E F F E C T OF A POST-NEWTONIAN TIDAL ENVIRONMENT ON A
NON-ROTATING BLACK HOLE

A Thesis
Presented to
The Faculty of Graduate Studies
of
The University of Guelph

by
STEPHANNE TAYLOR

In partial fulfilment of requirements
for the degree of
Master of Science
August, 2008

©Stephanne Taylor, 2008

1*1

Library and
Archives Canada

Bibliotheque et
Archives Canada

Published Heritage
Branch

Direction du
Patrimoine de I'edition

395 Wellington Street
Ottawa ON K1A0N4
Canada

395, rue Wellington
Ottawa ON K1A0N4
Canada

Your file Votre reference
ISBN: 978-0-494-42847-4
Our file Notre reference
ISBN: 978-0-494-42847-4

NOTICE:
The author has granted a nonexclusive license allowing Library
and Archives Canada to reproduce,
publish, archive, preserve, conserve,
communicate to the public by
telecommunication or on the Internet,
loan, distribute and sell theses
worldwide, for commercial or noncommercial purposes, in microform,
paper, electronic and/or any other
formats.

AVIS:
L'auteur a accorde une licence non exclusive
permettant a la Bibliotheque et Archives
Canada de reproduire, publier, archiver,
sauvegarder, conserver, transmettre au public
par telecommunication ou par Plntemet, prefer,
distribuer et vendre des theses partout dans
le monde, a des fins commerciales ou autres,
sur support microforme, papier, electronique
et/ou autres formats.

The author retains copyright
ownership and moral rights in
this thesis. Neither the thesis
nor substantial extracts from it
may be printed or otherwise
reproduced without the author's
permission.

L'auteur conserve la propriete du droit d'auteur
et des droits moraux qui protege cette these.
Ni la these ni des extraits substantiels de
celle-ci ne doivent etre imprimes ou autrement
reproduits sans son autorisation.

In compliance with the Canadian
Privacy Act some supporting
forms may have been removed
from this thesis.

Conformement a la loi canadienne
sur la protection de la vie privee,
quelques formulaires secondaires
ont ete enleves de cette these.

While these forms may be included
in the document page count,
their removal does not represent
any loss of content from the
thesis.

Bien que ces formulaires
aient inclus dans la pagination,
il n'y aura aucun contenu manquant.

Canada

ABSTRACT

E F F E C T OF A POST-NEWTONIAN TIDAL ENVIRONMENT ON A
NON-ROTATING BLACK H O L E

Stephanne Taylor

Advisor:

University of Guelph, 2008

Eric Poisson

A system consisting of a black hole immersed in a tidal environment composed of an
arbitrary collection of black holes is considered. The reference black hole's perturbation in
response to the tidal environment is described by two tensors. These tensors are determined
by asymptotically matching a post-Newtonian metric to a metric describing the perturbed
black hole as Schwarzschild plus a perturbation. The post-Newtonian metric, initially centred on the barycentre of the system, must first be boosted to the black hole frame. In
the asymptotic matching, the perturbation tensors, the coordinate transformation, and the
equations of motion are all found, and the equations of motion are shown to agree with
previously understood results. The system is then specified to be two black holes moving
in circular motion, and the event horizon's geometry and the tidal heating of the black hole
are examined.
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CHAPTER 1:

INTRODUCTION

With the ongoing success of large scale endeavours like LIGO, gravitational physics is undergoing a period of great growth and expanding importance. While the large scale collaborations garner much of the press about the field, there is work being done on all scales, much
of which feeds in (directly or indirectly) to the larger projects. There is also a lot of interest
in numerical relativity, which has, as a field, experienced a number of breakthroughs in the
past few years. The work in this thesis is purely analytical; and relies on computers only
sparingly, but is potentially very useful to those who work in numerical relativity.
Of particular interest are tidal interactions between gravitating bodies. This is a topic
that has been studied significantly for certain systems, but these systems tend to be comprised of weakly gravitating bodies. This work aims to take those calculations one step
further, and generalize them for black holes, which are, of course, strongly self-gravitating
bodies. Black holes are used because they contain no matter, and so are clean sources of
gravity; while a neutron star, for instance, could be examined instead, the composition of
the star must be taken into consideration, and this is not at all trivial. Post-Newtonian
theory is used to describe the system, so the black holes, though strongly self gravitating,
must all interact weakly, and move slowly. A black hole immersed in a tidal environment
is examined;, this tidal environment will perturb the black hole, and it is this perturbation
that is being studied. This work assumes that the tidal environment comprises solely of a
collection of N black holes. The black holes are all taken to be non-rotating, though the
bodies can be, and in general are, in motion.
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This chapter will introduce the system and the procedure by which the black hole's
perturbation is studied; this will also serve as an outline of the rest of this thesis. The work
that this thesis is based on, and the train of study that has preceded it, is also introduced
and explained. The place of this work in this train of study is considered, as is the motivation
and usefulness of this work. The notations and conventions used in this thesis are collected
at the end of the chapter. First, though, some background on tidal physics is important.

1.1

TIDAL

PHYSICS

While this thesis deals with black holes, the more tangible example of the tidal interactions
between the Earth and the Moon give good intuition about the abstract, astrophysical
system. The Moon exerts a gravitational pull on the Earth, and though it is small, it
is responsible for important effects on the Earth. Without the Moon, there would be no
oceanic tides, which are of critical importance to oceanic circulation and the ecosystems
along the shores where tides come in and out twice daily. As the Moon rotates, a tidal bulge
is created as the fluid on the surface of the Earth is drawn towards the Moon. The bulge is
due to the gradient of gravitational pull; the Moon exerts more force on the water closest to
it than the water elsewhere. Tidal effects arise due to a non-zero gradient of gravitational
field, and since the difference in gravitational pull from the centre of the Earth to the Earth's
surface is isotropic at a line of latitude, the oceanic bulge is double-sided. Since the Earth is
symmetrically oblate, the difference in gravitational potential from the centre of the Earth
to the water on either side of the Earth is the same, and so the bulge is symmetric. This
double-sided bulge rotates not with the Earth, but with the Moon, since it exists because
of the Moon's presence. The Earth rotates on its axis once a day, and so encounters two
bulges during each rotation; this accounts for the two daily high and low tides. The sun also
contributes a tidal pull, though despite the fact that the Sun is far more massive than the
Moon, the much larger distance between the Earth and the Sun means the Sun contributes
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Figure 1.1: A schematic diagram of the spring (left) and neap (right) tides. The Sun is
pictured as the sliver on the left of each panel, and the Moon the small circle.

only about 30% of the magnitude of the observed tides. The interaction between the two
tidally distorting bodies is what causes spring and neap tides (see Figure 1.1).
Tidal effects are not limited to the usual tides of the ocean; any gravitational interaction
that involves a gradient of gravitational force over the range of the body in question is
termed a tidal interaction. This occurs when the body in question cannot be thought of
as a point particle; a distribution of mass must be present for the gravitational pull at
different locations to vary. This is illustrated in Figure 1.2; the presence of a gravitational
field distorts a distribution of masses. While this is illustrated for test masses, it is, of
course, equally valid for any extended body, including black holes.

1.2

THIS

WORK

This thesis is concerned with determining the tidal perturbation of a black hole in a tidal
environment to post-1-Newtonian order. The tidal environment is left arbitrary for the
majority of the construction, and is only fixed when a specific application is examined. This
generality makes this work powerful and potentially very useful, as it is easily applicable to
a wide variety of astrophysical systems.

3

Figure 1.2: Effect of a gravitational field on a ring of test particles. A circular ring of test
masses is distorted into an ellipse under the effect of gravity, when viewed in the moving
frame attracted to the centre of the distribution. The panel on the left shows the test
masses in free-fall, and the panel on the right shows the effect of gravity, perhaps from a
planet.

The black hole under examination is placed in a tidal environment; this tidal environment can be due to other black holes, a continuous distribution of matter like an accretion
disk, or other external bodies that are not black holes. For simplicity's sake, this construction uses discrete sums, rather than continuous integrals, when describing this external
environment, though complications that arise when continuous matter distributions are
considered are addressed briefly. Other than that, this work will consider a tidal environment comprised of a collection of N external black holes with no matter is present anywhere
in the system, though other external objects are easily substituted. The vacuum restriction
does not impact the algorithm, as the only matter possibly present is in the tidal environment beyond the buffer zone, and as such is only specified to exist or not at the very end
of the main calculation.
There are two descriptions of the tidally perturbed black hole. The system as a whole
can be described using post-Newtonian theory, and the black hole in particular can also be

Figure 1.3: A schematic drawing of the black hole in the tidal spacetime. The hatching
indicates the tidal region outside the black hole, where the gravity is weak, and an arbitrary
matter distribution exists. Shading indicates the region close to the black hole, which is
vacuum. The shaded and hatched region indicates the overlap, which is pure vacuum).

described by a perturbed Schwarzschild metric. This post-Newtonian description is centred
at the barycentre of the system, and is only valid when the gravity is weak. The black
hole metric is centred on the black hole, and is only valid close to the black hole. These'
two conditions on the two metrics are independent, and it is easy to show that there is
a buffer region around the black hole where both descriptions are valid. This means that
there is a region close enough to the black hole that the black hole metric is still valid,
yet far enough away from the black hole that the gravity is sufficiently weak for the postNewtonian metric to be valid. It is in this buffer region that the work of this thesis is
carried out (see Figure 1.3). Additionally, the bodies cannot be moving quickly, as this
would violate the slow motion condition in post-Newtonian theory. There is no constraint
placed on the relative sizes of the black holes (or other objects): the black holes can have
equal masses, or one can be taken to be enormously larger than the other, or anything in
between. The approximations necessary for asymptotic matching are entirely contained in
5

the weak field/slow motion approximation.
The post-Newtonian metric is dictated from standard post-Newtonian theory using the
Landau-Lifschitz formulation of the Einstein field equations.

Chapter 2 discusses from

where this metric is derived, and subsequently shows from where the form of the field equations used throughout the rest of this thesis are derived. The post-1-Newtonian metric is
comprised of potentials, both Newtonian and post-Newtonian; the details of each potential,
including its derivation and physical interpretation, are also given in Chapter 2. Rather
than manipulating cumbersome quantities from the original formulation, the field equations
are broken up in such a way that each potential obeys its own Poisson equation. In this
work, there is no matter in the buffer region (though there can be matter beyond the buffer
region), so, with one exception, the potentials each obey a Laplacian equation. The structure of the exception is also detailed in Chapter 2. This metric is also shown to already
obey the harmonic gauge condition, which is a necessary condition for later steps. This
metric is centred, as post-Newtonian theory dictates, on the barycentre of the system.
The other description of the black hole is the black hole metric, the complete derivation
of which is detailed in (1). The derivation consists of a transformation from previously
published work detailing a perturbed metric in the light cone gauge to the necessary harmonic gauge. The metric is comprised of the Schwarzschild metric (presented in harmonic
coordinates) plus a perturbation characterized by two tensors, £f,c and B\,c. The derivation
of the structure of these two tensors is the principal goal of this work; the system is left
arbitrary, so that this work can be used in many subsequent applications. The black hole
metric is, of course, centred on the black hole, which is, in general, moving. This metric is
explored in Chapter 3, along with a discussion of the description of the system.
For the two metrics to be matched, the post-Newtonian metric must be boosted to the
black hole frame, so that the coordinate systems coincide. The coordinate transformation
from one set of harmonic coordinates to another set of harmonic coordinates is detailed
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in Racine and Flanagan (2). The post-Newtonian metric is still valid when boosted to the
black hole frame, provided that the region of strong gravity is not examined. As long as only
the buffer region is examined, and no information about the region of strong gravity closer
to (and inside) the black hole is sought, it is perfectly valid to boost the post-Newtonian
metric to be centred on the black hole.
Once the post-Newtonian metric is boosted, and thus the coordinate systems match,
the metric itself can be matched. Since both metrics describe the same physical systems,
they must match identically. The metrics are conveniently expressed in orders of c - 2 , and
so all the terms of each order of c must match independently. They must also match irreducible piece by irreducible piece, that is, all the singular, spatially independent, linearly
spatially dependent, and quadratically spatially dependent terms of a particular order must
individually match. The potentials, which have an arbitrary spatial dependence, are Taylor
expanded about the position of the black hole to make the spatial dependence explicit. The
tensorial perturbations are only dependent on time, and all remaining functions introduced
in the coordinate transformation that have an undetermined spatial dependence are Taylor
expanded about the position of the perturbed black hole to make the spatially dependence
explicit. This facilitates the matching, which would be impossible if there were hidden,
unknown spatial dependences within the potentials, and by extension, the coordinate functions. The coordinate functions are determined in the matching procedure; while each has
a defined structure in terms of xa and za, where za is the displacement of the field point
to the black hole (see Figure 1.4), each also contains an undetermined, arbitrary function
of time that is determined in terms of the post-Newtonian potentials during the matching
procedure. The metric functions, namely the two tidal tensors £bc and &bc and a function
\x that arises in one of the post-Newtonian potentials, are completely determined in the
matching procedure. The equations of motion are also determined during the matching
procedure, and though this is relevant and important, the motion of a black hole in a tidal

7

Figure 1.4: The coordinate systems. Note that the difference between the two systems has
a time dependence, since the black hole frame is in motion.

environment is already well understood ((3), (4), (5), (2)). The principal result of this thesis
is the structure of Sbc and Bbc for a black hole immersed in a tidal environment consisting
of N black holes. The coordinate transformation is also completely defined, so this is a selfconsistent, complete description of an arbitrary system of black holes. Both the coordinate
boost and the matching procedure are discussed in Chapter 4.
Once the general form of £(,c and B\,c are determined, a specific system can be specified for
use in further applications. It is possible to continue in a completely aribtrary fashion, but
it lends little physical insight, since there is no specific system to which the applications can
be attached. For a concrete example, the system is reduced to two bodies, which simplifies
the descriptions of the potentials from being sums over all the external black holes to a form
given by a single external black hole, with the motion left arbitrary. The system is then
simplified again, and the two bodies are specified to move in circular motion. This is the
most straightforward system that our results can be applied to, and all the main quantities
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are presented at each stage of simplification for further reference. Before this is done, the
tidal tensors are still defined in the black hole frame; to simplify their expression, it is
easier to transform the potentials back to the barycentre frame, so that the relative motion
between the two bodies can be specified instead of the absolute motion of each body. This
simplifies both the notation and the conceptualization considerably, and avoids the issue
of defining the motion of the two black holes in a frame that itself is moving. Once the
motion is specified, the tidal tensors are transformed back to the barycentre frame, where
they naturally reside. This may seem like unnecessary frame-jumping, but it is the most
straightforward way to simplify the tensors. The details of the simplifications and frame
transformations are given in Chapter 5.
Chapter 6 presents two practical applications of this work, using the fully simplified tidal
tensors determined in Chapter 5. First is an examination of the geometry of the perturbed
event horizon. This is not a gauge invariant quantity, and since the metric in the harmonic
gauge is singular on the event horizon, it is practical to look at the event horizon in the light
cone gauge. The perturbing tensors are then transformed accordingly, and the metric on
the event horizon is determined. The amount of bulging is examined by considering both
polar and equatorial circumferences, and looking at the longitudinal dependence of the
polar circumference. When the masses and separation of the two black holes are specified,
the relative amount of bulging (compared to the circumference of the same black hole in
isolation) can be determined. Secondly, the tidal heating of the perturbed black hole is
calculated.

This is chosen for two reasons: tidal heating is a gauge invariant quantity,

and recently tidal heating has possibly been seen in numerical simulations. This work may
help confirm or discount observations like this, and so presenting a basic calculation is an
important first step.

