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Abstract 

Necessary and Suficient Conditions so that a 

Commutative Ring Can be Embedded Into a strongly x-regular Ring. 

Anthony Philippoussis 

If R is commutative ring then R can be embedded into a strongly n-regular ring if 

and only if there exists a set o f  prime ideak Y = (P,)a€A and for each Pa, a P, -prima- 

ideal Qu such that: 

1) Y is closed in the patch topoiogy on Spec R. 

11) R ,Q,, = W t  . 

III) for each a E R there is n(a) E N such that for n > n(a), {Pu i Pu E Y and 

an F Qu j is patch open in Y. 
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In this thesis al1 rings wîI1 be assumed to have 1 * O and that in al1 chapters, except 

chapter 2, a11 rings will be assumed to be commutative. 

A ring S is said to be strongly x-regular if for every a E S there exists n 2 1 such that 

an c an% It can equivalently be defined as S is strongly rr-reguiar if for every a E S there 

exists n 1 and b E S such that an = an-'b. G. Arumaya [2], W. D. Burgess, P. Mena1 [5] .  

M. F. Dischinger [6] and Y. Hirano [7] have proven several properiies of strongly n-regular 

rings using one or the other of the definitions above. The proptxties, necessary for the 

resdts of this thesis, are proven herein. 

Two other ideas that are important in getting the desired result are that of patch R 

and the universal regular ring of R. The properties and the relations between patch R and 

Spec R were proven by M. Hochster [12]. Hochster showed that patch R must be the 

spectrum of some ring, which he described. Some of these properties will be used and 

proved in this thesis. The second idea - that of the universal regular ring of R -, its properties 

and its relation to patch R were proven by R Wiegand 1241 using the ring that Hochster 

found. Wiegand showed that Hochster7s ring was a regular ring, that every homomorphisrn 

from R into a regular ring factors uniquely through cp, where Q is the map fiorn R into the 

ring found by Hochster. So that ring must be the universa! regular ring of R. 



Chapter I 

Definitions and Theorems 

Definition 1.1 : Let R be a ring. A right R-module is an Abelian group M together wi-th a 

map MxR-M written (x,r)-xr, such that for a11 x, y E M and r, s E R 

a ) ( x +  y ) r = x r + y r ,  

b) x (r +- S )  = xr + XS, 

c )  X ( r s )  = (xr) S, 

d) xl = x. 

Definition 1 -2: Let A and B be two rings. M is an A-B-bimodule if M is a left A-module and 

a right B-module (with the same underlying additive group), such that (ax)b = a(xb) for 

a ~ A , x ~ M a n d b f B .  

Definition 1.3: Let M, N be R-modules. A map a:M-N is an R-linear map if for x, y E M, 

 ER 

a) a(x -+ y) = a(x) + a@), 

b) a(xa) = a(x)a. 

Definition 1.4: Let <p be a homomorphism q:R-R', the dominion D = D(+,R) is the largest 

subring of R' such that W Va,$:R'-R" if a,, = 8 ,  irnplies that aD = BD. 



Definition 1.5: Let cp be a homomorphism pR-R'. cp is an epimorphism if 

WX" Va&:R1-RI1 acp = Bq implies a = B. 

Definition 1.6: A maximal epimorphic extension of (p, E = E(qJ2') is the largen subring 

of R' such that q:R-E is an epimorphism. 

Definition 1.7: Let M be an ideal of R, M + R. M is caIled a Maximal ideal if M r 1 Ç R 

then I = R or 1 = M for al1 1 ideal of R. 

Definition 1.8: Let R be a ring, the intersection of al1 maximal ideals of R is called the 

Jacobson radical of R and denoted J(R). 

Definition 1.9: P is said to be a prime ideal of R if 

a )  P * R, 

b)vx,y E R x,y e P => xy G P. 

Definition 1.10: Let R be a ring a E R is called nilpotent if 3n an = O. 

Definition 1.1 1 : The nilradical of R is the set of al1 nilpotent elements of R and will be 

denoted by nil(R). It is also the intersection of al1 the prime ideals of R. 



Definition 1-17: Q is said to be a primary ideal of R if 

a) 1 @ Q, 

b ) f o r q y ~ R ,  if x y ~ Q a n d x e Q t h e n 3 n M y " ~ Q .  

Definition 1.13 : A ring is Noetherian if every ideal is finitely generated. 

Definition 1 - 1  4: A ring is Local if it is Noetherïan and has exact1 y one maxima1 ideal. 

Definition 1.15: Let R be a ring S ç R is a multiplicative set if 

a ) x . y ~  S = - E  S, 

b) O G S, 

C )  1 E S. 

Definition 1.16: Let R be a ring and S a multiplicative set. Let F={(r,s) 1 r E R and s E S)  

( r , ~  j - (r',st) - (rs' - rts)t = O for some t e S. The equivalence classes of (r,s) will be denoted 

by r/s and S-'R the set of equivalence classes. Note that S-IR is a commutative ring with 

operations r/s + r'/st = (rs' + r's) / ssf and (r/s) (r'/sf) = rr'/sst and is caIled the localization of 

R and denoted by Rs 

Definition 1.17: Let R be a ring, a E R is a zero divisor if there is a, b * O such that ab = 0. 



Definition 1.18: Let R be a ring and A the set of al1 non zero divison of R then the classical 

ring of quotients of R, Q,(R) = RA. 

Definition 1.19: A ring R is called regular if V ~ E R  3 x ~ R  such that r = rxr. 

Definition 1.20: Let R be a ring and q : ~ - R  then fi is called the universal regular ring of 

R if for every homomorphism from R into a regular ring factors uniquely through cp. 

Definition 1.7 1 : A ring R is strongiy s-regular if for every a E R there exists n 1 such 

that an E an"R. 

Definition 1.22: A commutative ring R is x-regular if every pnme ideal of R is maximal. 

Definition 1.23: Let R be a ring. The supremum of the lengths r taken over al1 strictly 

decreasing chains P = Po 2 P, 2 Pz 3 ... 2 Pr of prime ideals of R is called the Kru11 

dimension and it is denoted by dim(R). 

