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Abstract

An (n, k,p,t) lotto design is a collection of k-subsets of a set X of n numbers wherein
every p-subset of X must intersect at least one k-subset in ¢ or more elements.
L(n, k,p,t) is the minimum number of k-subsets which guarantees an intersection of
at least t numbers between any p-subset of X and at least one of the k-subsets. To de-
termine L(n, k, p,t) is the main goal of lotto design research. In previous work on lotto
designs, other researchers used sequential algorithms to find bounds for L(n,k,p,t).
We will determine the number of non-isomorphic optimal lotto designs on 5 or 6
blocks for n, k, p,t < 20 and also improve lower bounds for L(n, k, p,t) > 6 if possible

by a more efficient implementation of a backtracking algorithm.
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Chapter 1

Introduction

Most governments run lotteries for charity and to collect funds to develop different
sectors of the government. For example, a lottery is run to collect funds to develop
sports in Bangladesh. Most lotteries have the same functional scheme. The lotteries
that casinos run are known as Keno whereas the lotteries run by governments are
known as Lotto. However, both work in the same way. Each lottery ticket has k
numbers selected from the set of n numbers (e.g., 1,2,3,...,n). People buy lottery
tickets and pick k& numbers per ticket. When ticket sales are closed, the government
picks p numbers from the set of n numbers. If a ticket matches at least ¢ numbers
from p numbers that the government picks, the ticket holder wins a prize. The larger
the value of t is, the greater the prize will be.

Lotto designs can best be understood by examining an example: the Canadian
lotto 6/49. Here, n = 49 (i.e. the set consists of 49 numbers), k = 6, p = 6 and ¢
= 3, 4, 5 or 6. Each ticket is a set of 6 numbers. The government picks 6 numbers
randomly from the set of 49 numbers. A person wins a prize if one of his or her tickets
matches at least 3 numbers of the numbers the government picks. To guarantee a

win in lotto 6/49, the minimum number of tickets that must be bought is between 87

1



CHAPTER 1. INTRODUCTION 2

and 163 for ¢ = 3 [14]. The minimum number of tickets that must be bought is 19 for
t = 2 [14]. In order to win the big jackpot, a person needs to buy (469) = 13983816
tickets. The main task in this area of research is to find out the minimum number of
tickets that guarantees a match of at least t numbers between one of the tickets and

the government’s pick for various values of n, k, p and t.

1.1 Definitions

In this section, we will define some important terms related to lotto designs.

Definition 1.1.1 : An n-set is a set of n elements and thus, a k-set consists of

k-elements.

Definition 1.1.2 : If A is a set of x elements and y is an integer such that y < x

then B is a y-subset of A if BC A
We now formally define lotto designs.

Definition 1.1.3 : Let n, k, p and t be positive integers. Suppose, X is a set of n
numbers and B is a collection of k-subsets of X. Then (X, B) is called an (n,k,p,t)
lotto design if any p-subset of X must intersect some k-subset of B in at least t

elements. The k-subsets of X are called the blocks of the lotto design.

The minimum number of blocks in an (n, k, p, t) lotto design is denoted by L(n, k, p, t).
An (n, k,p,t) lotto design with b blocks is denoted by LD(n, k,p,t;b). An (n,k,p,t)
lotto design with L(n, k, p,t) blocks is called an optimal or minimal design. An opti-
mal lotto design is denoted by LD*(n, k,p,t;b), where b = L(n, k,p,t).

In this thesis, we will try to find n(n, k,p,t) on 5 or 6 blocks with n, k, p, t less

than or equal to 20 (i.e. entries in Li’s [15] table). For those cases that will take too
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long and for which it is known only that L(n, k, p,t) is greater than or equal to 6, we
will determine if L(n, k,p,t) is equal to 6 or not.

We will use the following definitions:

Definition 1.1.4 : A p-set is represented by a k-set if the p-set intersects the k-set

in at least t elements.

To find an (n, k, p, t) lotto design, all p-sets must be represented by some k-set or

block. Now we will give two examples of lotto designs.

Example 1.1.1 : Let, X ={1, 2,8, 4,5} and B ={{125},{124},{125},{3/4
5}, (X, B) forms a (5, 3, 2, 2) lotto design as any 2-subsets of X intersects at least

a block of B int = 2 elements.

Example 1.1.2 : Let, X = {1, 2, 3, 4, 5, 6, " and B = {{1 2 3}, {3 4 5}, {5, 6,
. (X, B) forms a (7, 3, 4, 2) lotto design as any 4-subset of X intersects some
block of B in at least t = 2 elements. This is not a minimal lotto designs as (X, {{1,
2, 3}, {4, 5, 6}}) forms another (7, 3, 4, 2) lotto design with fewer blocks. Since no
3-set from X forms an LD(7,3,4,2), then L(7,3,4,2) = 2.

Isomorphism has an important role in this area. We will define isomorphism as

follows:

Definition 1.1.5 : An isomorphism between two lotto designs,is a one-to-one, onto
mapping of the elements of one lotto design to the elements of another lotto design
with the property that the elements in a block of the first design get mapped to the

elements in a block of the second design.

Definition 1.1.6 : Two lotto designs are isomorphic if there exists an isomorphism

from one to the other.
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A less powerful, but easier to implement idea is trivial isomorphism. We now

define it.

Definition 1.1.7 : Two elements are trivially isomorphic if when one of them occurs

in a block so does the other.
A block either contains both of them or neither of them.

Definition 1.1.8 Two k-sets are trivially isomorphic or equivalent if one can be
transformed into the other by replacing one or more elements by their trivially iso-

morphic elements.

Definition 1.1.9 A trivial isomorphism is a one-to-one,onto mapping of the ele-
ments of one lotto design to the trivially isomorphic elements of another lotto design
with the property that the elements in a block of the first design get mapped to the

elements in a block of the second kind.

Definition 1.1.10 Two lotto designs are trivially isomorphic if there exists a trivial

isomorphism from one to the other.

Clearly, all trivial isomorphisms between lotto designs are isomorphisms but the

converse is not necessarily true.

1.2 Problem Statement

Researchers are working on lotto design tables to improve bounds using different
algorithms or methods so that known upper bounds get closer to known lower bounds.
Li [15] has large tables for upper and lower bounds of lotto designs. Recently, a new

approach to finding good lotto designs was introduced by a group of South African
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researchers A.P. Burger, W.R. Grundlingh and J.H. van Vuuren [5]. They developed
a backtracking algorithm to find the number of non-isomorphic optimal lotto designs.
The total number of non-isomorphic optimal lotto designs for a fixed n, k, p, t is
denoted by n(n, k,p,t). We also plan to find the number of non-isomorphic optimal
lotto designs for L(n, k,p,t) on 5 or 6 blocks with n, k,p,t < 20 from Li’s table and
Burger’s result or if that is impossible find better lower bounds for these parameters.

In the past, others have also used exhaustive backtracking algorithms to solve the
lotto problem. However, these algorithms require much time to traverse the state
space tree or search tree. The search tree grows exponentially with the size of the
parameters. Hence, the program that implements this backtracking algorithm may
not compute L(n, k, p,t) in a reasonable time. A rule of thumb for “reasonable time”
is one hour of CPU time for each input. Therefore, we will develop an algorithm which
will generate all possible non-isomorphic sets of three blocks using block intersection
properties. By generating all non-isomorphic sets of three blocks, it is possible to avoid
backtracking on the first three blocks. Backtracking to the first three blocks is very
slow. Thus, these techniques will reduce the search time to a great extent. We will
generate the rest of the blocks with trivial isomorphism rejection which will prune the
search tree quickly, but not as completely as the much slower complete isomorphism
rejection. We will further speed up the program by applying some new frequency
results in lotto designs. The algorithm may still generate isomorphic designs for a
particular set of parameters n, k, p, t, so we will run Kocay’s [13] program to eliminate

these and produce a list of all non-isomorphic designs.

1.3 Thesis Overview

The remaining chapters of this thesis are organized as follows:
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In Chapter 2, some background information and history related to lotto designs
will be presented. Firstly, we will briefly discuss Turan and covering designs and Dan
Gordon’s [10] works on the upper bounds of covering designs. Then we will discuss the
seminal work done by Bate [1, 2]. Furedi et al. [9] represent lotto designs using multi-
graphs and their lower bounds formula of lotto designs for t = 2 will be discussed.
Some other works of De Caen [8], Brouwer and Voorhoeve [4] on lower bounds of
lotto designs will be presented. We will then discuss the most extensive work on lotto
designs done by Li and van Rees [16] which also appear in Li’s thesis [14]. Finally, we
will discuss recent work by A.P. Burger, W.R. Grundlingh and J.H. van Vuuren [5],
a group of South African researchers on lotto designs

Using isomorphism rejection, basic backtracking algorithms can be made much
more efficient. In Chapter 3, the isomorphism rejection techniques of Bate will be
discussed. Then we will describe our basic serial backtracking algorithm and the im-
provement made to it. We will illustrate the improved backtracking algorithm with
examples. We will also briefly describe the data structures used for the implementa-
tions of the improved backtracking algorithms.

In Chapter 4, the total number of non-isomorphic designs for L(n, k,p,t) on 5 or
6 blocks for n, k,p,t < 20 and/or improved lower bounds for these parameters will
be listed in a tabular form. We will also list designs in a condensed (encoded) form
quite similarly to the form used by A.P. Burger et al.

In Chapter 5, we will summarize our works and results. We will also try to give
further research directions.

By implementing our algorithm, we verified n(n, k,p,t) for 14 lottery numbers
of A.P Burger et al. and generated 7n(n,k,p,t) for 112 new lottery numbers and

improved lower bounds of L(n, k,p,t) for 18 lottery numbers.



Chapter 2

Background

In this chapter, we will briefly discuss the research of several researchers working on
lotto designs. We will start by defining covering and Tufan designs which are special
cases of lotto designs. Then, we will mention some work of Bate’s on lotto designs
from his doctoral thesis. We will then state the lower bound formulas of Furedi
et al. Hanani et al. De Caen, Brouwer and Voorhoeve. More extensive work on
lotto designs were done by Li and van Rees. We will briefly discuss their theoretical
results and computer algorithms. We will use lotto designs with 5 or 6 blocks from
Li’s tables and will try to find the number of non-isomorphic lotto designs for these
parameters or try to improve the lower bounds of these designs. Recently, a group
of South African researchers A.P. Burger, W.R. Grundlingh and J.H. van Vuuren
introduced the concept of a “Lottery Graph” and got improved bounds. We will

finish by introducing their results.
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2.1 Covering and Turan Designs

Lotto designs are a generalization of covering designs and Tufan designs. Lotto
designs where p = t are called (n,k,t) covering designs or coverings and the lotto
designs where k = t are called (n, p,t) Tufan designs. The minimum number of blocks
in (n, k,t) covering designs is denoted by C'(n, k, t) and the minimum number of blocks
in (n,p,t) Tufan designs is denoted by T'(n,p,t). Hence, L(n, k,t,t) = C(n, k,t) and
L(n,t,p,t) = T(n,p,t). Tufan designs and covering designs are closely related as
they have the following relationship:

C(n,k,t) =T(n,n—k,n—t)

A great deal of work has been done in covering designs and Tufan designs. Results
on these designs are recorded in Gordon’s tables. He has a large table [10] of (n, k, t)-
coverings with and less than 50,000 blocks. He also presents some new constructions
for coverings in [11]. These constructions include greedy coverings which do not
depend on smaller coverings. In these greedy coverings, a k-subset from the list of k-
sets will be added to the design if this k-set represents the maximum number of t-sets
that are still unrepresented. This process is repeated until the design is found. Other
constructions are finite geometry coverings, induced coverings and smaller coverings
using dynamic programming method. We are not going to do much work with the

minimum number of blocks C'(n, k,t) and T'(n,p,t), because these are well studied.

2.2 Bate’s Work on Lotto Designs

One of the earliest works related to lotto design was done by Bate [1]. Bate describes
generalization of covering designs which he calls a “generalized (T, K, L, V') design”.

(T, K, L,V) designs are equivalent to (V, K, L,T) lotto designs. Bate investigated
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(V,2, L,2) which is also known as the Tufan problem. He determines the minimum
number of blocks of the design, B(V, K, K,T), for T = 2, K = 3 and 4. He also
determines B(V, K, L,T) for T =2, K = 3 or 4, and L < 5.

Bates states and proves the following theorems of about lotto designs [14].

Definition 2.2.1 The complement of a k-set is the set of n-k elements which do
not occur in the k-set. The complement of an (n,k,p,t) lotto design is obtained by

complementing all the k-sets of the design.

Theorem 2.2.1 : The complement of an (n,k,p,t) lotto design is an (n,n —k,n —

p,n—k —p+t) lotto design. Thus L(n,k,p,t) = L(n,n —k,n—p,n—k—p+1).

Example 2.2.1 : Let {{123/56),{123478.{1234910%.{56789 10},{11
12 13 14 15 16}} be an LD(16,6,11,5;5). If we complement each block, we get {{1
28345678910}, {123456781112},{1234569101112},{123/}56
13 14 15 16}, {78 9 10 11 12 18 1] 15 16} which is an LD(16,10,5,4;5). These
are optimal so L(16 6 11 5) = L(16 19 5 4) = 5.

Bate also states a theorem for finding L(n, 3,3,2). Later, this theorem was inde-
pendently presented by Brouwer [4]. In our terminology, it becomes:

p

w22 ifp =2, 4,6(modl12)

12

n2—2n . _
+1 ifn=0,8,10(modl2
Theorem 2.2.2 : L(n,3,3,2) = ] f ( )

[%n] ifn = 1,3,5, 7(mod12)

12

\ (njgnw +1  ifn=9,11(modl12)

Bate also states the following theorems. We state them in our terminology:

Theorem 2.2.3 : L(3n,3,4,3) < 3(73‘) + Sn(g)
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Theorem 2.2.4 : L(3n+1,3,4,3) <2(3) + (") + 2n+1)(3) + n(})

Theorem 2.2.5 : L(3n+2,3,4,3) < (3) +2("{) + 2n+1)(") + (n + 1)(3)

Bate uses a backtracking algorithm along with some optimizations to compute
many L(V, K, L,T)s. The basic backtracking algorithm of Bate begins with comput-
ing all L-sets. Then, the algorithm picks the first unrepresented L-set and adds a
K-set to the design which represents that L-set. In this way, the algorithm recursively
finds an unrepresented L-set and adds a K-set to the design which represents that
L-set. If the design reaches the maximum number of K-sets (i.e. upper bound de-
termined before hand) without representing all the L-sets, the algorithm backtracks
to the previous level. A solution is found when all the L-sets have been represented
and the design does not have more than the maximum number of K-sets. As the ba-
sic backtracking algorithm is slow, Bate uses some optimizations, namely preclusion
and isomorphic rejection. In Chapter 3, we will present the pseudo-code of the basic
backtracking algorithm of Bate.

Bate used the following formula to find the number of L-sets represented by a

K-set:
C= > (2.1)
i=T 1 L—1

Bate also uses “LIMIT” at the beginning of his program, which determines the
maximum number of blocks a design may have, and initially “LIMIT” is set to a large
number. When a design is found, “LIMIT” is the number of blocks in the just found
design minus one. He uses another variable “MAXPOS”, which determines the maxi-
mum number of L-sets that can be represented by blocks yet to be taken. “MAXPOS”

can be determined by combining two variables C' and “LIMIT” as follows:
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MAXPOS = C % (LIMIT — y) (2.2)

where y is the number of blocks already in the design.

A variable “NLEFT” is also used to count the L-sets which have not been rep-
resented. The value of “NLEFT” decreases whenever L-sets are represented and
increases whenever L-sets are unrepresented. Thus, for preclusion, these two vari-
ables “MAXPOS” and “NLEFT” are maintained with a few additional computa-
tions. When MAXPOS < NLEFT then the program backtracks to the previous
level. This means that whenever the maximum number of L-sets that can be repre-
sented by the additional blocks of the design is less then the number of L-sets left
to be represented in the design, the program backtracks to the previous level. In
this way, the program avoids traversing large areas of the search tree and thus, the

program can be sped up to a great extent.