9

1.3

PREVIOUS

WORK

This is the first time, to the best of the author's awareness, that this treatment of matching
the post-Newtonian description to a dynamic, perturbed description has been applied to
the domain of black holes. Traditionally, this sort of treatment was reserved for weakly
self-gravitating bodies ((5), (6), (7)). This is not, however, to say that the motion of black
holes in non-standard background spacetimes has never been considered. D'Eath ((3), (8))
and Kates ((9)) started looking at this situation in the 1970's, and Kates showed that even
though the black hole's gravity is always strong, as the ratio of the gravitational mass of the
black hole M = Gmc~2 to the radius of curvature of the external spacetime TZ shrinks, (that
is,-M/TZ —> 0) the black hole behaves more and more like a test particle. If the external
gravitational field is weak, as in this work, the interaction between the black hole and the
external spacetime is reasonably well understood. The equations of motion of a black hole
in an external spacetime were first investigated by Demianski and Grishchuk (10); they
showed that to leading order, the black hole obeys the Newtonian equations of motion.
This was extended to the first post-Newtonian order (for binary systems) by D'Eath (3).
D'Eath showed that if the black hole was immersed in a field created by another black hole,
the post-1-Newtonian equations of motion they derived agree with the usual Einstein-InfeldHoffman equations of motion used in post-Newtonian theory. This work is more general
in that no system restrictions are imposed; the black hole does not need to be a part of a
binary system. When the very general results are specified to apply to a binary system, the
two sets of results agree.
In 1985, Thorne and Hartle published a paper (4) on the general behaviour and motion
of black holes in spacetimes, paying careful attention to the various precessions exhibited
by the spins of interacting black holes. They also used matched asymptotic expansions to
derive their laws of motion; similarly to this construction, they match a perturbed black
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hole metric to an external metric, perturbed by interaction with the body in question. They
also match the two metrics in a region where both are valid, and determine the equations
of motion and the tidal fields creating the perturbation on the black hole in question. This
work is an academic descendant of their work, as the techniques used are very similar.
The key difference between their work and this work is twofold: Thome and Hartle
considered the motion of a Kerr black hole, though by setting the angular momentum to
zero, one should recover relevant results for a Schwarzschild black hole. The tidal moments
were discussed, and order of magnitude expressions were given, but the explicit derivation
of the tidal moments were not given. This work, then, seeks to define the tidal moments
independently, without any a priori knowledge of the external spacetime.
Therein lies the principal aim of this work. The motion of the black hole in a generalized
environment is useful, but the motion of black holes is well understood, and has been for
some time. This information appears as a side result in the calculation of the tidal moments,
which is the principal result of this work, and is as yet relatively unexplored territory,
considering the richness of potential systems that this sort of investigation would illuminate.
It is not completely unexplored, though; the first investigations of the tidal effects on
a black hole were done by Manasse in 1963 (11). Using the small hole approximation,
- ^ B H < < Msystem;

ne

calculated the metric of a small Schwarzschild black hole falling

radially (on a geodesic) towards a much larger Schwarzschild black hole. Only the small hole
was taken to be perturbed, and this perturbation was calculated as an expansion in powers of
0(r/7l),

where r is the distance to the small black hole, and 1Z is the characteristic curvature

scale of the external (ie, induced by the large black hole) spacetime. His calculation is
accurate to 0((r/TZ)2)

and for all powers of M/r (i.e., it is exact in terms of the magnitude

of the small black hole's self-gravity).
Although Manasse's work was very influential in the foundational work already outlined,
it was some time before it was realized by Alvi that his algorithm was not restricted to small

11

black holes, as initially thought (12) (13). Since his work was valid to all orders of

M/r,

the limiting restriction can be changed from r/lZ being small to M/1Z being small. Both
the small hole and weak field approximations are two extreme cases of of this broadened
restriction, but neither of these special cases need be applied, so long as M/1Z«

1. Since

both possible approximations are rolled together, but neither specified, Alvi's work is of
considerable generality. His work's primary motive was to calculate a metric to describe
a system of two (widely separated) black holes in circular motion, rather than describing
the perturbation itself; Alvi computes the tidal fields only to Newtonian order. He does
not use harmonic coordinates, instead using corotating coordinates, and in his initial paper
(12) there are discontinuites in the metric at the various junctions between regions. These
discontinuities were eliminated in later work by Yunes et al. (14). The metric is indeed a
perturbed metric, but the perturbation is not calculated separately or in any general fashion.
Alvi's work starts by taking a more precise metric from Blanchet et al. (15) and truncating
it; this metric is valid for compact binaries, and since it relies on post-Newtonian theory,
it is valid in Alvi's region 3, but not regions 1 or 2. Alvi uses it to derive a .discontinuous
metric that is valid everywhere outside the black hole's apparent horizon; his second paper
(13) then extends this metric into the black hole.
There are two papers from which this work stems most directly. The first of these is
a short paper by Poisson. (16) outlining the derivation of the metric of a tidally distorted
Schwarzschild black hole in the light cone gauge. The light cone gauge sets the perturbation
hav = 0 on the event horizon r = 2M; this preserves the location of the event horizon at the
familiar r = 2M, and tidily allows the event horizon to be examined. Poisson's work seeks
to refine the metric that Alvi used in his calculations by adding terms of a higher order.
Alvi's work accounted for terms that scaled as Tl~2, where TZ is the radius of curvature of
the external spacetime, and Poisson adds terms of order 7£~ 3 . While these higher order
terms are not used in this work, it is this metric from Poisson, which he later transformed
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from the light cone gauge to the harmonic gauge, this is the perturbed black hole metric
used in this work.
Poisson's paper (16) also introduces the notion of irreducible tidal fields, which package
the tidal fields in a very orderly fashion.
radial vector denoted by Qa = xa/r,

By combining the tidal fields with the unit

the metric simplifies considerably. This is even more

important once the metric is transformed to the harmonic gauge, as the metric takes a more
complicated form. Consistently, he introduces both the quadrupole tidal fields (which are
relevant here, being the leading order tidal perturbation) and the octopole tidal fields (which
are not relevant here, as they are of a higher order); both orders of tidal perturbations can be
decomposed into spherical harmonics. Unlike Alvi's work, the tidal environment is not fixed,
so any system can be specified, but the external tidal environment must still be specified
for any application of this formalism. This work seeks to generalize this framework one step
further: the effect of the tidal environment is calculated, rather than left unspecified.
The other critically important paper that this work relies very heavily on is the 2005
paper by Racine and Flanagan (2). This very rigourous paper calculates the equations of
motion to post-1-Newtonian order for arbitrarily structured bodies. They account for all
the various couplings between the mass and current multipoles of each body, and the work
is very general. To accomplish this ambitious goal, they work in a buffer zone similar to
that used in this work and match a metric describing an arbitrarily structured body (not
necessarily, though potentially, a black hole) to a post-1-Newtonian metric that has been
boosted to the body centred frame. They use only the Einstein field equations as input
constraints on the system, and work in the harmonic gauge. This is precisely the same
algorithm undertaken in this work, with the notable distinction that the bodies involved
are not arbitrarily (and potentially spinning) structures, but rather perturbed Schwarzschild
black holes. It is this specification that allows the equations of motion to be so succinctly
derived (as will be shown in Chapter 4), and confirms that the black hole can indeed be taken

13.

to be a post-Newtonian monopole. This specification allows any mass dipole associated with
the black hole to be set to zero, which greatly clarifies what the moving black hole frame
is, and eliminates the ambiguity about what the "body-centred frame" means. Setting the
mass dipole to zero (which is how Racine and Flanagan implement the "body-centred"
gauge) in an arbitrarily structured body does not mean that the origin of the coordinates
is at the body's centre of mass. In ordinary situations this is indeed the case, but since the
body is strongly gravitating, classical mechanics are not necessarily valid. This ambiguity
raises a lot of issues, and is dealt with appropriately in their paper. The specification that
the bodies are Schwarzschild black holes avoids this issue altogether, which simplifes the
interpretation of the procedure.
The Racine and Flanagan paper also deals with the tidal moments acting on the arbitrarily structured body, which are included in definitions of the post-Newtonian potentials.
Since arbitrarily structured bodies are considered, arbitrarily multipoled tidal fields are
used. It should be noted that the post-Newtonian order and the multipole order of a tidal
moment are independent; both the arbitrarily structured Newtonian and post-Newtonian
tidal moments are accounted for by Racine and Flanagan. These moments are not the focus
of their paper, and as such are used as intermediate steps in the search for the equations
of motion. This work defines the potentials independently of the tidal fields, and in approaching the definition of the system more concretely (having an actual metric to match
the post-Newtonian metric to, as opposed to having to deal with an arbitrary body), the
formal definitions of what they call the tidal moments and what are called the tidal moments in this work are slightly different. Their work is simplified if the external spacetime is
specified, as the tidal moments are then defined. Their work agrees with previous work (5)
when weakly gravitating bodies are considered; there are no comparisons to strongly gravitating bodies, because theirs is the first work to consider arbitrarily structured, strongly
gravitating bodies.
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This work can be seen as a practical application of Racine and Flanagan's paper. It
follows the initial algorithm very closely (though once they delve into the intricacies of
determining the equations of motion, the relevence to this work is much diminished), and
their description of how to boost the post-Newtonian metric to the moving black hole
frame is used directly. There are some differences, as the potentials are defined slightly
differently in this work, and the labeling of functions is often not the same, but overall the
two algorithms are very closely related.
This is not the first time this sort of procedure has been considered. Damour, Soffel and
Xu (DSX) published a series of three papers ((5), (6), and (7)) that dealt with a similarly arbitrary, tidally interacting system. They assumed the system to consist solely of weakly self
gravitating extended bodies with an arbitrary multipole structure. Imbuing the bodies with
an arbitrary multipole structure means that instead of being able to write down an explicit
description of each body, the body must be described by a summation over undetermined
multipoles. There is also the issue about the precise meaning of "body centred coordinates," and it is less straightforward to extract general behaviour of the system, since the
system is considerably more ambiguous. However, using weakly interacting bodies means
that the field equations can be simplified, and the interaction of weakly gravitating bodies
is, in general, much better understood than that of strongly self-gravitating bodies. DSX
also work consistently to post-1-Newtonian order, and retain full generality in multipole
structure. Rather than impose the harmonic gauge, as is done here, they impose algebraic
coordinate constraints, which force the coordinates to be conformally Cartesian. In postNewtonian systems, typically either the harmonic or the standard post-Newtonian gauge
is used, which are both differential constraints. DSX's algebraic constraint encompasses
both choices of gauge, and does not use any differential relations. They use an exponential
potential decomposition, and do not rely on asymptotic matching, since the system has an
arbitrary multipole structure. This work exploits asymptotic matching, since the multipole
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structure of the system is assumed (and then verified) and simple, and the standard potential decomposition is used instead. This work could have been done with an exponential
potential, but we followed the direction of Racine and Flanagan's paper (which used the
standard decomposition) rather than the DSX papers.
The DSX papers are important because they are concerned not only with the equations
of motion of the bodies (which is usually all that is studied), but also the tidal effects and
interactions. They determine the gravitoelectric and gravitomagnetic tensors to post-1Newtonian order in terms of the Blanchet and Damour multipole moments, and express
their electric and magnetic moments in terms of these tensors. This work determines the
two tensors directly in terms of the potentials of the post-Newtonian metric, rather than as
a repackaging of previously defined multipole moments, though this is feasible only because
the system's multipole structure is already known.

Since these tensors are usually left

undetermined, unexplored, or accurate only to Newtonian order, this is an important result
with which to compare our results.

1.4

MOTIVATION

Numerical relativity is a booming area of gravitational physics, owing in no small part to
recent breakthroughs in simulating the binary black hole problem. A continual, and by no
means trivial, problem in numerical relativity is the intial data problem: what description
should the system first be imbued with before a simulation is run? Normally, the simulation
is run for long enough for the initial data to be radiated away, and the true physics are all
that remains, but there are problems with this approach. For one, if the initial data is not
close enough to the reality, the final results may be skewed, since the simulation is initially
solving a problem with different parameters than the problem of interest. Also, it takes
time for the junk data to be radiated away, and so more accurate data will minimize its
influence. This work is very general; no motion or system geometry is assumed, and so this
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work is very adaptable to accurately model a wide variety of astrophysical systems. It is
the author's hope that this work will be able to provide insight into the initial data problem
by better modelling relevant astrophysical systems.
This work is also timely because, very recently, there are some indications that tidal
heating effects are possibly being seen in numerical simulations (17). One of the direct
applications of this work is to calculate the rate of tidal heating of a black hole in an
astrophysical system; while only the tidal heating of a binary black hole system moving in
circular motion is calculated in this thesis, all the tools are presented to calculate the tidal
heating in an arbitrary system. This work then helps to provide a theoretical model for
what should be expected in numerical simulations if tidal heating is present, and can help
verify that what is being seen is indeed tidal heating and not some artifact of the simulation,
or another phenomenon altogether.
Having a more precise description of the motion of arbitrarily interacting black holes
may also prove insightful in the coming years for gravitational wave astronomy. For wave
templates to be generated, the motion of the black hole is specified. Additionally, in some
systems, the effect of tidal heating may be important, and understanding how to properly
account for this is important in creating appropriate, accurate gravitational wave templates
for those systems.

1.5

CONVENTIONS AND NOTATIONS

This thesis deals primarily with a post-Newtonian treatment of a perturbed black hole,
and so the usual geometric units G = c = 1 are not used. As is commonly done in postNewtonian theory, 1/c2 is used as a formal expansion parameter. The usual convention that
' repeated indices are summed over is kept. Greek indices run from 0 to 3, and correspond to
spacetime quantities; Latin indices run from 1 to 3 and correspond to spatial dimensions.
Masses are typically expressed geometrically, so M = Gmc~2.
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Small m's indicate the mass

in conventional units (kg), and capital M ' s indicate masses in geometric units (m). The
coordinates are quasi-Lorentzian (that is, xa = (ct, xa)), and the Euclidean metric 5ab is
used to manipulate spatial indices. The permutation symbol eabc is also imported from
Euclidean geometry, and the Euclidean norm of a vector v is given by v = |v| =
The length of the displacement vector xa is denoted r, that is, r = ^/6abXaxb.

\/Saf)Vavb.
Quantities

symmetric over two (or more) indices are indicated by round brackets around the relevent
indices; antisymmetry is indicated by square brackets, and symmetric trace free (STF)
quantities are denoted with angular brackets. Quantities associated with the barycentre
frame are expressed in the unbarred coordinates xa, while quantities associated with the
black hole frame are expressed in barred coordinates xa.

Note that a quantity may be

passed between the two frames several times. Partial differentiation is denoted by

daf,

where a can be either time t or a spatial index a. If f depends on the barred coordinates xa,
a bar is placed over the subscript, for example, daf • An overdot / indicates differentiation
with respect to time, though this can also be represented in the dt notation if it is clearer
to typeset that way.
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CHAPTER 2:

A PRIMER IN POST-NEWTONIAN

THEORY

This thesis relies heavily on the post-Newtonian regime, and as such it is relevant to present
the basics of post-Newtonian theory. Post-Newtonian theory is valid only when the bodies
involved are moving slowly and the mutual gravity is weak; these restrictions are imposed
on the (otherwise arbitrary) system here. While black holes (ie, very strongly gravitating
bodies) are considered, the post-Newtonian metric is not valid up to the event horizon. This
is not an issue, as this work is done only in a specific region where all the restrictions are
met; this will be discussed further in the next chapter.
There is no single way to formulate post-Newtonian theory, and different formulations
may be relevant to different situations. In general, the post-Newtonian metric is determined
in terms of a number of gravitational potentials, which can be scalar, vectorial or tensorial,
and can be derived in a number of ways (usually from the field equations). This work uses
the standard, Landau-Lifshitz formulation to determine the structure of the potentials found
in the post-Newtonian metric. The details of this formulation are not terribly illustrative for
the purposes of this thesis, but the broad brushstrokes of the construction will be presented
here, so the post-Newtonian metric used through the rest of the thesis is not pulled from
thin air. While this formalism was originally presented in (18), (19) was very important to
the author's understanding of this formalism.
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2.1

T H E LANDAU-LIFSHITZ

PSEUDOTENSOR

FORMULATION

The Landau-Lifshitz formulation uses a pseudotensor to reframe the usual field equations.
The usual field equations are the familiar
Ga0 = —J-Ta(3 ,

(2-1)

where Gap is the Einstein tensor constructed from contractions of the Riemann curvature
tensor, and Tap is the stress-energy tensor of the system in question. The left hand side of
the field equations are repackaged in terms of the pseudotensor Ha^v:
jjanfii;

_

a/3 ^ _

au 0/j,

^ 2 )

where Sa/3 is the inverse got hie metric, denned as Qa@ = \f—gga^ • Similarly to how the
Einstein tensor is constructed from the Riemann tensor, the left hand side of the field
equations can be defined by derivatives of this new tensor:
d^Hort" = ~^(-g)(TaP

+ rLf) .

(2.3)

The Laundau-Lifshitz pseudotensor T^ is defined by a long list of terms involving the
first derivatives of the gothic metric; its rough physical interpretation is that it describes
the gravitational energy of the spacetime itself, while the stress-energy tensor describes the
matter distribution on the spacetime. The pseudotensor Ha/3fMl/ has all the same symmetries
as the Riemann tensor, and as such, is antisymmetric in the last two indices. This means
that dfilxvHa^u

= 0; taking a derivative of the field equations then yields
fy((-s)(T^

+ rg))=0.

(2.4)

This is an expression of conservation of energy and momentum, including both matter and
gravitational forms, and as such contains the same information as the familiar covariant
statement V ^ T ^ = 0.
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When it is possible to work in a neighbourhood where the curvature is small, the metric
(in this case, the inverse gothic metric, though the logic is the same) is expressed as flat,
Minkowskian spacetime plus a perturbation. The tensor ha0 is used to denote the perturbation; this tensor will give rise to the various potentials that comprise the post-Newtonian
metric that is used later on. It is defined by

where •q010 is the Minkowski metric expressed in Cartesian coordinates.

The harmonic

condition, which initially reads d@Qa0 = 0, now reads dph010 = 0. When the explicit
post-Newtonian metric is determined, it is useful (both for later purposes, and also for
simplification of the calculation to verify that the metric does indeed satisfy the Einstein
field equations) to convert to spherical coordinates; this is discussed briefly later. If (2.5)
is rearranged for the gothic metric, and then substituted into the expression for Ha^u, the
left hand side of the field equations (2.3) can be written as
d^Ha^v = -Uhaii + h^d^h00 - d^dyh^

.

(2.6)

The second two terms can be packaged together in a so called "harmonic pseudotensor" and
taken to the right hand side of the field equations; this new pseudotensor (16irGc~4)(—g)r^
dilhavdvhPu'

— h^d^vh010

satisfies the conservation equation dp{—g)T^

=

= 0 on its own.

When taking the various derivatives of the potentials ha0, care must be taken to keep
track of the various factors of c that are accrued. The temporal derivatives carry a factor
of c, but'spatial derivatives of potentials with temporal components also carry factors of c.
Specifically,
h00 = 0(c-2)

, d0h00 = C ( c - 3 ) , dbh00 = 0{c-2)

,

(2.7)

h0a = 0 ( c - 3 )

, d0h0a = 0(c-4)

,

(2.8)

hab = C(c" 4 ) , d0hac - e>(c~4) , dbhac = C ( c - 4 ) .

