it gives better results than Iinear regression, and the 

regularization method cannot be used for the HDPE. This section presents the discrete 
relaxation spectnim for each set of dynamic modulus with data error. It is then possible to 

see the impact of gap sue, edge shape, residual stress and temperature on the discrete 

linear spectnun. 

Table 6.11 tabulates the average Werence between dynarnic moduli with data error 

and the reference dynamic moduli previously determined in Section 5.3. This table also 
describes the shape of the curves of modulus as a fiinction of frequency (Figures 5.&, 

5.7b7 5.8b7 5.9b). The ciifference in the gap was 50 percent ( h m  and 1Smm) and the 

temperature diierence was 30°C. 

--- - -- - -  

I TABLE 6.11 Average difference behiveen the dynamic rnoduli with data error and the refereace 

dvnarnic moduli (vaiues of Section 5 -3). 
- -- 

1 Data ~ r r o r l  ~ i f f .m  G' 1 Diff. on G" ( Shape of the diff. 
(%) r 

Gap size impact 27 

Figures 6.29 and 6.3 0 show the impact of gape sue and edge shape on the spectnim 
of EIDPE. We see that in both of these cases the impact on the modulus is larger at short 

, 

(%) -. . -  

27 

Edge shape impact 1 22 

- curve 
Flat 

24 

5 

14 

Residual stress impact 

Tem~erature irn~act 

Flat (increasing at b m g )  

Decreas ing 

Decreasine 

8 

21 



relaxation tirnes and gradudiy disappean at high fiequency. The relaxation times are the 
same as for the reference case and the modulus is only shifted vertically to a lower value. 
The change in gap size results in the larges change in the G' and G' cuves (Table 6.11). 

Therefore, the change in gap size has the largest impact on the relaxation spectmm. 

Although the impact of gap size on the dynamic moduli (Werence cuve) was not a 

fiuiction of fiequency, the impact on the spe- decreased With hcreasing relaxation 
time. 
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FIGURE 6.29 Impact of gap size on the discrete spectrvm of HDPE (IRIS). 
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FIGURE 6.31 Impact of residuai stresses on the discrete spectnun of HDPE (IRE). 
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FIGURE 6.32 Impact of temperature on the discrete spectnim of HDPE (IRIS). 



7. CONCLUSIONS AND RECOMMENDATIONS 

7.1 CONCLUSIONS 

COMPGRLSON OF THE METHODS 

The nonlinear regression and the regularization rnetho d give satisfactory results. 

The h e a r  regression with regdarizaiion gives the smaliest average deviation and permits 
one to obtain a reasonably detailed shape for the spectrum (high nurnber of relaxation 

times). The nonlinear regression gives good results with a small nurnber of relaxation 

times and is thus useful for use in a data bank. The linear regression gives the poorest 
results. 

IMPACT OF POINT DENSITY 

The impact of point density was found to be dependent on the method used to infer 

the spectnirn and the dynamic modulus data (probably the number o f  available decades). 

In general, the impact is s m d ,  and it is possible to obtain good results with a density as 
low as two or three points per decade. 

IMPACT OF TIME-SCALE TRUNCATION 

Many data points can be left out without severely deforming the specmim. This is 
especially tme for linear regression with and without regularization. The spectrum inferred 

with truncated dynamic moduli is generally in good agreement with the one based upon the 
full moduli, if the relaxation tirnes are within the correspondhg frequency range. The 

worst results were obtained with the nonhear regression. Each time the data set was 

truncated, the recalculated spectnim was in very good agreement with the original moduli, 

within the appropriate fkequency range. 



In ail the cases except one, the average deviation increases as truncation increases. 
The regularization method and the nonlinear regression give the smdest deviation, 

although the nonlinear regression method was found to be the most susceptible to 

tmcation. This perhaps means that although IRIS gives very good results froom the 

mathematical point of view (obtaining of a recalculated spectnim as close as possible to 

the original one), it does not always reveal the true spectnim. 

It is often diEcdt and time consuming to obtain experimental values at low 

fkquencies or over a wide range of fkequencies. It is then interesting to know the impact 

of the-scale tnincation. According to the results found on the impact of the-scale 

tucation, we can Say that the specmim inferred within the relaxation times corresponding 

to the experimental fkequency range is usuaiiy reliable. 