Isomorphic rejection techniques also significantly speed up backtracking algo-
rithms. Using these techniques, a K-set A is rejected on a level X if the inclusion
of A does not lead to a successful design. Any other block B is also rejected if the
block B generates an isomorphic partial design to the partial design generated by
A on level X. To implement isomorphic rejection, a rejection flag is used with each
of the K-sets. This flag is set if the K-set cannot be added on a level X. Before
adding a K-set to the design, the rejection flag of the K-set is checked. If the flag
of a K-set is set, then K-set cannot be added to the design and is ignored. When
the program backtracks to the previous level, X - 1, the rejection flags of all K-sets
at the level X are reset. This type of complete isomorphism testing eliminates the
duplication of all isomorphic subtrees. The cost of complete isomorphism testing is

too great. So, Bate did a simplified form of isomorphism testing which eliminates
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most duplication. In this simple form of isomorphism testing which he called trivial
isomorphism testing, a table is used to maintain the list of isomorphic elements. The
elements which occur either in all blocks already added in the design or in no block
of the design are called trivially isomorphic elements. Two blocks are trivially iso-
morphic if one can be transformed into the other by replacing one or more elements
by their corresponding trivially isomorphic elements. A rejection flag is used for each
of the blocks to implement the trivial isomorphism rejection scheme. When a block
is added to the design the table of trivially isomorphic elements is updated and all
trivially isomorphic blocks of the added block are generated and the rejection flags
of these blocks are set. A block can not be added to the design if its rejection flag is
set. When the program backtracks to the previous level, all rejection flags are reset.

This simple form of isomorphism rejection reduces the size of the search tree and
therefore also reduces the search time.

In Bate’s algorithm, LIMIT is set to a large number. By using Li’s table [16],
LIMIT can be set to the upper bound found in Li’s tables thus reducing the search
time to a great extent.

Bate also states some theorems which will be useful later in the thesis. Again, we

use our notation.

Theorem 2.2.6 : L(n,k,p,t) = 1ifft<k+p—n

Bates [1] has also some results in lotto designs based on the frequency of elements.

Theorem 2.2.7 There ezists a minimal or optimal LD (n, k,p,t;b) in which all ele-

ments occur at least once or the design contains no repeated elements.
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Proof:

Consider any minimal LD(n,k,p,t;b), L. If there are no repeated elements,
then we are done. So let a; be an repeated element in the minimal lotto design
LD(n,k,p,t;b). Let ay be an element that does not occur in this design. Again if
no asy exists, we are done. Let B be a block containing a;. Replace a; with ay in B.
We claim the modified L is also a minimal LD(n,k,p,t;b). Assume it is not. The
only way it could not be a minimal lotto design if some p-set, P;, containing a is
not represented in the modified lotto design. Then P; contains a; and p — 1 other
elements from X. Now, P; is not represented by any other block in L. So the p-set
(P \ {a1})U{as} cannot be represented in L by B or by any of the other block in L
as ag does not appear in L. But this contradicts that L is a lotto design.

Thus, we can modify any minimal LD(n, k, p,t;b) by replacing repeated elements

with non-occuring elements until all elements occur at least once.[]

Corollary 2.2.8 : If there exists a minimal LD(n,k,p,t;b) with b > 7 then there
exists a minimal LD(n, k,p,t;b) in which each element occurs in the design at least
once. If there exists a minimal LD (n, k,p,t;b) with b < 7 then there exists a minimal
LD(n,k,p,t;b) in which the blocks are pair-wise disjoint and all elements in them

have frequency 1.

Proof:

In the first case there are enough repeated elements to ensure each non-occuring
element can be traded into the design. In the second case, all the repeated elements
can be traded with non-occuring elements until every element has frequency 0 or 1.

Then the blocks must be pair-wise disjoint.[]
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This section can be finished with a lemma from [17].

Lemma 2.2.9 : p < (t — 1 —k)|%2]| + n if and only if there exists a minimal

LD(n,k,p,t;b) in which every element has frequency at least one.

2.3 Work on Lower Bounds of Lotto Designs

Furedi et al. [9] give the lower bounds for L(n,k,p,2). They represent (n,k,p,2)
lotto designs using multi-graphs and transform such a multi-graph into another multi-
graph which contains p - 1 disjoint sub-graphs. Then they calculate lower bounds
on L(n,k,p,t) by analyzing the newly transformed multi-graph. They calculate

L(n, k,p,2) using the following formula:

min(p—1) p—1 a —1
L(n,k,p,2) > ; i | = 2.
mkr2z g Y we| i) 23)

| =

Where, a1, as, ..., a,_; are integers and Zf;ll a; =V, the set of vertices.
Hanani et al. [12] work on lottery designs and give the following lower bound

formula:

nn—p+1)

B T [y

(2.4)

De Caen [8] works on Tufan designs and gives the following lower bound formula

for Tutan designs:

) n—p+1

(i’j) n—t+1

T(n,p,t) = (2.5)

Brouwer and Voorhoeve [4] also work on Tufan designs and give the following

lower bound formula for lotto designs:
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T(n,p,t)
(})

The results of De Caen and Brouwer and Voorhoeve can be generalized to the

L(n,k,p,t) > (2.6)

following lower bound formula for lotto designs which was found in Li’s doctoral

thesis [14].

() n-p+1

(o) () n—t+l

L(n,k,p,t) >

2.4 Li’s Work on Lotto Designs

Li [14] develops different methods for computing lower and upper bounds on L(n, k, p, t).
He also has a large table of L(n,k,p,t) where, 5 < n < 20, 2 < {k,p} < n,
2 <t < min{k, p}.

Li presents constructions to generate upper bounds for L(n,k,p,t). He defines
balanced incomplete block designs (BIBD) and also states the conditions for a BIBD

to be a lotto design.

Definition 2.4.1 : An (v,b,r,k,\) BIBD has a collection of b, k-sets of a set X(v)
of v elements wherein each element occurs r times and each pair of elements in the

k-sets occurs \ times.

Theorem 2.4.1 : If B is the collection of k-sets of a (v,b,r,k,\) BIBD and p, t are

two positive integers such that |5 |C(t —1,2) + C(pr — [ 5]t —1),2) < C(p,2)A

then B is the set of blocks of an (v, k,p,t) lotto design and L(v,k,p,t) <b
Corollary 2.4.2 : Ifr <2\ in a (v,b,r,k,\) BIBD then L(v,k,5,4) <b

Corollary 2.4.3 : Ifr < g)\ in a (v,b,r,k,\) BIBD then L(v,k,6,4) <b
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Corollary 2.4.4 : Ifr <3\ in a (v,b,r,k,\) BIBD then L(v,k,7,4) <b

Li also defines monotonicity formulas which relate the lower bounds or upper
bounds of one lotto design to the lower bounds or upper bounds of another lotto

design. Some of these monotonicity results will be used.

Theorem 2.4.5 .

L(n,k,p,t) < (n—l—lkp,)
L(n,k,p,t) > L(n,k,p+1,t)
L(n,k,p,t) > L(n+ 1,k +1,p,t)
L(n,k,p,t) > Lin+1,k+1,p+1,t)
L(n,k,p,t) > L(n,k+1,p,t)
L(n,k,p,t) < L(n+1,k,p,t+1)
L(n,k,p,t) < L(n+1,k+1,p+1,t+1)
L(n,k,p,t) < L(n+ 1, k+1,p,t +1)
L(n,k,p,t) < L(n+ 1,k,p,t+ 1)
L(n,k,p,t) < L(n,k+ 1,p,t + 1)
L(n,k,p,t) < L(n,k,p+1,t+1)
L(n,k,p,t) <L(n+1,k,p+1,t+1)
L(n,k,p,t) > L(n+1,k,p+1,t)
L(n,k,p,t) < L(n,k+ 1,p+1,t)

Li described another construction technique namely “Semi-Direct Product” con-
struction which constructs lotto designs based on smaller lotto designs. This con-
struction is not described as we do not use it in this paper.

Li uses an exhaustive backtracking algorithm to calculate L(n,k,p,t). In his
backtracking algorithm, a k-set is added to the design recursively which represents
the first unrepresented p-set. This backtracking algorithm can stop if a lotto design
with b blocks is found or it can continue until a lotto design is found within the
expected period of time. Li [14] also uses greedy algorithms, simulated annealing
and heuristic techniques (hill-climbing) to get better speed rather than to use his

exhaustive backtracking algorithm. Using greedy algorithms, all k-sets and p-sets are
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ordered in any of the orderings, namely lexicographical, reverse lexicographical or
co-lexicographical. Then these algorithms choose a k-set which represents the most
p-sets and adds the k-set to the design. These algorithms stop until all p-sets are
represented or the number of blocks reaches the maximal number. Greedy algorithms
can generate better upper bounds by applying this logic recursively. However, these
algorithms do not always guarantee a minimal design.

One of the major drawbacks of exhaustive search is that the search tree grows
exponentially as the value of parameter increases. Li [16] uses some heuristics to
reduce the size of the exhaustive search tree. In a (n,k,p,t) lotto design with b
blocks, the total number of spots is kb. Thus the average occurrence of each element
is kb/n. If kb/n = nx + r, where z is the quotient and r is the remainder, n — r
elements have the frequency x and r elements have the frequency x + 1. By applying
this heuristic, the size of the search tree, the memory requirements and the execution
time reduce to a great extent.

In comparison to Bate’s algorithm which starts with the maximum number of
blocks b = C(n, k) in a design and then tries to decrease the number of blocks, Li
uses a smaller number b as the starting number of blocks in the designs and then finds
whether a design exists with b blocks and tries to find a design with b - 1 blocks and
so on. This optimization also reduces the size of the search tree and thus the running

time.

2.5 Work of Bate and van Rees

Bate and van Rees [2] introduce optimal “nice” L(n, k,p,t) designs wherein each el-
ement occurs at least once and the elements of frequency one occur only with other

elements of frequency one. An independent set is a set of elements no pair of ele-
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n | L(n,6,6,2) | n | L(n,6,6,2)
3519 45 | 15
36 |9 46 | 16
3719 47 | 17
38 | 11 48 | 18
39 | 11 49 | 19
40 | 12 50 | 19
41 | 13 51 | 20
42 | 13 52 | 21
43 | 14 53 | 22
44 | 15 54 | 23

Table 2.1: L(n,6,6,2) for n < 54 using “nice” design

ments of which occurs in any block of the design. The elements of that set are called
independent elements and the blocks containing independent elements are called in-
dependent blocks. Bate and Van Rees show that in any LD*(n,k,p,t;b) with an
independent set of size p - 1, every element must occur in the independent blocks.
They also show that a nice LD*(n, k, p,t;b) exists if L(n, k,p,t) = b, and b > 7 and
n > k(p — 1). Using nice designs, they calculate L(n,6,6,2) for n < 54 and got the

results listed in the Table 2.1.

2.6 Results of Li and van Rees

In this section, we will present some of the frequency results of Li and van Rees. They
state the following theorems to determine whether a lotto design has elements of a

certain frequency.

Theorem 2.6.1 : If there exists a lotto design LD(n,k,p,t;b) with an element of

frequency x then there exists an LD(n — x(k — 1) — 1,k,p — 1,t;b — x) lotto design.
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Proof:

Suppose, an element a; of LD(n, k,p,t;b) has frequency . Delete all k-sets from
the design which have the element a; and in the remaining k-sets, replace all the
elements that were in the deleted k-sets, with arbitrary elements. After the deletion
and replacement of elements, we have b — = blocks and ny = n — kx + z — 1 elements
remaining. Let R be any p - 1 set chosen from the set of ny elements. Then, RU{a;}
is a p-set represented by the original design LD(n,k,p,t;b). As the elements of R
and a; never occur together in the any blocks of the original design, R U {a;} must
be represented by one of the b — = blocks. Then R must intersect at least one of the
b — x blocks in ¢ elements. Thus, the truncated design forms an LD(n — x(k — 1) +
1,k,p—1,t;b — z) lotto design.[]

Since Theorem 2.6.1 is usually used with x = 1, we state it with x = 1 as the

following Corollary 2.6.2.

Corollary 2.6.2 : If there exists a lotto design LD(n,k,p,t;b) with an element of

frequency 1 then there exists an LD(n —k+t—2,k,p—1,t;b— 1) lotto design.

Corollary 2.6.3 : If there exists a lotto design LD(n,k,p,t;b) with x elements of
frequency 1 in the same block where n > 2k —t + x + 1 then there exists an LD(n —

k+t—x—1,kp—atb—1) lotto design.

Li and van Rees [16] also prove the following 2 lemmas.

Lemma 2.6.4 : If an (n,k,p,t;b) lotto design contains y elements such that each
block contains exactly d (d <t) of the y elements then an (n—y,k—d,p—y,t —d;b)

lotto design exists.

Lemma 2.6.5 : If an (n,k,p,t;b) lotto design contains y elements such that each
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(n,k,p,t) Previous L(n, k,p,t) | New L(n, k,p,t)
(14, 4,7,3) | 6:8 7:8

(17,5, 7,3) | 67 7

(16, 4,8, 3) | 7:8 8

(19,5, 8, 3) | 5:7 7

(20,5, 8,3) | 7:9 8:9

(17,4,9,3) | 67 7

(18,4, 8,3) |79 8:9

(19,4, 9,3) | 811 0:11

(19, 4, 10, 3) | 6:7 7

(20, 4, 10, 3) | 7:9 9

block contains

design exists.

Table 2.2: New L(n, k,p,t)s found by Li and van Rees

at most one of the y elements then an (n — y,k,p — y,t — 1;b) lotto

Definition 2.6.1 : An element x is covered by another element y if x always occurs

with y in the blocks of the design.

Theorem 2.6.6 : If a lotto design LD(n, k, p, t;b) exists with x elements of frequency

f and if an element of frequency f is covered by an element of frequency not less than

f + 2 then a lotto design LD(n, k,p,t;b) with x - 1 elements of frequency [ exists.

From the Theorem 2.6.6, Li and van Rees got the new results listed in Table 2.2:

Now, we will present some proofs of their results. The proof for (17, 5, 7, 3), (16,

4,8, 3), (17,4, 9, 3), (19, 4, 10, 3) and (20, 4, 10, 3) are similar. We will present the

proof of only (17, 4, 9, 3) of this category.
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Theorem 2.6.7 L(17,4,9,3) =7

Proof:

Assume there exists an LD(17,4,9,3;6). Since, 9 < (3—1—4)[1T2] +17 =9,
every element has frequency at least one by Lemma 2.2.9. Thus, no element of
frequency zero exists in L(17,4,9,3). Now, assume that there are at least two elements
of frequency one in a block of an LD(17,4,9,3). Then, by Corollary 2.6.3, there
should exist an LD(13,4,7,3;5). But, Li’s tables have that L(13,4,7,3) = 6. This is
a contradiction.

So, there are at most 6 elements of frequency 1. But there are at least 2(17) -
6(4) = 10 elements of frequency 1 in an LD(17,4,9,3;6) when there are no elements

of frequency 0. This is a contradiction. Therefore, L(17,4,9,3) = 7.0

The proofs for (14, 4, 7, 3), (18, 4, 8, 3), (20, 5, 8, 3) and (19, 4, 9, 3) are also

similar. We will present the proof of only (14, 4, 7, 3) of this category.
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Theorem 2.6.8 7 < [(14,4,7,3) <8

Proof:

Assume there exists an LD(14,4,7,3;6). Since, 7 < (3—1—4)| 1] + 14 =8,
every element has the frequency at least one by Lemma 2.2.9. Thus, no element of
frequency zero exists in L(14,4,7,3). Now, we assume that at least two elements
of frequency one exists in a block of LD(14,4,7,3). Thus, according to the Corol-
lary 2.6.3, there should exist a LD(14 —4 +3 —3,4,7—2,3) = LD(10,4,5,3) lotto
design with L(10,4,5,3) < 5. From Li’s table we get L(10,4,5,3) = 7. This is a
contradiction. On the other hand, if there exists an LD(14,4,7,3;6), there should be

at least 14(2) - 6(4) = 4 elements of frequency 1.