(2.9)
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, dbh0a = 0(c-3)

These scaling are important for this construction, especially to make sure that the pseudotensor is compatible with the gauge condition. The details of the verification that the
potentials do indeed scale this way are not enlightening and thus not included here. By
using these scaling arguments, the pseudotensor can be evaluated in terms of the potentials
and their derivatives; this is useful for the gritty details of further derivations, but since
none of them will be shown explicitly as tedious algebra is not illuminating, this too will be
left as an exercise for the reader.
The field equations have now been transformed to a wave equation with an admittedly
complicated source term; as yet, there are no approximations, and this following statement
is exact:
Dh°f> =

_i^r«/3 = _i^G(_ f f ) ( r «/3 + Tcg + T «0) .

(2.10)

The subsequent steps involve expansions in orders of the gravitational constant G; since
this can be done to only a finite order, approximations and truncations are involved.

2.2

THE NEAR ZONE AND THE WAVE ZONE

While this is not at all specific to post-Newtonian theory, a word needs to be said about
the difference between the near zone and the wave zone. A system can be characterized
by a timescale tc, which is the timescale of events within the system, and an associated
wavelength Ac = ctc.
\xa\ «

The near zone is then the region close to the system where r =

Ac; that is, the length scale of the field point in question is much less than the

characteristic wavelength of the system itself.
The wave zone is the region of spacetime beyond the near zone, where r »

Ac; it

is only in this region, where there is a clear separation of scales between the system and
the phenomenon being investigated, that the wave behaviour of radiation can be properly
discussed and observed. There are no hard and fast boundaries between the two zones, and
depending on the system, there may be a muddling of the scales at the edges of the regions,
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leading to an intermediate region.
This thesis deals entirely with the near zone, and so while it may be tempting to try
and examine gravitational wave emission from the perturbative systems described here, it
is beyond the scope of this thesis to do so. To do this, the information of the system would
have to be propagated out to a distance far from the system, and then analyzed.

2.3

T H E F I E L D E Q U A T I O N S IN A P O S T - M I N K O W S K I A N

EXPANSION

The field equations (2.10) need to be solved, and in a post-Newtonian regime, the straightforward approach is to construct a series expansion of ha@ in powers of the gravitational
constant G:

•
hafS = Ghf

+ G2hf

+ G3hf

+

(2.11)

This can be extended to whichever order is necessary for the specific application; for this
work, the potentials ha@ will be expanded to order G2. Once the potentials are expanded,
the field equations can be iteratively integrated.

The zeroth order (haP = 0) term is

subsitituted in to the right hand side of the field equations; the solution of the equations
determines the first order term. This is then substituted in to the right hand side, and the
process is repeated until the necessary order is reached.
Given the potentials, the gothic metric can be found, and given the gothic metric,
the proper metric can be determined in terms of the potentials hal3 and the Minkowski
metric r)a@. By iterating the field equations, and then reorganizing the information, the
post-Newtonian metric can be determined. This is given by the following expressions:
1
1
1
1
9a0 = r)a/3 + ha0 - -hr]aj3 + ha/1h% - -hhaf5 + -h2-qa0 - -h^h^r]^

2

2

8

-9 = 1 - h + \h2 - \h^h^
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+ G(G3) ,

(2.12)

4
+ 0(G3)

.

(2.14)

When the iterating is being done, these expressions can also be truncated to the appropriate
order.
The specific details of the iteration are somewhat lengthy (especially at second order),
though not especially difficult, and so only the general method will be explained, and the
curious reader is encouraged to look to (19) for further detail and information. Once the
field equations are solved for the first order potentials, the potentials can then be given
a general form, which is then specified by solving the wave equations. To first order, the
potentials ha/3 can be written

/loo = 4 c

-2$

;

hQa = Ac*Aa

, hab = 4c-4Bab.

(2.15)

The stress energy tensor is similarly decomposed into three densities: T 0 0 = c2p, T°a = cja,
and Tab is left unchanged. The first quantity is a mass density, the second a momentum
density, and the third is a mass x velocity 2 density. When the first order wave equations
D/ij

= — 167rGc_4(—g)Ta@ are split up and solved, the following expressions for the three

(intermediary) potentials are obtained:
$(ci,xa)

Aa{ct,xa)
Bab(ct,xa)

Gpjct-

\xa -

xla\,xa)dzx'

•1
Gja(ct - \xa -

x'a\,xa)d3x'

•I

I

GTab(ct-

\xa-x'a\,xa)d3x'
I /y»(X

ly'CL I

(2.16)

(2.17)
(2.18)

In the near zone, the propagation time is small, so the time argument (which corresponds
to retarded time) can be Taylor expanded about the exact time t. For the scalar potential,
this is
p(ct - \xa - x'a\,xa)

= p(ct,xa)

+ c-l^-p{ct,xa)\xa

- x'a\ + c-2^-p(ct,xa)(\xa

- xla\)2 + ...
(2.19)
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The second term vanishes after integration due to conservation of total mass (since xa is
not time dependent), and so the expanded expression for the potential $ is

$

a

a 3
Gp(ct,x
Gf )d
x x'

U * ) •= /

1 d2

p^

+&wj

°p^ *a)d*a - x'a\)d"*' + - ;

(2-2°)

the other potentials are treated similarly.
Evaluating this gives the more practical potentials, which will be used to construct the
metric. The first term in the expansion of <3> gives rise to the usual Newtonian potential
U, while the second term gives rise to the corrections due to using retarded time in the
Newtonian potential; this term X is called the superpotential. Thus,

* = C + ^ | X ;

(2.21)

when the system consists of discrete bodies, as in this thesis, these two potentials take the
forms

^°) = £ i # ^
X{t,xa)

= ^Gma\xa

- zaA\ .

(2 22)

-

(2.23)

A

The index A denotes a sum over all the various bodies in the system, and zA is the position
of each body.
When the similar treatment is done for the vector potential, the correction terms are
neglected, because this treatment is being used to construct a metric of order c - 4 . The
corrections to the vector potential enter at order c - 5 and so are not considered. The vector
potential is then relabeled £ a . Similarly, the potential Bab is relabelled to Wab, and since
it enters the potentials hal3 at order c~ 4 , no corrections are considered.
These results are then fed into the field equations (2.10), and the process is repeated
with a non-zero source term on the right hand side; this makes the procedure considerably
more complicated. Once the singular components of the input potentials are dealt with, the
h00 component can be expanded to order c - 4 . Notice from (2.8) and (2.9) that both the
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time-space and space-space components, to first order, scale as c - 3 and c - 4 respectively.
Since this construction is only to order c"~4, the second order expansion is only non-negligible
for the time-time potential. The correction to h00 can be written as a sum of two terms: a
new correction term, and the square of the c - 2 term (i.e., the Newtonian potential),
h00 = A $ + *.Z + jfi2

+ 0(c"5) .

(2.24)

The details of the structure of the new potential Z are mired in the complications, but it
includes the superpotential X, the trace of the potential in the space-space components as
well as terms unique to itself. The details of the derivation of Wab in the near zone are given
in (19); in the interest of space, the details are omitted. In the near zone (which is all that
is relevent to this discussion), Z = ip + \X + W, where W is the trace of the tensor Wab,
which is defined via hab = 4:C~3Wab. When the metric is calculated, the trace term drops
out, and so is not further examined. The potential ip is a post-Newtonian correction to the
Newtonian potential; note that because this term is already at order c~ 4 , the correction
from the finite propagation time does not arise at this order. The structure of this correction
is not determined from the field equations; instead, the structure is determined through the
matching process. For now, it is left undetermined.
The vector potential is similar to the Newtonian potential, though it is only non-zero
in the near zone. The potential Aa can be written as a series in powers of c - 1 , and since
the vector potential enters the metric at order c~ 3 , only the first term is needed. The first
term is, after integration and evaluation, then

<•=££*&•

(2 25)

-

The first neglected term (of order c _ 1 ) is exactly zero, since it can be expressed as a
derivative of the classical (i.e., Newtonian) momentum.
The calculation of the tensor Wab is very complicated due to the contribution of both
matter and field considerations, which must be treated independently. For the rest of this
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work, only the time-time and the time-space components will be necessary. There are two
tensors to be determined, and these two tensors are both represented in time-time and the
time-space components of the perturbed black hole metric; the space-space components do
not contribute any new information and so from here on, the space-space terms will usually
be ignored.
The various potentials UXa,4>,

an

d -X" &U obey their own field equations as well. Fol-

lowing the logic from the first-order computation, most of these potentials obey a simple
Poisson's equation. All of U, (a and ip obey V 2 M =

ATTGU,

where M is the potential in

question, and v is the associated density. This construction is done in a region of vacuum
and thus, for this application, all these potentials obey Laplace's equation. The first three
field equations for the various metric potentials are then
V 2 C/ = 0 , V 2 C = 0 , V V = 0 .

(2.26)

The potential X is a little different, because it has a different structure with no singular
component. It is easily shown to obey
V2X

= 2U .

(2.27)

To determine the metric in terms of the five metric potentials, ha^ is substituted into
(2.12). The trace of the space-space potential Pab in the time-time component of the metric
drops out, and the metric is found to be
3oo = - 1 + \ u + -M
C

+ \ x - U2) + C ( C - 4 ) )

C

(2.28)

£

30a = - 4 C a + <?(c-5) •

(2.29)

As mentioned previously, overdots indicate differentiation with respect to the time coordinate. It is useful for ease of notation to group the two scalar potentials at order c - 4
together, that is,

ft = ^ + ]-X .
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(2.30)

Maple can be used to show that this metric satisfies the vacuum Einstein field equations.
It is also possible to re-verify that the harmonic gauge condition

dtU + daC = 0

(2.31)

holds, though this is repetitive and useful only as a double check; the gauge condition was
applied at the very beginning of this construction, and the construction has followed from
that constraint,

2.4

T H E BLACK HOLE'S

STRUCTURE

Before any more work can be done, the black holes in the system must be given a multipole
structure.

Previous work has left the multipole structure arbitrary, but was done with

weakly self-gravitating ((5), (6), (7)) extended bodies ((2)), and this work strives to be
more concrete. While Racine and Flanagan (2) do not stipulate the relative strength of
the bodies' internal gravity, they work with extended bodies, and without an assumed
structure, so that the potentials cannot be concretely expressed in terms of the interactions
between bodies in the system. While the system is general in its external aspects, the black
hole is assumed to be a post-1-Newtonian monopole, which is the simplest structure it can
have. This simplicity is not trivial; it is due to the fact that there is no matter distribution
associated with the black hole itself. If the black hole were to be replaced with, say, a
neutron star, this assumption would be invalid. This assumption may seem incongruous,
since the point of this construction is to examine the tidal perturbation of a black hole,
and this tidal interaction will (as is discussed in later chapters, but is intuitively obvious)
create a distortion from spherical of the black hole. However, the effects of this distortion
are of a higher post-Newtonian order, and so do not contribute to this construction. Were
this construction to be extended to a higher post-Newtonian order, they would become
significant, complicating the situation considerably.
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While the black hole's monopole structure is, at this point, assumed, this assumption is
verified in the matching process. Any additional structure endowed to the black hole will
turn out to be zero to this post-Newtonian order. Since this is the one clear assumption
that is made about the black hole (the other assumptions being restrictions on the physical
system necessary for post-Newtonian theory to be valid), it is encouraging (and satisfying)
that this assumption is independently verified later on in the matching procedure.

2.5

INTERNAL AND EXTERNAL

POTENTIALS

Now that the black hole's structure is assumed, one black hole is singled out and examined
in the tidal background generated by the rest of the system. The potentials are each split
into an internal (singular) and external (smooth) part. The internal part is the potential of
the reference black hole, and is singular as r —> 0, which is outside the domain of validity
of the post-Newtonian metric. The external part of the potential is due to the other black
holes in the system. The external potential is smooth and differentiable near the reference
black hole, even when extrapolated to r = 0.
The internal potentials are all known, because they are only dependent on the reference
black hole and have no dependence on the rest of the system. Thus, they are evaluated
explicitly, while the external potentials (which depend on the rest of the system) are left
arbitrary for now. The internal (monopole) potentials are given by
Gm
tfint = —

_
,

Gmva

Caint = ^

r

^

,
,

GmuCt)

Vint =

r

_,

=^

,

Xint = Gmf

'

,n „„.
,

2.32

r

with r = \xa — za\. Here, m is the mass of the black hole being examined, and fj,(t) is a metric
function that is defined during the matching procedure, and determines the structure of ip:
The external component of %j) is treated in the same way as the other external potentials.
The expressions for the complete potentials are then
U(t,xa)

= ^

+ Uext(t,xa)
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,

(2.33)

+ Ca ext(t, Xa) ,

Ut, X°) = ^ P
Sl(t, xa) = ~(ti
r

+ l-v2). - 9^Vavbxaxb
2
lr"

- ^aaxa
2r

(2.34)
+ next(t, xa) .

(2.35)

While the internal Newtonian and vector potentials are both purely singular, the internal post-Newtonian potential has singular and non-singular, components; the non-singular
component arises from the superpotential X .
It is less clear how to treat the external potentials, as they have both temporal and
spatial dependence. The temporal dependence is not an issue, but the spatial dependence
must be made explicit for the asymptotic matching procedure to be done. Since the black
hole must be interacting weakly with the rest of the system, the potentials must vary slowly
with xa. This means the potentials can be Taylor expanded about the location of the black
hole to make the spatial dependence explicit:
Uext(t,xa)

= [Uext(t,xa)]xa=za

+ [dbUext(t,xa)]xa=zaxb

+±[dbcUext(t,xa)]xa=zaxbxc

+ ... .
(2.36)

It is understood that the spatial derivatives are taken first, and then evaluated at xa — 0.
The other two potentials are decomposed similarly, and in the black hole frame, bars are
placed on top of all the potentials. The derivatives are then taken with respect to the
coordinates in the black hole frame, rather than the barycentre frame. Prom here on, unless
specified otherwise, the arguments (t, 0) of the external potentials will be suppressed for
visual clarity, but are assumed.
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CHAPTER 3:

T H E SYSTEM AND SETUP OF THE PROBLEM

As discussed in the introduction the system is left very general. The tidal environment
is taken in this work to comprise of a collection of N black holes with no matter present
anywhere in the entire system, but other systems are possible. Other tidal environments
may include a collection of black holes with matter also present between the bodies, or an
accretion disk surrounding the reference black hole, or another kind of matter distribution.
The precise structure of the tidal environment becomes important only at the very end of
the calculation, as generality is retained for as long as possible. The use of post-Newtonian
theory requires that the mutual gravity between all the elements of the system are weak,
and that the elements are not moving at relativistic speeds; the only other restriction placed
on the system is to insist that there is a region of vacuum around the black hole between it
and the matter distribution creating the tidal environment.

3.1

D O M A I N S O F VALIDITY

As hinted at in the introduction, there are three regions to the system. The black hole
region is a region close to the black hole which is described accurately by the perturbed
black hole metric. In Figure 1.3, this region corresponds to the yellow and green regions of
the system. For now, it is sufficient to say that the perturbed black hole metric is given by
Schwarzschild plus a perturbation; the precise structure of the black hole metric is discussed
in Section 3.3. The perturbation must be small, and so this metric, centred on the black
hole, is valid only to a radius r ^ . This is the radius to which the arrow is pointing in the first
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Figure 3.1: A schematic view of the domains of the validity. The first panel shows the black
hole metric, and the second shows the post-Newtonian metric. The third shows the buffer
zone where the two metrics are both valid; it is in this buffer region that this work is done.
The outer circle in each panel is r ^ , and the inner circle is rpn.

panel of Figure 3.1. For the perturbation to be small, r2/TZ2 «

1, where r is the distance

from the centre of the black hole and 1Z is the characteristic scale of the perturbation. This
characteristic scale is reliant on the external environment in which the reference black hole
sits, and can be, for the sake of clarity, considered to be due to a single body of mass miThere is no condition on the ratio M/r that needs to be imposed for the black hole metric
to be valid.
The post-Newtonian region is the region of the system where the mutual gravity between
the bodies is weak; in Figure 1.3, this is the hatched area. As the reference black hole is
approached, the gravity becomes stronger, and at a radius rpn, the self gravity of the black
hole becomes strong enough that post-Newtonian theory is no longer valid; the arrow in
the second panel of Figure 3.1 points to rpn.

Since the mutual gravity must be weak,

both M/rpn

and rpn/TZ must be small; this can be imposed by ensuring M/1Z «

1. The

ratio M/rpn

ensures that the gravitational pull from the reference black hole is not strong,

and the ratio rpn/TZ ensures that the gravitational pull from the tidal environment is not
strong. This region is defined by the post-Newtonian metric introduced in Chapter 2, which
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is centred on the barycentre of the the system, and its domain of validity extends out to
the edge of the near zone of the system.
As depicted in both Figure 1.3 and Figure 3.1, there exists a region of overlap where
both the black hole metric and the post-Newtonian metric are valid. In Figure 1.3, this
is the green region, and Figure 3.1, this is the purple region depicted in the third panel.
This region is defined as a shell centred on the black hole stretching between rpn < r < r ^ ,
and its existence is easily shown by manipulating the conditions imposed to define the
boundaries of the first two regions. By defining TZr2 ~ 7712/zf2, where Z12 is the separation
between the reference black hole and the external body, it is easy to show that the condition
rpn < Tbh is always satisfied, and so the buffer region always exists.