Definition 1.24: The set of al1 pnme ideals of a ring R is called the Spectrum of R and 

written Spec R. 

Definition 1.25: Let R be a commutative ring, then B(R) = ( e  E R 1 e2 = el.  



Definition 1.26: Let a, b E B(R) then a v b = a + b - ab. 

Definition 1.27: 0 + 1 c B(R) is called an ideal of B(R) if for a b E 1 

a) a v  b E 1, 

b) ac = c then c E 1. 

Theorem 1.28: If  1 is an ideal of R then 1 n B(R) is an ideal of B(R). 

Proof 

a) Let a, b E 1 n B(R) then a + b - ab E I so a v b E 1 and (a v b)' = (a + b - ab)' = 

a2 + ab - aab + ba + b2 - bab - aba - abb + (ab)' = a + ab - ab + ab +b - ab - ab - ab + ab = 

a - b - a b = a v b s o a v b ~  InB(R).  

b ) L e t a ~  InB(R)andc~B(R)such tha tac=c .  a ~ I s o c = a c ~ I .  a , c ~ B ( R ) s o  

(ac)' = acac = aacc = ac so c = ac E B(R). This shows that c E 1 n B(R). 

Theorern 1 -29: If 1 is an ideal of B(R) then RI is an ideal of R. 

Proof: 

a) Let a, b E R and e, f E 1 then ae, bf E Ri and (ae + bf)(e v 9 = (ae +- bf)(e +f - ef) 

= aee + aef - aeef +bfe + bff - bfef = ae +aef - aef + bfe + bf - bfe = ae + bf. But (e v f) E 1 

and (ae + bf) E R. So (ae + bf) = (ae + bf)(e v f) E RI. 



b) Let a, c E R and e E 1 so that ae E RI then c(ae) = (ca)e but ca E R so (ca)e E RI 

and therefore c(ae) E RI. 

Definition 1.30: Let R be a ring and M E Spec B(R) then the Pierce stalk at M is FURM. 

Definition 1.3 1 : Let A be a set and T a set of subsets of A. T is called a topofogy and the 

elements of T open sets if it satisfies the following conditions: 

a) any union of open sets is open, 

b) the intersection of two open sets is open, 

C)  the set A and the empty set are open. 

Definition 1-32: C G A is called closed if C\A is an open set. 

Definition 1.33: K r A is called clopen if K is both closed and open in A. 

Definition 1.34: Let X be a topologkal space and x E X then a neighbourbood of x, N(x), 

is a set containing an open set containing x. 

Definition 1 -35: A topological space is called compact if every open cover possesses a finite 

subcover. 



Definition 1 -36: A topologicd space is called Hausdorff if for any two different points a b 

there exists N(a) and N@) such that N(a)nN(b) 4. 

Definition 1.37: Let X and Y be topological spaces. A map fX-Y is called continuous if 

the inverse image of an open set in Y is always open in X. 

Definition 1-33: A bijective map fX-Y is called a borneomorphism f and f- '  are both 

continuous. 

Definition 1.39: Let A be a subset of a commutative ring R. V(A) ={P E spec R i A E PI and 

D(A) = (Spec R) \ V(A). 

Theorem 1 -40: F = { D(I)l 1 an ideal of R) forms a topoiogy on spec(R) called the Zariski 

topology. To prove this we must show that F satisfies al1 three propeties of a topology. 

Proof 

a) Let { I , } a ~ h  be a set of ideals of R (not necessanly countable). 

m(1,) = U ((Spec R) \ V(1,)) = (Spec R) \ ~V(1,) = (Spec R) \ V(E1,) since XI, is an ideal 

of R there is 1 an ideal of R such that UD(Ia) = D(1). 

b) Let 1, J be ideals of R. V(1) u V(J) = (P E spec R 1 IcP) u (P E spec R ] J 1  P] = 

( P  E Spec R 1 1 s P or J E P)= V(I n J) but I n J is an ideal of R so there is K an ideal of R 

-8- 



such that D(1) n D(J) = (spec R) \ (V(1) u V(J)) = (spec R) \ V(K) = D(K). 

C) D(R) = spec R since R a P. Since ( O )  is an ideal of R and for any P O G P 

D(0) =0. 

Definition 1.41: Let X be a topological space. A set 3 of open sets is called an open 

subbasis for the topology if every open set is a union of finite intersections of sets in £3. 

Definition 1 -42: Let R be a ring and X = Spec R then a new topology, called the patch 

topology, is created by taking al1 compact open sets of X and their complements as an open 

subbase. 

Definition 1.43: Let R be a ring, then patch R is spec R with the patch topolog. 



Chapter II 

if a commutative ring R can be embedded iato a strongly n-regular ring S 

then it can be embedded into a commutative strongly n-regular ring 

In this chapter (and only in this chapter) the term Ring will be applied to any ring 

(commutative and non-commutative), and commutative ring for any ring that must be 

commutative. If  a commutative ring R c m  be embedded into a strongly ~regdar  ring S. 

it will be s h o w  that the condition that S is strongly x-regular implies that there must be a 

strongly n-regular commutative ring T such that R c m  be embedded in T. 

This rnust be proven since comrnutativity does not necessady get transmitted by the 

function of embedding. One such example is the ring W, which is a commutative ring and 

can be embedded into M2 = (the ring of al1 2x2 matrices) by q:B-MZ where a E W and 

M2 is not commutative but W is. 

Lemma 2.1 : Let R be a ring ifs, x E R 3 sn = sn-l x then sn = s2" xn. 



= s(sn- ' x)x 

= s2 sn 2 Continuing in the sarne way 

Lemma 2.2: Let R be a ring. I f  a, b, c E R and a'= aF1b and bm = bm-'c. then there exists n 

such that an = an"b and b" = bWLc. 

Proof am-' = ama' = ama"b = am-'lb and bpm = b'bm = b'bm-'c = bm-'c so by Iening 

n = r +  = m + r, a" = an-'b and b" = W-'c. 

