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ABSTRACT

Abstract

At the embodiment stage of a robot design, fundamental tasks such as kinematic,
static, dynamic and constraint-wrench analyses are essential. Moreover, by consider-
ing link elasticity, the elastostatic and elastodynamic analyses also become essential.
However, the foregoing analyses are more challenging for parallel robots, when com-
pared with their serial counterparts.

This thesis aims to develop comprehensive methodologies for the elastostatic,
elastodynamic and constraint-wrench analyses of robotic mechanical systems, while
focusing on parallel architectures with reduced mobility. To this end, first, a system-
atic method for the calculation of the constraint wrenches of a mechanical system,
imposed by the kinematic pairs, is proposed. This method helps the designer readily
handle the constraint-wrench analysis of robots with parallel architectures.

In the next step, considering link elasticity, a novel method for the elastostatic
analysis of parallel robots is proposed. This method is based on the concept of
generalized spring. With the essential ingredients, stiffness and mass matrices, the
elastodynamic analysis of the robot under study is conducted.

Although the analyses are motivated by the special features of a novel two-limb
parallel manipulator designed at McGill University, called the McGill Schonflies Mo-
tion Generator (SMG), they are applicable to any other two-limb parallel robots.
The McGill SMG can produce the Schonflies displacement subgroup, which com-

prises translations in the three-dimensional Cartesian space and one rotation about
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a fixed-orientation axis, as needed for most common pick-and-place operations. Fi-

nally, as an application of the proposed analyses, the optimum structural design of

the McGill SMG is obtained.
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RESUME

Résumé

A Tétape de réalisation durant la conception d’un robot, les analyses cinématique,
statiques, dynamique et celles des torseurs statiques de contrainte sont des taches
fondamentales. En outre, si 1’élasticité des maillons est considérée, les analyses
élastostatique et élastodynamique deviennent nécessaires. Ces analyses son plus diffi-
ciles pour les systemes robotiques a architecture parallele que pour ceux a architecture
sérielle.

Cette these vise a développer une méthodologie complete des analyses élastostatique,
¢élastodynamique et de torseurs statiques de contrainte de systéemes mécano robo-
tiques, tout en mettant ’accent sur les architectures paralleles a mobilité reduite.
D’abord, une méthode systmatique pour le calcul des torseurs statiques de contrainte
d’un systeme mécanique, imposée par les couples cinématiques, est proposée. Cette
méthode permet au concepteur facilement gérer I'analyse de torseurs statiques de
contraintes de robots a architecture parallele.

A I’étape suivante, en considérant 1’élasticité, une méthode originale pour ’analyse
élastostatique des robots paralleles est proposée. Cette méthode est basée sur le con-
cept du ressort généralisée. Avec les ingrédients essentiels, les matrices de raideur et
de masse, ’analyse élastodynamique du robot est obtenue.

Bien que ses analyses soient motivés par les caractéristiques particulieres d’un
manipulateur a deux jambes en parallele, appelé robot McGill générateur des mou-
vements de Schonflies (SMG), elles sont aussi applicables a tout autre robot par-

allele a deux jambes. Le SMG de McGill est capable de produire le sous-groupe de
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déplacement dit de Schonflies, qui comprend des translations dans les 'espace tridi-
mensionnel cartésien et une rotation autour d’un axe a orientation fixe, nécessaire
pour la plupart des opérations de transfert. Enfin, en utilisant les analyses proposées,

la conception structurale optimale du SMG de McGill est obtenue.
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CLAIM OF ORIGINALITY

Claim of Originality

The analyses and algorithms introduced in this thesis are mainly directed toward the
design of the McGill SMG, a two-limb Schonflies motion generator. In this vein, the
author claims the originality of the ideas and results listed below:
e Kinematic constraint matrix of the helical, cylindrical, spherical, planar,
universal and II joints
e A novel procedure for the constraint-wrench analysis of parallel manipu-
lators with passive kinematic pairs by resorting to the robot constraint
matrix
e The actuator wrench-shaping matrix
e Use of isoconstrained versions of an overconstrained robot in the constraint-
wrench analysis
e A new elastostatic modelling of a flexible component with passive lower
kinematic pair in a multibody system
e Stiffness modeling of a II-joint
e Two novel stiffness performance indices to measure the translational and
rotational stiffness of a mechanical system
e Elastodynamic modelling of parallel manipulators with passive kinematic
pairs

e A GA multiobjective optimization code for design purposes
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1.1 MOTIVATION

CHAPTER 1

Introduction

1.1 Motivation

With the ever increasing demand on automation and robotics in industry, the
related fields of study has attracted the attention of many researchers in different
areas. In industry, robots have been extensively used in car-manufacturing opera-
tions such as spot-welding, arc-welding and spray painting as illustrated in Fig. 1.1.
Although the extreme use of robots in the automotive industry has led to unem-
ployment, robots have helped human beings in performing monotonous or dangerous
tasks. Most robots found in this industry are composed of a serial chain of kine-
matic pairs and links, which constitute what is called serial robots. In addition to
the automotive industry, robots have been successfully applied to assembly and pick-
and-place operations (PPO). The high repeatability of robots has led to some new
technologies in electronic assembly. PPO occurring in packaging and assembly of
electronic printed-circuit boards, involve translations in three-dimensional space and
one rotation about an axis of fixed orientation. This type of motions falls within
the Schonflies displacement subgroup, a robot whose end-effector (EE) undergoes
the foregoing motion being called a Schonflies motion generator (SMG). This motion
is a subset of the Cartesian space whose dimension is known to be six, including
three translations and three rotations. Reduced mobility robots are that aim to pro-

duce a subset of rigid-body motions. SCARA (Selective-Compliance Assembly Robot
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FiGure 1.1. Robots are painting