3.2

T H E SCALES

Before the system can be meaningfully discussed, the various scaling arguments must first
be examined. This is in part because post-Newtonian theory is valid only within certain
restrictions (as discussed in the previous chapter), and examining the scales of the system
verifies that those restrictions are not violated. Also, highlighting the salient features of the
system before launching into a complete and detailed description helps to give a road map
of where the problem is headed.
As mentioned previously, there are two main scales in this problem: m, the mass of the
perturbed black hole, and TZ, the radius of curvature of the spacetime external to the black
hole. While G and c are not set to unity, it is still helpful to work in geometric units; m
gives rise to a length scale M — Gmc~2.
The Newtonian gravity between two black holes can be described as the sum of the
Newtonian potentials U(t, xa). The external potential can be Taylor expanded about xa = 0:
Uext(l xa) = Uext(i, 0) + gbxb + \shcxhxc
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+ ±£bcdxbxcxd

+ 0((r/K)4)

.

(3.1)

Each successive term scales as an additional factor of r/lZ, and introduces a higher order
multipole tensor to describe the perturbation. The first term essentially sets the zero of
the gravitational interaction; because it has no spatial dependence, it can be set to zero.
The second term is the gravitational force per unit mass exerted between the two black
holes; since we are working in the noninertial reference frame of the moving black hole,
this can also be set to zero. The third and fourth terms are the first two tidal terms,
and are the significant terms. The octopole moments &bcd are considered negligible, but in
principle this expansion could go to higher orders. The quadrupole moment Z\,c is termed
the gravitoelectric tensor, and though it does not appear in Newtonian gravity, a similar
tensor Bbc termed the gravitomagnetic tensor arises in a relativistic treatment.
The tidal perturbation of the black hole can be described by those two tidal tensors.
The only assumption initially made is that they are symmetric and trace free (STF), that
is, £bc5bc = Bbc5bc = 0. They are STF because both the Newtonian and vector potentials
satisfy Laplace's equation, as the region in which these are determined is specified to be
vacuum. The structure of the tensors is not assumed, and they are not determined by the
field equations in the black hole region; they are determined by matching the perturbed
black hole metric to the post-Newtonian metric after it is boosted to move with the black
hole.

The perturbations arise due to the black hole's surroundings, and as such, they

define the radius of curvature of the external spacetime. This means that 1Z is defined by
C2£bc ~ 1Z~2 and c~3Bbc ~ 7£~ 2 ; both c~2£bc

an

d c~3Bbc have dimensions of inverse length

squared. Note the analogy to electromagnetism, where the electric and magnetic moments
differ by a fact of c. This framework is laid out by both Thome and Hartle (4) and Zhang
(20).
However, this is not Newtonian gravity, and a relativistic treatment requires a different
framework. For simplicity's sake, the black hole is taken to move on a geodesic of the spacetime (though for now, it is sufficient to consider just the geodesic, and introduce the black
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hole shortly). The coordinates are chosen such that on the geodesic, the spatial coordinates
vanish and the metric is Minkowskian; in addition, the Christoffel symbols vanish on the
geodesic. The coordinates are also taken to be harmonic, satisfying the harmonic gauge
condition (^(A/—55°^) = 0. This choice of gauge is important, as the general coordinate
transformation between systems of harmonic coordinates is well understood (2). Because
of these conditions placed on the coordinates, the description of the spacetime near the
geodesic can be written as an expansion itself in powers of f, the distance from the geodesic.
Both the zeroth and first order terms vanish, since the coordinates are Minkowskian on the
geodesic and the Christoffel symbols are zero, respectively; the curvature is then described
by second- and higher- order contributions. Like any spacetime, this spacetime can be
characterized by three scales: the radius of curvature H, the scale of spatial inhomogeneity
£, and the time scale characterizing the speed of events T . These scales are determined
by the magnitude and structure of the curvature tensor. As in Newtonian gravity, the first
order scalings are c~2£bc ~ TV2 and c~3Bbc ~ (v/c)TZ~2, where v ~ C/T; this is, of course,
expected and logically necessary, as general relativity must still be compatible with Newtonian gravity. The higher order terms set the scale of inhomogeneity and the time scale:
2

c~

sabc ~ n-2c-\

c-2tbc ~ n-2T-\ c-3Babc ~ (v/c)n-2c-\

Here, in the slow motion regime, v «

3

c-

Bbc ~

(V/C)K-2T-K

c, so the magnetic moments are significantly smaller

than their analogous electric moments.
To make this a bit more concrete, consider a system of two black holes of masses m
and m! (internal and external black holes, respectively) separated by a distance b. The
tidal environment can, as discussed in the introduction, be due to any, number of matter
distributions, but this is the simplest case. As previously mentioned, the external mass
m' can be converted to a length scale M' — Gm'c~2,

and the previously introduced scales

become
K ~ y/b3/M'

, £'~b

, T ~ ^tf/Gm'
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, v/c ~ y/M'/b.

(3.2)

Rearranging these shows that C ~ {v/c)TZ and T ~ TZ/c; since D/C is small, C «

TZ. The

scale of inhomegeneity of the system must be smaller than the radius of curvature of the
system, that is, the black holes must be widely spaced for this construction to be valid. In
the case that the external tidal environment is not due to black holes, there must still be a
clear enough separation between the mass scale (i.e., size) of the black hole in question and
the characteristic scale TZ of the tidal environment; if these scales are not cleanly separated,
this construction is no longer valid.
Taking all these scalings into account, Zhang (20) derives the form of the metric near
the geodesic upon which the black hole in question is placed:
goo = - 1 - -^Sbcxhxc
90a = ^eabdBdxbxc

+ -^eabdBdcexbxcxe

V

- —^£bcdxbxcxd
(tbcxaxbxc

- ^

c

+ ... ,

3c
p

m n

+ ... ,

;
2

+ ^ 4 (x(bec)mpB nx x

- ^f2tabxb)

(3.3)

m

~ \f emn{b%x )

(3.4)

(3.5)
+ ... .

This metric is defined to higher order than is necessary here; since this work is only to
the first post-Newtonian order, terms that scale to higher post-Newtonian orders can be
dropped. Any term that scales as 0(f3/(lZ2£))

is negligibly small and thus dropped. In

<?oo, the first term is (obviously) kept, and the second is too; it scales as f2/TZ2.
term is smaller than the second by a factor of 0(?/C),
the first term survives; the first scales as (vf2/cTZ2),

The third

and is thus dropped. In goa, only

and the second, again, carries an extra

factor of f/TZ. The factor of (v/c) is what causes the time-space component to carry the
half integer post-Newtonian orders and associates it, at first order, to the magnetic tensor.
The first two terms of gb5 are all that survive; the third term is smaller by a factor of f/TZ,
and the second bracket carries two factors of f/TZ as well as two factors of v/c. The relevant
form of the metric (which, momentarily, will be altered to that of a black hole, rather than
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an arbitrary spacetime) becomes
goo = - 1 - ^Sbcxbxc
90a = ^eabdBdcxbxc

+ 0(f3/K2L)

+ 0((v/c)f^/n2L)

Sbc = Sbc(l + \£mnxmxn)
cr
3.3

+ 0(r3/U2L)

,

(3.6)
,

(3.7)

.

(3.8)

T H E BLACK HOLE

The post-Newtonian framework (and metric) was discussed in the previous chapter, and
so all that remains to be done before the main calculation can take place is to discuss the
description of the black hole itself. The previous section discussed an arbitrary vacuum
spacetime around a geodesic. On the geodesic, the metric was Minkowskian, and in the
neighbourhood around the geodesic the metric was described by a first-order perturbation
written in terms of two tensors. To put the black hole back into the problem, we replace
the condition that the metric is Minkowskian on the geodesic with the condition that it is
Schwarschild. While a Kerr black hole could, in principle, be used, endowing the perturbed
black hole with angular momentum creates a plethora of complications. The external system
is still left arbitrary, and is described by the same two tensors as in the previous section.
The coordinates must still be transformed to the harmonic gauge, as the standard
Schwarzschild coordinates are not in this gauge. A detailed derivation of the Schwarzschild
metric in the harmonic gauge is not given here; instead, the metric is presented as a postulate, and is verified by showing it satisfies both the Einstein field equations and the harmonic
gauge condition. The metric is given by
goo = ~ \ ~ ^

~ f 2 (l - M/ff£i

+ 0(f/(K2C))

50a = | r 2 ( l - M/f)(l + M/f)2B2 + 0((v/c)f/(K2£))
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,

(3.9)
,

(3.10)

gab = \z^/fito*tob

+ i1 + MM\sab

- nanb) - f2(i + M/f)2ftaft65q

+ M/f)2(i + M2/3f2)(na£« + e2nb)

-Mf(i

(3.11)
- f 2 (l - M / f ) 2 ( l + M/rf(8ab
- Mf{\

natth)£q

-

+ M / f ) 2 ( l - M2/r2)£Qab

+ 0(f/(K2£))

.

The quantities £ q , £„, £^6, and #a are irreducible tensorial perturbations formed by various
combinations of the gravitoelectric and gravitomagnetic tensors (£cd and Bcd respectively).
The quantity Qa is defined to be xa/r,

where r — 6abxaxb.

The superscript q on these

quantities indicates that these are quadrupole perturbations. Higher order perturbations
are derivable, and the octopole terms are also given in (16), but these are not necessary, and
will not be used in this work. The irreducible quadrupole perturbations have the following
structure:
£q = £cd£lcnd

, ..

£2 = £cd(5ca - ncna)nd,
£1 = 2(sca - ncna)(st - ndnb)£cd + (sab - nanb)£«,
Bl = eaprWncBrc .

. (3.12)

(3.13)'
(3.14)
(3.15)

Note that the vectorial and tensorial quantities are orthogonal to €la, and the tensorial
quantities are symmetric and tracefree.

While these compound quantities are useful in

defining the metric, it is the tensors used to create these quantites that this thesis seeks to
determine.
It is straightforward to show that, to appropriate order in f/C, this metric does indeed
satisfy the Einstein field equations. This is best done by computer, using, for example, the
GRTensor package for Maple. It is important to note that this metric is given in Cartesian
coordinates, and it is actually simpler to solve in polar coordinates. The coordinate transformation is messy, particularly because of the structure of r = \fx2 + y2 + z2 in Cartesian
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coordinates, and is again best done by computer. To make the calculation of the field equations tractable (which is really the only difficulty, as the computer does the rote work), it
is important to simplify the problem at every stage. This is chiefly done by introducing
a small expansion parameter e associated with the perturbation, and retaining only terms
that scale as e 1 . The nature of the calculation ensures that in dropping all the terms that
scale e2 or higher at the first step (or every subsequent step), no relevant terms that appear
later in the construction will be missed. The goi,9o2,9i3 and 523 terms are all exactly zero,
and the rest of the terms are zero to order c~ 2 .
The metric (3.9)-(3.11) is accurate to all orders of c~ 2 , but for use later in this work,
it is helpful to express this as an expansion in powers of c. Since M/r

is then a small

quantity, the binomial expansion can be used to expand the fractions. The space-space
component is not expressed in this way, since it is not used in the matching procedure.
The tidal perturbations are expressed as a series, and only terms up to c~ 4 are kept. The
tidal moments are expanded out, M is written explicitly as Gmc~2, and the gravitoelectric
tensor is expressed as a series in powers of c - 2 . The gravitomagnetic tensor is calculated
only to first order, and so is left as a single term. We obtain
„nn -

1 ,

2Gm

*CxdFK

G2™?

xcxd c-PN , 2Gmxcxd

9oa = ^eaprxPxcBZ

3.4

THE

+ 0{c~5)

.

N

6

(3.17)

GAUGE

What is less obvious, and crucial to the rest of the solution, is that this metric is written
in harmonic coordinates. This means it obeys the condition
da(V=99a0)

= da^

= 0.,

(3.18)

and it is because of this restriction that the rest of the prescription is valid. While verifying
this appears to be simpler to do than verifying the field equations, it is actually somewhat
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more complicated, not in the least because Maple is helpful only to a certain point. The
metric is, again, taken as a postulate, and the gauge condition verified as opposed to
determined.
Before further ado, the structure of the gauge condition can be simplified a little. The
full metric ga@ is a sum of the Schwarzschild background and the perturbation given by the
previously described tensors: gap = gap + hap, where hap is the perturbation tensor. The
inverse of this, keeping in mind that the second tensor is small, is then ga@ = ga@ — h01^;
the indices on hap are raised using the background metric gap. Suppressing the indices on
the tensors, the determinant of the full metric (denoted g) is
det(<?) = det(# + h) = detfo) det(l +

g~lh)
(3.19)

= det(sr)(l + tr&ce(g~1h)) = detg(l

+ h)

where, in the final instance, h represents the trace of the perturbation. What is needed for
the gauge condition is the square root of the full metric's determinant. Since the perturbation is small, the binomial expansion can be used:
V ^ = V c i ( l + \h).

(3.20)

Thus, the argument to be differentiated in harmonic gauge condition reads

y^^-V^^

+ lhXg^-h^).

(3.21)

Working to first order in the perturbation, and introducing the trace-reversed perturbation
h<*P = hal3 - \hgal3,

this simplifies to
\ / H ^ a / 3 = V^g"0

~ yF~gha0,

(3.22)

and the gauge condition becomes <9/3(v/-~<?S,Q:/3) — d^y/^gh0-^)

= 0. The gauge condition

is now neatly separated into the background and the perturbation, and conveniently, the
first term of the gauge condition is automatically zero; the Schwarzschild metric obeys the
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harmonic gauge condition. The gauge condition now reads
d!3{V=ghaf>)=0.

(3.23)

Though this may not look any more straightforward than the initial condition, this formulation makes the problem (which is most easily done by hand) more tractable by reducing
the sheer volume of terms involved in the calculation.
The next step is to calculate the background metric's determinant and then the trace
reversed perturbation tensor. The background metric is given by
ff°0 = ~ l + M / r

, 9ab=\+_ ^ " a f i f t + (1 + M/r)2(Sab - Qatlb)

(3.24)

and its determinant is easily found to be
v ^ = (1 + Mjrf.

(3.25)

The inverse of the background metric is needed to calculate the inverse of the trace reversed
perturbation; it is given by

^

=

^T=Wr ' 9ab = ] ^ ^ ^

b

+ (l + M/r)-^b-^nb).

(3.26)

The trace reversed perturbation is defined as
ft*" = haP - higa0

(3.27)

with the perturbation as
hm = - r 2 ( l - M/r)28q
h0a = ^r2(l-M/r)(l
hab = - r 2 ( l + M/r)2E*nanb
-Mr(l

+ M/r)2(l

+ M/r)2B2

- r 2 (l - M/r) 2 (l + M/rf(5ab

+ M2/(3r2))(naS*

- Mr(l + M/r)2(l - M2/(3r2))^6
41

(3.28)

+ nbQ)

(3.29)
- naQb)£«
(3-30)

and its inverse ha@ — ga^g^vhiiV

as
h00 = - r 2 ( l + M/rfS*

(3.31)

h0a = lr2(l + M/r)Bqa

(3.32)

hab = - r 2 ( l - M/r)2£(iSla£lb - r 2 (l - M/r) 2 (l + M/r)-1(5ab

-

ftanb)£^

- M r ( l - M / r ) ( l + M/r)(l + M 2 / ( 3 r 2 ) ) ( Q ^ + Q 6 ^ )

(3-33)

- Mr(l + M/r)"2(l - M2/(3r2))^6.
The trace of the perturbation is found using the background metric, since this is only done
to first order in the perturbation:
h = gaphal3 = - 2 r 2 ( l - M/r) 2 (l + M/r)£q

.

(3.34)

The trace reversed inverse perturbation hal3 is then
h00 = -2r2(l + M/r)2(l-M/(2r))£q
h0a = -^r2(l
^

(3.35)

+ M/r)B%

= - M r ( l - M/r)2ttaQ,b£q - 2Mr]~If/r(l

(3.36)

+ M2/(3r2))(rta£%>)

1 + M / r

-Mr(l

+ M/r)-2(l-M2/(3r2))£f

(3.37)

.

Now that the two pieces are defined, the last step is to take the various derivatives
of the product of the two pieces. The time derivatives are neglected, as they introduce
another factor of T - 1 , and are thus small enough to neglect. The gauge condition is split
into conditions on the time-space and space-space components of the trace reversed inverse
perturbation:
da(V=gh0a) = 0 , db{V=ghah) = 0 .
As usual, dar = Qa, db^la = ($ab — ^a^b)/r,

and fitt and 5^ — Slafrb

(3.38)
are

orthogonal. The

gritty details of this entire calculation are not particularly illuminating, nor are there any
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special tricks necessary to do any of the steps; many of the terms vanish due to orthogonality
or the multiplication of a symmetric quantity by an antisymmetric quantity. Since all that
remains is rote algebra, there is no compelling reason to show any detail. Each of the
split gauge conditions are satisfied, and so the metric (3.9)-(3.11) is indeed in the harmonic
gauge.
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CHAPTER 4:
MATCHING

T H E COORDINATE TRANSFORMATION AND T H E
PROCEDURE

The black hole and post-Newtonian metrics are expressed in different coordinate systems,
and before the descriptions can be matched, the coordinates must first match. The postNewtonian metric is centred at the centre of mass of the system, while the black hole metric
is attached to the (moving) black hole. To rectify this, the post-Newtonian metric is boosted
from the barycentre frame to the moving black hole frame. The two metrics are describing
the same physical object, and so once the metrics are centred in the same frame, the
descriptions must be equivalent. The metrics must match, post-Newtonian order by order,
irreducible piece by irreducible piece. As pieces are matched, the tidal fields Ebc and Bbc are
determined in terms of the post-Newtonian potentials generated by the external bodies. The
equations of motion are also determined, and the various undetermined functions introduced
in the coordinate transformation are fixed. Once this is complete, a specific system can be
specified and examined in depth.
Both the post-Newtonian description and the black hole description are in the harmonic
gauge, as previously discussed, and so the transformation described in Racine and Flanagan
(2) is appropriate. As previously introduced, the general post-1-Newtonian metric is given
by
ds2 = - j 1 - %U- ^(tt-U2))

{cdtf- ^(bdxbdt

+ 6bc11 + \lJ

Jdxbdxc + 0(C-4).