Lemma 2.3 : [rnost of this proof came from 61 Let S be strongly n-regular then YSES 3nr 1 

3 x 6  3 sn = sn-lx and snx = xsn 

Proof: Let s' y, z E R such that sn' = s''y and y' = There is no problem for the 

two equations to have the same exponent because of lemma 2.2. Choosing a = s: b = f1 

c = zr and by lemma 2.1 a = a2b and b = b'c. Let d be such that (c - a)' = (c - a)"d. 

3 2 ac = a2bc = a(a2b)bc = a (b c) = a(a2b) = aa = a2 so a2 - ac = O ( 1  ) 

abc = (a2b)bc = a2(b2c) =azb = a (3 )  

Using(1) (c -a ) '=c2-ca-ac+aZ=&ca=c(c-a)  (3) 



Using ( 1 ), (2) and (3) aWc - a)' = abc(c - a) = a(c - a) = ac - a' = O 

Using b2c = b and (3) b2(c - a)2 = b2c(c - a) = b(c - a) 

Using ( 5  ) repeatedl y bm(c - a)" = bm"(c - a)"" = ... = b(c-a) for any m 

Using ( c  - a)"d = (c - a)' and (6) br(c - a)"d = br (c  - ar = b(c - a) 

Using (6) and (7) b2(c - a) = bpi (C - a)rld = WC - a)d 

Using (4), (5) and (7) ab(c - a) = ab' (c - a)"d = ab(c - a)2d = Od =O 

Using (8) and ( 9 )  O = ab(c - a) = ab(c - a)d = ab2(c - a) 

Using b = b2c and (10) ab2a = ab'c = ab 

Using (2) and (9) aba = abc = a 

Using ( 1 1 ) and ( 1  2 )  a = aba = (ab)a = (ab2a)a = ab2a' 

By ( 1 3 ), and retuming to our original notation sr = s'a" s2' = sr alr sr-] sr-' . Multiplying 

a s ~ I  +?ra2r Sr-1 = SrarSr-I = SS2iar sr-I = on the nght by s: s2' = sra2's" ?". But s2" ' 'l = 

SSy' = s2'. So if n = 3r and x = sra2's" then sn = xsrL = sn-lx. 

for x and n as chosen above sn x = (xs"' )x = x(sn-' x) = xsn 

Lernma 1.4: [2] Let S be strongly R-regular and s E S. Then 3n> 1 and a unique x E S such 

that sn = s2" x, sx = xs and x2 sn = x 

Proof: By lemma 2.3 3 y ~ S  sn = sn- ' y and sn y = ysn Let x = f sn y" 



x' sn = u s n  = (y" sn f') (y" sa y") sn 

= f s n y y ( s a y " )  By lemma 2.3 

=y'snfy"sn Bq' lemma 2.1 

=fsn\rsny" By lemma 2.3 

= y" (s2" y') y" By lemma 2.3 

=Ysn- By lemma 2.1 

- - .Y. 

Assume that there is x, y E S such that x and y satis- the equations. 

Therefore x = y and the solution is unique. 



Lemma 2.5: Let ( Sa) ,, be a set of strongly K-regular subrings of a ring R. Then S = n S, 

is strongly rr-regular. 

Proof Let s E S and fix a E A then there is an n>O and x E Sa such that it satisfies 

Iemma 3.4. 

Now consider Sp, sn E SB since s E Sp- By lemma 1.4 3m>l 3yeSp (sn)" = (sn)'" y. 

(sn)y = y(sn) and 9 (9)" =y. 



Lemma 1.6: Let cp:R-T be a hornomorphism with dominion D, then the following properties 

of  t E T are equivalent: 

a) t E D. 

b) I f  M is a T-T-bimodule and x E M has the property that rx = xr for al1 r E R then 

tx = xt. 

c)  t d = I ~ t  in T@,T. 

d) If  M and N are right T-modules and a: M-N is R-linear, then a( xt )=a(x)t VXEM. 

Proof 

a)  - b) Let sS: T - P M  as a(b) = (b.0) and Wb) = (b,bx - xb). Both a and B are ring 

hornornorphisms, and acp = fkp by the hypothesis on x. So if t E D, then (t,O) = a(t) = Kt) = 

( t ~ x  - xt) and hence O = tx - xt so tx = st. 

b) - C) T o ~ T  is a T-T-bimodule and take x = 1 B 1 which is the multiplicative identity 

in T B ~ T S O  by b tel = t ( I ~ l ) = t x = x t = ( l ~ l ) t =  Iat. 

c) - d) Define fi:TaRT-N as B(b~b')  = a(xb)bf. This is well defined because a is 

R-linear. a (x t )=a(xt ) l  =B(t@I) =B(l@t)=a(xI) t  =a(x)tsince ta1 = l ~ t b y  c) .  

d) - a) Let a$: T-T' be hornornorphisms such that acp = Bq. If T is considered as 

a right T-module by means of f3, then a becornes an R-linear map. But then a(t) = a( 1 t) = 

a(I)B(t) = Nt). Therefore t E D. 



Lemma 2.7: [5] Suppose R-T is a homomorphism with dominion D. I f  for any a E D there 

is b E T satismng ab = ba, a = a% and b2a = b then b E D. 

Proof Note that x E D if and only if 1 a x = xs l  in TBT (by lemma 2.5). From 

a=a2banda * Owegeta(1 - a b ) = a - a % = ~ s o ( a @  1)(1 -ab)=a( l  - a b ) d  = 0 d = O  = 

I ~ a ( , l  - ab) = ( 1 ~  a)(l -ab). Since a * O 18 a * O hence 1 - a b  = O and ab = 1. So 

a@ 1 = aaab and bae 1 = baeab. From ab = ba and a sirnilar argument we get baa l=l  B ba 

so ba E D. Let ab:T-T such that a, = 8,. 

a(b) = a(b2a) 

= a(b)a(ba) because a is a homomorphism 

= a(b)j3(ba) since ba E D 

= a(.b)8(ab) since ba = ab 

= a(b)$(a)Nb) since B is a homomorphism 

= a(b)a(a)B(b) since a E D 

= a(ba)B(b) 

= B(ba)B(b) 

= P(bab) 

=P( b'a ) 

=Rb). 