It seems that the shape of the dynamic modulus curves has an impact on the abdity 

of certain methods to infer the relaxation spectnim. This was the case for the 

regularization method applied to the HDPE and the simulated data. In those two cases, it 

seems important that the complex viscosity have a plateau at low fiequency. The 

nonlinear regression was perhaps also af5ected by the shape of the spectnim in the case of 

the truncation at low fi-equency, since no clear trend was found. The reason is not the 

same as in the case of the regularization method, since the nonhear method was able to 

handle the HDPE data. The particular shape of the simulated dynamic moduli curves 

probably contains important information for this method. This was impossible to ve* 
since no mathematical information was available. 

IMPACT OF DATA ERRORS 

In the study of data errors, the impact on the dynamic moduii was reflected in the 

spectra. The vertical or horizontal shift found in the dynamic moduli was also found 

qualitatively in the spectra. We can conclude that caiibration problems (vertical shift) or 

temperature pro blerns(horizontal shift) in the dynamic moduli would be carried through 

into the spectra. 



DET'ERMINATION OF THE SPECTRUM 

A number of methods are avdable to infer the discrete and continuous relaxation 

spectra. Some of these are briefiy presented at the end of Chapter 2. It would be 

interesting to do an exhaustive review and cornparison of the methods currently available. 

Some of the methods proposed in the litterature incorporate a constraint that makes use of 
aprion lmowledge about the solution rather than strictly numerical criteria (other than the 

fact that aIf the Gi should be positive). This could be quite useful in a study about tirne- 

scale truncation and data errors. There is still work to do conceniùig the "best" method to 

infer the relaxation spectnim. 

It would be interesting to leam how data errors and tnincation in the discrete 

specmim influence the predidons of a nonluiear viscoelastic mode1 based on the linear 
spectnim. 

DATA ERRORS 

In this work, the effect of data errors was studied in an experimental and empirical 

way only. It would be interesting to analyze the impact of data errors theoretically and 

quantitatively; to do a propagation of error analysis of the measurement process and its 

impact on the relaxation spectrum. 
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APPENDM A 

% The purposs of ihat program is i o  determine N sets of  (G~,LP.MBDAI) using M sets of aata % [G'.îl']. Ïhe M 
values of LAMBDAi are equolly disiiibuted on O logariihmic time scole. % within the range of experinienrcl 
irequencies. The values of Gi ore then determined by a % leasi-squares procedure. using c singular va!ue 
decomposiiïon (ÇVD) methoc. 
% 
% The user eniers the name of the file containing the specirum [G' ,  G"]. the value of N X (number of 
lambdoi wantrd) ana ihe coefficient of variation of the experimentol [G'. G"] % (TOL). The values o i  ine 
discreie specirum [Gi. LAMBDAi] are saved ir! a file named % RESULDAÏ. The program olso recolculok in? 
values of the specirum [G', Gu] and stores % ihem in a file named GREC-DAT. T'ne average absoluta 
deviaiions beiween the recolculoted X spectrum [G', G"] and iha original expêrimenial spacirum [G', Go]  are 
also calculatud. 

pause 
echo off 
cic 

% Loaci files 
trunc=input('Enier a file name i o  convert (without extension): ','sP); 
full=input('Eniar the nome of the file not iruncoted (without exiension): 
irunspec=[trunc,'.dai']; 
fullspec=[fulI,'.dai']; 
evai(['load ', trunspec]); 
evci(['load ', fullspec]); 

% Create matrix WGG 
wgg=eval([trunc]); 
wggnill=eval([full]): 

X M. N cnd tolerance (tol) 
m=length(wgg); 
mrn=length(wggfull); 
n=input('Enier the number of lambda wanied: '1; 
tol=input('Enier the coefficient of variation of ii-ie experirnenial daia: l); 

% Iambdoi minimum and maximum 



for k=2:n; 
g(k)=g(k-~)+((ub(2*m.k)*v(i,k))/(s(k.k))); 