(4.1)

This needs to be boosted to the frame of the moving black hole, so that the two descriptions
44

can then be matched and the unknown quantities in the black hole metric determined. The
(very general) transformation is given by
t = t±c-2a(t,xb)

+ c-4f3(i,xb)

+ 0{c-(i)

, (4.2)

xa = xa + za 4- c-2ha(t, xb) + 0(c~4)

(4.3)

where a,/3, and ha are given by
a(i,xb)

= A(F) + vb(F)xb

f3(i,xb) = xbxb^dc(^xc
ha = Ha(t) + eabcRc{t)xb
•

(4.4)

+ ^A(i)^+B(t,xb)
- A{t)xa + \vhvbxa
2

+ -aa(t)xbxb-ab(i)xaxb

(4.5)
-vavbxb

+
2

(46)

.

Overdots indicate a time derivative in the frame denoted by the argument. There are four
free functions (A(F),Ha(F),Rc(t),

and B(t,xa))

in this transformation, and each serves a

different role. Over the course of matching the descriptions, each of these functions are
determined. The function A(t) enters at Newtonian order in the time coordinate transformation, and takes care of the normalization of the time coordinate at Newtonian order (ie,
0(c~2)).

This is usually dealt with by setting the Newtonian potential U to zero as r —» oo,

but this is necessarily dependent on being able to reach spatial infinity. Here, though, spatial infinity is not reachable, since the matching is done in the finite buffer region, and so
there is no justification for imposing this normalization condition. The appropriate normalization condition arises when the descriptions are matched at Newtonian order, which will
be shown soon.
At Newtonian order, the translational displacement between the black hole and the
barycentre of the system is given by za, and at post-1-Newtonian order, it is corrected
by Ha.

The rotational displacement at post-1-Newtonian order between the frames is

determined by i? c , and there is no Newtonian order analogue. While the metric obeys the
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harmonic gauge condition, the gauge is not completely fixed, and this transformation is
not necessarily unique. The residual gauge freedom resides in the function B, which is not
entirely freely definable; in order for the transformation to preserve the gauge condition,
B must itself be harmonic, satisfying V2£? = 0. This function ensures that the coordinate
transformation is completely and uniquely specified. The function is expanded in a Taylor
series about the black hole's position xa = 0:
B(t, xb) = C(t) + ja(t)xa

1
a b
+ -7,uab{t)x
x
v
2 " '.

1
+ --yabc(F)xaxbxc + ... .
6

(4.7)

An extra term is kept here, since spatial derivatives of this function are taken, and all terms
that depend on xbxc or lower must be accounted for. For B to be harmonic, both 7a& and
-jabc must be symmetric and trace free.
In transforming the potentials, the arguments, that is, the coordinates at which these
potentials are evaluated, must also be transformed (2). This means that
U(t, xa) = U(t + c~2a, xa + za + c~2ha);

(4.8)

since this entire construction is only of post-1-Newtonian order, only terms up to c~2 need
to be included in the expansion. Because c~2 is a small parameter, the argument can be
expanded as a Taylor series:
U(t, xa) = U(t, xa + za) +

-2 z dU
C a—
t=t

+c~2ha dua
dx

(4.9)
a

a

a

x =x +z

The first term is denoted by placing a hat on the potential:
U{t,xa) = U(t,xa + za) .

(4.10)

The potential in the second and third terms must both be converted to hatted potentials
as well, and the time dependence of z(t) must be accounted for. Taking the derivatives
carefully shows that
Fill
&U_

~dt

t=t

FITJ
d£_
M

V
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f)U
adU
a

dx

(4.11)
xa=xa+za

Evaluating this, and substituting it back into the original expression gives the complete
description of the barycentric potential U(t, xa) in terms of the hatted potentials U(t,

xa+za)

as
U(t, *») . U(t, *

O

+

+

£„

(f

- «•»)

+ >||

.

(4.12)

The other potentials are treated similarly, but since this calculation is only to post-1Newtonian order, and the other potentials enter at either order c - 3 or c~ 4 , the correction
terms are negligible for the other potentials.

4.1

THE BOOSTED

POTENTIALS

To transform the potentials, we transform the line element into the moving frame, and
then compare this transformed structure, which is defined in terms of the potentials in the
barycentric frame, to the analogous structure the transformed potentials are required to
have in the moving black hole frame. These potentials are then evaluated and matched to
the black hole metric in the following sub-sections. Under a coordinate transformation, the
metric changes according to
dx^ dxv
9a0 = 9,», Q^Qgf.

(4-13)

For the time-time component of the barred metric, this becomes
fdx°\2
900 = 900^)

dx°dxb
+ 2 g o b ^ ^

= - 1 + c~2(2U -2a
- SvhCb + 2vbhb +

+ g

a

dxadxb
b ^ W o

+ v2) + c" 4 (2(ft - U2) + AUa - 2 / 3 -a2

(4-14)

2v2u)

to the first post-Newtonian order. The potentials still have buried dependences on the
barycentre coordinates, and so must be converted to the hatted potentials. As discussed in
the previous section, only the Newtonian potential U has corrections that are non-negligible
at this order, since both £ a and Q appear at order c~ 4 here, and can be simply replaced by
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their respective hatted potentials. Thus, the transformed time-time component is
g00 = - 1 + 2c-2(u

- a + ]-v2\ + 2c~4(n

-U2 + 2Ua - $ - ]-a2
(4.15)

* bt

Lb * 2

9U__
oU
di

dU
aadU_
a

dU,_
adU\
dx

dx

The required structure for the metric in the black hole frame is
g0Q = -l + 2c-2U + 2c-4(Cl-U2)

.

(4.16)

Matching this order by order to equation (4.15) gives the trivial statement —1 = —1 at
order c°. At Newtonian order, it shows
U(i, xa) = U(t, x~a) - a + \v2 .

(4.17)

At order c 4 , Cl must first be isolated by substituting in the expression for U. This yields
« ( t , xa) = Cl- ivb(b + a^l + 2v2U + {hb - vba)^

+ -v* - v2a
(4.18)

2

b

- p + ^a + vbh

as the boosted post-Newtonian potential.
This procedure is then done similarly for the time-space component:

90a =

dt dt
900C
d-tdx-«+

/dtdxb
90b
\didx-«+

dxb dt \
-dTd^)+

_ldxb dxc
9bcC
~ -WW* •

(4J9)

Subbing the various appropriate quantities into (4.19) gives
goa = c _ 1 (va - daOt) + c~ 3 (da/3 - adg,a + 2Uda,a - 4(a
(4.20)
+ vbd-ahb + ha + 2vaU) .
Comparison with the required structure g~oa = —4c_3Ca shows that there is no term of order
c~ a . This means that va = daCt- This can then be substituted in to (4.20) to simplify the
term of order c - 3 . Because the second bracket is of order c - 3 , the U's can all be replaced
by U, as the correction terms are all negligible. This yields
Ca^L-{U-\a)va

+ ^da(5--4vbd-ahh--4ha
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(4.21)

as the boosted vector potential.
The potentials on the right hand sides of (4.17), (4.21), and (4.18) are split into internal
and external components as discussed in Chapter 2, and the external components are Taylor
expanded about xa = 0. Expanding the (now-hatted) potentials, and subbing in and
expanding all the functions from the original coordinate transformation gives the most
explicit description of the boosted potentials:

U(t, xa) = ^

+ Uiad + Ulinxb + U^adxbxc + ...

(4.22)

Ui, xa) = ^

+ C d + Cjf 26 + G U c ad ^ C + -

(4-23)

fl(i,xa) = ^(fi

+ A- 2v2) -^(Hb-

Avb)xb + nind
(4.24)

a b

b c

+ nf x + n^x x

Uiad = ±v2-A

+ ...
+ Uext

(4.25)

Ulin = -ab + dbUext
Urd

.

(4.26)

=^ A *

(4.27)

C d = Ca ext - ^ e x t + \ &A - V2) - ^Ha + \tabcVbRC + ~^a
'

• -

3

1

1

-

1

Cab = dbL ext - vadi,Uext + -vaab + -aavb + 5ab(-A - -v c a c
•

1

A c

(4.28)

(4.29)

1

- J^abcM + jlab
Cbf

==

1
-i
2 ^ C a ext - -jVa^U^t

q
i
i
+ ^ ( " U ^ c + Sacab) - —Sbcaa + - 7 a 6 c

(4.30)

Wnd = fiext - 4v»<;b eXt + 2v2Uext + AdfUext + (Hb - Avb)chbUext
(4.31)
2

2

4

b

+ -A - Av + ^v + H vb - C
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fi|jn = d-ahext

- Avcd-bQ ext +{\vi

- A)daUext

~

\vhVcd-cU^t

+ vhOtUe,t + Ad-t-Jl^t + (Hc - A V c )c^ e x t + ( i - ^ >
- ( i - ^vcac)vb
Mr*

+ -Adfb5Uext

2

- McAxt -

2
x

1

,

a-

r

•••

(4.33)

x

+^{Hal

^(ft^a&xt

-5bcaadaUext

- a(fe<9g)C/ext +

2

- ead{bd5)aUextRd

(4.32)

+ eabc(Rcd-aUeKt + vaRc) - %

= ^ e x t ~ 2 U °^ e Ca ext + ( ^
+ v^d^iUext

6

Ava)dabeUext

+ -abac -

v(bac)

1

These lengthy expressions can then be substituted in to the description of the metric, which
is then matched t o the black hole metric.

4.2

IRREDUCIBLE P I E C E S AND T H E M A T C H I N G

PROCEDURE

Now that the potentials have been boosted to the moving black hole frame, the two metrics
(the boosted post-1-Newtonian metric and the black hole metric) can be compared. The
post-Newtonian metric must be first decomposed into its so called "irreducible pieces;"
these pieces correspond to the independent symmetrizations of a tensorial quantity. An
arbitrary tensor Abc can be decomposed into a trace, a symmetric trace-free (STF) tensor,
and an antisymmetric tensor such that Abc = SbcAaa + A(bcj + A[bcy

These three pieces

are all independent, and for the matching to be accurate, each irreducible piece of the
metrics must be treated individually. This is pertinent only for the post-Newtonian metric,
as the black hole metric's structure is such that there are no composite terms that require
decomposition.
Once fully expanded consistently to post-l^Newtonian order and decomposed into their
irreducible pieces, the metrics can (finally) be matched. At each order, each irreducible piece
in the post-newtonian metric must match its corresponding piece in the expanded black hole
metric. The gravitoelectric tensor is written as an expansion, that is, £bc = Sbc + c~2£bc ,
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and this, as will be shown momentarily, will contribute an extra term. If this were done
to a higher post-Newtonian order, the gravitomagnetic tensor would need to be treated
similarly, but the second term in the expansion is already of negligible order here. If there
is no corresponding piece in the black hole metric for a term in the post-Newtonian metric,
the post-Newtonian metric piece must equal zero.

In doing this carefully, and making

appropriate substitutions as quantities are determined, all the coordinate functions and the .
metric functions are fully determined.

4.3

g00

COMPONENT, NEWTONIAN

ORDER

The matching procedure is straightforward, given the decomposition of the post-Newtonian
metric into its irreducible pieces. At Newtonian order, the situation is very straightforward,
though higher orders become increasingly more complicated. The post-Newtonian metric,
at Newtonian order and with the previously discussed boost, Taylor expansion and internal
and external decomposition, is given by
g&{t, x«) = - 1 + 4 f ^
c

V r

+ f>ext + diUextxb

+ l-d-b-cUextxbxc - A+
2

(4.34)

abxb+±v2^+0(c-*).

.

The Newtonian truncation of the time-time component of the black hole metric (3.16) is
given by
5oNoBH = - l + ^ - ^

N

c ^

c

+ 0(C-4)-

(4-35)

At each order, the various independent pieces must all match. At order 0 ( 1 ) , - 1 = —1
trivially. At order 0(c~2),

the singular, spatially independent, linearly spatial, and quadrat-

ically spatial pieces of the two metrics must all match individually. These pieces are already
all in their irreducible components: there is no sensible notion of a symmetric vector, and
all the tensorial quantities are already STF, thanks to the field equations.
The singular components are the same, and there are no unknown quantities, so no
information is gained.

There are no terms in the black hole metric to match with the
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spatially independent terms in the post-Newtonian metric; this gives a differential equation

for the coordinate function A(t):
A(i) = UeKt + \v2.

(4.36)

A(t) cannot be explicitly evaluated until the Newtonian potential is specified, so at this
stage, it is understood to be fixed but not evaluated.
There are no terms in the black hole metric to match the linearly spatially dependent
terms in the post-Newtonian metric, so the post-Newtonian terms must equal zero. This
gives the equations of motion of the black hole to Newtonian order:
a6(t) = c^f/ext + 0(c~2) .

(4.37)

This is not unexpected; in fact, this result was found for black holes over twenty years ago
by Thorne and Hartle (4), and also by D'Eath (8).
Matching the spatially quadratically dependent terms give the Newtonian order expression for the gravitoelectric tidal field; this is the main purpose of this calculation. We
obtain
C =-<%ct>ext •

4.4

gQa C O M P O N E N T , P O S T - 0 . 5 - N E W T O N I A N

(4-38)

ORDER

The time-space component of the post-Newtonian metric has a simple structure:
50a = - ^

•

(4-39)

6

cr
Prom the previous section, the boosted vector potential is given by
C„(t, xa) = ^ ^ + C0 ext - vaUext + \{2A- v2) - ±Ha + \eahcvbRc
2
+ \la + L ext - vaUext + -^{2A - v ) - -Ha +

+

1
1 ' b
x + I 9^cCa
47a
1
v •
1
rrzOhcda + o7a6c
1U
o

1
ext -

V

U

"

2 °-®bc ext

xbxc
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-eabcvbRc

3
+ -^.{^abO-c + <5acdfc)

(4.40)

This is then compared to the black hole metric, which is given by

g^

= ^eabdBdcxbxc

+ 0(c-5)

+ 0[-c^z)

.

(4.41)

Since there is no term in the black hole metric that scales as c _ 1 , the first term in the
boosted post-Newtonian expression must equal zero. This also follows directly from the
expression of a (4.4), so no new information is gained.
At order c - 3 , things get complicated, since neither the black hole metric nor the postNewtonian metric is yet split into its irreducible pieces. It is useful to first define schematically the various identities, and then substitute in the appropriate expressions. First off,
the spatially independent component of the post-Newtonian metric has no comparable term
in the black hole metric, so <^nd = 0(c~2).

Because this metric component arises due to

a vector potential, each irreducible piece has one more index than spatial dependence order. This means that the linearly spatially dependent term must itself be split into trace,
STF and antisymmetric components. The trace term is zero owing to the gauge condition,
and so yields no information.

Since there is no linearly spatially dependent term in the

black hole metric, each of these pieces must be equal to zero independently: Cab$ab = 0>
£(o6)

=

0> a n d CfaW

=

0- The spatially quadratic dependent terms in the post-Newtonian

metric must be split into the fully STF component (STF over all three indices), and the
pieces symmetric and antisymmetric over the two dummy indices. The black hole metric
must also be split into its symmetric and antisymmetric components over the two spatial
indices; only the symmetric component contributes to the construction. The component of
the black hole metric that is antisymmetric over the two spatial indices is zero in and of itself before comparison to the post-Newtonian metric, and doesn't provide any information.
The specific structure of £^Jf is already symmetric over indices {b, c}, so the antisymmetric
piece Caffc] is already zero, and does not contribute any information. Due to the structure
of the black hole metric, there is no trace component over the spatial indices {b, c} either.
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= Za(bc), C[6cf = °> w h e r e Za(bc) ™ the

Mathematically, this all becomes < g d = 0, (gj

component of the black hole metric that is symmetric over the two spatial indices.
Now that the various identity relations are set out, the specific components of the various
metrics can be substituted in to the appropriate equations.

The spatially independent

component of the post-Newtonian metric is
Cd

= C"3 ( 4

ext - \vaU^t

+ \eabcVhRC ~ \tia

+ ^ 7 a)

= 0 .

(4.42)

This gives an expression for ya; the quantities Rc and Ha appear in other locations, and will
be determined shortly. This is the only location in the matching that 7 a appears. Explicitly,
la = - 4 G ext + 2vaUeKt - eabcvbRc + Ha .