So a(b) = Nb) and therefore b E D. 



LemmaZ.8: D(9,T) = T if and only if T is an epimorphic extension of R 

Pl00f 

- Let af3: T-T and aq = Bq then a(t) = Nt) for al1 t E T. But T is the whole domain 

of s f i  therefore a = B and T is an epimorphic extension. 

- Let T be an epirnorphic extension of R and aq = f3<p then a = f3 but since t E T is 

in the domain of a, f3, a(t) = Kt) so that T = D(q,T). 

Theorem 2.9: Let R be a ring and S a strongly x-regular ring q:R-S be a ring 

homomorphism. Then D = D((p,S) and E = E(cp,S) are strongly x-regular. 

Proof Since D ç S for d E D 3n>O 3 x ~ S  with d" = d2"x, dx = xd and x'd" = x by 

lemma 2.4. However, if a = d" and b = x in lemma 2.7 it shows that x E D, hence D is 

strongl y n-reguiar. 

Let Do = D and for an ordinal a, Da+, = D((p,.û,). This definition pemits the creation 

of the chain R s ... s D, E D2 L; D, c Do = D which shows that for some r D, = D,,, and 

E = D, = m, and by lemma 2.7 E is strongly x-regular. 



Lemma 2.10: Let R be a commutative ring and E an epimorphic extension of R, then E is 

commutative. 

Proofi Let D = D(cp,E). E is an E-E-bimodule and for each x E R s E xr = rx for al1 

r E k since R is commutative. But this means by l e m a  2.6 that for al1 d E D and ail x E R 

dx = xd. But E is an epimorphic extension so D = E by lemma 2.8. Therefore for al1 b E E 

a n d a ! l x ~  R bx=xb. 

But this means that for each x E E xr = rx for al1 r E R by above. Hence by lernma 

2.6 for al1 d E D and al1 x E E dx = xd. Since D = E by lemma 2.8 v x , b ~ E  bx = xb. 

Therefore E is commutative. 

Theorem 2.1 1 : If R is a commutative ring and Sr a strongly x-reguiar ring Q:R-Sr then there 

is S a strongly x-regular ring thar is commutative and cp(R) r S. 

Proof E is such a ring by theorem 2.9 and corollary 2.10. 



Chapter Iïl 

If R is a commutative ring 

tben R is strmgly r-regular if and only if R is %-regular 

Lemma 3.1: Let R be a ring, if  V ~ E R  3112 1 3beR an = aW1b, then VI VUERD a is a zero 

divisor or a is a unit. 

Proof: If a E FUi then 3 a ~ R  a = a + 1. Let n and b be such that an = an% 

(a + 1)" = an + 1 By multiplication in R/I 

= an-'b t 1. 

This implies that 1 = (an + 1) - (a"' b + 1)  = (an - an" b) -+ 1 = an (1  - ab) - 1. So 

an (1 - ab) E 1. This means that an + 1 is a zero divisor o f  RA or that 1 - ab + I = 1. 

The first pssibility is that an + 1 is a zero divisor of R/I. then (a +- 1)" is a zero divisor 

of RII. And consequently a + 1 is a zero divisor o f  RD. 

The second possibility is that 1 = ( 1 - ab) + 1 = ( 1 + 1) - (ab + 1). This results in 

1 + I = I + ( a b + I ) = a b + I =  (a+I)(b+I)whichmeansthata+IisaunitofR/I.  

From these two possibilities it can be deduced that VI Va€R/I a is a zero divisor or 

a is a unit. 



Lemrnaj.2: Let R be a ring. EVI V a d ü I  a is a zero divisor or a is a unit, then every prime 

ideal of R is maximal. 

Proof Let P be any prime ideal of R, a E R/P and a, b E R such that a + P = a and 

(a + P)(b + P) G P. This means that ab + P G P and that ab E P but since P is a prime ideal 

a E P or b E P. Therefore the only zero divisor of R/P is the O and every other element of 

R P  is a unit, demonstrating that R/P is a field and that P is a maximal ideal. 

Lemma 3.3: Let R be a ring. If every prime ideal of R is maximal then: 

a) J(R) = nil(R). 

b)  R/J(R) is regular. 

b) R/J(R) = X,,, lUM, but WM, is a field so eveq element is a unit. So R/Ma is a 

recplar ring and R/M, is regular and consequently R/J(R) is regular by isomorphism. 

Lemma 3.4: Let R be a ring. If J(R) = niI(R) and R/J(R) is regular, then 

V ~ E R  3ysR an = an-' y. 

Proof: Let a E R, then, by the regularity of R/J(R), a - awa E J(R) for some w E R. 
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But this implies that (a - awa)" = O for some n. So O = (a - awa)" = an - Ey, for i from I to n 

but each yi = an-' x, for some x, E R. So O = an - a"'Ix, and an = an-' x where x = 1%. 

Theorem 3.5: For a commutative ring R, R is K-regular if and only if R is strongly ic-regular. 

Proof 

If R is strongly x-regular, then by lemma 3.1 and 3 -2 R is n-regular. 

If R is x-regular, then by lemma 3.3 and 3.4 R is strongly x-regular. 



Chapter IV 

Spec R patch R and 

This chapter will deal with theorems on Spec R, patch R and R, It will also deal 

with the relationship between these three concepts. It should also be noted that in this 

chapter al1 nngs will be assumed to be commutative. 

Lemma 4.1 : Let a E R then D(a) = D(aR) = (P E Spec R ( a e PI is an open set of Spec R. 

Furthemore the set of al1 D(a) foms a basis for Spec R. 

Proof Since R is never a subset of P aR E P - a E P, which means that V(a) = V(aR) 

and, furthemore, D(a) = D(aR). Since aR is an ideal, D(a) is an open set in spec R. But 

either a E P or a B P and it cannot be both, so D(a) = (spec R) \ V(a) = (P E spec R 1 a e P J . 