Assume there are 5 elements of frequency 1. Thus, in Lemma 2.6.5 we can put
y = 5 and we will get L(9,4,2,2) < 6. But, from Li’s table we get L(9,4,2,2) = 8.
This is a contradiction. Therefore, there are exactly 4 elements of frequency 1. Let
the elements of frequency 1 be 1, 2, 3 and 4 and let these elements occur in the
block Ay, As, Az, A4 respectively. All other elements must have frequency 2. Suppose
element 5 occurs in blocks As and Ag. In this case, we can apply Lemma 2.6.4
with y = 5 and d = 1. Thus, we get L(9,3,2,2) < 6. But, from Li’s table we get
L(9,3,2,2) = 12. This is also a contradiction. Therefore, element 5 occurs in Az but
not in Ag. Similarly, element 6 occurs in Ag but not in A;s. Now, we have 4 blocks
containing one of the elements 1, 2, 3, 4, 5, 6. Now, other element, say 7, repeats in
the (4 - 1) 4 = 12 spaces for 8 elements. Thus, {1, 2, 3, 4, 5, 6, 7} is not represented
in the lotto design. This is a contradiction. Thus, there is no (14, 4, 7, 3) with 6

blocks.

Therefore, 7 < L(14,4,7,3) < 8. O
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2.7 Other Significant Work on Lotto Designs

Colbourn [7] has an extensive survey on lottery designs. He lists most lotteries (e.g.
Lotto, Keno, Quick Cash, Supercash) in the real world, some of which have ‘quick
pick’ and ‘bonus number’ options. He gives the formal definition of Lotto designs and
Turan designs with examples and theorems of [12, 9]. He also defines lottery wheels
(systems for buying multiple tickets). He gives some example of lottery wheels.
Nurmela and Ostergard [18] generated a program named “Cover” to find upper
bounds based on simulated annealing. In simulated annealing, b random k-sets are
picked. If these k-sets do not represent all p-sets, one of the k-sets is chosen randomly.
Then the k-set is replaced by one of its neighboring k-set. The neighboring k-set is
obtained by replacing a point of a k-set by a point which is not in the k-set or in the
design already found. This replacement may reduce the number of unrepresented p-
sets. The design may be obtained by applying the process a certain number of times.
If the design comes up with b blocks, simulated annealing then tries to find a design
with b -1 blocks and so on. Simulated annealing requires huge amount memory and
time. However, it is a useful technique to compute an upper-bound for L(n, k, p, t).
Bluskov et al. [3] uses techniques similar to Nurmela and Ostergard. They present
some constructions producing the best known upper bounds on C)(v, k,t) where, k
= 6 and the subscript A denotes that every ¢-set occurs in at least A\ of the blocks of

the design.

2.8 Current Research

Recently, one group of South African researchers, A.P. Burger et al. [5] improved the

bounds and generated new lottery designs. They found all lottery design numbers
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where L(n, k,p,t) = 1, 2 or 3.

Theorem 2.8.1 :
L(n,k,p,t) = 1if and only if k +p>n+t
L(n,k,p,t) = 2if and only if 2t — 1 + max{n — 2k, 0} <p<n+t—k—1
L(n,k,p,t) = 3if and only if p < min{2t — 2 + mazx{n — 2k,0},n — k +t — 1}

and

. 3t — 2+ maz{n —3k,0} ifn>2k

%t—1+max{n— %k,()} ifn <2k

They also introduced lottery graphs.

Definition 2.8.1 : Let, G(V) be the vertex set of a graph G(V, E). A subset D of
G(V) is called the dominating set of G(V, E) if each vertex of G(V, E) which is not
i D is adjacent to a vertex in D. The dominating set D is minimal if no subset of
D is also a dominating set. The lower bound of a lotto design is determined by the
minimal dominating set.

A lotto design L(n,k,p,t) can be defined by a bipartite graph G(n,k,p,t) whose
vertex set can be partitioned into two subsets V (k) and V(p). V (k) consists of all
k-sets and V (p) consists of all p-sets. A wvertex a € V (k) is adjacent to a vertex
beV(p) if V(EyNV(p) =t. This graph is known as a lottery graph. The minimal

dominating set D is the subset of V (k) which dominates every vertex of V(p)
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123
14
L35

(]
5
145
34
135
45

Figure 2.1: The Lottery Graph G(5,3,2,2). The shaded nodes are the minimal
dominating set

Let us consider, the lottery scheme for G(5,3,2,2). The order of the lottery graph
is (g) + (g) = 10 4+ 10 = 20. The nodes are partitioned into two subsets: 10 k-sets
and 10 p-sets. From the figure, we find the lottery set = {{1 2 3} {124} {125} {3

4 5}} which dominates all the nodes of V(p) = V(2). Thus, L(5,3,2,2) = 4.

Properties of Lottery Graph

The diameter of a graph is the longest distance in the graph and the radius of a
graph is the length of the shortest minimal path in the graph. Now, we will present

some properties of lottery graphs for which p =k
(i) Forany 1 <t <k <mn

The lottery graph G(n, k, k,t) is r-regular where

r= Z | | (2.8)
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(i) Forall 1 <t <k <mn,

(k/k—t] ifn> 2k

[(n—k)/(k—1)] ifn<2k
(2.9)

Radius(G{n,k, k,t)) = diameter(G(n, k, k,t)) =

(iii) For k =t,

Radius(G{n, k, k,t)) = diameter(G(n, k, k,t)) = « (2.10)

A.P. Burger et al. present the following formula for lower bounds and upper

bounds.
Lower Bound

A general lower bound for lottery number based on the properties of lottery graph

given above:

(%)

r+1

L(n,k, k,t) > { w for all 1<t<k<n (2.11)

Upper Bound
If G is a connected p-order graph the lower domination number of G is denoted

by
1(G) <

o] DN

P (2.12)

This number is improved for a connected p-order graph with minimal vertex degree
(@) at least 2 by v(G) < 2p
Again, for maximal vertex degree A(G),v(G) < p—A(G) and 7(G) < §(G) where,

vertex degree is the number of edges a vertex is adjacent to.
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From all these equation, they deduce the following formula for upper bounds

L(n, k, k,t) < min {g (Z) (Z) - r} (2.13)

If diameter (G(n, k, k,t)) = 2 then L(n, k,k,t) <r

Then they present the known values of lottery numbers L, and also values of the
lower and upper bounds calculated from the formula given above.

A.P. Burger et al. also developed a new backtracking algorithm to find the number
of non-isomorphic optimal lotto designs LD(n, k,p,t). This algorithm produces all
possible non-isomorphic sets of 5 blocks and then checks to see if these 5 blocks
forms a lotto design. The number of non-isomorphic lottery designs or the number of
overlapping structures of minimum cardinality for (n, k, p, t) lottery designs is denoted
by n(n,k,p,t). n(n,k,p,t) is important for recursive construction of lotto designs.
Furthermore, they got 19 new lottery numbers and improved bounds for 20 lottery
numbers. Their results are listed in the Table 2.3.

Belic R. [19] has a large list of upper bounds for lotto designs on a website. A.P.
Burger et al. [6] consider the optimality of the 302 cardinality 7 (or less) lotto designs
of Belic’s R. list with n > 20. They found that 192 of these designs are optimal and

they improved 78 designs. They also improved 429 upper bounds of the Belic’s table.
Improvements of Upper Bounds

Li and van Rees [17] improved the upper bounds of lotto designs. These are actually
a generalization obtained from the data given by A.P. Burger et al.

Upper bounds can be improved by applying the following Lemma 2.8.2 and
Lemma 2.8.3 [17].
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n(n7 k7p7 t)

26

67

154

20

New L(n, k,p,t)

6:7
6:8

6:7

6:7
6:7

6:8

6:7
6:10

6:7
6:8

6:7
6:11

6:9

6:10

6:7

6:9
6:8

6:10

6:8

6:7

Previous L(n, k,p,t)

5:7
5:8
5:6
5:7
6:7

4:5

4:7

5:7
5:6

4:5

5:8
4:5

4:7

5:10
4:5

5:7
5:8

4:5

4:7

5:11
4:5

4:6
4:9

4:10
4:6
4:6

4:7

4:6

4:9

5:8
4:6

5:6
5:10

4:5

4:6

5:6
5:6
5:8
5:7

<n7 k:7p7 t)

(17,7, 5, 3)

(18,7, 5, 3)

(19, 8, 5, 3)

(20, 8, 5, 3)

(18, 6, 6, 3)

(19, 7,6, 3)

(20, 7, 6, 3)

(19, 5, 8, 3)

(18, 4, 10, 3)

(16, 10, 5, 4)

(17,10, 5, 4)

(17,11, 5, 4)

(18, 11, 5, 4)

(19, 11, 5, 4)

(19, 12, 5, 4)

(20, 12, 5, 4)
(147 67 7a 4)

(15,7, 7, 4)

(16, 7, 7, 4)

(17,7, 7,4)

(17,8, 7, 4)

(18, 8, 7, 4)

(19, 8,7, 4)

(20, 8,7, 4)

(19,9, 7, 4)

(20,9, 7, 4)

(16, 6, 8, 4)

(18,7, 8, 4)

(19,7, 8, 4)

(15, 5, 9, 4)

(17,6, 9, 4)

(18,6, 9, 4)

(19,6, 9, 4)

(19, 7, 9, 4)

(20, 7,9, 4)

(16, 5, 10, 4)
(19, 6, 10, 4)

(20, 6, 10, 4)

(18, 5, 11, 4)

Table 2.3: New Results found by A.P. Burger et al.
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As we will not do much work with upper bounds, we will not proof the lemma. These

are only presented with examples.

Lemma 2.8.2 : A lotto design LD(|A|+|B|+|C|+|D|, k,7,4;7+43) has the following

blocks:
AUB
AuC
BucC
AiUD
AQUD

A, UD
where AjUA3UA3U...UA, = A and |Ay| = |As] = ... = |A,| = w and all the blocks
have the same size.

Some results found from the Lemma 2.8.2 are as follows. The asterisk(*) represents
the results already found by A.P. Burger et al.

When |A| = |B| =|C| =3, |D| =5, r=3 Then LD(14,6,7,4;6) So, L(14,6,7,4) =6
(new)

When |A] = |B| = |C| =4, |D| =5, r=2 Then LD(17,8,7,4;5) So, L(17,8,7,4) = 5*
When, |A| = |B| =|C| =4, |D| =6, r=2 Then LD(18,8,7,4;5) So, L(18,8,7,4) =
5

When, |A| = |B| =|C| =4, |D| = 6,r=4 Then LD(19,8,7,4;7) So, 6 < L(19,8,7,4) <
7* (new)

When, |A| = |B| =|C| =3, |D| =5, r=2 Then LD(15,7,7,4;5) So, L(15,7,7,4) =
5

When, |A| = |B| = |C| =3, |D| =6, r=3 Then LD(16,7,7,4;6) So,L(16,7,7,4) =

6*(new)
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When, |A| = |B| =|C| =4, |D| =6, r =2 Then LD(19,9,7,4;5) So, L(19,9,7,4) =
5*

When, |A| = |B| = |C| = 4, |D| = 7, r=2 Then LD(20,7,7,4;5) So, L(20,7,7,4) =
5*

Lemma 2.8.3 : LD(|A| + |B| + |C|+ |D| + |E|, k,5,4;5) has the following block:
AUB

AuCuUD

AUCUE

AUDUE

BUCUDUE
where all blocks have the same size

Some results found from the Lemma 2.8.3:

When, |A| =6,|B| =4,|C| = |D| = |E| =2 Then LD(16, 10, 5,4;5) So, L(16,10,5,4) =

5

When, |[A| = 7,|B| =4,|C| = |D| = |E| = 2 Then LD(17,11,5,4;5) So, L(17,11,5,4) =

5

When, |A| = 7,|B| = 5,|C| = 3,|D| = |E| = 2 Then LD(19,12,5,4;5) So, L(19,12,5,4) =
5



Chapter 3

Algorithms

3.1 Introduction

The main task of our thesis is to develop backtracking algorithms that will find the
number of non-isomorphic optimal lotto designs for L(n, k, p,t) on 5 or 6 blocks or if
this is impossible, try to improve lower bounds for n, k, p,t < 20 by a backtracking
algorithm with isomorphism rejection. In this chapter, we will first present the back-
tracking algorithm of Bate along with his optimization techniques; preclusion and
isomorphism rejection. Then, we will present our basic sequential algorithm based
on the idea of Bate’s algorithm. Then, we will present an improved backtracking
algorithm which will optimize the basic sequential algorithm by pruning the search
tree to a great extent. We will give an example of the implementations and briefly

describe the data structures.

31
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3.2 Basic Backtracking Algorithm of Bate

Bate uses a backtracking algorithm along with some optimizations to compute L(n, k,
p,t). In his algorithm, Bate sets the maximum allowable number of k-sets in the
design to a large number. The algorithm begins by computing all p-sets. Then the
algorithm finds the first unrepresented p-set and generates all k-sets that represent
the p-set. These k-sets are a choice set for the first unrepresented p-set on the first
level. The algorithm adds to the design a k-set from the choice set and keeps track
(marks) of the index of all p-sets represented by the added k-set using flags. The
algorithm then finds the next unrepresented p-set and adds a k-set which represents
the p-set. If the algorithm reaches the maximum number of k-sets, b, on the level X
+ 1, then the algorithm backtracks to the previous level X and takes other possible
k-sets from the choice set of the level X and proceeds in the same fashion.

Before backtracking to the previous level X, this algorithm resets all the flags of the
p-sets represented by the k-set on the level X + 1. If the algorithm finds a design
with b blocks, the algorithm stores the results and tries to find a design with b - 1
blocks using the same procedure. This process is repeated until all possibilities have
been checked.

Now, we will present the pseudo-code of Bate’s basic backtracking algorithm.

Pseudo-code of Bate’s Algorithm

Find the first unrepresented p-set in the design.
if No such p-set is found then

A design is found
else

if Design contains the maximum number of k-sets then
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Backtrack to the previous level
else
Adds a k-set to the design and sets the flags of the p-sets represented by the
added k-set
Apply this procedure to complete the design
if A design is found on a level then
Resets the flags of the p-sets represented by the k-set at this level and re-
moves the k-set from the design
Return to the previous level
end if
end if
end if

3.2.1 Preclusion

Bate uses an optimization, preclusion, to speed up the basic backtracking algorithm.
Using Preclusion, the number of search nodes is reduced to a great extent.
In preclusion, the maximum number of p-sets, C, represented by any k-set of the

design is calculated using the Equation 3.1:

k
k n—=k
C=> (3.1)
i=t 1 p—1
A depth limit “LIMIT” is also defined at the beginning of the program. “LIMIT” is
the maximum number of blocks a lotto design may have and initially, it is set to a

large number. “MAXPOS” is the maximum numbers of p-sets that can be represented

by any set of (LIMIT — d) blocks where, d is the number of blocks in partial lotto
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design. Then “MAXPOS” is calculated using the Equation 3.2:

MAXPOS = C % (LIMIT — d) (3.2)

Bate uses “NLEFT” to count the p-sets which have not been represented yet. If
MAXPOS < NLEFT, the program backtracks to the previous level and takes
other k-sets from the choice set. This means that the maximum number of p-sets
that can be represented by the additional blocks the design may have, is less than
the number of p-sets left in the design. In this case, the program backtracks to the
previous level.

Preclusion works well at the lower level of the search tree. However, we did not use
preclusion in our algorithm because preclusion does not prune the search tree much

in our instances of the problem and preclusion increases computation time.