% Display ond scve Gi 
iormoi short e 
disp('Values of Gi: ') 
gg 
save resul.coi lambda qg /ascii 

disp('~umber oi negative Gi: ') 
Rum 

% G' 
for i= 1 :mm; 
dl . 1)=((cjg(1 ,l)*equ*((wggiull(i,l)*lombda(l. 1))-2))/(1 i((wggiull(i,i)*lambdo(l .l))-2))); 
for j=2:n; 

gp(j.1 )=pp(j- 1 ) t((gg(j. l)*equ*((wggfull(i, i)*larnbaa(jr 1))-2)) 
/(1 t((wggfull(i, l)*lambda(j, 1))-2))); 

ena 
q l  L 1  )=qph.l 1; 

end 

p ( 1 .  1)='((qq(1 ,l)*equ*(wggfull(i,l)*lambda(l ,l )))/(l +((wggiull(i, 1 )*larnbda(l .l ))-2))); 
for j=2:n; 

gp(j,l k g p h - 1  ,~)+((gg(j,i)*equ*(wggfull(i,l)*lombda(j,1))) 
/(I i((wqgfull(i. l)*lambdcb, 1))-2))); 

end 
g 2 M  )=gdn,l); 

end 



% Difierence 
for i= 1 :mm; 

dit ï(i, l)=abs(g 1 (il 1)-wggfull(i,2))/wggfull(i12); 
dif2(i,1)=obs(g2(i,l)-wggfull(i,3))/w~çfull(il3); 

end 

% Average Absolute Deviotion 
avg(1 ,l)=mean(difl ); 
ovg(Z,I)=mean(dif2); 

for i= i :n; 
e d l  )=((v(i, 1))~2)/((s(: ,l))-2); 
for j=2:n; 

d J = d j - l  )+(((~(~~j) ) -Z) / ( (s~~j) )nZ)) ;  
end 
erro(i, i)=(sari((io1-2)*(err(n))))/~~(i, 1); 

end 

disp('Error on Gi: ') 
erro 



LlNEAR REGRESSION WITH REGULARIZATION 

% The purpose of thaï progrorn is to determine N sets of (Gi. VIMBDAi) using M sets of data % [G'. G"].  The 
N values of LAMBDAi are equolly distribuied on a loganihrnic time scale, X wiihin the ranqe of experimenial 
frequencies. The values of Gi are then determined by a X least-squares procedure, using a singular value 
decornposition (SVD) method. To select % ihe ime  solution from the set of possible solutions, an additional 
critenon (the % regularization parorneter) is introduce by means of the Tikhonov Regulorization 
method. 

The user enier the nome of the file containing the experimental data [w,G1,G"], the % value of H (number 
larnbdci wcnted), ihe coefiicieni of variation of the experimental 

G'. G" (TOL) and the value of the regularization parameter (IAMBDA STAR). This lasi 
value must be previously colculatea usinq ihe predictive mean-square signal error 
(subrouiine LRwRrnin). 

The values of the discreie specirum [Gi, IAMBDAi] are saved in a file named RESUL-DAT. 
The program also recalculaie the values of the specirum G', G" and stores thern in a 
file named GREC.DAT. Tne average absolute deviotions between the recalculated spectrum 
G', G" und the original specirurn G', G" are also calculated. 

pause 
echo off 
cic 
clear 

% loaa files 
trunc=input('Enier a file name to converi (without extension): ',Y}; 
full=inpui('Enter ihe name of the file without truncaiion (wiihout extension): ll'sl); 
trunspec=[trunc.'.aat']; 
fullspec=[full,'.dat']; 
evol(['loaa ', trunspec]); 
eval(['ioad ', iullspec]); 

% Creaie matrix WGG 

% M. N and iolaronce (tol) 
m=length(wgg); 
rnm=length(wggfull); 
n=input('Enier the number of lambda wonted: '1; 
tol=inpui('Enter the coefficient of variation of the experimental data: '1: 

% larnbdai minimum and maximum 



lombdo(l.1 )=input('Enier lambdoi minimum: '1; 
lambdo(n.l)=inpui('Enier lambdoi maximum: '1; 

% LAMBDA 
decode=logl O(lambda(n,l ))-log 1 O(larnbda(l.1)); 
for i=2:(n-1); 

larnbda(i.l )=lambda(l . l)*lO-((i- l)*(decode/(n-1 ))); 
ena 

% A 
for j=l:rn; 

for i=7 :n; 
aO'.i)=(((wgg(j, l)*lambdo(i. 1))-2)/(wgg(j.2)*(1 t(wgg(j, l)*iambÇa(i.lj)-2))); 

end 
end 
fcr j=l  :m; 

k=j+rn; 
for i= 1 :n; 

end 

% 2m>n (conaiiion necessory to apply SVD method) 
if 2*rn<n; 

for i=(2*rn)+ 1 :n; 
for j= 1 :n; 

o(i.j)=O; 
end 

end 
m=n/2; 

end 

% SV0 method 
[u,s,v]=svd(o,O); 