D(a) ri D(b) = D(ab) because of the properties of prime ideals. D(0) 4 and 

D( 1 ) = Spec R. D(1) = D(Q,, {aR] ) = U D(aR) = U D(a). 

Lemma 4.2: Let R be a nng and M is a maximal ideal of R if and only if M/nil(R) is a 

maximal ideal of R/nil(R) 

Proof 

-Since nil(R) r M, M/niI(R) is an ideai of R/nil(R). Le; 1 be an ideal of R/nil(R) 



such as M/nil(R) s 1. This implies that there exists J an ideal of R such that J/nil(R) = 1. 

Since M/nil(R) G J/niI(R) and M is maximal J = M or J = R which implies that 1 = M/nil(R) 

or I = R/nil(R). So M/nil(R) is maximal in R/niI(R). 

- Let M/nil(R) be a maximal ideal, then M is an ideai ofR. Suppose M s 1 an ideal 

of R, then Vnil(R) is an ideal of R/nil(R). But M/nil(R) is maximal, so M/nil(R) = Vnil(R) 

or R/nil(R) = Vnil(R). This implies that 1 = M or I = R. Therefore M is maximal. 

Lemma 4.3: Let S be a strongly K-regular then Spec S is homeomorphic to Spec (S/J(S)). 

Proof: S/J(S) is regular by lemma 3.3 so S/J(S) is strongly ir-regular. By lemma 4.7 

we can define a bijective function Q that takes the prime ideals of Spec (S/J(S)) and maps 

them to the prime ideals of Spec S. Furthemore this function is a homeomorphism since 

for a E S. D(a) is mapped to D(a + J(S)) and vice versa. 

Lernma 4.4: Let ZSpec R - R such that if Y is a closed subset of Spec R .TY)  is the 

intersection of the prime ideals that belong to Y. I f  1, J are two ideals of R then 

V(1) r V(J) - rad(I) 2 J - rad(1) 3 rad (J). 



Theorern 4.5: For a E R, D(a) is compact. In particular Spec R is compact. 

Proof Since these sets fom a basis in Spec R it is sufficient to show that, if (bi) c R 

such that D(a) c U D(bi), then there is fbn] r {b,) such that (4: is finite and Dfa) E U (bn). 

Let Dfa) E U D(bi), then f l  V(bi) s V(a) and, furthemore, V((bi) ) s V(a). Using lemma 4.4: 

it can be seen that a must be in the radical of the ideal generated by the b,'s or that am for 

some rn? 1 is in the ideal generated by the b:s. This c m  be restated as am = 1 g bi for g, E R 

but then there must be (b,) s (b,: which is a finite set and E R such that am = h, b,. 

This implies that V(a) = V(am) 2 V((b,)) = n V(bn) for {b,.,) finite. Or, to conclude. 

D( a) ç U D(b,,). 

Since D( 1 ) = Spec R, and by the first part of the proof, Spec R is compact. 

Lemma 4.6: [12] Let R be a ring, then patch R is Hausdofi 

Proof Let P and Q be two different prime ideais of R and a E P\Q (if P r Q, then 

interchange P and Q). Then P E V(a) and Q E D(a), but D(a) is a compact open set o f  Spec R 

(by lemma 4.5) and V(a) is its complement so, by the definition of the patch topology, V(a) 

and D(a) are open sets in patch R. Therefore patch R is Hausdofisince V(a) n D(a) =O. 

Lemma 4.7: If  R is a regular ring then every principal ideal is generated by an idempotent. 



Proof R is regular - for ail r E R there exists s E R such that (rsI2= (rsr)s = E. But 

r = rsr E rsR and rs E rR so rsR = rR. 

Lemma 4.8: If R is a regular ring, then Spec R is a compact Hausdorff and totally 

disco~ected space. 

Proof: Spec R is compact by lemma 4.5. Since R is regular it is mongly x-regular 

(Le. using n = 1) and furthemore by theorem 3.5 every prime ideal of R is maximal. Let 

P * Q be two prime ideals of R, then there exists e E P\Q such that e is an idempotent. This 

implies that D(e) and D(l-e) are disjoint open subsets of Spec R such that Q E D(e) and 

P E D( le) (or else e, le E P which would imply 1 = I -e + e c R which is impossible). Thus 

spec R is Hausdorff. 

Let O be an open set in spec R and P E O. There is A G R such that O = D(A), and, 

since PE DIA), there exists a E Aü? Then D(a) is an open subset of Spec R such that 

P E D(a) s D(A). Let e, an idempotent of R, be such that eR = aR. then D(a) = D(e). 

Furthemore D(e) = V(1-e), which is closed. Thus D(a) is a clopen subset of spec R such 

that Q E D(a) G O 

Lemma 4.9: A closed subset of a compact space is compact. A compact subset of a 

Hausdorff space is closed. 



Proof Let X be compact, F a closed subset of X, F ' = X\F and U ar. open covering 

for F. Thus U u (F ') is an open covering of X and so there must be a finite subcovering 

U' E U such that U' u (F ') is an open covering of X. Then Ut is a finite cover of F, so F is 

compact. 

Suppose now that X is a HausdorfTspace and K a compact subset of X. Let y E m. 

Since X is Hausdorff, for each x E K there are disjoint open sets O, and N, such that x E 0, 

and y E N,. The sets (O, ( x E K: fom an open covering of K, and so there is a finite 

subcovering (O,,, ..., O,) of K. Let N, = fl NU. Then N, is an open set containhg y and 

N, E X\K. But X\K = U N, and so X K  is open, which proves that K is closed. 

Lemma 4.10: The continuous image of a compact set is compact. 

Proof Let f be a continuous function that maps the compact set K onto a topological 

space Y. I f  U is an open covering for Y, then the collection of sets f-'[O] for al1 O E U is 

an open covering of K. By the compacmess of K, there are a finite number O,, OZ, ..., O, of 

sets of U such that f-'[Oi] cover K. Since f is onto, the sets O,, ..., O,, cover Y. 

Theorem 4.1 1 : Patch R is homeomorphic to the spec tm of its universal regdar ring. 