3.2.2 Isomorphism Rejection

Isomorphic rejection techniques significantly speed up backtracking algorithms. Using
these techniques, a k-set A is rejected on a level X of the search tree if the inclusion
of A does not lead to a successful design. Any other k-set B is also rejected if B
generates an isomorphic partial design to the partial design generated by A on level
X. Suppose, A is a block rejected at the (i+1)th level i.e. (X7, Xo, X3,..., X, A) is the
rejected partial design. Thus, a set of blocks (By, B, Bs, ..., B,) are also rejected at
the level ¢ + 1 if the partial designs (Xi, X2, X3, ..., X;, B1), (X1, X2, X3, ..., X;, By)
yeeey (Xy, X9, X3, ..., X, B,) are isomorphic to (X, X, X3,...,X;, A). This type of
isomorphic rejection is called complete isomorphic rejection. Complete isomorphic
rejection reduces the size of the search tree to a great extent. However, this kind

of complete isomorphism rejection is expensive in the context of search time. Thus,
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Bate introduces a simplified form of isomorphism testing [1].

The simplified form of isomorphism testing is called trivial isomorphism testing. In
this test, a table is used to maintain the list of trivially isomorphic elements. Recall
the definitions of Definition 1.1.7 - 1.1.10.

Rejection flags are used for blocks to implement the trivially isomorphic rejection
scheme. When a block is added to the design, the table of trivially isomorphic ele-
ments is updated and all trivially isomorphic blocks of the added block are generated
and the rejection flags of these blocks are set. A block cannot be added to the design
if its rejection flag is set. After trying all trivially non-isomorphic blocks at a level,
the program backtracks to the previous level and all rejection flags are reset.

This simple form of isomorphism rejection techniques works best at levels with few
blocks or at the top levels of the tree, thus reducing the size of the search tree and
also the search time to a great extent.

Of course, using the trivial isomorphism rejection test does not necessarily eliminate

all non-isomorphic copies but they do not affect the value of L(n, k,p,t).

3.3 Basic Sequential Algorithm

As backtracking on the first three blocks requires much search time, we will generate
all non-isomorphic set of three blocks for a set of parameters using block intersection
properties. This technique will be explained with an example in a later section. Then,
for each set of the three blocks, we will take the next k-set in lexicographical order.
In this way, we will try to find a design by checking all possibilities until the design
reaches the maximal k-sets. Now, we will present our basic sequential algorithm
which we call the ‘3-block sets Algorithm’. This algorithm finds the number of non-

isomorphic designs of L(n,k,p,t) on 5 or 6 blocks or, with a slight change, find if
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L(n,k,p,t) = 6 for n, k, p, t less than or equal to 20. Any 3 blocks, By, Bs, By can be
arranged so that |By N By| > |B1N B3| > |BaN Bs|. So, our algorithm finds the blocks
this way. In the 3-blocks set and improved 3-blocks set algorithms, the variables
pSet stores all the p-sets, pSetFlag stores the flags of the p-sets, nTotal Pset is the
total number of p-sets, nTotalT hreeBlocks is the total number of pre-computed sets
of 3-blocks. We will store the p-sets that are unrepresented by the first 3 blocks
into the variable newPset and the flags of these p-sets are stored into the variable
newPsetFlag. nextK set is a k-set in lexicographical order whereas, nonlsoK set are

the trivially non-isomorphic k-sets generated at the level 4, 5 and 6.

3.3.1 3-Blocks set Algorithm

Pre-compute all non-isomorphic set of 3-blocks for a set of parameters n, k, p,t
Generate all p-sets
for i = 0 to nTotalPset — 1 do
pSetFlag[i] < 0
{initializing the flags of p-sets}
end for
for i = 0 to nTotalThreeBlocks — 1 do
for j =0 to nTotal Pset — 1 do
if ((|pSet[j]nfirstBlock|)or(|pSet]jlNsecondBlock|)or(|pSet[j]NthirdBlock|) =
t) then
set pSetFlaglj] < 1 {represents p-sets by the first three blocks }
end if
end for

[=0
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for 7 =0 to nTotalPset — 1 do
if pSetFlag[j] = 0 then
newPset[l] — pSet]j]
newPsetFlag[l] < 0 {generate new list of p-sets still unrepresented by the
first 3-blocks}
[=1+1
end if
end for
for The level L =4 to 6 do
partial Design|L—1] < next K set where, next K set is a k-set in lexicographical
order
for Each of the index 7; of newPset represented by next K set do
newPsetFlagli;] < 1
end for
if All p-sets are represented and number of blocks of the design < 6 then
A lotto design is found, display the design
Reset newPsetFlag and take the next k-set at level L in lexicographical
order.
else if L = 6 and all k-sets have been tried at the level L without all p-sets
being represented then
Backtrack to the Level L — 1
Reset newPsetFlagli] < 0, where 7 is the index of each p-set represented
by the k-set at level L
end if
end for

end for
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3.4 Improved Algorithm

Taking all the possible k-sets in lexicographical order at the level 4 < L < 6 is slow,
because, it requires a large time to search the state space tree. Thus, to speed up our
basic sequential algorithm, we will generate all non-trivially isomorphic k-sets at the
level 4 < L < 6. We will further optimize our program by applying the fact that there
exists an optimal lotto design wherein each element occurs at least once. Firstly, we
will present our improved algorithm which we call ‘Improved 3-blocks set Algorithm’.
Then we will present the algorithm to pre-compute all non-isomorphic set of three
blocks for a set of parameters n, k, p, t. Finally, we will describe improvements in a

subsection.

3.4.1 Improved 3-blocks set Algorithm

Pre-compute all non-isomorphic set of 3-blocks for a set of parameters n, k, p, t
Generate all p-sets
for i = 0 to nTotalPset — 1 do
pSetFlag[i] < 0 {initializing the flags of p-sets}
end for
for i = 0 to nTotalThreeBlocks — 1 do
for j =0 to nTotalPset — 1 do
if ((|pSet[j]nfirstBlock|)or(|pSet|jlNsecondBlock|)or(|pSet[j]NthirdBlock|) =
t) then
set pSetFlag|j] < 1 {represents p-sets by the first three blocks }
end if
end for

[=0
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for 7 =0 to nTotalPset — 1 do
if pSetFlag[j] = 0 then
newPset[l] — pSet]j]
newPsetFlag[l] < 0 {generate new list of p-sets still unrepresented by the
first 3-blocks}
l=1+1
end if
end for
for The level L =4 to 6 do
Generate trivially isomorphic list of elements based on the first L - 1 blocks
Generate all trivially non-isomorphic k-sets, nonlsoK set at the level L
j=0
while j < nTotal NonlsoKset —1 do
partial Design[L — 1] < nonlsoK set[j]
j=i+1
if L = 6 and still frequency 0 elements left then
Take the next nonlsoK set in partial Design
else
for Each of the new Pset of index [ where, new Pset[l|NnonlsoK set[j] =t
do
newPsetFlag[l] — 1
end for
if All newPsetFlag = 1 and nTotal Blocks < 6 then
A lotto design is found, display the design {nTotal Blocks is the number
of blocks added in the design }

Reset newPsetFlags for the k-set at the level L and
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Try to find another non-isomorphic lotto design with other nonlsoK set
at the level L

else if L =6 then
Reset newPsetFlag for the k-set at level L and backtrack

end if

end if
end while
end for

end for

3.4.2 Pseudo-code to pre-compute non-isomorphic set of Three

Blocks

fori=0tok—1do
firstBlock[i] < i + 1 { firstBlock stores the first block}

end for

fori=0to k—1do
firstUndif ferentiatedListl[i| « firstBlock[i] {Stores two lists of undifferen-
tiated elements based on the first block into firstUndif ferentiatedListl and
secondUndif ferentiatedList2}

end for

fori=kton—1do
firstUndif ferentiatedList2[i] < i + 1

end for

fori=0tok—1do
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secondBlock[i] < {first (k — ¢ — 1) elements of firstUndif ferentiatedList1}U
{first (i + 1) elements of firstUndif ferentiatedList2}
{Generates all set of 2-blocks}
end for
for i = 0 to nTotal SecondBlock — 1 do
intersecl « | firstBlock N secondBlock]i|
{intersecl is the intersection between the first and second block}
{Generates all lists of undifferentiated elements based on the first 2-blocks into
secondUndi f ferentiatedListl, secondUndif ferentiatedList2,
secondUndif ferentiatedList3 and secondUndif ferentiatedList4}
secondUndif ferentiatedListl[i] «+ a,where a € firstBlock and secondBlock
secondUndif ferentiatedList2[i| < b,where b € firstBlock, b ¢ secondBlock
secondUndif ferentiatedList3[i| < c,where ¢ ¢ firstBlock, ¢ € secondBlock
secondUndif ferentiatedListd[i| < d,where d ¢ firstBlock, d ¢ secondBlock
for indexl = Total ElementsInListl —1 to 0 do
total Element = 0 {TotalElementsInListl is total number of elements in
undif ferentiatedList1}
for j = 0 to indexl — 1 do
thirdBlock[j] <« secondUndif ferentiatedList1[j]
total Element = total Element + 1
end for
remainingFElement = k — total Element {total Element is the total number
of elements added in the thirdBlock and remainingElement is additional el-
ements can be added in the thirdBlock}
if total Element < k then

for index2 = Total ElementsInList2 — 1 to 0 do
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if indexr2 < remainingFElement then
nElementl < index2 {Total Elements2 is total number of elements in
undif ferentiated List2}
else
nElementl «— remainingElement
end if
for index3 = 0 to nElementl — 1 do
thirdBlock[total Element + index3| <
secondUndif ferentiatedList2]index3]
total Element = total Element + 1
end for
remainingFElement = k — total Element
if totalElement < k then
for index4 = Total ElementsInList3 — 1 to 0 do
if indexd < remainingElement then
nElement2 < index4
else
nElement2 «— remainingElement
end if
for indexd = 0 to nElement2 — 1 do
thirdBlock[total Element + index5] «—
secondUndif ferentiatedList3|index5|
total Element = total Element + 1
end for
remainingFElement = k — total Element

if totalElement < k then
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for index6 = 0 to remainingFElement — 1 do
thirdBlock[total Element + index6] «—
secondUndif ferentiated List4[index6]
end for
else if total Element = k then
intersec2 « | firstBlock N thirdBlock|
intersec3 « |secondBlock[i] N thirdBlock| {intersec2 is the in-
tersection between the first and third blocks and intersec3 is the
intersection between the second and third block}
if intersecl > intersec2 > intersec3 then
store the thirdBlock
end if
end if
end for
else if total Element = k then
intersec2 «— | first Block N thirdBlock|
intersec3 « |secondBlock[i] N third Block|
if intersec2 > intersec2 > intersec3 then
store the thirdBlock
end if
end if
end for
else if total Element = k then
intersec2 « |firstBlock N thirdBlock|
intersec3 «— |secondBlock[i] N third Block|

if intersec2 > intersec2 > intersec3 then
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Stores the third Block
end if
end if
end for

end for

3.4.3 Improvements

Firstly, we will generate all possible sets of three blocks by using block intersection
properties. It is easy to use these properties to generate non-isomorphic sets of three
blocks. Backtracking on the first three blocks is very slow. But by generating only
non-isomorphic sets of three blocks, it is possible to avoid backtracking at these upper
levels. Thus, this technique will speed up our program to a great extent. Secondly,
we will apply trivial isomorphism rejection to generate the rest of the blocks. This
technique is not as costly as the complete isomorphism rejection but does almost as
well in pruning the search tree for a little extra time. In the case where we are not
finding n(n, k, p,t) but only finding if L(n,k,p,t) = 6, we can further optimize our
program by checking whether any frequency 0 element is left at the last level. If so,
the algorithm backtracks immediately to the previous level. These frequency results
will prune the search tree to a great extent. We will explain the frequency results with
an example in the next section. The algorithm may still generate isomorphic designs
for a particular set of parameters n, k,p,t, so we will run Kocay’s [13] program to
eliminate these and produce a list of all non-isomorphic designs.

Why are we not generating all non-isomorphic sets of 4-blocks? Actually, generating
non-isomorphic set of 4-blocks increases the computations greatly and produces a

much larger list of starting designs which would ultimately decrease the performance.
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3.5 Example

We will show how to generate all non-isomorphic sets of 3-blocks using block inter-
section properties for (18, 8, 7, 4). We will also show how to generate all trivially

non-isomorphic blocks at the level 4 < L < 6.

3.5.1 Generation of non-isomorphic sets of 3 blocks using

block intersections

Let us consider the lotto design (18, 8, 7, 4). Clearly we can let {1 23456 7
8} be the starting or the first block of the design because at this stage, all blocks
are isomorphic. To generate all non-isomorphic sets of 3-blocks, we first generate all

non-isomorphic sets of 2-blocks using block intersection properties.

Definition 3.5.1 In simple isomorphism, the undifferentiated elements are the el-
ements that appear in the same set of blocks. In isomorphism, the undifferentiated
elements are the elements for which there exists an automorphism such that one un-

differentiated element is mapped onto another undifferentiated elements in the list.

The lists of undifferentiated elements after the first block {123 4 5 6 7 8} has been

chosen are as follows:

{123456 78} are undifferentiated

{9 10 11 12 13 14 15 16 17 18} are undifferentiated

Now, all possible non-isomorphic sets of 2-blocks are:
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{12345678} {12345678} {12345678}
{12345679} {123456910} {12345910 11}
#Intersection = 7 #Intersection = 6 #Intersection = 5
{12345678} {12345678} {12345678}
{123491011 12} {1239101112 13} {12910 11 12 13 14}
#Intersection = 4 #Intersection = 3 #Intersection = 2
{12345678} {12345678}

{1910111213 14 15} | {910 11 12 13 14 15 16}

#Intersection = 1 #Intersection = 0

Table 3.1: All non-isomorphic 2-blocks for LD(18,8,7,4;5)

The second block of each of the 2-blocks set is generated by taking different number
of elements from the two lists of undifferentiated elements. For example, in the first
2-blocks set of the Table 3.1, 7 elements and 1 element come from the first and
second lists of undifferentiated elements respectively, whereas in the second 2-blocks
set, 6 and 2 elements come from the first and second list of undifferentiated elements.
Hence, the number of intersections between the first and second blocks for each set

of 2-blocks is different. Therefore, the 2-blocks sets are non-isomorphic.

Theorem 3.5.1 : Any set of 2-blocks is isomorphic to one of the listed starting

2-blocks.
Proof:
{aba?a'"7asaas+la"'7ak‘} . . X
Let, 8 = be any 2-blocks with intersection s.
{Oél, Qoy .oy gy Oy 1, .00y a?k‘—s}

Let ¢ be the mapping function such that o; — i. Then ¢ maps ( to the 2-set starting

blocks with intersection s. So we can state the following lemma.

Lemma 3.5.2 : The algorithm ‘3-blocks set algorithm’ generates all non-isomorphic

sets of 2 blocks.
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Now, for each set of 2-blocks, we will generate all non-isomorphic set of 3-blocks using

block intersection properties.

Now consider, the 2-block:

(12345678}

{1234591011}

For this set of 2-blocks, the undifferentiated elements are:

{1 2 3 4 5} are undifferentiated

{6 7 8}, {9 10 11} are undifferentiated

{12 13 14 15 16 17 18} are undifferentiated

Note that {6 7 8} can be interchanged with {9,10,11}. Now, all non-isomorphic 3-

blocks coming from the above 2-block are as follows. The pair (a1, as) under each of

the 3-block of the table represents the number of intersections between the first and

third blocks with a; and denotes the number of intersections between the second and

third blocks with as.