% UB 
for i=l :n; 

ub(1 ,i)=u(l ,il; 
for j=2:(2*rn); 



ub(j,i)=ub(j- l ,i) tu&); 
end 

end 

% Constant to normalize C i  
equ=log(lambda(n,l )/larnbdo(l .l ))/(n-1 ) 

% Gi 
for i= 1 :n; 

g(? )={(ub(Z*m, 1 )w(i. l))$(s(i , i  )/(((s(I. 4 - 2 )  t x ) ) ) ;  
for k=2:n; 

g(k)=g(k- l)+((ub(2*m.k)*v(ilk))*(s(klk~/(((s(ic,k))2)tx))); 
ma 
gg(i.1 )=g(n)/equ; 

end 

% Dispiay ana Save Gi 
formai shoc e 
disp('Values of Gi: ') 
99 
save resul-aat lambda qg /ascii 

disp('~urn8er of negotiv~ Gi: '1 
num 

for i= 1 :mm; 
gp(1.1)=((gg(1.1 )*eau*((wggfull(i, 7 )*larnbda(l,l))-2))/(1 f ((wggiull(i.1 )*lombda(l ,l))-2))); 
for j=2:n; 



% G" 
for i=l :mm; 

gp(1.1)=((gg(1 ,l)*equ*(wggiull(ill)*lombda(l .l )))/(l t((wggfull(i,l)*larnbda(1,1))-2))); 
for j=2:n; 

gpb, I )=gp(j-l.l)+((gg(j, l)*equ*(wggfull(i. l)*lambda(j, 1))) 
/(l t((wggfull(i, l)*lornbdo(j, 1))-2))); 

end 
g2(i, 1 )=gp(n. 1 ); 

end 

Save grec-dot g l  92 /ascii 

% Difierence 
for i= i :mm: 

end 

% Average Absolute Deviation 
avç(1 ,l )=maan(difl ); 
avg(2,1)=mean(difZ); 

aisp('Averuge Absolute deviaiion: ') 
("4 

PREDlCTlVE MEAN-SQUARE SIGNAL ERROR METHOD 

This subrouiine determines the value of LAMBDA STAR using a predictive rneon-square 
signal error rnetnod. This subroutinr is usêd with the rnoin program LRwR. 

The user musi previously enter the n a m i  of the file containing ine experimenial daio 
[w .G' .G"], the value of N (number of lambdai wanied) and the coefficient of variation 
of the experirnental data G', G" (TOL) before calling LRwR. 



Nome of tne data file containing the experimeniaf 
Coefficient of voriaiion 
Nurnber of lambdai 
LamBdai minimum 
Lambdai maximum 

data 

load simul.dai. 
wgg=sirnul; 
iol=O.O4; 
n=30; 
lambdo(l.l)=0.001; 
lambda(n,1)=100; 

% LAMBDA 
decade=logl O(lambda(n. 1 ))-lcgl O(lûrnbaa(1 J)); 
for i=2:(n- 1); 

lambdo(i, l )=lam~da(l  , l  ) * l  O-((i-l)*(deccde/(n-1 ))); 
end 

% A 
for j= 1 :m; 

for i= 1 :n; 
dj,i)=(((wqg(j. 1 )*lambda(i.i ))-2)/(wgg(j12)*(i i(wgg(j,i )*larnbdo(i.l ))-2))); 

end 
en 8 
for j=l:rn; 

k=jtrn; 
for i= 1 :n; 

o(k,i)=((wgg(j, 1 )*iombda(i11))/(wgg(j.3)~(i t(wgg(j, l)*iambda(i. 1))-2))); 
end 

end 

% 2m>n (condition necessory io apply SVD rnethod) 
if 2*m<n; 

for i = ( b m ) i  1 :n; 
for j=l  :n; 

a(i.j)=O; 



end 
end 
m=n/2; 

end 

% SVD metnod 
[u,s.v]=svd(afO); 

ZUB 
for i= ? :ri; 