Proof Let qxR- S be the natural homomorphism from R into its universal regular ring 

S. In this proof subscripts will be used to identifi in what space the sets belong, , will 



indicate that the set belongs to Spec S, while on the other hand, , will be used to indicate 

that the set belong patch R. 

Define ESpec S-patch R such that for any P E S, f(P) = cpm'(P). Let a E R, then it is 

obvious that f -'@,(a)) is open. But f -'&(a)) = V,(cp(a)) = V,(e) for some e an idempotent 

of S. hence. f "(V,(a)) = D,(1-e) so it is open. Since V,(a) and D,(a) fom a subbasis of 

patch R f is  a continuous funetion. 

Let O, be an open set of Spec S and Cs= (Spec S)\O,. By the first part of lemma 4.9 

C s  rnust be compact but then f(C,) is a compact set in Patch R by lemma 4.10 and. 

furthemore, it must be closed by the second part of lemma 4.9. So f(C,) = CR for a closed 

set in Patch R. Finally fiOs)= f((Spec S)\C,) = f(Spec S)\f(C,) = (patch R)\CR which is an 

open set in patch R. So f -' is continuous. 

Since f i s  continuous and f- '  is continuous, f i s  a homeomorphism and Spec a is 

homeomorphic to Patch R. 



Chapter V 

When can a ring be embedded into a strongly n-regular ring? 

Theorem 5.1 : Let R be a ring with h l 1  dimension equal to 0, then R is n-regular. 

Proof If  dim(R) = O then for any prime ideal P the only decreasing chain is P = Po 

. This means that there is no P, (a pnme ideal of R) such that Po 2 P, . Therefore there is no 

ideal 1 + R such that 1 2 P,. This implies that P, is a maximal ideal. But since this istnie for 

any prime ideal P, every pnme ideal is maximal. Therefore R is n-regular. 

Lemma 5.2: [ 5 ]  Let a:R-S be a monomorphism that is also an epimorphism in the category 

of rings, where S is a x-regular r ing Then the composition R E  S-SiJ(S) factors through cp, 

via ~:8-s/J(s), which is a surjection. 

Proof: Since S/J(S) is a regular ring (from lemma X ) ,  is given by the universal 

property of k It is an epimorphism, which must be a surjection since ~ ( a )  is regular. 

Lemma 5.3: If A4 E Spec S and M = M n  B(S) then M E Spec B(S). 

Let ab E M and a, b E B(S). Since ab E M this implies that ab E Mand furthemore: 

that a E Mor that b E M. But Since a, b E B(S), we get that a c M or that b E M. Therefore 

M E Spec B(S). 



Lemma 5.4: Let Q be an ideal of R, then Q is prirnary if in R/Q every zero divisor is 

nilpotent. 

Proof Le? every zero divisor in R/Q be nilpotent. This is the same as saying that for 

a11 r E R if 7 is a zero divisor of RfQ, then 3n such that " = O. This however means that 

YreR if 3agR\Q such that ra E Q, then 3n such that f E Q. This cm be written as: if ra E Q 

and a e Q then P E Q. This is the definition of primary and therefore Q is primary. 

Theorem 5.5: 151 Let R be a commutative ring. Then R can be embedded into a 

commutative z-regular ring if and only if there exists a set of prime ideals Y = ( P u } a ~ A  and 

for each Pu. a Pu-prima? ideal Qu such that: 

1) Y is closed in the patch topology on Spec R. 

11) R:-,Qa = {O;. 

III) for each a E R there is n(a) E N such that for n 2 n(a), (Pa j Pa E Y and an€ Q,) 

is patch open in Y. 

Proof 

= Suppose 2. a:R-S. By Theorem 7.9 it may be assumed that the embedding is an 

epimorphisrn of rings. The Pierce stalks of S given by s'SM for M E Spec B(S) are local 

rings since M,ISM and -/SM are maximal - SM G M, and SM s M2 are maximal in 



S - SM c M, fl B(S) and SM s M, n B(S) - M, n B(S) = M2 n B(S) = M since they are ail 

maximal M[ = M2 = S/SM has only one maximal ideal. 

We can define y:Spec S-Spec R by y (M)  = a-'(M. Since dim(S) = O, y is identical 

with the function defined by fi:8-+~/N(~) given in lemrna 5.2. In fact y is a monomorphism 

and its imageY is a closed in patch R. 

S Spec S 

R S/J(S) patch R Spec S/J(S) 

Let Y be the set of prime ideals of R. For each P E Y+ P = y(M) for some 

M E Spec S. Define M = M n  B(S). By lemma 5.3 the Pierce stalk S/SM is local and 

x-regular. Set q(P) = a-'(SM) ç P. Since a maps P-M, q(P)-SM and R-S, there exists an 

embedding S:R/q(P)-S/SM which sends P/q(P) into M/SM the Jacobson radical of S/SM. 

Since S/SM is R-regular M/SM is nil(S/SM) and, funhermore, P/q(P) is nil(R/q(P)), therefore 

P is a unique minimal pnme of q(P). I f  r E R\P, then WTI E (S/SM) \ (M/SM) but S/SM is 

a local ring therefore HF) is a unit. This implies that MT) is a non-zero divisor, furthemore 
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that T is a non-zero divisor in IUq(P) and finally, that every zero divisor of R/q(P) is 

nilpotent. Therefore, using lemma 5.4 q(P) is P - p r i m ~ .  

Since Q q(p) is the kemel of a we get that q(p) - (0;. But a is a monomorphism 

so [;1 q(p) = (0;- So this shows that condition II) holds. 