(12345678}
{1234591011}
{123451213 14}

(12345678}
{1234591011}
{1234691213}

{1234567 8}
{1234591011}
{1236791012}

{1234567 8}
{1234591011}
{1267891011}

(5,5)

(5,5)

(5,5)

(5,5)

{12345678}
{1234591011}
{123461213 14}

{12345678}
{1234591011}
{1236791213}

{12345678}
{1234591011}
{12678910 12}

(5,4)

(5,4)

(5,4)

{12345678}
{1234591011}
{123671213 14}

{1234567 8}
{1234591011}
{1267891213}

(5,3)

(5,3)
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{12345678}
{1234591011}
{126781213 14}

(5,2)

{12345678}
{1234591011}
{12341213 14 15}

{12345678}
{1234591011}
{123691213 14}

{12345678}
{1234591011}
{12679101213}

(4.4)

(4,4) (4,4)

{12345678}
{1234591011}
{167891011 12}

(4.4)

{12345678}
{1234591011}
{12361213 14 15}

{12345678}
{1234591011}
{126791213 14}

{12345678}
{1234591011}
{16789101213}

(4,3)

(4,3) (4,3)

{12345678}
{1234591011}
{12671213 14 15}

{1234567 8}
{1234591011}
{167891213 14}

{12345678}
{1234591011}
{16781213 14 15}

(4,2)

(4,2) (4,1)

{12345678}
{1234591011}
{1231213 14 15 16}

{12345678)}
{1234591011}
{12691213 14 15}

{12345678}
{1234591011}
{1679101213 14}

(3,3)

(3,3)

(3,3)

{12345678}
{1234591011}
{6 78910111213}

{12345678}
{1234591011}
{1261213 14 15 16}

{12345678}
{1234591011}
{167121314 15 16}

(3,3)

(3,2)

(3,2)

(12345678}
{1234591011}
{6 789101213 14}

{12345678}
{1234591011}
{167111213 14 15}

{12345678}
{1234591011}
{6 7891213 14 15}

(3,2)

(3,1)

(3,1)

{12345678}
{1234591011}
{6 781213 14 15 16}

(3,0)

48
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(12345678} (123456738} (12345678}
{1234591011} {1234591011} {1234591011}
(121213141516 17} | {16912 13 14 15 16} | {6 79 10 12 13 14 15}
(2,2) (2,2) (2,2)

(12345678} (123456738} (12345678}
{1234591011} {1234591011} {1234591011}
(161213141516 17} | {6 791213 14 15 16} | {6 7 12 13 14 15 16 17}
2,1 (2,1) (2,0)

(12345678} (12345678} (12345678}
{1234591011} {1234591011} (1234591011}
{1121314 1516 17 18} | {6 91213 14 15 16 17} | {6 12 13 14 15 16 17 18}
(1,1) (1,1) (1,0)

Table 3.2: All non-isomorphic 3-blocks for the 2-block {{12345678}{123459
10 11}}

Though the number of intersections (aj,a2) of two or more sets of 3-blocks is the
same they can be non-isomorphic if different number of elements comes from the lists
of undifferentiated elements in the third block of the 3-blocks sets. For example, the
number of intersections of the first four sets of 3-blocks of the Table 3.2 is (5, 5); they
are non-isomorphic. As in the third block of the first 3-blocks set, 5 elements come
from the undifferentiated elements list {1 2 3 4 5} whereas in the third block of the

second 3-blocks set, 4 elements come from the undifferentiated elements list {1 2 3 4

5.

Theorem 3.5.3 Any lotto design must have 3 blocks isomorphic to the one of the

starting 3 blocks.

Proof:

Without loss of generality, let the largest intersection is between the first and second
blocks. Also without loss of generality, let the size of the intersection between block
1 and block 3 be equal to or larger than the size of the intersection between block 2

and block 3. Then the blocks can be written as follows:
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{ala Qg, ..y Oy Oty .. aak}
B: {041,0427...,OéS,Oék+1,...,(){2]€_5}
{041, Aoy ooty Oy Olgy 1y ooy gy Ot 1y -+ vy gy, Q2415 - - - 7a3k—s—r—v—w}

Where, 0 <s<k—1,0<r<s5,0<v<k—s0<w<k—s. Now, a; — i maps (3
onto the (v, w) 3-block where |B; N By N Bs| =7, |BiN By| = s, |By N By — Ba| = v,
|BQﬁBg—Bl‘ =w.O

3.5.2 Find the fourth block using trivial isomorphism rejec-
tion
For each set of the non-isomorphic 3-blocks, our program will find the fourth block

using trivial isomorphism rejection.

Let us consider the following set of 3-blocks.

{12345678}
{1234591011}
{123451213 14}

The lists of trivially isomorphic elements for this set of 3-blocks are as follows:

{1 2 3 4 5} are trivially isomorphic

{6 7 8} are trivially isomorphic

{9 10 11} are trivially isomorphic

{12 13 14} are trivially isomorphic

{15 16 17 18} are trivially isomorphic

Although {6 78} and {9 10 11} are indistinguishable, they are trivially non-isomorphic.
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Now, we will generate all trivially non-isomorphic sets of fourth blocks for this set of
3-blocks and try to find partial lotto designs with four blocks. The following Table 3.3

lists all trivially non-isomorphic fourth blocks for this set of 3-blocks.
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{1234515 16 17}
{123461215 16}
{123491516 17}
{1236791012}
{1236791215}
{123671215 16}
{12369101215}
{123691215 16}
{1236121516 17}
{12391012 15 16}
{12391215 16 17}
{123121516 17 18}
{1267891015}
{1267891516}
{126781215 16}
{126791011 15}
{126791015 16}
{126791215 16}
{1267121315 16}
{12691011 1213}
{12691012 13 14}
{12691015 16 17}
{12691215 16 17}
{12612131516 17}
{129101112 13 15}
{1291012 13 14 15}
{12910 15 16 17 18}
{129121516 17 18}
{16789101112}
{167891012 15}
{16789121315}
{16781213 14 15}
{1678151617 18}
{16791011 15 16}
{1679101215 16}
{1679121315 16}
{1671213 14 15 16}
{16910 111213 14}
{16910 111516 17}
{16910 121516 17}
{16912131516 17}
{1612 131516 17 18}
{1910 11 15 16 17 18}

{1234691215}
{123461516 17}
{1234121516 17}
{1236791015}
(1236791516}
{123671516 17}
{123691015 16}
{123691516 17}
{1236151617 18}
{12391015 16 17}
{1239151617 18}
{1267891011}
{1267891213}
{126781213 14}
{126781516 17}
{12679101213}
{126791213 14}
{126791516 17}
{1267121516 17}
{1269101112 15}
{1269101213 15}
{12691213 14 15}
{12691516 17 18}
{12612 1516 17 18}
{12910 1112 15 16}
{1291012 13 15 16}
{1291213 14 15 16}
{121213 14 15 16 17}
{167891011 15}
{167891015 16}
{167891215 16}
{1678121315 16}
{167910111213}
{1679101213 14}
{1679101516 17}
{1679121516 17}
{16712131516 17}
{16910 111213 15}
{16910 1213 14 15}
{16910 1516 17 18}
{169121516 17 18}
{1910 11 12 13 14 15}
{1910 12 13 14 15 16}

{12346915 16}
{123491215 16}
{1234151617 18}
{1236791213}
{123671213 15}
{12369101213}
{123691213 15}
{1236121315 16}
{1239101213 15}
{12391213 15 16}
{12312131516 17}
{1267891012}
{1267891215}
{126781213 15}
{126791011 12}
{12679101215}
{126791213 15}
{1267121314 15}
{12671516 17 18}
{12691011 15 16}
{1269101215 16}
{12691213 15 16}
{12612 13 14 15 16}
{12910 1112 13 14}
{12910 1115 16 17}
{129101215 16 17}
{1291213 1516 17}
{121213 15 16 17 18}
{16789101213}
{167891213 14}
{167891516 17}
{1678121516 17}
{16791011 1215}
{1679101213 15}
{1679121314 15}
{1679151617 18}
{167121516 17 18}
{16910 11 12 15 16}
{16910 12 13 15 16}
{16912 1314 15 16}
{161213 14 15 16 17}
{1910 11 12 15 16 17}
{19101213 15 16 17}
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{19101215 16 17 18}
{11213 14 15 16 17 18}
{6 78910 11 15 16}
{6 7891012 15 16}

{6 789121315 16}
{6 781213 14 15 16}
{6 79101112 13 14}
{6 7910111516 17}
{6 7910121516 17}
{6 7912131516 17}
{6 7121315 16 17 18}
{6910 11 1215 16 17}
{6910 12 13 15 16 17}
{6912 13 15 16 17 18}
{910 11 12 13 15 16 17}
{910 12 13 15 16 17 18}

(1912131415 16 17}
{6 78910111213}
{6 789101213 14}
{6 789101516 17}
{6 789121516 17}
{6 78121315 16 17}
{67910 11 12 13 15}
{67910 12 13 14 15}
{67910 15 16 17 18}
{67912 1516 17 18}
{6910 11 12 13 14 15}
{6910 11 15 16 17 18}
{6 91012 15 16 17 18}
{61213 14 15 16 17 18}
{910 11 12 15 16 17 18}
{912 13 14 15 16 17 18}

{19121315 16 17 18}
{6 789101112 15}
{6 789101213 15}
{6 789121314 15}
{6 789151617 18}
{67812 1516 17 18}
{67910 11 12 15 16}
{67910 12 13 15 16}
{67912 13 14 15 16}
{6 71213 14 15 16 17}
{6910 11 12 13 15 16}
{6910 12 13 14 15 16}
{6 91213 14 15 16 17}
{910 11 12 13 14 15 16}
{91012 13 14 15 16 17}
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Table 3.3: All trivially non-isomorphic 4th blocks for the 3-block {{123 456 7 8}{1
2345910 11}{123451213 14}}

Suppose, we try to find a design with the fourth block {1 234 5 15 16 17}. If we
do not find any design containing these 4 blocks then obviously we will not find any
design with a fourth block trivially isomorphic to {1 2 3 4 5 15 16 17}. Thus, we
generate the list of trivially non-isomorphic fourth blocks by rejecting any trivially
isomorphic blocks to the fourth blocks in the table. For example, in the Table 3.3,
all the blocks between {12345 1516 17} and {12346 9 12 15} in lexicographical
order are trivially isomorphic to {1 2 34 5 15 16 17}. Hence, we have discarded all
the blocks between {12345 1516 17} and {1234 6 9 12 15} in the list of fourth
blocks.

3.5.3 Finding Blocks at the level 5

For each set of trivially non-isomorphic 4-blocks, we will find fifth and sixth block

using trivial isomorphism rejection.
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Let us consider the following set of 4-blocks:

{12345678}
{12345910 11}
{123451213 14}
{123451516 17}

The lists of trivially isomorphic elements for this set of 4-blocks are as follows:

{1234 5} are trivially isomorphic

{6 7 8} are trivially isomorphic

{9 10 11} are trivially isomorphic

{12 13 14} are trivially isomorphic

{15 16 17} are trivially isomorphic

{18}

Now, we will generate all trivially non-isomorphic sets of fifth blocks for this set of
4-blocks and try to find partial lotto designs with five blocks. The following table

lists all trivially non-isomorphic fifth blocks for this set of 4-blocks.
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(1234691215}
{123461215 18}
{1236791015}
{1236791215}
{1236791518}
{123671215 16}
{12369101213}
{1236910 15 16}
{12369121318}
{123691516 18}
{1236121516 18}
{12391012 15 16}
{12391213 15 16}
{123121315 16 18}
{1267891015}
{1267891215}
{1267891518}
{126781213 18}
{12678151617}
{126791011 15}
{126791012 15}
{1267910 15 18}
{12679121318}
{12679151617}
{12671213 14 18}
{1267121516 17}
{12691011 1213}
{12691011 15 16}
{12691012 13 15}
{12691012 15 18}
{12691213 14 15}
{12691213 15 18}
{12691516 17 18}
{1261213 1516 17}
{12910 1112 13 14}
{12910 11 12 15 16}
{1291011 15 16 18}
{1291012 13 15 16}
{129101215 16 18}
{1291213 14 15 18}
{129121516 17 18}
{121213 1516 17 18}
{167891011 18}
{167891012 18}

(1234691218}
{123491215 18}
{1236791018}
{1236791218}
{12367121315}
{123671215 18}
{123691012 15}
{1236910 15 18}
{12369 1215 16}
{1236121315 16}
{12391012 13 15}
1239101215 18
{1239121315 18}
{1267891011}
{1267891018}
{1267891218}
{126781213 14}
{126781215 16}
{126781516 18}
{126791011 18}
{12679101218}
{126791213 14}
{126791215 16}
{126791516 18}
{12671213 15 16}
{12671215 16 18}
{12691011 12 15}
{12691011 15 18}
{1269101213 18}
{1269101516 17}
{12691213 14 18}
{1269121516 17}
{1261213 14 15 16}
{1261213 1516 18}
{12910 1112 13 15}
{12910 11 12 15 18}
{129101213 14 15}
{129101213 15 18}
{129101516 17 18}
{1291213 1516 17}
(121213 14 15 16 17}
{167891011 12}
{16789101213}
{16789 1015 16}

(1234691518}
{1236791012}
{1236791213}
{1236791516}
{12367121318}
{123671516 18}
{123691012 18}
{123691213 15}
{123691215 18}
{1236121315 18}
{12391012 13 18}
12391015 16 18
{1239121516 18}
{1267891012}
(1267891213}
{12678915 16}
{126781213 15}
{126781215 18}
{126791011 12}
{12679101213}
{126791015 16}
{126791213 15}
{126791215 18}
{12671213 14 15}
{12671213 15 18}
{12671516 17 18}
{12691011 1218}
{12691012 13 14}
{126910 12 15 16}
{126910 15 16 18}
{12691213 15 16}
{1269121516 18}
{1261213 14 15 18}
{126121516 17 18}
{129101112 13 18}
{1291011 1516 17}
{129101213 14 18}
{129101215 16 17}
{1291213 14 15 16}
{129121315 16 18}
{121213 14 15 16 18}
{167891011 15}
{167891012 15}
{167891015 18}
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{167891213 14}
{167891215 16}
{167891516 18}
{1678121315 16}
{1678121516 18}
{16791011 1215}
{16791011 15 18}
{1679101213 18}
{1679101516 17}
{16791213 14 18}
{1679121516 17}
{167121314 15 16}
{167121315 16 18}
{16910 111213 15}
{16910 1112 15 18}
{16910 1213 14 15}
{16910 1213 15 18}
{16910 1516 17 18}
{16912131516 17}
{161213 14 15 16 17}
{1234691518}
{1236791012}
{1236791213}
{1236791516}
{123671213 18}
{123671516 18}
{12369101218}
{123691213 15}
{123691215 18}
{1236121315 18}
{1239101213 18}
{12391015 16 18}
{12391215 16 18}
{1267891012}
{1267891213}
{1267891516}
{126781213 15}
{126781215 18}
{12679101112}
{12679101213}
{126791015 16}
{126791213 15}
{126791215 18}

{16789 121315}
{167891215 18}
{1678121314 15}
{16781213 15 18}
{16781516 17 18}
{16791011 12 18}
{16791012 13 14}
{16791012 15 16}
{167910 1516 18}
{1679121315 16}
{1679121516 18}
{1671213 14 15 18}
{167121516 17 18}
{169101112 13 18}
{16910111516 17}
{169101213 14 18}
{1691012 1516 17}
{1691213 14 15 16}
{1691213 1516 18}
{1234691215}
{123461215 18}
{1236791015}
{1236791215}
{1236791518}
{123671215 16}
{12369101213}
{12369 1015 16}
{12369121318}
{12369 1516 18}
{1236121516 18}
{12391012 15 16}
{12391213 15 16}
{1231213 1516 18}
{1267891015}
{1267891215}
{1267891518}
{12678121318}
{12678151617}
{126791011 15}
{12679101215}
{126791015 18}
{12679121318}
{126791516 17}