UD(I j)=u(i ,il; 
for j=2:(2*m); 

ub(j,i)=ub(j-1 ,i)+u(j,i); 
end 

ena 

f i  (l )=((x-2)/(((s(i ,1)-2)f x)-2)*(ub(2*mf1)-2)); 
for i=2:n; 

f i  (i]=il (i-l)t((x-2)/(((s(i,i)-2)s~)-2))*(ub(2*mfi)~2); 
eno 

f2(1 )=((s(l , 1)-2)/((s(l ,l )-2)+x)); 
for i=2:n; 

fZ(i}=iZ(i-1) t((s(ï,i)~2)/((s(ifi)-2) t x ) ) ;  
enc 

y=f 1 (n) t (2*(io1-2)*f2(n)); 



APPENDM B 

1 TABLE B.1 Simuiated larage moddus (O), lors madulus (B1) 

and corn1 

O [radfs] 
1.OOE-03 
1 -6 1E-03 
2-59E-03 
4.18E-03 
6.72E-03 
1 -08E-02 
L -74E-02 
2.8 1E-02 
4.52E-02 
7.28E-O2 
1.17E-O1 
1.89E-O 1 
3.04E-O 1 
4.89E-O 1 
7.88E-O I 
1,27E+00 
2.04E+OO 
3.29EMO 
5.3 OEMO 
8.53E-f-00 
l.37E+O 1 
2.2 1E+O 1 
3 .56E+ûl 
5.74EW 1 
9.24E-f-0 1 
1.49E-CO2 
2.40E-f-02 
3.86EM2 
6.2 1E-t-02 
l.OOE+O3 

x viscosity (q* 

(7' Pal 
7.98E-05 
1.99E-04 
5.17E-04 
1.29E-03 
3 -3 9E-03 
8.09E-O3 
1.64E-O2 
3.59E-02 
6.48E-02 
1.13E-O1 
1.73E-0 1 
2.4'TE-O 1 
3.16E-O1 
3.78E-O 1 
4.10E-0 f 
4.88E-0 1 
5.13E-0 1 
5. XOE-OZ 
5.67E-O 1 
6.60E-0 I 
7.18E-O 1 
7.07E-0 1 
8.24E-O 1 
9.2OE-0 1 
8.54E-O 1 
9.17E-01 
9.74E-O 1 
9.57E-01 
1 .OOE+OO 
9.79E-01 

f the hypothetic 
G" [Pa] 

4.12E-03 
6.96E-O3 
9.69E-03 
1 -79E-02 
2-43E-02 
3 -8OE-O2 
6.22E-O2 
8.59E-02 
1.18E-01 
1.45E-O 1 
1 -80E-0 1 
1.90E-0 1 
1.97E-O 1 
1.67E-O 1 
1.52E-0 1 
1 -4OE-O 1 
1.37E-01 
1.47E-O 1 
l.6OE-O 1 
1.67E-O 1 
2.09E-0 1 
1.82E-0 1 
1.93E-O I 
1.45E-0 1 
1.23E-O 1 
9.1 OE-02 
5.32E-02 
4.03E-02 
2SOE-O2 
1.73E-02 



1 TABLE B.2 ~xper imeni  storage madulus (Q), losr maddvs (G") 

B oiy butadiene. 

TI* p a l  
13 873 -62 
13791.80 
13740- 18 
13606.26 
13494.74 
12980.30 
12201.70 
10671 ,O5 
9087.07 
7322.76 
5554.63 
423 5 -47 
3 147.32 
2332.18 
1692.79 
1242.3 8 
887.06 



SAMPLE PREPARATION METHOD ~0.1 

(Slow process - Iow residual stresses) 

a) Heat the hydraulic press to 1 go0 C (wait for constant temperature) 

b) Place the mold filled with polymer pellets between the plates of the press 

c) Heat 10 minutes (or until the temperature reaches 190°C) 

d) Press slowly up to 10 000 pounds of pressure 
e) Wait 10 minutes (keep pressure constant) 

f) Press slowly up to 20 000 pounds of pressure 

g) Wait 10 minutes (keep pressure constant) 

h) Cool down (keep pressure constant) 