Let a E R define U, = (M E Spec B(S) i a(a) E SM:. 

a) Let A r R. One possibility is that U,,,U, = Spec B(S) = U,. For the others. define 

B = f M F Spec B(S) 1 3 a ~ A  d a )  E SM:, then there is e E (&,,M)\(&,,M). But e E M for 

some M in Spec B(S), which implies that e E SM for that M and that there is r E R such that 

a(r) = e. If M 5 U r  then e E SM and that there is a E A such that M E U, since al1 M B 

were eliminated. If M e Ur then e B SM and, furthemore, M does not contain any element 

of A since M c B. Therefore Ur = UA U,. 

b) U, n U, = (M E Spec B(S) / a(a) E SM) n (M E Spec B(S) 1 a(b) E SM: = 

[ M  f Spec B(S) i a(a) E SM and a(b) E SM! = (M E Spec B(S) 1 a(ab) E SM)=&, 

c )  U, = (M E Spec B(S) 1 a(1) E SM) = and U, = (M E Spec B(S) 1 a(0) E S M ]  = 

Spec B(S) 

By a), b) and c) it has been proven that the set U, is open. However since S is 



ir-regular, Spec B(S) is horneomorphic to Spec S via M-MnB(S). Hence 

y(&) = (P E Spec R 1 a E q(p)) is open in Spec R and in Patch R and also in Y. Which 

shows that III) hoIds. 

- To prove the converse the x-regular ring S will be constructed as a subting of 

,,Sa where S. = Qci(R/Q,)- 

Let C(a) = [P  E patch R i a 9 Pl.  Since D(a) is compact by theorem 4.5 C(a) is 

open. but (patch R)\C(a) is also open, therefore C(a) is clopen. Clearly C(a) = C(a2) = 

C(a9 .... since a E P - an E P because P is an ideal and an E P - a E P because P is a prime 

ideal. If for some a E A, a E Pa. then a"'' E Q a. By property nI), ( f P, 1 an E Q,: 11-12 n(a) is 

an open covering of the compact set riC(a). Hence i m ~ N  Vach  a E Pa - am E Q, 

For a- c E R, let a. denote the equivalence classes of a, c in RIQ, and N a clopen 

subset of C(c) .? Y. 

Define S to be the çubring of K.:,& generated by the elernents described above. 

Remark 5.6: Let a_ b, c, d ER, N be a clopen subset of C(c) n Y and L a clopen subset of 

C(d) n Y, then [a7& [b,dIL = [ a b , ~ d ] ~ - ~ .  



For P E NnL. [a& [b,d],= (Zlc)(SCd) = (%)/(a) = [ab,cd], , . For PeN, (a,c], 

[b,d], = O(b,d], = O = [ab,cd],-, . By the symrnetry of commutativity of multiplication, it 

also hoids for PeL and thus holds for al1 S, 

Remark 5.7: [5] Let a, b, c, d ER, N be a clopen subset of C(c) n Y and L a clopen subset 

of C(d) r: Y. then [a,c], - p,d], = [a.&, + [b_d], + [ad+bc,cd], -,. 

Proof For P E NnL, [a,& + P,d],= (&) + (Ski) = (ad) /(a) = [ad+bc,cd],-,. 

but P E ML and P $ L'w so [a&,= m,d],, = O .  ForP 5 ML, [a,c],+ b,d], = [a,c],, -0 

= [a,c], ,. but P e LW and P e LnN so [b,d], , = [ad + bc,cd],-, = O. An identical proof can 

be used for P E LW. For P E LJN, [a,& +- [b,d],= O + O = 0, but P e N\L. P G LW and 

P 5 LnN so [a&, = p,d], , = [ad+bc,cd],., = 0. 

Remark 5.8: [ 5 ]  Every element of S can be expressed in the form ~ , ~ , [ a , , ~ , ] ~ ,  where the N, 

's are disjoint. (The expression is not unique but such a presentation is said to be of Standard 

form ). 

Proof Let [a,& = Eln, [a,,ci],, where the TINl *0 then a sequence can be made such 

that al1 the sets are disjoint. This is proven using mathematical induction: 

For n = 2. it was proven in remark 5.7. 

Assume that it is true for n = k 

k- 1 Then for n = k+ 1 1 [a, .ci IN, + [a, ,ckINk + [a,-, .c,-, IN,-, = 1 ,. , [a, ,c,],, + [a, IN, .,-, - 
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[a,-, .c,., IN,-? ., + [a,-,c, - %ci,-, ,ckck-, IN,- ,,+ But each of the three new sets are disjoint, 

which implies that the longest chain such that the intersection is not empty has k elements. 

So by the assurnption a chain can be f o n d  such that al1 the sets are disjoint. 

Remark 5.9: [5] For N a clopen set of Y [l  JI, = eN is an idempotent. Ife E S, e = eZ, then 

in each component Sa' e is O or 1. Hence e = e, for some N. 

Proof: Let 1 E R [ l  J IN [1 .Il, = [ b l ,  1-11,-, = [1,1],. So [l JI, is an idempotent. 

Let e = [a,& be idempotent then [a-cl, = [a2,c'], by remark 5.7. If P E N' then 

- 
c = 2 which means that O,, = c-' - E = E(c - lRQ) but since i? is not a zero divisor 

- - - 
c - l,,, = O R p  and therefore c = 1,,. For a. a =a-'and therefore O R Q  = ;(a- l,,). If 

- 
a -  1 , ~ = O , , t h e n ~ =  IR, Ifnotthen~n=OO,,sinceQisprimary.but â = à ? = z = z - =  

-. - a-' = .-. = an = O. If P g N' then it is O by definition. So for each component Sa e is O or 1. 

Let e = [ w,} aEA where w, = 1 or O. If the number of 1's is finite let AGA be the set 

of al1 a such that w, = 1. Then e=x, A [1 , I l p 3  _ let N=(P,j ,z, then e=[l 11,. If the number 

of 0's is finite let N be the set of primes for which w = 1. [1,1], + [-1,1], - 

[ I J J y W -  [-l,l]wy+ [I-I,I]N Y. But [I,l]yN=esincethe I'sandO'scoincide, [-1.1],,=0 

sinceN1Yisernpty,and[1-1.11 ,-., =[0,1] ,-., = O .  SoeyW=[1,1],+[-1,1],. ButSisa 

- ring and eYw E S so there exists a clopen set N = Y \ N' hence e = e,, - e,. 