(4.43)

The linearly spatially dependent pieces of the vector potential decompose thusly:
1
>(S>) -

~

-jpbla

~

ext + daCb ext ~ Vad-bUext
c

+ ^aavb + -abva - -acv 6ab

C[ab] = g ^

a

6Xt

~~ 9d^b

6Xt

c

- ^aavb - -eabcR )
^linrafc _ Ain

cab _

Qb*ab = C( a V

~

2
- VbdaUext

+ -pab)

Va9 Uext

b

+

+ g<

(4.44)

,

V

bdaUext

+

-^ahVa

, o_ V

, „6„

(4.45)

,

o6P

„,fco_r>

r
= db(b ext - vbd-bUext + dtU
ext + a"vb .

(4.46)

In the last equation, the first and third terms compose the gauge condition (and so sum
to zero), and the second and fourth terms cancel when the Newtonian expression for the
acceleration is substituted in. This means that the symmetric piece of the linearly spatially
dependent component of the vector potential is already STF, and does not need to be
decomposed further. It is used to determine ^ab, and the antisymmetric component is used
to determine a differential equation for Rc. After some simplification (taking into account
the gauge condition) and rearrangement, the following relations are found:
lab = 2v(adb-}Uext - 4d(b(a) ext ,
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.

(4.47)

eabcRc = 48[b(a] ext - 3v[adS]UeKt .

(4.48)

The fully STF part of the quadratically spatially dependent piece (4.30) gives the second
last piece of the harmonic function. Only the first two and the last terms contribute to the
fully STF piece, as all the others are traces over two of the indices. Thus,
1

1

£{ab?) = 2d(bcU

1

ext ~ ^ A " ) ^ e x t + ~7afcc \

(4.49)

since there is no fully STF piece in the black hole metric, this must equal zero. This gives
labc = l(abc) = 4(v{ad-b^Uext

- dfaga)

ext)

(4-50)

as the final term in the free harmonic function B(i, xb).
The piece of (2bc

tna

* *s symmetric over be is what must be matched to the black hole

metric to determine the gravitomagnetic tensor to leading order. Equating the appropriate
components of the post-Newtonian and black hole metrics gives

-<S = -r^V

(4 51)

-

Taking the appropriate symmetrization, and multiplying each side by a permutation symbol
ua
inverts the equation, giving the gravitomagnetic tensor in terms of <^[uad
(be):•

eafceabdBdc + ea^eacdBt

= -12e^ c C a q g

ff>b = -4***<*$
Bbc = 2ead

{bdc)d(L

ext - VaUext) .

(4.52)
(4.53)
(4.54)

This is the principal result of this section.

4.5

g00

COMPONENT, POST-1-NEWTONIAN ORDER

The post-1-Newtonian order matching procedure is further complicated by the fact that
there are two potentials involved. This added wrinkle means that the bookkeeping must be
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done especially carefully. The boosted potentials from Section 4.3 are
U(t, xa) = ^
n(.t, xa) = ^ (

M

+ Uind + Ulmxb + U^xbxc

+ A - 2v2) - ^(Hb

r

(4.55)

- Avb)xb + fiind

2r

n b

(4.56)

ad b c

+ n^ x +

n^ x x .

These are substituted into the post-Newtonian correction to the <?oo component g™ =
2(fi - U2) to give
9^

2v2) - ^(Hb-

= 2 ^ ( A * + A+ n ^ ^ x

0

Gm\l

Avb)x» + W"d +

d ind

rrlinrrlin^6^c

- rur iinn d rlr7 i D d - UlmU^xbxc

- ( ^ )

Q^xb
-

2Gm

U ind

(4.57)
ad b c

- ^ U ^ x "

- ^U^ x x

-2UindU^adxbxc)

-

ind

b

2U U^x

.

As before, the tensorial quantities need to be decomposed into their irreducible pieces. The
antisymmetric components will not contribute, since all the tensorial pieces are multiplied
by a symmetric, quadratic spatial dependence. It remains, then, to decompose the tensorial
components into a trace and an STF tensor, and determine whether the trace is zero or
nonzero. It is useful to regroup the terms in (4.57) in terms of their like spatial dependence.
G ind = fii„d

_ ^ind^ind

+

Gm^

G\in = Qbin - ^(Hb
G ^ a d = Q^ad

+

^ _ ^

_ (Gw\

- Avb)xb - ^^UbVmxb

2

_ 2 ^ 1 ^ ^

- 2UindUbVm ,

- U^U1™ - 2U'mdU^ad

.

(45g)

(4.59)
(4.60)

The metric component then becomes
<4N = 2(G i n d + Gbinxb + G^adxbxc)

.

(4.61)

It is an exercise in algebra to expand the various potentials, substituting in the already
known quantities that have been determined from the previous matching, as well as the
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Taylor expansions and coordinate functions. The metric decomposition, then, becomes
Gind =

Gm
r
a

3 2+ £
2
a

_ fGm\
\ rJ
a

(H -Av )d-aUe,t

2
+

^

_^

^

+

(4.62)
2

+ H va-B

0+

+ ^Uextv

GXt = d-b(lext - 4$Ca ext«° + 4 $ &

ext

+ 2v2chbUext - (Hb - M ) ^

4

+

+ AdfblJ^t

^Ult-^v

- 2vbdtUe*t

+ (Ha + Ava)d-alU^t - abUext

(4.63)

- £4xt<9&£4xt + -jyaVbdaUexx ~ ^aavaVb + Hb
GlTd = l&bA^t - 2chb-cCa e*tva + lAdfb5UeKt + v(bdz)tU^
+ v2dbdUext + ^(Ha +

Av^dab5Uext-ep-)-aUextRd
1

-

.

l

C/ext^c^ext - a(bdc)Uext ~ - ^ ( f c ^ a ^ e x t + ^bcO,aVa

(4.64)
a

a

+ -$bca daUext - -zhcd&Uex*. - r<5fcca aa 2
6
6
6

a

-5bcv aa

- o-{bvc) + 2 a « a b ~~ 2a(b®g>Uext ~ 2V(b®°>^ext + ®(b*"=> e x t
- —dicUext .
Note that there is no contribution to G\m from the square of the Newtonian potential, as,
to leading orders, all the terms with linear spatial dependence there sum to zero when
appropriate substitutions are made (in particular, aa = daUext + 0{c~2)).
The tensorial quantity G^"a needs to be decomposed into its trace, STF and antisymmetric parts. The antisymmetric component will not contribute any new information, as
G^ a d appears multiplying xbxc.

The trace is found by calculating Gj""ad(56c. The field

equations simplify the calculation considerably:

Gquad(56c =

1( V 2 j ^ ^

+

vbdii(jext

+

}_abab _ I „ V C \ 5 f / e x t - i%t>ext) •

(4-65)

As a result of the boost, the differential operator dt is transformed to c% + vadg, as
explained in Chapter 3; the second order time derivative operator is <% — a6dg — 2vbdb +
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vav"d&b. In the boosted frame, the field equations for the post-Newtonian potential read

v 2 n ext = v 2 ^ + \ v 2 x = dEu = dttuext
1

(4.66)
b

b

a b

= %^ext - a d-bUext - 2v d-bUext + v v d-abUext •

When this is substituted into the expression for the trace of the quadratically dependent
piece, the trace sums to zero. Thus, G^"a is already STF, and needs no further modification
before the matching is done.
Now that everything is shown to be in its irreducible form already, the matching can be
done. The black hole metric reads, at post-1-Newtonian order

C"

= -2 (|2) ' + 2^«y*> - Jtf™** •

(4.67)

The spatially independent piece is purely singular, so the nonsingular part of Gmd must equal
zero. This sets both [i (the metric function in the post-Newtonian potential) by virtue of
the less singular piece present, and also C, the last undetermined piece of the harmonic
function B. There is no linearly dependent term present in the black hole metric, and so
Gbm must vanish. This gives the post-1-Newtonian correction to the black hole's equation
of motion; the singular component in Gbm must vanish independently. The singular and
quadratically dependent term must appear in G^"a as is, since £bc is already determined.
The last term in the black hole metric must match with the other terms in Gb^a ; this
determines the gravitoelectric tensor to post-1-Newtonian order. These are the principal
general results of this thesis.
Gmd (4.62) has three independent pieces: there is the piece that matches the first term
in the black hole metric (bearing in mind that the post-Newtonian metric is 2G ind + ...),
there is a less singular piece Gmr~^ (/J, — |w 2 + Uext), and there are the other smooth terms.

Since the singular piece and the smooth piece must each vanish individually,
- ( ^ - ( ^ )
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2

,

(4, 8 )

Ii = ^

2

- t>ext ,

(4.69)

and
C = fiext - 4Ca extW° + ^ e x t + {Ha - Ava)d-aUext
3~

+ ^e

1~
X

2

1

HaVa

+

( 4 7 0 )

4

y + ^e xt-^ -

The only coordinate function yet undetermined is if a , and it is determined from G\m. Again,
the singular piece must vanish independently of the smooth piece, giving

Hb-Avb

= 0

(4.71)

from the singular components of (4.62). The smooth pieces, being the linearly spatially
dependent post-Newtonian correction, form the post-Newtonian correction to the equations
of motion. After substituting in the newfound expression for Hb, as well as the Newtonian
order expression for the acceleration a& = <9j,t/eXt, the complete equations of motion read
ab = d-bUext + ~2 (<%fiext - ivad^(a

ext

+ 4<%<6 e x t ~ 3v 6 ^C/ext

c

(4.72)

2

a

+ v d-bUext - Wextd-bUext ~ v vbd-aUext)

6

+ 0(c- )

.

The last quantity to be matched is the post-Newtonian correction to the gravitoelectric
tensor. Matching the 5 ™ term in the black hole metric to twice the smooth components
of G£cuad as per (4.61) and (4.67) gives
£bPcN = <9<5c)^ext + ^dbcL

ext - 4 % 4 ) ext + 2v{bde)fUext

- 2v%-cUext + 2Uextd-b-cUext + vav{bde)&Uext
+

2e<l

-

AdmUext

+ ^d{bUextd^tlext

(4-73)

d(bdc)aUex.tR

when all the previously determined functions are substituted in. Note that since G^"a

is

already STF, angled brackets can be placed on each term, and the trace terms dropped,
without further ado. This, again, simplifies the expression considerably. All the coordinate
and metric functions will be rewritten in the following section with all substitutions made;
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this is because the first few functions were determined in terms of other functions later
determined. Also, since this is the crux of this thesis, it is worth gathering all the expressions
in one place for future reference.
It is also worth reinforcing, at this point, that these expressions are all centred in
the moving black hole frame.

This is the natural frame for describing the black hole's

perturbation, for obvious reasons, but depending on what quantities are being examined,
it may be easier to work in the barycentric frame. The next chapter delves into these two
tidal fields, and the transformation will be presented there rather than here. The issue of
changing reference frames, and which one is relevant to a given situation, is not trivial. Take,
for instance, the issue of transforming the gauge condition into the appropriate coordinates;
since the moving coordinates are dependent on both space and time, taking a derivative
with respect to either time or space becomes a little more subtle.

4.6

SUMMARY OF PERTINENT

QUANTITIES

Since the preceding section is the main result of this thesis, it is worth summarizing all
12 of the matched quantities (four metric functions, 7 coordinate functions, as well as the
equations of motion) in the black hole frame. These expressions may differ slightly from the
expressions in the previous sections; this is because all determined functions are substituted
into the expressions. Everything is expressed in terms of the various potentials and their
derivatives. Since A, Rc and C are defined by differential equations, meaning their structure
is dependent on the structure of the potentials as defined by the system to be later specified,
they are left explicit when they appear.
The coordinate functions:
A{t) = Uext + \v2 + 0(c-2)
eabcRc = 4d[b(a]

ext

- 3v[adq Uext + 0(C-2)
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(4.74)

(4.75)

Ha = Ava + 0(c~2)

(4.76)

C = O ext - 4Ca extva + AdfUen + ^Uextv2 + ±U2xt - | ^ 4 + AvadaUext + O^2)
7a = -4Ca ext + 3v 0 #«* + ^2va
7afc

+ .4daf7ext - eabcvbRc + Ha + 0{c~2)

= ^a%C>ext-25 ( - f c Ca>ext + C ( c - 2 )

(4.78)
(4.79)

- ^ ( a ) ext) + 0{c'2)

labc = 7<a6c> = ^(v^U^t

(4-77)

(4.80)

T h e m e t r i c functions:
M=^2-f>ext

(4.81)

4Nc = - ^ e x t

(4.82)

4 P c N = % c } ^ e x t + 4vCd-bs(c ext - 4$<SCc> ext + 2u < 6$s)t#ext ~

AdfbdUext

- 2v2d-bdUext + 2C/extcfeC>ext + v'vpdgpUe* + 3%*7extdc-) Uext
+ 2ead(bd-c)aUextRd

(4-83)

+ 0(c-2)

•Bbc = 2ead{bdc)d(Caext-vaUext)

+ 0(c-2)

(4.84)

The equations of motion:
ab = di-Uext + ~2 ( ^ e x t ~ 4va<%Ca ext + 4<9f4 ext ~
c

SvbdiUext
(4.85)

a

A

+ ^ C / e x t - 4*7extd-6C/ext - v vbd-aUext) + 0{c- )
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CHAPTER 5:

T H E TIDAL FIELDS

Now that the two tensors describing the tidal distortion of the black hole are determined,
the system can be specialized in a number of ways to suit various astrophysical systems or
models. While it is possible to remain in the black hole frame of reference and specify the
system constituents, it is much simpler to specify the system, and especially the motion, in
the barycentre frame of reference. This chapter, then, will deal with the transformation of
the tidal fields back to the barycentre frame, and the subsequent specialization of the system.
The logical starting point for specifying the system is to reduce the arbitrary number of
bodies in the system to two black holes, and then stipulate that they move in circular
motion. This is done in two steps, so the results for two black holes moving in arbitrary
motion will first be found. A word will also be said about treating continuous distributions
of external matter, rather than discrete distributions, though this is not explored in depth.

5.1

TRANSFORMATION TO BARYCENTRE

FRAME

The previous chapter dealt entirely with transforming the post-Newtonian metric to the
black hole frame and then matching that description of the spacetime in a spherical shell
around the black hole to the description given by the tidally perturbed Schwarzschild metric.
To go further with any calculations, a system needs to be specified, and it is easiest to specify
the motion of the system in the barycentric frame, rather than the moving black hole frame.
To do this, the original coordinate transformations (4.2) and (4.3) are again invoked, but
this time the barred corodinates (attached to the moving frame) are written in terms of the
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barycentric, unbarred coordinates; the relations are also evaluated at xa = 0, the location
of the black hole, and this is denoted by the subscript BH. We have
tBB = i+\A(i)
xaBH = za + ±Ha(F)

+ 0(c-4)

(5.1)

+ 0{c~A) = za + ^ (# a (*BH) - A(tBu)va(tBB^

+ 0(c~A)

. (5.2)

The large bracket in (5.2) is found when the expression for £BH is inverted for t, substituted
in for the argument of the second term in the second equation, and Taylor expanded out
using c~ 2 is a small parameter.

From the matching expressions found in the previous

chapter, the term at c~ 2 vanishes, and as a result, the coordinates of the black hole in the
barycentric frame can be described simply as xBii

= za(tBii)

+

0(c~4).

Following Racine and Flanagan (2), we define barycentre-frame tidal fields £bc and Bbc
in terms of the previously computed £bc and Bbc
£bc(t) = MabMdc£ad(t)

, Bbc(t) = M\MdcBad{l)

.

(5.3)

The unbarred quantities, She and Bbc, are the transformed (ie, barycentric) tensors, and
follow the convention that barred quantities belong in the black hole frame, and unbarred
quantities in the barycentric frame. The matrix M.\ is a rotation matrix, defined as
Mab(tBu)

= Sad+^eabcRc(iBu)

+ 0{c-4).

(5.4)

The quantity Rc was previously observed to describe the rotation of the coordinates between
the two frames, so it is natural that it should reappear here. For simplicity, the subscript
BH will be dropped from now on. Equation (5.3), when expanded, reads
Sbc = £bc+^

{2ead{b£ae)Rd

+ 0(c~4)

- Atbc)

, Bbc = Bbc + 0(c'2)

.

(5.5)

This takes into account both the expansion and the change of arguments from i to t, and
also the required symmetries of the transformed tensor. Note that the magnetic tensor
does not change functional structure; this is because it is calculated to leading order only.
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To first order, the electric tensor is also unchanged structurally, and the Newtonian order
expression £bc — —dbcUext can be substituted into the last term. Once the various quantities
are substituted in, the barycentric tensors read
£bc = -dbcUext

+ ~2 (<9(bc)^ext + 4vcdbc(c

+ 2v{bdc)tUext
+

ext - 4va<9a(6Cc) e xt ~ 4<9t(&Cc) ext

- 2v28bcUext + 2Uext8bcUext

+ Svav{bdc)aUext

(5-6)

3d(bUextdc}UeKt)
Bbc = 2eda {bdc)d(Ca

ext

- vaUext)

.

(5.7)

The potentials, as before, are evaluated at xa — 0; since this is no longer the black hole
frame, this means that they are evaluated at xa = za.