{167891213 18}
{167891516 17}
{1678121314 18}
{1678121516 17}
{167910111213}
{16791011 15 16}
{1679101213 15}
{1679101215 18}
{1679121314 15}
{1679121315 18}
{1679151617 18}
{16712131516 17}
{16910 1112 13 14}
{16910 11 12 15 16}
{16910 11 15 16 18}
{16910 1213 15 16}
{16910 12 15 16 18}
{169121314 15 18}
{16912 1516 17 18}
{1234691218}
{12349121518}
{1236791018}
{1236791218}
{123671213 15}
{12367121518}
{12369101215}
{123691015 18}
{123691215 16}
{1236121315 16}
{1239101213 15}
{1239101215 18}
{1239121315 18}
{1267891011}
{1267891018}
{1267891218}
{126781213 14}
{126781215 16}
{126781516 18}
{126791011 18}
{12679101218}
{126791213 14}
{126791215 16}
{126791516 18}
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{1267121314 15}
{1267121315 18}
{12671516 17 18}
{12691011 1218}
{1269101213 14}
{1269101215 16}
{12691015 16 18}
{1269121315 16}
{12691215 16 18}
{12612131415 18}
{161213 14 15 16 18}
{1910 11 12 13 14 18}
{1910 1112 15 16 17}
{1910 12 13 14 15 16}
{1910 12 13 15 16 18}
{191213 14 15 16 18}
{6 78910111213}
{6 7891011 15 16}
{6 789101213 15}
{6 789101215 18}
{6 7891213 14 15}
{6 789121315 18}
{6 7891516 17 18}
{6 78121315 16 17}
{67910 11 12 13 14}
{6 791011 12 15 16}
{67910 11 15 16 18}
{67910 12 13 15 16}
{67910 12 15 16 18}
{6791213 14 15 18}
{679121516 17 18}
{6 71213 15 16 17 18}
{6910 11 12 13 15 16}
{6910 11 12 15 16 18}
{6 91012 13 14 15 18}
{6 91012 15 16 17 18}
{6 91213 15 16 17 18}
{910 11 12 13 14 15 18}
{910 11 12 15 16 17 18}
{910 1213 15 16 17 18}

{1267121314 18}
{1267121516 17}
{126910111213}
{12691011 15 16}
{1269101213 15}
{1269101215 18}
{12691213 14 15}
{1269121315 18}
{12691516 17 18}
{12612131516 17}
{161213 1516 17 18}
{191011 1213 15 16}
{191011 1215 16 18}
{19101213 14 15 18}
{1910 1215 16 17 18}
{191213 1516 17 18}
{6 789101112 15}
{6 7891011 15 18}
{6 789101213 18}
{6 789101516 17}
{67912 13 14 18}

{6 789121516 17}
{6 781213 14 15 16}
{67812 13 15 16 18}
{67910 11 12 13 15}
{67910 11 12 15 18}
{67910 12 13 14 15}
{67910 12 13 15 18}
{67910 15 16 17 18}
{67912 131516 17}
{6 71213 14 15 16 17}
{6910 111213 14 15}
{6910 11 12 13 15 18}
{6910 11 15 16 17 18}
{6 91012 13 15 16 17}
{6 91213 14 15 16 17}
{61213 14 15 16 17 18}
{91011 12 13 15 16 17}
{91012 13 14 15 16 17}
{91213 14 15 16 17 18}

{1267121315 16}
{1267121516 18}
{1269101112 15}
{12691011 15 18}
{1269101213 18}
{1269101516 17}
{12691213 14 18}
{1269121516 17}
{1261213 14 15 16}
{12612 1315 16 18}
{191011 1213 14 15}
{1910111213 15 18}
{191011 1516 17 18}
{19101213 15 16 17}
{19121314 15 16 17}
{11213 14 15 16 17 18}
{6 78910111218}
{6 789101213 14}
{6 789101215 16}
{6 7891015 16 18}
{6 789121315 16}
{6 7891215 16 18}
{6 781213 14 15 18}
{67812 1516 17 18}
{6 7910111213 18}
{67910 11 15 16 17}
{6 79101213 14 18}
{67910 12 15 16 17}
{6 791213 14 15 16}
{67912 13 15 16 18}
{6 71213 14 15 16 18}
{6910 111213 14 18}
{6910 1112 15 16 17}
{6910 1213 14 15 16}
{6 910 12 13 15 16 18}
{6912 13 14 15 16 18}
{910 11 12 13 14 15 16}
{91011 12 13 15 16 18}
{91012 13 14 15 16 18}
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Table 3.4: All trivially non-isomorphic 5th blocks for the 4-block {{123456 7 8}{1
234591011}{12345121314}{123451516 17}}
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In the Table 3.4, all the blocks in lexicographical order between any two blocks are
trivially isomorphic to the first of the two blocks thus are discarded from the list of
fifth blocks. For example, all the blocks between {1 23469 12 15} and {12346 9
12 18} in lexicographical order are trivially isomorphic to {1234 6 9 12 15}. Hence,
we have discarded all the blocks between {123469 12 15} and {12346 9 12 18}
from the list of fifth blocks.

3.5.4 Finding blocks at the level 6

Now, considering the following set of 5-blocks:

(12345678}
(12345679}
{123456710}
(123456711}

{123456712}

The lists of trivially isomorphic elements for this set of 5-blocks are as follows:

{123456 7} are trivially isomorphic
{8}

{9}

{10}

{11}

{12}

{13 14 15 16 17 18} are trivially isomorphic

We get the following list of all trivially non-isomorphic sixth blocks.
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(123456713}
(123456811}
{1234560910}
{123456913}
{12345610 13}
{1234561213}
{123458911}
{1234581011}
{1234581112}
{12345813 14}
{1234591013}
{1234591213}
{12345101113}
{12345111213}
{123451314 15}
{1234891013}
{1234891213}
{12348101113}
{12348111213}
{123481314 15}
{12349101213}
{12349111314}
{123410111213}
{12341013 14 15}
{1234121314 15}
{123891011 13}
{12389111213}
{123891314 15}
{1238101213 14}
{1238111314 15}
{12391011 1213}
{12391013 14 15}
{12391213 14 15}
{1231011 13 14 15}
{123111213 14 15}
{12313141516 17}
{1289101213 14}
{1289111314 15}
{12810 111213 14}
{12810 13 14 15 16}
{12812 1314 15 16}
{12910 11 13 14 15}

{123456809}
{123456812}
{123456911}
{1234561011}
(1234561112}
{12345613 14}
{123458912}
{1234581012}
{1234581113}
{1234591011}
{1234591112}
{1234591314}
{12345101213}
{12345111314}
{1234891011}
{1234891112}
{1234891314}
{12348101213}
{12348111314}
{12349101112}
{123491013 14}
{123491213 14}
{12341011 13 14}
{1234111213 14}
{1234131415 16}
{12389101213}
{12389111314}
{12381011 1213}
{12381013 14 15}
{1238121314 15}
{1239101113 14}
{1239111213 14}
{12391314 15 16}
{123101213 14 15}
{1231113 14 15 16}
{128910111213}
{1289101314 15}
{12891213 14 15}
{12810 11 13 14 15}
{128111213 14 15}
{12813141516 17}
{129101213 14 15}

{123456810}
{123456813}
{1234560912}
{12345610 12}
{12345611 13}
{123458910}
{123458913}
{1234581013}
{1234581213}
(1234591012}
{1234591113}
{12345101112}
{123451013 14}
{123451213 14}
{12348910 12}
{1234891113}
{12348101112}
{123481013 14}
{123481213 14}
{12349101113}
{12349111213}
{123491314 15}
{1234101213 14}
{1234111314 15}
{12389101112}
{123891013 14}
{123891213 14}
{12381011 13 14}
{1238111213 14}
{1238131415 16}
{1239101213 14}
{1239111314 15}
{1231011 1213 14}
{12310 13 14 15 16}
{1231213 1415 16}
{1289101113 14}
{1289111213 14}
{1289131415 16}
{12810 1213 14 15}
{1281113 1415 16}
{12910 111213 14}
{12910 13 14 15 16}

99
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{12911 121314 15}
{12913 141516 17}
{1210 12 13 14 15 16}
{121113 14 15 16 17}
{18910 111213 14}
{18910 13 14 15 16}
{18912 13 14 15 16}
{1810 11 13 14 15 16}
{181112 13 14 15 16}
{1813 14 15 16 17 18}
{1910 12 13 14 15 16}
{19111314 15 16 17}
{11011 12 13 14 15 16}
{11013 14 15 16 17 18}
{11213 14 15 16 17 18}
{8910 12 13 14 15 16}
{89111314 15 16 17}
{81011 12 13 14 15 16}
{81013 14 15 16 17 18}
{81213 14 15 16 17 18}
{91012 13 14 15 16 17}
{91113 14 15 16 17 18}
{10 11 13 14 15 16 17 18}

{12911 1314 15 16}
{121011 1213 14 15}
{121013 14 15 16 17}
{121213 1415 16 17}
{18910 11 13 14 15}
{189111213 14 15}
{1891314 1516 17}
{181012 13 14 15 16}
{181113 1415 16 17}
{191011 1213 14 15}
{1910 1314 15 16 17}
{191213 1415 16 17}
{11011 13 14 15 16 17}
{1111213 1415 16 17}
{8910 11 12 13 14 15}
{8910 13 14 15 16 17}
{89 121314 15 16 17}
{81011 13 14 15 16 17}
{811 1213 14 15 16 17}
{910 11 12 13 14 15 16}
{910 13 14 15 16 17 18}
{91213 14 15 16 17 18}
{10 12 13 14 15 16 17 18}

{1291213 14 15 16}
{1210 11 13 14 15 16}
{12111213 14 15 16}
{1213 141516 17 18}
{189101213 14 15}
{1891113 14 15 16}
{1810 1112 13 14 15}
{1810 1314 15 16 17}
{18121314 15 16 17}
{191011 13 14 15 16}
{1911 1213 14 15 16}
{1913 1415 16 17 18}
{11012 13 14 15 16 17}
{11113 1415 16 17 18}
{8910 11 13 14 15 16}
{89 111213 14 15 16}
{89 1314 15 16 17 18}
{810 12 13 14 15 16 17}
{81113 14 15 16 17 18}
{910 11 13 14 15 16 17}
{91112 13 14 15 16 17}
{1011 12 13 14 15 16 17}
{1112 13 14 15 16 17 18}

Table 3.5: All trivially non-isomorphic 6th blocks for the 5-block {{123456 7 8}{1
2345679{123456710}{123456711}{123456712}}

We can only add a block as the sixth block from this list. For example, if we cannot
add {1 23456713} as the sixth block then we cannot add any of the blocks in
lexicographical order between {1 23456 7 13} and {12345 6 8 9} as the sixth

block as these blocks are trivially isomorphic to {1234 56 7 13}.

3.5.5 Frequency Results

In the searches where we try to prove that L(n, k,p,t) is equal to 6 or not, we use the
frequency results of Li and van Rees [14] to prune the search tree. The result states

that there is an optimal lotto design wherein each element occurs at least once.
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Our algorithm backtracks to the previous level immediately if it finds that there are
more than k-elements left with frequency 0 at the last level. Let us consider, a lotto

design (13, 4, 4, 2) and also consider the following 4-blocks.

{1234}
{1235}
{1245}
{1246}

If we try to find a lotto design with 5 blocks, then we still have 7 > 4 elements of
frequency 0 (i.e. 7, 8,9, 10, 11, 12, 13) to be added in the fifth blocks. In this case,
the program backtracks to the previous level.

Our algorithm also prunes the search tree by generating only the blocks containing
the frequency 0 elements at the last level. Let us consider another 4-block of (13, 4,
4, 2):

{1234}
{1256}
{3457}
{6 8910}

Now, we have only 3 elements of frequency 0 (i.e. 11 12 13) left to be added in the
third block. Hence, we can generate only the blocks containing the elements 11, 12,
13 as the fifth blocks and thus, reduces the size of the search tree.

In general, frequency results are of use at the bottom of the search tree. They are of

no use when calculating n(n, k, p, t).

3.6 Major Components and Data Structure

The programs determine the number of non-isomorphic optimal lotto designs for

L(n,k,p,t) on 5 or 6 blocks or try to improve the lower bounds for n, k,p,t < 20.
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The major components (i.e. data structure and functions) of the programs are as
follows:

Firstly, we will define variables for p-sets, k-sets, flags for p-sets, and variables for
counting search time. The p-sets and k-sets are stored in an array of unsigned long
integers which are dynamically allocated. In this program, we have stored each of the
k-sets and p-sets as bit-sets. Thus, we need only one unsigned long to store a k-set
or p-set if n < 32. Suppose, {1 2 3} is a k-set. We store this k-set as 000...0000111.
The bit position will be 1 if the position number represents an element in the k-set
or p-set. We will use bitwise operation to perform intersections between a p-set and
a k-set and to generate trivially isomorphic elements and blocks. For example, if we
perform bitwise AND operation between a k-set and p-set then the number of 1’s in
the result will represent the value of ¢, the total number of intersections. As p-set
and k-set are declared as unsigned long and as the size of unsigned long is 32 bit, the
value of n can be of maximum 32. Both of the 3-block set algorithm and improved
3-block set algorithm use the following functions.

The initializePset Flag() function initializes the flags for each of the p-set as unrep-
resented. The parameters of this function are an array of pointers *pSetFlag (flags)
and the number of p sets nPsetNo. The createSet() function generates all p-sets
and k-sets. The parameters of this function are the total number of elements n, the
size of the p or k-set p, an array of pointers to unsigned long integer *pSet to store
the p-sets, total number of p-sets nTotalSetNo. The resetFlag() resets the flags of
p-sets when the program backtracks to the previous level.

The cover_pset() function marks the flags of the p-sets represented by a k-set. The
parameters passed to this function are the k-set test K set of type unsigned long in-
teger, the list of p-sets *pSet of type unsigned long integer, the list of flags of p-sets

*pSetFlag of type long integer, the total number of p-sets nPsetNo, the total num-
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ber of elements of the design n, the number of intersection ¢, the index of the first
unrepresented p-set startIndex. This function also invokes a function match_block()
function to find the number intersections between a k-set and a p-set.

In our program, we will generate all possible sets of non-isomorphic three blocks by
applying block intersection properties. For each set of the three blocks, we will have to
find the rest of the blocks of the design. The program does not backtrack to the third
level. Thus, after representing p-sets by the first three blocks, we will create a list of
p-sets which are still unrepresented by using create New Pset() function. The parame-
ters passed to this function are all p-sets *pSet, flags of p-sets *pSet Flag, total number
of p-sets nPsetNo, an array of pointers *remainingPSet to store the unrepresented
p-sets, index of the first unrepresented p-set uncover PIndex. The Cover_newPset()
functions marks the new list of p-sets represented by the fourth, fifth and sixth blocks
of the design. Fourth, fifth and sixth blocks are generated by applying trivial isomor-
phism rejection. The create_third_isolist(), create_forth_isolist() and create_fifth_isolist()
functions create the list of trivially isomorphic elements at the level 4, 5 and 6 respec-
tively. The create_third_isolist() uses the first three blocks * first Block, *second Block
and *thirdBlock, the create_forth_isolist() uses the first four blocks * firstBlock,
*secondBlock, *third Block and * forthBlock, and the create_fifth_isolist() uses the
first five blocks * first Block, *secondBlock,

“thirdBlock, * forthBlock and *fifthBlock to generate the corresponding trivially
isomorphic elements. *firstBlock, *secondBlock, *thirdBlock, * forthBlock and
*fifthBlock are one dimensional array of pointers. As each of the above three
functions generate isomorphic elements, global variables, two dimensional array of
pointers ** final_iso_list and one dimensional array of pointers *iso_final_index are
used to store the isomorphic elements. The create_forth_fifth_block() creates all

trivially non-isomorphic blocks at the level 4, 5 and 6 based on the trivially isomor-
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phic elements generated.

The function findUncoverPset() uses the flags of p-sets pSetFlag to find the first
unrepresented p-set in a list of p-sets.

To optimize the program by applying frequency results, we will maintain a list to
count the frequency of each element. The function initialize_count() initializes the
frequency of each element to zero. The parameters passed to this function are the
total number of elements in the design n, an one dimensional array of pointers
*count to store the number of occurence of each of the elements of the design. The
update_count() function uses *count and the added k-set *checkBlock to update the
frequency of each of the elements each time a k-set is added to the design. When the
program backtracks from the level X to the level X - 1, the reset_count() function
will reset the frequency of the elements of the block at level X. For a design with X
blocks, the has_all_element() function checks whether all elements of the design has
the frequency at least one at the level X. Otherwise, the program backtracks to the
level X - 1.

Finally, we have functions to display the blocks of the designs.