Now it can be shown that S is a strongly R-regular ring. By remark 5.6 it can be 

shown that [a,clkN = [ak,cLlN. If should be noted that earlier on in this proof it was s h o w  that 

- - =rn~-! V a E A  a E Pa am E Qa. SO [a,~]~-'~ [ ~ , a ] ~ ~ ~ . ,  = [am-i,~m-l]iç [ ~ , a ] ~ - . ~ , ~ ,  - 

[am-'c,cm''a],-c,,, but either a coordinate is O or Z, E are not zero divisors so 

[a"(a~) .c~(ac)]~ = [am,c"],-,,.,. However, for MC(a), P E MC(a) then P e C(a) and 

- funhermore a E P but a" E Q1 therefore [am,cm],.,,a, = O. This results in [a,cIm-', [c,a], . ,, - 

[arn_cmlN ,,,,, - O = [am~m]N-C<n, [am.~m]NC<ai = [am,cmlN = [a.cImN. Thus S is a strongly 

x-regular ring. 

To finish this proof it must be shown that R embeds into S. Let a E R then define 

q(a) = [a,l],. So Ma)cp(b) = [ql], m,l], = (ab,l], = cp(ab). And d a )  + (Mb) = 

[a. 11, - [br lIy = O - O [a b? I l ,  = @a + b). And cp is a monomorphism by 11). Therefore 

R embeds into S. 



Chapter VI 

Examples 

Three things will be s h o w  in this chapter: 1)  that even though it mi@t appear fiom 

the previous chapter that R can be embedded into a n-regular ring iff it can be embedded 

into a regular ring it is not so: 1) that the set of rings that can be embedded into a n-replar 

ring is not empty; 3) that the set of rings that cannot be embedded into a K-regular ring is not 

empty: 

Example 6.1 : Let R = 2/42? = (0, 1.5,3 .This is an example of a ring that can be embedded 

into a n-regular ring but not a regular ring. 

Since dim(R) = O, by theorern 5.1 it can be ernbedded into a K-regular ring. Let's 

assume that q maps R into R' a regular ring . Then for some a E R'. ~(2) = (p(7)'a = 

cp( 0)a =Oa = O therefore cp is not an embedding. So R is a ring that can be embedded into a 

K-regular ring but cannot be embedded into a regular ring. 

Example 6.2: Since Z can be embedded into IR and Qwhich are fields and so x-regular. it 

will be used to show how the theorem works. So let R = 2. Y = Spec R and Q, = P,. 



1) Y = Spec R so Y is cIosed in the patch topolog on Spec R 

n) nQ,, = fl P, = {O)  since Po = {O: 

1II)Let n(a) = 1 {P. am E Qn) = [P,, 1 am E P, = (P, ( a E P,; = V(a) whvhich is open 

in patch R. 

Lemma 6.3: Let A. B be two rings then the prime ideals of A x B are of the form A s PB or 

PA x B where P stands for prime ideal. 

Proof: Let P be a prime ideal of A x B. then (ab,cd; E P implies (a,c] or (b,d: 5 P 

and that [b,c: or (a,dj E P. but this is true only if ab E 1, implies that a or b E 1, so 1, = A 

or 1, = P.,. The same holds tme for the component in B. IA,Bj = A x B so it is not prime. 

Let a E PA. c E PB: b 6 PA. d B PB and P,P, = 1 then (ab,cd] E 1 but (a,d), (b,cj e 1 so 1 is 

not a prime ideal. Finally (ab,cdi E A s PB then a b E A and c or d E PB so (a,cl or 

(b .d f  c A x P, and that [b,c) or {a,dj E A A PB. By a similar argument the same holds true 

for P., s B. So the only prime ideals are ofthe form PA s B and A x PB. 

Lemma 6.4: Let R = n $ be an infinite product of nngs and en E R such that it has 1 in the 

n'th position and 0's everywhere else. Then for any prime ideal P,. en E Pi for al1 i * n where 

P, = (ri,. A,) x P x (n, .i A,) and P is a prime ideal of Ai. 

Proof: By lemma 6.3 and mathematical induction. it is obvious that P, is a prime ideal 



Lemma 6.5: Let R be as above. Let Qi be a primary ideal with radical Pi. Then 

QI= (II, , A,) x Q s (n, , A,) where Q is a pnmav ideal with radical P and en E Q, for i = n. 

Furthemore V,;, V,,, q, E QI where q, = qen where q E Q. 

Proof en E Pl if and only if 3, e,' E QI. But en is an idempotent. so this is true if and 

only if en E Q,. So e, E Qi for al1 i + n by lemma 6.3. The ideal 1, = [{O; ,..-, {O;.&- 

:O;  ....- {O: ] is ~ne ra t ed  by en. Therefore En., 1, ç QI for al1 QI so QI =(&, A,) x Q  x (q , A,) 

is a primap ideal with radical Pl for Q a primary ideal with radical P. Since en E QI for i * n. 

q, = qe, c QI for i = n. But q c Q and O E A, for al1 j s o  q,, E Q, which means that q, E Q, for 

al1 i and n. 

Example 6.6: Let V = n, , 25'2'2 and R = 2 s V then R is an example of a ring that cannot 

be embedded into a strongly K-regular ring. 

Spec R = P i  P for n>l where Po, = (pi) x V. pi is the j'th prime and (p,,) = 0. 

(O) x V ç ( 2 )  x V and both are prime ideals by the properties of integers and lemma 6.3. 

So Dirn(R) * O. So if R can be embedded into a snongly R-regular ring, then flQn must be 

O . By lemma 6.5 ei E Q, for all i * n, so we must have {P.] G Y for al1 n E N and where 



P,, will be P,. 

Another problem that will Iimit the choice o f  Q's is that q, E Q, for al1 i and ail n. If 

P,, = [O) V is chosen to be in Y, then q, = O. But for n>O q,, = qe,, where q E Q. SO O = q,, if 

and only if O = q if and only if (01 = Q if and only if Q = P,. But. since this is an infinite 

sequence. this is impossible so * {O!. so it cannot be embedded into a snongly IL- 

reguIar ring. 
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