Also note that A and Rc, the

two quantities that were defined via differential equations involving the potentials due to
the external environment, are not present. While it is not impossible to determine those
quantities and work solely in the black hole frame, it is easier (and leaves more room for
generality, since there is no need to worry about the existence of a straightforward, analytic
solution to the integral) to work in a frame where the issue doesn't arise.
Though it is not used here, it is worth noting, for the sake of completeness, that the
inverse matrix Mbc mediates the transformation from the barycentric frame to the black
hole frame. This matrix is given by

A/6 C (?BH)

= he — c~2ebcaRa{t-Qn)

barycentric fields are described as £bc(t) = NabNdcSad(t)

5.2

SPECIALIZING TO A T W O B O D Y

and Bbc(t) =

+ 0(c~4),

and the

My^f^Bad^).

SYSTEM

To specialize to a two body system, a slight change in notation is necessary. Up to this
point, there have been no indicators of which body a particular quantity is associated with;
there was no need, since everything external to the black hole was labelled as such, and
every other quantity was associated with the black hole in question. Now that the external
fields are being evaluated explicitly, it is important to note which velocities, say, belong to
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the reference black hole and which to the external black hole. The quantities associated
with the reference black hole are denoted with a subscript 1, and the quantities associated
with the external black hole are denoted with a subscript 2. The quantity r is redefined
as the separation between the two black holes, that is, r = z i — Z2; its length r is given
by |zi — Z2I. Note that previously r was the distance from the reference black hole to the
barycentre, and now defines the distance between the two black holes of the system.
With this change in notation, the potentials can be evaluated, and then substituted in
to the expressions for the two tidal tensors. While evaluating all the coordinate functions
is not particularly useful, the quantities A and Rc are worth evaluating, since they appear
in the transformation from the black hole frame t o the barycentre frame. Everything is
determined in terms of the external potentials, so there are no issues with singularities in
the functions. As discussed previously, the black holes are post-Newtonian monopoles, and
so the various external potentials read
_ Gm2
t^ext —
r>

;

, 1»

_ Grri2Va
> £>a ext —

s

v

Gm2fJ,2

"ext = Wext + rdttAext =

, 1„

j

s

(5.8)
c.

h -Gm2dtts

.

Here, s = x — Z2 and after the derivatives are taken, the functions are evaluated at x = zx,
and s becomes r. The vector n = s/s is the unit vector associated with s, and the vector a is
the specified body's acceleration vector. The structure of the derivatives are standard (19):
s = -nav2

(5.9)

a

das = na

(5.10)

na = --(5ab-nanb)v2

(5.11)

dbna = ~(6ab - nanb)

(5.12)

s=~s(vl-(nav2a)2)-naa2a
das = — ( 5 a b - nanb)a2

- -^(n a S b c + 2ncSab - 3nanbnc\v2v2
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(5.13)
.

(5.14)

These derivatives are (obviously) of identical structure regardless of which black hole is
being examined, but since the tidal fields are due to the external body and not the selfgravity of the body in question, the velocities and accelerations are those of the external
body, and are labeled with a subscript 2.
Using these derivatives, the potentials and their various relevant derivatives are
t/ext = ^

(5.15)
r

cWext =

—nb

(5.16)

dbcUext = — — ( 3 n b n c - 5bc)
dtbUexk =

~(3nbnc

(5.17)

- 6bc)v2c

(5.18)

Ca ext =

(5.19)
r

Gm2v2a
J

ObCa ext =
dbcCa ext =

•

3 — - ( 3 n b n c - Sbc)

Gm2v2a
c
OtbCa ext =
3 — ( 3 n h n c - 5bc)v2
OfeAxt =

2Gm 2 V2 2 ,„
, ,
3
(3nfcnc - 5bc)

,K o n s
t5"20)

Uh

G2mim2
5

15Gm2, a ,2
^ 3 — {v2 na) nbnc

, 3Gm2 a „ . , 6Gm2
H
— ' v 2 nahc -I
3— v2 nari(bv2c) H

(5.21)
nanb

._ 0 0 .
(5.22)

Gm2
—v2bv2c

G2m\m2.ns.
—^—(3<5bc - 7n fc n c )

(5.23)

Note that in these expressions, n = r / r , as the intermediate expressions are evaluated at
the reference black hole.
These expressions can then be substituted into the expressions for the tidal fields and
the acceleration. The quantities in (5.6), (5.7) and the various coordinate quantities refer
to the reference black hole, and as such are denoted with the subscript 1. Care must be
taken to not confuse which quantities belong to which black hole. When (5.15)-(5.23) are
substituted carefully into (4.74), (4.75), (5.6), and (5.7), the following expressions emerge
for two-body motion:

+ 0(c-2) ,

A=IV + ^
2

r
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(5-24)

ea&c-Rc = - i n ( 3 u i [ a n j , ] - 4u 2[a n b] ) + 0(c
3Gmo

Gmo I fl5Gmi

4c = -^n{bc)

1

9Gmo
1

+ - ^ | ^ ( - ^ r + -y

15,

The notation n^

5.3

3

N9

2

(5.25)
„„ „

- 3«i (6 «i c>

+ 6^1^20) - 3v2(bW2c) + 3(3vi a - 2v2a)navi{bnc)
6Grri2

) ,

+ y (^ na) + i2Vl%a

- 6 ( V + v 2 2 )jn ( b c ) + 6(v2a - 2v1a)nav2{bnc)

« be, —

„

a

2

(5.26)_

+ 0(c~A)

,

((nx(v2-Vl))(6nc))+0(C-2).

(5.27)

represents nbnc — Sbc/3.

MOTION OF THE T W O BODY

SYSTEM

The equations of motion are not transformed here since, in a two body system, the orbital
motion is described more easily as planar motion instead of the arbitrary motion originally
determined. It also helpful to describe the relative motion between the two bodies, rather
than the absolute motion of a body with respect to a fixed point. The origin of the coordinate
system is placed at the barycentre of the physical system, and polar coordinates are used.
The relative displacement between the two bodies is r = z i — z 2 , and the relative velocity
is v = v i — V2- The total mass of the system is denoted m = m\ + m,2, and the bodies'
displacement from the origin/barycentre are given by z\ = (m2lm)r
— {rn\/m)r

+ 0(c~2)

and z2 =

+ 0 ( c - 2 ) . The orbital motion is confined to the x — y plane, and is most easily

described by polar coordinates (r,4>). In the plane, and in terms of r and (ft, the various
relevant vectors become
r = (r cos (ft, r sin (ft,0)

n = (cos (ft, sin 0,0)
(5.28)

<j>= ( - s i n (ft, cos 0,0)

1 = (0,0,1).

The vector n is the unit vector associated with r, and 1 points directly out of the plane. The
vectors n, (ft and 1 form the basis for the coordinate system describing the orbital motion,
and as such are all mutually orthogonal.
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The displacement vector r is already defined as r = (cos <f>, sin </>, 0) and the velocity
vector v can be decomposed into the polar coordinate system:
v = r n + r<p <f>.

(5.29)

This is still entirely general, since conservation of angular momentum ensures that the
two nonrotating bodies move in a plane. This is, however, a more concrete (and easily
simplified, as the next section shows) description of the general motion. Once again, the
relevant quantities become:

^ ^ _ G m , 4 m 1 + 3m2^a+
2r2
m
3Grri2

3Gm2

;

2 2
2r(t>

\

, 2i2,
2mim2+m22
+ r <p 4>(bc)
2
mA

3mi2r2

2

G(5mi

" ^

+ 61712)'

2r K>

(5.32)

. rT; n ,
4
<? (b9c) + 0(c- ),

B

bc = " ^ P ^ ( 6 « c ) + 0(c-2) .

(5.33)

Once the fields are expressed in this form, it is very straightforward to simplify to circular
orbits.

5.4

SPECIALIZATION T O C I R C U L A R M O T I O N

Taking the results from the last section, it is easy to simplify to circular orbits. The
displacement vector r remains the same, but the velocity vector is reduced to v = r(f> <j>.
The post-Newtonian angular frequency is given by (19)
u = <P = ^~U-l(3Tv)(v/c)A+0(c-4).
As before, m = m i + m 2 is the total mass of the system; v = mim^/m2

(5.34)
is the (dimensionless)

reduced mass of the system. Circular motion requires that <f> — cut; this is not an especially
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helpful quantity, since the absolute position of the black hole is not required. More useful
is the velocity; since v = r<j>, to first order,
^

.

(5.35)

r
Taking these expressions and simplifications into account, the expressions from the previous
section reduce to
2m\m2 + 3m 2 2

^(

-2\

A=n"ZI* 2m? U, " !, t, a + 0(c- a ),-,
rz
£ bc =

2

(5-36)

2m

3Gm 2
3Gm 2 (mi + 2m2l
, ,2
, , x2^ \ , ^ - 4 \
^ — n (bc> + —^— I
—
(v/c) n{bc) - {v/c) 0<fec) I + 0(c
) ,
Bbc =

+ 0(c~2)

^vl{bnc)

.

/K , 0 S
(5.38)
(5.39)

These expressions are used directly in the next chapter, where' both the geometry of the
event horizon and the tidal heating of the black hole are examined.
While this is an acceptable way to present the tidal fields for the black hole in circular motion, typically the moments are packaged slightly differently in terms of harmonic
components:
1
1
£0 = ;j(£ii + £22) j £ic = £13 , £is = £23 , £20 = ^(£11 — £22) , £2$ = £12 • (5.40)
Similar quantities are defined for the gravitomagnetic tensor.

Doing this simplifies the

angular dependence of the various quantities, and reduces the number of non-zero quantities.

' ^ - ^ ( 1 + £^) 2 ) + ^- 4 )
£2C = - ^ ?

(l - ^ ^ ( , / c )

^ =- ^ ( l -

!

= ^ ( ^ )

£lc = _ ^ p

2

a

v C o S 4>
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)

cos(2^)

^
0 ( 0

(5.42)

) ^ W ) +0 ( 0

(5.43)

+ 0(c-4)

+

(5.44)

S l s = - ^ ^ v s i n 0 + O(c-4)

(5.45)

All the other harmonic quantities are zero to order c~ 2 for circular orbits, but are non-zero
for arbitrary orbits.
This formalism is also useful for comparison to other known systems, notably, for a
small black hole mi orbiting around a large black hole m 2 . The fields are calculated (in a
slightly different format) by Poisson (21), but when rewritten with the same conventions as
those adopted here (and in units where G = c = 1), are

(5.46)

2(r 4-m 2 ) 2 (r — 2m 2 )
e2c = -(3™\3r-™2Cos(2t),
2{r + ra^y r — 2rri2
3m
c
2
r-m,2
. , 0 ,,
£2s = - XT—
^
o — sm(2</>) ,
2(r + mz)6 r — 2m 2
3m23/2
y/r-mz
Bic^-j—
rg
cos<£,
(r + m2)d r - 2rri2
3 m 2 3 / 2 y/r-m2
(r + m,2) r -^ 2m 2

.

'

(5.47)
,. ...
(5.48)
(5.49)
.

.

with 0 = ut, and u = m,2(r + m 2 ) ~ 3 . These fields are valid for arbitrary orbital radius r,
so for comparison to the restricted calculations here, the common region of validity must
be found. As before, the relative velocity of the system is v = VGmi—x; since, in Poisson's
work, m2 »

mi, this reduces to v/c = y/m^/r

when G = c = 1. When v/c «

1 (i.e.,

the environment in which post-Newtonian theory is valid, and where the tidal fields are
determined), m 2 < < r, and Poisson's results reduce to (5.41)-(5.45). Note that since mi is
small, m ~ m 2 and v ~ 0. This agreement is to be expected, since the work in this thesis
assumes nothing about the relative masses of the two black holes. If the two descriptions
did not match, the validity of the results of this thesis would be seriously compromised.

70

5.5

T H E T I D A L M O M E N T S IN T H E B L A C K H O L E

FRAME

In the next chapter, the geometry of the event horizon is examined. For this to be done, the
tidal fields must, once again, be transformed back to the black hole frame. The constant
alternating between the frames may seem excessive and unnecessary, but each time this is
done, either the expressions are simplified or the description is not intuitive in the original
frame. In this case, the expressions are not simplified greatly, but examining the geometry
of the event horizon of the black hole must be done in the black hole frame. To do this,
the time coordinate must be readjusted to the moving frame, and the rotation of the axes
between the two frames must be accounted for by Rc. The time coordinate is modified, as
before, via t. = t + c~2A(t).

A is straightforwardly found by integrating (5.36), and so for a

black hole in circular motion,
_ 2 m i m 2 + 3m 2 2 . ' 2 . _4.
t = t-\
0
/
c
)
t
+
0{c
*) .
2

,
.
(5.51)

Similarly, an expression can be found for Rc:
RC =

_G^4mim2

+

3m 2 ^ c - +

Q{c_2)

^

This can be repackaged into Rc = —<?Viblc; Q, is an angular frequency that quantifies the
precession of the black hole centred coordinates around the barycentre. This precession
fi = \fGrm—3[(4mim2

+ 3m 2 2 )/(2m)](t>/c) 2 leads to a change in the angular coordinate;

4> — 4> — Q,t. This can be re-expressed as a single term, ie, 4> — &t; to do this, the expressions
for (f> and Q, are substituted in. After simplification, the total angular velocity in the black
hole frame is given by
IGm,

•(l-i(3 +^/c)2)

+

0(c-4).

(5.53)

Note that this is nearly identical to (5.34), except for the sign in front of the reduced mass
v.
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Taking all this into account, the tidal moments retain the same structure as they do in
the barycentre frame, but the angular coordinate is now <>
/ instead of <f>:
In = - ^ ( 1 + ^(v/cf)
^

+ 0{c-<)

= -^-3^^(v/cf)coS(2i)

=
^2S =

3Gm2 ,
2r*~0-

+

(5.54)
V(c-')

3mi + 4m2 , , ,2\ • fnI\ , /n/ -4\
- ^ (v/°) ) sm(2<£) + 0(c 4 ) •

g l c = - ^ 1 % cos 4> + 0(c~4)
Bu = - ^ % s i n < £ + C>(c-4) .

(5.55)
/ c Kc \
(5.56)
(5.57)
(5.58)

Note that the structure is identical to that in the barycentre frame, and the only difference
is the angular coordinate <j> changes meaning. The tensors in original form behave similarly,
and are given by

€bc =

3Gm2
3Gm2(m1
^— n{bc) + —^- I

+ 2m2 . , 2 t i \2l
\ , m -<h
— (v/c) n{bc) - (v/c) 4>{bc) \+0(c
)

Bbc = -^~vlibnc)
where n^bc)

5.6

an

d <t>(bc)

are as

+ 0(c-2)

ftLKn\

(5.59)
(5.60)

before, with the angular parameter now being 0 = Qt.

TREATING CONTINUOUS EXTERNAL M A T T E R DISTRIBUTIONS

Not much changes when the external matter distribution is continuous, rather than discrete. Initially, the various potentials are defined as sums over bodies; naturally, these will
become integrals over the matter distribution in the near zone. The definition of the matter distribution is different, in that the density of the matter needs to be specified rather
than the mass of an individual body, but the algorithm of the matching procedure remains

unchanged. The asymptotic matching is done in a region of vacuum, regardless of the
structure of the rest of the tidal environment, and so the field equations are unchanged.
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The splitting of the potentials into an internal and external component is still valid. The
internal component will still be singular; since it is due only to the reference black hole,
it is unchanged from what is done here. The external component, if it still contains black
holes in it, will contain singularities, but all that enters the calculations is the value of the
external potential at the reference black hole. Since this is never singular, by definition,
this is not an issue.
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CHAPTER 6:

APPLICATIONS

Now that the tidal fields for two bodies in circular motion have been determined, two
applications will be examined. First of all, the geometry of the event horizon will be
examined. Bodies that interact tidally experience a deformation, and this is the most
obvious physical quantity to examine. Secondly, the tidal heating of a black hole will be
determined. Tidal heating is a particularly interesting phenomenon to examine because it
is gauge invariant, andis potentially measurable in gravitational wave signals. For systems
other than a binary system in circular motion, the logic and methods remain the same,
though the expressions and the behaviour of the event horizon may be more complicated
(and consequently less intuitive).

6.1

EXAMINATION OF THE E V E N T HORIZON

Since the tidal effects perturb the structure of the black hole, the event horizon should
be examined; it is intuitive that the black hole should now bulge towards the perturbing
body. If the body is in a more complicated system, it will bulge appropriately, and potentially in several directions depending on the orientation of the external bodies. Determining
the event horizon, and comparing that description to the spherical structure of an isolated
Schwarzschild (ie, unperturbed) black hole gives a measure of the effect of the tidal interaction in concrete terms. The structure of the event horizon is not gauge independent, so
the gauge chosen will impact the precise structure observed.
While the tidal tensors are determined in a buffer zone around the black hole that
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excises the region of strong gravity around the black hole (and with it the black hole itself),
the perturbed spacetime can be described in terms of these tensors, even in the strongly
gravitating regions. The tidal tensors arise from the perturbed metric, which is valid close
to the black hole regardless of the strength of gravity in that region. The restriction on the
strength of gravity is due to the involvement of the post-Newtonian metric, and now that
the matching has been done, post-Newtonian theory is no longer used. Thus, the event
horizon can now be discussed meaningfully.
Up to this point, the coordinates have been made to obey the harmonic gauge condition,
as the coordinate boost is valid only for a boost between sets of harmonic coordinates. Since
harmonic coordinates are singular on the event horizon, a different gauge must be chosen
before anything can be said about the shape of the event horizon. The light cone gauge is
regular on the event horizon, and is a natural choice of gauge. The harmonic gauge metric
originally used is derived by transforming a perturbed metric in the light cone gauge into
the harmonic gauge, so it is logical to return to this original gauge. For now, the various
factors of c will be suppressed.
The Schwarzschild metric expressed in the light cone gauge takes the form (16)
ga0dxadxp
with / = 1 — 2Mi/p,

= -fdv2

+ 2dvdp + P2nABd6Ad9B

,

(6,1)

and OAB being the metric on the unit two-sphere. The perturbed

metric takes a similar structure, with the non-zero perturbations being given by

hAB = \p\l

hvv = -P2f2€q,

(6.2)

hvA = ~P3f(£«-BA),

(6.3)

~ SM\I?)B\B - \p\\

- 2M?/p2)£AB .