SAMPLE PREPARATION METHOD N0.2 

(Fast process - high residual stresses) 

a) Heat the hydraulic press to 190°C (wait for constant temperature) 

b) Place the mold med with polyrner pellets between the plates ofthe press 

c) Heat 10 minutes (or until the temperature reaches 190°C) 

d) Press quickly up to 20 000 pounds of pressure 

e) Cool down immediately (keep pressure constant) 



TABLE 
, O [rads] 

5.00E-Of 
6.95E-02 
9.65E-O2 
1 -34E-O2 
1 .SE-02 
2.59E-02 
3.60E-0; 
5. OoE-or 
6.95E-02 
9.65E-02 
1 -34E-0 1 
1.86E-O1 
2.59E-0 1 
3.60E-O 1 
5.OOE-O 1 
6.95E-0 1 
9.651%-O 1 
1.34EWC 
1.8m+OC 
2.59E-tOC 
3 -6OEWC 
5 .OOE+OC 
6.95EWC 
9,65E+ûC 
1.34EW I 
1.86B-01 
2.59EN 1 
3.60EW 1 
5.0OEW 1 
6.95EWI 
9.65Et-01 
1 .MEN2 
1.86E+Oî 
2.59EW2 
3.60E+02 
5 .OOE+û2 

noddi for the HDPE. 



TABLE D.2 Experixnentai storage moddus (G), Ioss modulus (G") 

and comdex viscosity (q*) of LLDPE. 

II 



TABLE D.3 Experimental storage modulus (G'), loss moduIus (G") 

o @ad/sJ 
1 .OOE-02 
1 -59E-O2 
2.5 1E-02 
3.98E-02 
6.3 1E-02 
1. OOE-O 1 
1.59E-O 1 
2.5 1E-O 1 
3.98E-0 1 
6.3 1E-O 1 
I .OOEcnO 
1.59ECnO 
2.5 lE-t-00 
3.98ECnO 
6.3 ZEN0 
1 -OOE+O 1 
1 SgE+Ol 
2.5 1EM1 
3.98E+û 1 
6.3 1EW 1 
1 .OOE+02 

s (q*) of HDPE 
G" Pa]  

* 
7.1 1E+02 
9.28EM2 
1.3 9EH3 
1.94EW3 
2.6=+03 
3 -6 lEW3 
4.9 lEH3 
6.5 lE+03 
833303 
1.1 1E-i-O4 
1.42E+04 
1.8 lE+O4 
2.27W4 
2.8 lEM4 
3.44E+04 
4.17l3-04 
5 .O 1E+04 
5.97E+04 
7.06E+04 
8.3 OEH4 
9.71E+04 



1 TABLE E.1 Values of the regularization parameter as a funetion of 

point density for the polybutadiene and the simuiated data. 

Dmarnic Moduli 1 Poinits/decade A* 
Po lybut adiene 

Simulated data 

TABLE E.2 Impact of truncation on the absolute average deviation 

for recalcul atec 

Tnuication 
(O/O) 

(W 
(O/ 1 O) 

(0/15) 

(0/20) 

(510) 
(1 O/O) 

(15/0) 

(20/0) 

(515) 
(10/10) 

(1 O/5) 

(Y1 O) 

(1 0/15) 

dynamic moduli of simulated data (LR). 

lADl G' IADl G" 



1 TABLE E.3 Impact c ~f truncation on the absolute average deviation 

ed data (LRwR). 

IADI G" 

1 function of truncation for simuiated data. 



1 TABLE E.5 Impact of tnmcation on the absolute average deviation 

ted data (IRIS). 

IADI G" 

-- - -- -- - - - 1 TABLE E.6 Impact of truncation on the absoIute average deviation 

for recalcuiated d amic moduli of 

i DPE CR), 

IADI G" 



TABLE E.7 Impact of tnincation on the absolute average deviatiori 

for recalculated dynamic moduli of HDPE (IRIS), 

Truncation IADl Gr IADl G1' 

1 TABLE E.8 Impact of mincation on the absolute average denation I 



TABLE E.9 Impact of truncaîion on the absolute average deviation 

1 TABLE E.10 Regularization parameter as a 1 
function of tnincation for polybutadiene. 

Truncation 1 

1 TABLE E.11 Impact of truncation on the absolote average denation 

for recdculated dynamic moduii of polybutadiene (IRIS). 

Trmcation 1 lADl Gr lADl G" 
@/O) 1.18 1.23 



IMAGE EVALUATION 
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