Chapter 4

Results

4.1 Introduction

In this chapter, we will present results in a tabular form. Most of the designs listed
are with 10 < n < 20. Firstly, we will list the number of non-isomorphic lotto designs
for some of the designs with 5 blocks for n, k, p, t less than or equal to 20. Then we
will present the number of non-isomorphic lotto designs for some of the designs with
6 blocks. We will also give the list of improved lower bounds in a table. Finally, we
will list some of the designs in an encoded form for certain values of the parameters

n, k, p, t.

4.2 Total Number of Non-isomorphic designs

The following tables list the number of non-isomorphic lotto designs for some of the
designs with 5 or 6 blocks for parameters n, k, p,t < 20. The first column of the table
represents the value of the parameters n, k, p, t of the design, the second column gives

the number of non-isomorphic designs and the third column is the total computation

65
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time. The asterisk (*) in the first column represents the designs for which the number
of non-isomorphic lotto designs were already found by A.P. Burger et al. [5]. In some
of the small cases, where the lotto design is also a covering i.e. kK = ¢, these results

may already have appeared.

Table for L(n,k,p,t) =5

(n,k,p,t) n(n,k,p,t) | Time(sec)

(13,5, 3,2,) | 2 <1

(16,6,3,2) |1 32

(18,7,3,2) |9 13 min 43 sec
(10,3, 4,2) |2 <1

(13,4, 4,2,) |8 <1

(14, 4,4,2) |1 <1

(16, 5, 4,2) | 22 23

(17,5, 4,2) |2 10

(19, 6,4,2) | 66 10 min 37 sec

(20, 6,4,2) |8 15 min 49 sec
(14,10, 3,3) | 1 <1

(11,6,4,3) |3 <1

(11, 5,5,3) |49 <1

(13,6, 5, 3) | 145 30

(14,6,5,3) |5 2 min 23 sec
(15,7,5,3) | 523 9 min 57 sec

(17, 8,5,3) | 1300 1 hr 4 min 19 sec
(18,8, 5,3) | 87 5 hr 59 min 53 sec
(19,9, 5,3) | 3719 15 hr 21 min 10 sec
(20,9, 5,3) | 305 17 hr 56 min 9 sec
(11,4,6,3) |2 <1

(16,6,6,3) |7 10 min 35 sec

(19, 7,6, 3)* | 2 16 hr 22 sec
(11,3,8,3) |1 <1

(14,4,8,3) | 4 <1

(17,5,8,3) | 16 3 min 53 sec
(18,5,8,3) |1 9 min 56 sec

(20, 6, 8,3) |51 3 hr 22 min 40 sec
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(n,k,p,t) n(n,k,p,t) | Time(sec)

(16, 7, 12, 6) | 41 838

(18, 8, 12, 6) | 167 11 hr 34 min 23 sec
(20, 9, 12, 6) | 534 205 hr 36 min 18 sec
(19,7, 14,6) |2 3 hr 56 min 28 sec
(20, 7,15, 6) | 22 5 hr 10 min 42 sec
(12,10, 8, 7) | 2 <1

(13,9,9,7) |8 <1

(17,9,12,7) | 1534 2 hr 20 min 8 sec
(16, 7, 14, 7) | 2 53

(18,8,14,7) |9 1 hr 49 min 41 sec
(20,9, 14, 7) | 33 2 hr 17 min 47 sec
(17.7,15,7) | 92 142

(19, 8, 15, 7) | 502 3 hr 40 min 55 sec
(15,12, 9,8) |1 <1

(14, 10, 10, 8) | 1 <1

(18, 13,10, 8) | 1 17 min 36 sec
(18,8,16,8) |1 9 min 48 sec

(20,9, 16,8) |3 10 min 32 sec

(19, 8,17, 8) | 49 7 min 35 sec

(16, 11, 12, 9) | 22 66

(16, 10, 13,9) | 1 3 min 4 sec

(20, 11, 15, 9) | 307 133 hr 41 min 2 sec
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Table for L(n,k,p,t) =6
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In the above tables, we verified n(n, k,p,t) for 14 lottery numbers of A.P Burger

et al. and generated n(n, k,p,t) for 112 new lottery numbers on 5 or 6 blocks for

n, k,p,t < 20.

4.3 New Bounds

The following table lists improved lower bounds for L(n, k,p,t) > 6. The first column
of the table represents the value of the parameters n, k, p, t of the design, the second
column gives the value of the previous lower bounds L(n, k,p,t), the third column
gives the value of the improved and new lower bounds and the forth column is the
total computation time. The asterisk * in the first column represents the designs that

A.P. Burger et al. had already improved.

Table of improved bounds

(n,k,p,t) PreviousL(n, k,p,t) | New L(n,k,p,t) | Time(sec)

(15, 6, 5, 3) 6:8 7:8 33 hr 59 min 9 sec
(16, 6, 5, 3) 6:8 7:8 78 hr 44 min 14 sec
(12,4,6,3) | 67 7 124

(15, 5, 6, 3) 6:8 7:8 4 hr 13 min 27 sec
(14, 4,7, 3) 6:8 7:8 6 min 54 sec

(17, 5,7, 3) 6:7 7 16 hr 59 min 46 sec
(19, 5, 8, 3) 6:7 7 48 min 58 sec

(17, 4,9, 3) 6:7 7 29 min 18 sec
(12,7, 5, 4) 6:9 79 26 min 18 sec
(14,7,6,4) | 6:8 7:8 42 hr 24 min 3 sec
(12, 5,7, 4) 6:9 7:9 15 min 33 sec
(14,6, 7, 4)* | 6:8 6 23 hr 22 min 32 sec
(16, 7,7, 4)* | 6:7 6 150 hr 3 min 39 sec
(15, 5,9, 4) 6:8 7:8 39 min 47 sec

(18, 5, 11, 4)* | 6:7 7 42 min 17 sec

(16, 11, 6,5) 5:6 6 29 hr 19 min 15 sec
(15, 11,7, 6) | 56 6 50 min 52 sec

(19, 11, 14, 9) | 5:6 6 23 hr 38 min 36 sec
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From the above table, we find 18 improved lower bounds of L(n, k, p,t) for n, k,p,t <
20.

4.4 Designs in a simplified form

In simplified form a design is represented as follows:

a1(b1), az(b2), az(bs)

If the design has 5 blocks then we have to convert a;,as and as into 5 bit binary
numbers. The elements 1 to b; occur in the blocks corresponding to the 1’s in the
binary representation of a;. Similarly, the elements b; + 1 to b; + by occur in the
blocks corresponding to the 1’s in the binary representation of as and so on.

For example, 7(1), 3(1), 5(1), 6(1), 8(3), 16(3) is a design of (10, 3, 4, 2; 5) in simpli-

fied form.
Number(a) | Binary | b | Elements
7 00111 |1 |1
3 00011 |12
) 00101 (113
6 00110 |1 |4
8 01000 | 3 | 5-7
16 10000 | 3 | 8-10

The binary equivalent of 7 is 00111. Thus, the positions 1, 2 and 3 represent the
block, By, By and B3 which contain the element 1 (i.e. the first, second and third
blocks have the element 1). Similarly, the first and second blocks have the element
2, the first and third blocks have the element 3, the second and third blocks have
the element 4, the fourth block has the elements 5, 6 and 7, the fifth block has the
elements 8, 9 and 10.

Hence, we get the following design:
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First Block :{1 2 3}
Second Block :{1 2 4}
Third Block :{1 3 4}
Fourth Block :{5 6 7}
Fifth Block :{8 9 10}

Now, we will list the non-isomorphic lotto designs in this simplified form for some of
the designs with 5 or 6 blocks. We only list designs without isolated blocks except
for a parameter for which only one lotto design exists with isolated blocks. The block
where all elements have frequency one is called an isolated block. Lotto designs with
isolated blocks are easily constructed from smaller lotto designs and so in general we

do not list them.

For L(n,k,p,t) =5
t =2

(13 4 4 2; 5)
1. 3(3),5(1),6(1),12(1),20(1),8(3),16(3)
2. 3(2),5(2),6(1),24(1),8(3),16(3)
3. 3(2),5(2),6(1),10(1),20(1),8(3),16(3)

Total number of lotto designs with isolated blocks = 5
Total number of lotto designs = 8

(13 5 3 2; 5)
1. 7(3),9(2),10(2),12(1),20(1),16(4)

Total number of lotto designs with isolated blocks = 1
Total number of lotto designs = 2

(14 4 4 2; 5)
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1. 3(2),5(2),6(1),8(4),16(4)

Total number of lotto designs with isolate blocks = 1

Total number of lotto designs = 1
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Total number of designs with iso
Total number of lotto designs

(20 6 4 2; 5)

1. 3(4),5(2),6(1),12(1),20(1),8(5),16(5)

2. 3(3),5(3),6(1),24(1),8(5),16(5)

3. 3(3),5(3),6(1),10(1),20(1),8(5),16(5)
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Total number of lotto designs with isolated blocks = 5

Total number of lotto designs = 8

3

t

(11 3 8 3; 5)

1. 3(2),5(1),6(1),4(1),8(3),16(3)

Total number of lotto designs with isolated blocks = 1

Total number of lotto designs = 1

~
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18.

19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29. 1
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.

42. 3

3(4),13(1),14(1),28(2),20(1),24(1),16(1)
3(4),13(1),14(1),28(1),20(2),24(2)
(

3(4),13(1),6(1),28(2),20(1),24(2)
7(3),9(2),10(1),18(1),20(2),24(2)
7(3),9(1),17(1),10(1),18(1),12(1),20(1),24(2)
7

7(2),11(1),5(1),17(1),18(2),12(2),24(2)

(1),
(1),
7(2),11(1),9(2),18(2),12(1),20(2),24(1)
7(2),11(1),9(1),17(1),10(1),18(1),12(1),20(2),24(1)
(1),1

(4),
(4),
(4)
(3)
(3),
(2),11(1),13(1),17(1),10(2),20(2),24(1),16(1)
(2),
(2),
(2)
7(2),11(1),17(2),10(1),18(1),12(2),20(1),24(1)
7(1),3(2),13(1),21(1),10(2),20(2),24(2)
5(1),3(2),13(1),17(1),6(2),10(1),20(2),24(2)
(1),

(
11(1),3(1),13(1),17(1),6(1),10(1),20(2),24(2)
(

0(2),20

1

7(1),11(1),19(1),5(1),9(1),6(1),10(1),20(2),24(2)

\]

1),3(2),13(1),9(1),14(1),18(1),20(2),24(2)

\]

(1),

(2),13(1) (1)
1),3(2),13(1),25(1),6(1),10(1),20(2),24(2)

(2),13(1),17(1),6(1),
(2),25(2),

\]

1),3(2),13(1),17(1),6(1),10(1),28(1),20(1),24(2)

~J

1),3(2),25(2),10(1),18(1),12(2),20(2)
2(1),20(1),24(2),16(1)

w

w

3

)—l

3(2),22(1),6(1),20(1),24(3)

w

3

—_

3(1),21(1),14(1),6(1),20(1),24(3)

Y

w

3

w

3

)

9(1),13(1),6(1),10(1),20(2),24(2)

w

3

H

7(1),

(1),

(1)

(1)

(1),

(1),
(3),13(2),14(1
(3),

(3)

(3),

(3),
(3),13(2),22(1),10(1),20(2),24(2)
3(3),

(2),14(1),2

(2),22(1)

(1),21(1)
13(2),14(1),18(1),20(2),24(2)

(1),13(1),

(2),22(1),

(2),

3),13(2),6(1),18(1),28(1),20(1),24(2)
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43. 3(3),13(1),21(1),14(1),10(1),20(2),24(2)
4. 3(
45. 3(
46. 3(
47. 7(
48. 7(

Total number of lotto designs with isolated blocks = 1
Total number of lotto designs = 49

(11 6 4 3; 5)
1. 7(3),11(2),17(1),18(1),28(3),24(1)
2. 7(2),11(2),3(1),17(1),18(1),28(4)
3. 7(3),11(1),25(2),26(2),12(1),20(2)

Total number of lotto designs with isolated blocks = none
Total number of lotto designs = 3

(14 6 5 3; 5)

1. 3(4),13(2),6(1),20(2),24(4)
4),13(2),6(1),10(1),20(3),24(3)
3. 3(3),13(2),17(1),6(1),10(1),20(2),24(3)
4. 7(2),9(2),17(2),10(2),18(2),12(2),20(2)

Total number of lotto designs with isolated blocks = 1
Total number of lotto designs = 5

(14 10 3 3; 5)
1. 15(4), 23(4),25(2),26(2),28(2)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1
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(16 6 6 3; 5)
1. 7(3),3(1),9(2),10(2),12(2),20(1),16(5)
2. 7(3),3(1),9(2),10(1),18(1),12(3),16(5)
3. 7(4),9(1),17(1),18(2),20(2),8(5),16(1)

Total number of lotto designs with isolated blocks = 4
Total number of lotto designs = 7

(17 5 8 3; 5)

1. 3(4),5(1),6(1),12(1),20(1),4(1),8(4

2. 3(3),5(2),6(1),4(1),24(1),8(4),16

(1),6(1)
(2),6(1) 4
(2),6(1),10(1),20(1),4(1).8
(2),6(1)
(2),9(1)

Ot

)

)
4),16(4)

)

—_ o~~~ =

4. 3

(4)
(3)
3. 3(3),
(3),5(2),6(1),2(1),12(1),20(1),8
(2)

5. 3(2),5(2),9(1),6(1),18(1),4(1),8(4),16(4)

Total number of lotto designs with isolated blocks = 11
Total number of lotto designs = 16

(18 5 8 3; 5)
1. 3(3), 5(2),6(1),4(1),8(5),16(5)

Total number of lotto designs with isolated blocks = 1
Total number of lotto designs = 1

(19 4 11 3; 5)
1. 3(1), 1(3), 2(3),4(4),8(4),16(4)

Total number of lotto designs with isolated blocks = 1
Total number of lotto designs = 1

(20 4 11 3; 5)
1. 1(4),2(4),4(4),8(4),16(4)

Total number of lotto designs with isolated blocks = 1
Total number of lotto designs = 1
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25. 3(3),5(1),9(1),17(1),10(3),12(1),4(4),8(1),16(5)

Total number of designs with isolated blocks = 26

Total number of lotto designs = 51

=4

t

(11 5 7 4; 5)

1. 7(1),3(3),13(1),14(1),20(2),24(3)

2. 3(4),13(1),14(1),28(1),20(2),24(2)

3. 3(3),13(2),14(1),18(1),20(2),24(2)

Total number of lotto designs with isolated blocks = 0

Total number of lotto designs = 3
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16. 7(2),11(2),3(1),21(1),18(1),28(3),24(1)

17. 7(2),27(1),11(2),25(1),26(1),12(1),20(3)

18. 7(2),11(2),3(1),17(1),18(1),28(4)

19. 15(1),19(4),13(1),14(1),12(2),20(1),24(1)
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11(3),13(1),17(1),22(1),26(1),28(1),20(2)

45. 7(1),11(2),3(1),13(1),17(1),22(1),26(1),28(2),20(1)

46. 7

—_

(1),11(3)
(1),11(2)
(1),11(3)

44. 7(1),11(3),21(1),17(1),6(1),18(1),28(3)
(1),11(2)
(2),11(1),21(1),25(2),14(1),10(1),18(1),28(1),20(1)
(2),11(1)

47. 7(2),11(1),21(1),25(2),22(1),26(1),18(1),12(2)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 47

(11 7 5 4; 5)
1. 15(4),23(1),19(1),21(1),22(1),24(3)
2. 15(4),19(2),21(1),22(1),28(1),24(2)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 2

(13 6 7 4; 5)
1. 7(2),3(3),13(1),14(1),20(2),24(4)
2. 15(1),3(4),13(1),14(1),20(3),24(3)
3.7

1),11(1),3(3),13(1),14(1),20(3),24(3)

(1), (1)
4. 7(1),3(4),13(1),14(1),28(1),20(2),24(3)
5. 3(5),13(1),14(1),28(2),20(2),24(2)
6. 7(2),11(2),17(2),18(2),12(3),20(1),24(1)
7. 7(1),11(2),19(1),5(2),6(1),20(1),24(4)
8. 7(1),3(3),13(2),14(1),18(1),20(2),24(3)
(1),
3(4),

9. 7(1),11(3),17(2),18(2),12(3),20(2)

10. 3(4),13(1),21(1),22(2),12(2),24(3)
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Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 10

(14 4 11 4; 5)

1.