(6.4)

Note that capital subscripts correspond to the two angular directions in the metric. With
the exception of £q, the various tidal quantities are different than those presented earlier (the
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indices of which ran over all the spatial directions, rather than just the angular directions).
We have

s\ = sabnbnaA ,
B\ = BdbeacdnbncnaA

(6.5)
,

e\B = 2£abnaAnbB + e«nAB
B A B = BdbeacdncnAnbB
Again, flAB

(6.6)

,

(6.7)

+ BdaebcdncnaAnbB .

(6.8)

is the metric on the two-sphere, fla = (sin 9 cos <f>, sin 9 sin (/>, cos 9), and QA =

dna/09A.
The event horizon is conveniently located at p = 2M\ (that is, twice the gravitational
radius of the black hole in question), and when this is substituted in, the two metric on the
event horizon is given by

gAB = (2M1)nAB

+ hAB + OiMln^C'1)

,

(6.9)

where the perturbation hAB is given by
hAB

= -l-(2M{)\£lB

+ B\B).

(6.10)

It is possible, at this point, to evaluate this perturbation directly, but it is more elegant
to re-express this in a different form. The Ricci scalar of this metric is dependent only
on the gravitoelectric tensors, and so the metric can be re-expressed in terms of only £bc.
This is done by a gauge transformation which retains the regular character of the metric
on the event horizon, but eliminates the presence of the gravitomagnetic tensor.

Since

the Ricci scalar of each of the metrics has the same form, the intrinsic geometry of the
event horizon is not altered, and no gauge artifacts arise in this gauge. The details of the
gauge transformation, and the structure of the vector which generates it, rely on black hole
perturbation theory, and will not be discussed here. When all this is implemented, the
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perturbation is given by
h™ = - ^ ( 2 M 1 ) 4 n A B ^

(6.11)

and then the metric becomes
9AB

= (2Mlf (1 - ~^-£bcnbnc)nAB

+ o{Mbxn-2c-1).

(6.12)

The factors of c have been reintroduced to make the units match as needed, and the perturbation is a quadrupole perturbation. The large bracket in (6.12) replaces r 2 in the
Schwarzschild metric, and so naturally, this bracket can be replaced by a perturbed "radius" r = 2Mi(l + e(0,0)). The metric, to first order in e, is then gAB = (2Mi) 2 (l +
2e)(d62 + sin2 Odcf)2); matching these metrics implies
M2
e(0,(j>) =

±£bcnbnc
&•

.

(6.13)

This highlights the quadrupole nature of the perturbation, and it is easy to show that there
is no change in the surface area of the black hole to first order in the perturbation.
This is, up to this point, completely general, and is not even reliant on the precise
form of the tidal tensor. If supplied a gravitoelectric tensor, with little background as
to where it came from, it could be used directly and the physical perturbation could be
examined. The only restriction has been that the perturbation is small, and both the weak
field and small hole approximations are accounted for. For this work, the tidal environment
is specified to be weak, and the gravitoelectric tensor (5.59) from Chapter 5 is used; this
tensor has already been calculated for two black holes moving in circular motion. All that
remains to do, now that the metric has been repackaged, is to write down the line element
associated with this metric, and then compute the polar and equatorial circumferences.
Once these are computed for a system of arbitrarily massed black holes in circular motion,
the black hole masses and their separation can be specified, and the relative effect of the
tidal environment can be concretely evaluated for a variety of masses and distances. The
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line element associated with the metric (6.12) is
2M2
ds2 = (2Mi) 2 ( l - ^nbnc£bc^

{dd2 + sin 2 0 # 2 ) +

2
0{M\-R-2/—l>
L

(6.14)

and the perturbation (6.13) is, explicitly,
M\M2
€

=

/
.
2^?12
V
0

+

+

3M 1 2 M 2
2z 12

,
Mi
(vrel/c)2
2 ( M ! + M2)

1

+ 0(c~4))

( 1 - 3 cos 2 0)

2+0 4

29 2

(6.15)

( -9^(""^ ^ »)^ - «

The angular quantity £ is £ = 0 — uw, where to is the angular frequency (5.34)and v is the
advanced time coordinate from the light cone coordinates. The velocity vrei is the same
velocity from (5.35); the subscript rel is appended to distinguish it from the advanced time
coordinate. £ corresponds to a line of longitude on a globe, and z\i is the distance between
the two bodies in harmonic coordinates.
The circumferences are found by integrating the appropriate line element around the
event horizon; for a polar orbit, the line of longitude £ is held constant, and for an equatorial
orbit, 9 = 7r/2. The expressions for the circumferences are easily found to be
Cpoiar = 2n(2Ml)
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The polar circumferences are largest when £ is either 0 or n, and smallest when £ is either
7r/2 or 37r/2. Since the perturbation is calculated in terms of the relative motion between the
two bodies, the line of longitude £ = 0 is the one directly in line with the vector describing
the displacement between the two bodies (see Figure 6.1). The equatorial circumference is
also larger than the circumference of a spherical black hole, which is also expected.
To put this in the most concrete terms possible, a few masses and separations are chosen.
The numerical value of Cpoiar and Ceq are determined, and then compared to the spherical
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e=jt/2

i|>-jt/2

i|j=n/2

Figure 6.1: The three circumferences evaluated, as seen from the side (left) and top (right)
of the system. The medium shade of gray indicates £ = 0, and the palest shade of gray
indicates £ = 7r/2; these are both polar circumferences.

The equatorial circumference

8 = 7r/2 is indicated in the darkest shade of gray.

circumference Csph = inMbody This way, the perturbation can be described as, say, an
equatorial bulging of 5% and a polar bulging of 10%. Since the relative velocity is known
in terms of the mass of the system and the separation between the bodies, the system is
completely specified by the two masses and their separation. The details (though not the
relative values) are given in Table 1.
It is interesting to note that for certain combinations of masses and separation, the polar
circumferences of the tidally distorted black hole are smaller than those of the unperturbed
black hole. This is counterintuitive, but the equatorial circumferences are consistently larger
than the unperturbed circumferences. When the polar circumferences are both smaller than
the unperturbed circumference, the equatorial circumference compensates by being even
larger. Consistently, the polar orbit at ip — 0 is larger than the polar orbit at ip = ir/2, as
expected; regardless of the relative polar vs. equatorial bulging, the event horizon bulges
towards the perturbing body, and squeezes in the direction perpendicular to this.
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Mi

M2

-2i2

Polar, £ = 0

Polar, £ = TT/2

Equatorial

Spherical

1.4

1.4

5

5.5668TT

5.5650TT

5.74017T

5.67T

1.4

1.4

10

5.60187T

5.5959TT

5.6164TT

5.67T

1.4

1.4

25

5.6003TT

5.5997TT

5.60107T

5.67T

1.4

1.4

50

5.6001TT

5.60007T

5.60017T

5.67T

1.4

2.8

10

5.5971TT

5.5918TT

5.6329 7T

5.67T

1.4

2.8

25

5.6005TT

5.5995TT

5.6020 n

5.67T

2.8

1.4

10

11.1926 Ti-

11.1660 7T

11.3401 7T

11.27T

2.8

1.4

20

ll.2034TT

11.19597T

11.2164 7T

11.27T

2.8

1.4

25

11.2022 7T

11.1979 7T

11.2083 vr

11.27T

14

1.4

50

56.0133 7T

55.9650 n

56.1401 7T

567T

1.4

14

50

5.60005 7T

5.59977T

5.6012 TT

5.67T

Table 6.1: Circumferences of the event horizon. All the systems are binary and move in
circular motion, but with varying mass ratios and distances between the bodies. The polar
and equatorial circumferences are found, and the circumference of the unperturbed black
hole is also given. All units are kilometres.
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6.2

TIDAL HEATING OP A SCHWARZSCHILD BLACK

HOLE

Tidal heating is a gauge invariant phenomenon that is not at all unique to black hole physics,
though the black hole case is an interesting specialization of the general phenomenon. Tidal
heating occurs when the gravitational interaction between the bodies in the system imparts
energy to a specific body, thus heating it up.

The most typically cited (and extreme)

example of this is Io, the moon of Jupiter with the tightest orbit. Because of the close
proximity of Io to Jupiter, the gravitational interaction between the two bodies is very
strong. The interaction pulls on the moon's fluid inner layers, and the friction between Io's
crust and mantle dissipates this energy. Io is extremely geologically active, and its surface
is riddled with volcanos. Its non-circular orbit ensures that the gravitational interaction
with Jupiter is not constant; the periodic nature of the interaction perpetuates Io's volcanic
activity.
A similar thing happens with black holes, though of course black holes do not exhibit
volcanic activity. Because there is no matter present in a black hole to rub viscidly against
other matter, the effect is actually somewhat different. Instead of being heated by friction
caused by the gravitational pull on matter, black holes are heated by the absorption of
gravitational radiation.

Any time-varying system will emit gravitational radiation, and

although it is so small in magnitude as to be negligible in most situations, it can be large
enough to be significant in some astrophysical systems, particularly those including black
holes. The effect of tidal heating is a factor of (v/c)8 smaller than the effect of gravitational
wave emission, and so it is typically neglected. There are situations, though, where the tidal
heating may contribute a detectable effect; these situations are typically parabolic orbits
with a periastron smaller than 5M (22).
To first order, the rate of mass absorption of a black hole is given by (23)

+ ±BbcBbc + 0(c"4)) •

Gfax = fJ^t(lHbc
81

(6.18)

Notice that, as always, the magnetic tensor carries an extra factor of c _ 1 , and the effect is at
a whole, incredibly small, coming with a factor of c - 1 5 . To first order, only the quadrupole
terms contribute; as discussed previously, octopole and higher terms come with higher
orders of c - 2 , and since this is determined only to the leading order, these contributions are
negligible. The results from the previous chapter read

Sbc =

^-n{bc)

+ — 3 -(

(v/c)2 - (v/cY^bc))

2 m

.Bbc = -^lrvkhnc)

+ 0{c

4

)

+ o(c-2),

(6.19)

(6.20)

and when these are substituted in to (6.18), give the rate of mass absorption of the black
hole to be
l
Z2mi°m
2
_ 6Z
m,\Jm,2
5 cl^rrfi
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V r

1

5mi 2 + 12mim 2 + 6m 2 2
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c

_4
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(6.21)

Since the system is in rigid rotation, the rate of absorption of angular momentum is easily
determined via QJ\ = dotm\c2,

where u is the angular frequency of the system in the

black hole frame of reference (5.53), and J\ is the black hole's rate of absorption of angular
momentum. A few calculations of both the mass and angular momentum absorption rates
for two black holes in circular motion are given in Table 6.2.
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m\ (kg)

m-2 (kg)

r (km)

mi (kg/s)

j \ (kg m2 / s2)

Mi (km)

M.2 (km)

1.4

1.4

1.89 x 1030

1.89 x 1030

25

9.99 x 1024

2.74 x 1038

1.4

1.4

1.89 x 1030

1.89 x 1030

50

3.72 x 1022

2.59 x 1036

1.4

2.8

1.89 x 1030

3.78 x 1030

25

1.80 x 1024

4.51 x 1037

2.8

1.4

3.78 x 1030

1.89 x 1030

25

1.80 x 1026

4.51 x 1039

14

1-4

1.89 x 1031

1.89 x 1030

100

1.19 x 1026

1.20 x 1040

1.4

14

1.89 x 1030

1.89 x 1031

100

4.55 x 1021

4.56 x 1035

Table 6.2: Values of mass and angular momentum absorption. All the systems are binary
and move in circular motion, but with varying mass ratios and distances between the bodies.
Both the geometric and regular masses of the black holes are given for clarity.
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CHAPTER 7:

CONCLUSION

As has been shown, this work is primarily concerned with determining the tidal fields
produced by an arbitrary system of N black holes felt by a black hole interacting weakly
with this tidal environment. This is done by using the standard post-Newtonian metric and
matching it to a metric for a perturbed non-rotating black hole in a buffer zone where both
metrics are valid. The post-Newtonian metric must first be boosted into the moving black
hole frame, so that the coordinate systems overlap. The metrics are matched order by order,
irreducible piece by irreducible piece, and both the metric functions introduced in the black
hole metric and the free functions introduced in the coordinate boost are determined. The
equations of motion of the black hole are also found, and the sole initial assumption that
the black hole is a post-Newtonian monopole is verified. Once the general tidal fields are
found, the system may be specified; this work focusses on the simple system of two black
holes in circular motion. The specific tidal fields for this system are determined, the event
horizon and tidal heating of this perturbed black hole are examined, and the intuitively
expected results are found.

7.1

OTHER POTENTIAL

APPLICATIONS

As discussed in Chapter 1, this work has a number of potential applications. With the help
of better analytical modeling of both the equations of motion and an explicit description of
the effects of a tidal environment of strongly gravitating bodies, numerical relativity hopes
to better probe black hole mergers and similar chaotic events. A very natural application
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of this analytic work is to help provide better initial data for these simulations. The author
is not an expert in the initial data question, and so has not pursued that line of research,
but this is an area of considerable import, and this will prove useful.
This work, being completely analytical, also serves to provide a theoretical template for
comparison with numerical work. As numerical relativity becomes more and more precise,
with higher resolutions, it becomes important to have accurate theoretical templates of the
system to compare to the numerical findings for verification. Post-Newtonian expansions
are already used in tandem with numerical relativity to describe the beginning of a black
hole merger, say, but incorporating tidal effects (or accounting for more complicated systems
other than a binary system in circular motion) may prove enlightening.
The tidal heating of the black hole is discussed in Chapter 6, and while this is usually
a very small effect, it is potentially non-negligible in certain systems. The imprint of tidal
heating should be visible in the gravitational wave signal for some systems (see Table III in
(22)), and this work can provide a theoretical model to compare to the observed signal. With
the increased sensitivity of LIGO, increasingly accurate gravitational waveform templates
are going to be necessary for accurate detection, and including the tidal effects of interacting
systems may be needed to achieve the proper accuracy.

7.2

F U T U R E D I R E C T I O N S AND A S Y E T U N A N S W E R E D

QUESTIONS

There are several directions in which this work can be taken, though some are more complicated than others. The most straightforward extension is to study more complicated
systems, either with more than two bodies or two bodies with more complicated motion.
Since this work is so general, this is not a strenuous undertaking, and there are many
relevant astrophysical systems that could be studied that were not examined.
Perhaps one of the most complicated extensions is working to a higher post-Newtonian
order; this is not at all straightforward for a number of reasons. The tractability of the
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problem is much weaker, since there are so many more terms and corrections to keep track of;
going to post-2-Newtonian order would involve introducing octopole moments analogous to
£bc and Bbc, as well as time derivatives of the quadrupole terms. The black hole itself may not
be modeled as a post-Newtonian monopole, which may eliminate a considerable amount of
simplification. This work was able to use only the time-time and time-space components of
the metric, because the tidal fields were both represented, and the space-space components
did not yield any new information. If a higher order calculation is undertaken, the spacespace components will probably also need to be used, since there are more tidal tensors
to be calculated. In the black hole metric, the space-space components have a much more
complicated structure than either the time-time or time-space components; in the postNewtonian metric, the tensor potential P&c associated with the space-space components is
very complex, as it has contributions both from the matter distribution and the field itself.
While this work dealt with black holes as both the object examined and the external
source of gravity, using a strongly gravitating star (perhaps a neutron star) may produce
some interesting results. Depending on the model of star used, the assumption that the
object is a post-Newtonian monopole may not hold, and the ambiguity about the "body
centred frame" discussed in (2) will be unresolved. The complications that the structure of
neutron stars brings may cause issues that render this sort of work intractable, but studying
the tidal effects of an external system may help explain the behaviour of matter within the
star, and work to explain phenomena such as star quakes.
In a similar vein, the tidal environment can be taken to be due to a matter distribution
rather than a collection of black holes. This distribution can be either discrete or continuous,
and some comments were made on this in Chapter 5, but understanding how to properly
treat the (non-singular) external system allows this work to be generalized to even more
astrophysical systems.
This work is done entirely in the near zone, and as such, the gravitational waveforms
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emitted by the system cannot be studied just with this work.

It would be Worthwhile

propagating the tidal information out to the wave zone and examining the waves forms of
tidally interacting systems, to see if there is a discernable imprint of the tidal interaction
on the emitted waveforms.

Clearly, there are many directions and potential applications for this work, and the
author hopes that this work will be extended and used in the future. With advances in
numerical relativity, and increased sensitivity in the various gravitational wave detectors, it
is important to understand the tidal interactions between strongly self-gravitating bodies,
and while the interactions between weakly self-gravitating bodies is well understood, the
interactions between strongly self-gravitating bodies are less studied. This thesis aims to
partially rectify this, retaining enough generality that it is still useful for a wide variety of
work, with enough specificity that only a reasonable amount of work is needed to actually
apply this work to a specific application.
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