3(2),5(2),6(1),8(4),16(4)

Total number of lotto designs with isolated blocks = 1
Total number of lotto designs = 1

(1577 45 5)

- W

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.

N o

(
7(2),18(2),12(3),24(3)
(2),12(3),20(1),24(2)
(2),10(2),20(4),24(2)
(2),6(1),20(1),24(5)
7(2),3(3),13(2),14(1),18(1),20(2),24(4)
(2),6(1),12(1),20(1),24(4)
(1),22(1),20(2),24(4)
15(1),3(4),13(2),14(1),18(1),20(3),24(3)
7(1),11(1),3(3),13(2),14(1),18(1),20(3),24(3)
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24. 7

w
o
—_
—_
o
&
—_
e
\]
©
e
o0
w
e
©)
/'\
\_/
/\
\_/

25. 7(1),3(3),13(2),17(1),14(2),18(1),20(2),24(3)
26. 3(4),13(2),21(1),14(2),18(1),20(2),24(3)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 26

(16 13 4 4; 5)
1. 31(1),15(3),23(3),27(3),29(3),30(3)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

(17 8 7 4; 5)

1. 7(4),3(3),1

3(3),13(1),14(1),20(2),24(6)
2. 15(1),7(2),3(4),13(1),14(1),20(3),24(5)
(

3. 7(3),3(4),13(1),14(1),28(1),20(2),24(5)

(
10. 7(1),11(3
11. 7(1),11(2),3(4),13(1),14(1),28(1),20(4),24(3)

(

12. 7(1),11(1),3(5),13(1),14(1),28(2),20(3),24(3)

85
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14. 3

15. 7

16. 7

17.7
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19. 7
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Total number of lotto designs with isolated blocks = 1
Total number of lotto designs = 41

t=17

(12, 10, 8, 7; 5)
1. 31(3),15(2),23(2),27(2),29(1),30(1),28(1)
2. 31(2),15(2),23(2),27(2),29(2),30(2)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 2

(13,9, 9, 7; 5)
1. 15(4),23(4),25(1),26(1),28(1),24(2
2. 15(4),23(3),19(1),25(1),26(1),28(2),24(1)
3. 15

7. 15(4),23(2),19(1),21(1),25(1),26(2),28(2)
8. 15(3),23

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 8

(16 7 14 7; 5)
1. 3(5),13(2),14(2),20(3),24(3),16(1)
2. 3(5),13(2),14(1),6(1),20(3),24(4)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 2

(18 8 14 7; 5)

1. 7(1),3(5),13(2),14(2),20(3),24(4),16(1)
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Total number of lotto designs with isolated blocks = 0

Total number of lotto designs = 9

(20 9 14 7; 5)

1. 7(2),3(5),13(2),14(2),20(3),24(5),16(1)

2. 7(2),3(5),13(2),14(1),6(1),20(3),24(6)

13(2),14(1),10(1),20(4),24(5)

3. 7(2),3(5)
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13(2),14(2),28(2),20(3),24(3),16(1),

13(2),14(2),28(1),20(4),24(4)

13(2),14(1),6(1),28(2),20(3),24(4)

e e e e e e

I T N A e N D

6. 7
7.7
8. 7
9.7

10. 7
11. 7

12. 3

13. 3

14. 3
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11(3),17(3),18(3),12(5),20(1),24(1),16(1)

11(2),19(1),17(3),18(3),12(6),24(1),16(1)

14(2),18(1),20(3),24(4),16(1)

14(1),6(1),18(1),20(3),24(5)

14(1),10(1),18(1),20(4),24(4)

—~

—_—~ o~ o~~~

~—  ~—  ~—  ~—

o~ o~ o~~~

~— ~—  ~—  ~—

,20(4),24(4)

o~ o~ o~~~
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6(1),18(1),28(1),20(3),24(4)

14(2),10(1),20(4),24(4)
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~— N~ o ~—

5(1),14(2),18(1),28(1),20(3),24(4)

~—~~ o~ o~ ~ o~ N N o~ o

5(1),17(3),18(4),12(5),20(2)

—~

4
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15. 7

16. 7

18. 7

19. 7

24. 3

Total number of lotto designs with isolated blocks = 0

Total number of lotto designs = 33

(14 10 10 8; 5)
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Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

(15 12 9 8; 5)
1. 15(3),23(3),27(3),29(3),30(3)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

(18 8 16 8; 5)
1. 3(6),13(2),14(2),20(4),24(4)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

(18 13 10 8; 5)
1. 15(5),23(1),27(5),21(2),22(2),28(3)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

(19 8 17 8; 5)
1.3
2.7
3.7

10. 3

11. 3
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38. 3 ),24(4
39. 3 ),20(4),24(4)

(1)
5),13(2),1(1),14(2),2(1),20(4
(1)
40. 3 (1)

41. 3

42. 3 10(2),12(1),20(4),24(3)
1),10(1),20(2),24(4),16(1)
44. 3(4),13(3),17(1),6(1),10(2),20(3),24(3),16(1)

(5)

(5)

(5)

(5)

(5)

(5) (
43. 3(4),13(3),17(1),6
(4) (
45. 3(4)

46. 3(4)

A7, 3(4),13(2),17(2),6(1),10(2),12(1),20(3),24(3)
48. 7(3),9(3),17(2),10(3),18(2),12(2),20(3),16(1)
19. 3(3)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 49

(20 9 16 8; 5)
1. 7(1),3(6),13(2),14(2),20(4),24(5)
2. 3(7),13(2),14(2),28(1),20(4),24(4)
3. 3(6),13(3),14(2),18(1),20(4),24(4)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 3

t=9
(16 10 13 9; 5)
1. 7(2),27(6),13(2),14(2),20(4)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1
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Total number of lotto designs with isolated blocks = 0

Total number of lotto designs = 22
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For L(n,k,p,t) = 6
t=3
(6, 3, 4, 3; 6)
1. 7(1),11(1),49(1),50(1),28(1),44(1)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

(8, 4, 4, 3; 6)
1. 7(2),11(1),49(1),50(1),28(1),44(1),56(1)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

(10, 3, 7, 3; 6)
1. 3(2),5(1),6(1),4(1),24(1),40(1),8(1),48(2)

Total number of lotto designs with isolated blocks = 4
Total number of lotto designs = 5

(10, 7, 3, 3; 6)
1. 31(3),47(3),49(1),50(1),52(1),56(1

2. 31(1),15(1),23(1),39(2),59(1),57(1),58(1),60(2)
3. 15(

4. 15(2),55(3),27(1),57(1),42(1),60(2

5. 31(3),39(1),43(1),45(1),49(1),54(1),58(1),60(1)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 5

(12, 5, 5, 3; 6)
1. 7(4),25(1),26(1),28(1),40(2),48(2),32(1)
2. 7(4),25(1),26(1),12(1),40(2),48(3)
3. 7(3),11(1),49(1),50(1),20(2),24(1),40(3)
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-

7(3),11(1),49(1),50(1),20(1),36(1),24(2),40(2)

ot

15(2),19(2),33(1),34(1),20(3),40(3)

6. 7(2),11(2),49(1),50(1),20(3),40(3)

7. 7(2),11(2),49(1),50(1),20(2),36(1),24(1),40(2)
8. 3(3),29(2),14(1),22(1),36(1),40(2),48(2)

Total number of lotto designs with isolated blocks = 1
Total number of lotto designs = 9

(12, 6, 4, 3; 6)
1. 7(2),11(2),49(2),50(2),28(2),44(2)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

(12, 8, 3, 3; 6)
1. 15(2),23(2),39(2),57(2),58(2),60(2)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

(13, 4, 7, 3; 6)

—_

- 3(3),13(1),14(1),20(2),24(1),40(1),16(1),32(3)
2. 3(3),13(1),6(1),20(
3. 3(3),13(1),6(1),20(
4. 3(2),5(2),14(1),18(
5. 3(2),13(1),17(1),6(1

Total number of lotto designs with isolated blocks = 12
Total number of lotto designs = 17

(13, 9, 3, 3; 6)
1. 31(4),39(2),43(2),49(1),50(1),60(3)
2. 15(2),23(2),39(2),59(2),57(1),58(1),60(3)
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3. 63(1),15(2),23(2),39(2),57(2),58(2),60(2)

4. 31(1),47(1),15(1),23(2),39(2),57(2),58(2),60(2)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 4

(14, 3, 10, 3; 6)
1. 3(2),5(1),6(1),4(1),8(3),16(3),32(3)

Total number of lotto designs with isolated blocks = 1
Total number of lotto designs = 1

(16, 11, 3, 3; 6)
1. 31(1),15(2),55(1),27(2),43(3),53(2),54(2),60(3)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

t=4
(13, 4, 10, 4; 6)
1. 3(3),5(1),6(1),4(2),24(2),40(2),48(2)

2. 3(2),

ot

(2),6(2),24(2),40(2),48(2),0(1)

3. 3(2),5(2),6(2),24(2),40(2),48(1),16(1),32(1)

Total number of lotto designs with isolated blocks = 1
Total number of lotto designs = 4

(14, 6, 7, 4; 6)
1. 7(5),25(1),26(1),28(1),40(3),48(3)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

(16, 5, 10, 4; 6)

1. 3(4),13(1),14(1),20(3),24(2),40(1),32(4)
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Total number of lotto designs with isolated blocks = 3
Total number of lotto designs = 4

t="5
(7, 6, 5, 5; 6)
1. 63(1),31(1),47(1),55(1),59(1),61(1),62(1)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

(10, 5, 8, 5; 6)
1. 7(2),11(1),25(1),49(1),50(2),28(1),44(2)
2. 7(1),11(1),21(1),41(1),49(1),38(1),26(1),50(1),28(1),44(1)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 2

(11, 10, 5, 5; 6)
1. 63(5),31(1),47(1),55(1),59(1),61(1),62(1)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

(12, 7, 7, 5; 6)
1. 15(3),23(1),51(2),37(1),38(1),28(1),56(3)
2. 15(3),51(3),53(1),54(1),28(2),40(2

4. 15(2),23(1),43(1),51(2),37(1),38(1),28(2),56(2)

(3),23(1),51(2),37(1),38(1),28(1)
(3),51(3),53(1),54(1),28(2),40(2)
3. 15(3),51(3),21(1),22(1),44(2),56(2)
(2),23(1),43(1),51(2),37(1),38(1)
5. 15(1),23(1),43(2),51(2),37(1),38(1),28(3),56(1)
6. 7(1),59(5),13(1),14(1),20(2),36(2)
7. 7(1),59(1),27(2),43(2),13(1),14(1),52(4)
8. 7(1),27(3),43(2),45(1),14(1),52(4)

0. 15(2),23(2),27(1),41(1),49(1),34(2),60(3)
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Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 9

(14, 12, 5, 5; 6)
1. 63(2),31(2),47(2),55(2),59(2),61(2),62(2)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

(16, 5, 13, 5; 6)
1. 3(3),5(2),6(2),4(1),24(3),40(2),48(2),32(1)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

(16, 11, 6, 5; 6)

1. 15(3),23(2),59(5),37(1),38(1),60(3),52(1)

3.
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(3),23(
2. 15(3),23(
(2),23(
4. 15(3),23(

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 4

(16, 14, 5, 5; 6)
1. 63(4),31(2),47(2),55(2),59(2),61(2),62(2)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

t=6
(11, 7, 8, 6; 6)
1. 15(2),23(2),39(2),57(1),58(1),60(1),56(2)
2. 31(4),39(1),43(1),45(1),46(1),48(3)
3. 31(4),39(1),43(1),49(1),50(1),44(2),48(1)
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Total number of lotto designs = 7

1. 31(4),47(4),55(1),51(1),53(1),54(1),56(3)

(15, 11, 7, 6; 6)

2. 31(4),47(4),51(2),53(1),54(1),60(1),56(2)

Total number of lotto designs with isolated blocks = 0

Total number of lotto designs = 2
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1. 31(3),47(3),55(3),57(1),58(1),60(1),56(1)

(13, 10, 8, 7; 6)

2. 31(3),47(3),55(2),51(1),57(1),58(1),60(2)

Total number of lotto designs with isolated blocks = 0

Total number of lotto designs = 2
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Total number of lotto designs = 8

8

t

(14, 9, 11, 8; 6)

59(5),29(1),30(1),44(2),52(2)

1. 7(3)

23(2),39(3),57(2),58(2),60(1),28(1),56(1)

23(2),39(2),7(1),57(2),58(2),60(2),56(1)

7(1),27(2),43(2),53(2),54(2),60(2),56(1)

7(1),27(2),43(2),53(2),54(1),50(1),60(3)
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3. 15

4. 15

5. 15

6. 15
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7. 15(1),7(1),27(3),43(2),53(2),54(1),38(1),60(3)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 7

t=9
(12, 10, 10, 9; 6)
1. 63(1),31(2),47(2),55(2),59(2),61(1),62(1),60(1)
2. 31(2)47(2),55(2),59(2),61(2),62(2)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 2

(15, 13, 10, 9; 6)
1. 63(4),31(2),47(2),55(2),59(2),61(1),62(1),60(1)
2. 63(3),31(2),47(2),55(2),59(2),61(2),62(2)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 2

(17, 15, 10, 9; 6)
1. 63(6),31(2),47(2),55(2),59(2),61(1),62(1),60(1)
2. 63(5),31(2),47(2),55(2),59(2),61(2),62(2)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 2

(19 16 10 9; 6)
1. 63(2),31(3),47(3),55(3),59(3),61(2),62(2),60(1)
2. 63(1),31(3),47(3),55(3),59(3),61(3),62(3)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 2

t =10

(13, 11, 11, 10; 6)
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1. 63(1),31(2),47(2),55(2),59(2),61(2),62(2)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1

(14, 12, 11, 10; 6)
1. 63(2),31(2),47(2),55(2),59(2),61(2),62(2)

Total number of lotto designs with isolated blocks = 0
Total number of lotto designs = 1
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Chapter 5

Conclusion

5.1 Summary

Lotto designs are relatively new in the field of combinatorics. Several researchers have
worked on (n, k, p,t) lotto designs to compute upper and lower bounds of L(n, k, p, t).
In this thesis, we develop an improved algorithm to compute the number of non-
isomorphic optimal lotto designs on 5 or 6 blocks for n,k,p,t < 20 or if this is
impossible to determine, we compute if there is a lotto design on 6 blocks for these
parameters. Our algorithm uses block intersection properties to generate all sets of
non-isomorphic three blocks. We then generate the rest of the blocks using an exhaus-
tive backtracking algorithm. We prune the search tree by using trivial isomorphism
rejection in the algorithm. We further optimize our algorithm by using the fact that
there exists a minimal lotto design in which every element occurs at least once. The
algorithm may still generate isomorphic lotto designs. So we use Kocay’s program
to get all non-isomorphic optimal lotto designs for a particular set of parameters
n, k, p and t. We find that this improved algorithm is substantially faster than a

straightforward backtracking algorithm. This algorithm also finds results that A.P.
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Burger et al. could not do. With this algorithm, we verified n(n, k, p, t) for 14 lottery
numbers of A.P Burger et al. and generated n(n, k, p,t) for 112 new lottery numbers

and improved lower bounds of L(n, k,p,t) for 18 lottery numbers.

5.2 Future Work

Most of the backtracking algorithms developed for lotto designs are sequential. These
algorithms require much search time to traverse the state space tree or search tree.
The search tree grows exponentially for larger values of the parameters n, k, p, t.
Hence, the program that implements these sequential backtracking algorithms may
not compute the upper bounds of L(n, k,p,t) in a reasonable time. By parallelizing
the backtracking algorithms, it may be possible to compute the upper bounds of
L(n, k,p,t) for slightly larger value of n, k, p and ¢ than is possible for sequential

algorithms.
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