Arm) systems are reduced mobility robots that produce rigid body motion within the
Schonflies displacement subgroup. A SCARA system with serial architecture is de-
picted in Fig. 1.2. As in serial robots, the heaviest motors move while in operation,

the faster the task, the higher the load on the upstream motors. Demands on much

FIGURE 1.2. A serial SCARA robot

higher speeds than SCARA systems can deliver has motivated designers to seek supe-
rior alternatives. One of these alternative is robots with parallel architecture. Parallel
robots are composed of two or more serial chains connecting the base platform (BP)
to the moving platform (MP). In this type of robots, the motors are located on the
BP; hence, they are stationary. As a result, parallel robots offer higher speeds than
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their serial counterparts, due to their lighter and stiffer structures; accordingly, they
have been used widely in fast PPO in industry. Two well known industrial parallel
robots are Delta and Adept-Quattro, depicted in Figs. 1.3(a) and 1.3(b), respectively.
The former produces translations in the Cartesian space while the latter moves within
the Schonflies displacement subgroup. Recently, a novel parallel SMG was designed
and prototyped at McGill University (Morozov and Angeles, 2007), called the McGill
SMG, shown in Fig. 1.4. At the embodiment design stage of a robot, knowing the

(a) (b)

FIGURE 1.3. Two well-known parallel robots: (a) Nedquip’s Delta and (b)
Adept’s Quattro

loads—forces and moments—applied on each structural element is the main issue.
These forces and moments, which are posture-dependent, are imposed by the kine-
matic pairs; this calls for a comprehensive constraint-wrench analysis on the system.
Moreover, in fast operations, the link flexibility comes into the picture. Since the
pose of the MP is defined by six independent variables, in robotics, the Cartesian
space is a six-dimensional space. Hence, in the Cartesian space, link flexibility is
lumped in a 6 x 6 matrix, called the Cartesian stiffness matriz. As a robot stiffness
is posture-dependent, it attains different values within the robot workspace. Elas-

tostatic analysis helps the engineer identify the regions in which the robot is the

3
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stiffest. In addition, for robots designed for highly repetitive tasks, the natural fre-
quencies should be known. Because of resonance, a devastating phenomenon, the
task frequency spectrum should lie far from the system natural frequencies. Hence,
elastodynamic analysis is an essential task. This analysis completes its elastostatic

counterpart, as it includes the effect of system mass distribution.

FIGURE 1.4. The McGill SMG

1.2 Thesis Objectives

The main objective of this thesis is to develop simple, yet comprehensive methods
for the constraint-wrench, elastostatic, and elastodynamic analyses of parallel robots.
By the presence of the passive kinematic pairs in the kinematic chain of parallel
robots, the foregoing analyses are quite challenging.

To improve a robot structure, the maximum forces and moments imposed by the
kinematic pairs at each link should be determined. For this matter, a reliable and
fast constraint-wrench analysis is needed. In this study, such analysis, as pertaining

to parallel robot structures with a single-loop kinematic chain is conducted, with the

4
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aim of simultaneously calculating of both actuator torques and constraint wrenches.
The analysis is based on the Newton-Euler formulation and the use of the robot
constraint matriz. As a case study, the constraint wrench analysis of the McGill
SMG is conducted along a test trajectory.

One of the main challenges in the design of current parallel robots is their over-
constrained nature. As the MP of a parallel manipulator is connected to the BP by
two or more serial chains, it may be redundantly constrained in one or more direc-
tions. This makes most parallel robots, such as Delta (Clavel, 1989), H4 (Pierrot
et al., 2001) and, the McGill SMG, overconstrained. In reality, there is always a non-
zero manufacturing tolerance; hence, without link flexibility, the assembly of parallel
robots is not possible. For instance, deformable quadrilateral linkages are used to
eliminate the overconstraints in the H4. However, link flexibility reduces the stiffness
of the robot, which is a negative effect. Resolving the foregoing issue is imprative to
enable the design of the links of a parallel robot with an acceptably high stiffness. To
cope with this problem, isoconstrained versions of an overconstrained robot should
be obtained. The isoconstrained versions of an overconstrained mechanism are ob-
tained via plausible relaxations of the redundant constraints, that do not affect the
motion of the original mechanism. This is elaborated through our case study, the
McGill SMG. While an isoconstrained version is a design alternative, its dynamic
model can be replaced with the original mechanism, and the results can be properly
used for design purposes. Therefore, as in a isoconstrained version the Newton-Euler
formulation brings enough equations, the constraint wrenches and actuator torques
can be readily approximated without the links flexibility coming into the picture. It
is noteworthy to clarify that the foregoing issue studied in this work is related to re-
dundantly constrained parallel robots which are different from redundantly actuated
counterparts; the latter is a highly especialized topic which lies outside the scope of
the thesis.

In the second part, elastostatics, a novel stiffness-modeling methodology for par-

allel manipulators is developed, in which the effect of the passive kinematic pairs is
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studied. The model is formulated for all six lower kinematic pairs (LKP), revolute
(R), prismatic (P), helical (H), cylindrical (C), planar (F), and spherical (S) joints
and two higher kinematic pairs (HKP), the universal (U) and II joints. This rep-
resentation is mainly inspired by the existing element assembly procedure in finite
element analysis (FEA) while, here, it is defined with a notation that is more common
in robotics; this results in a comprehensive method applicable to any type of parallel
robots. As the outcome of the elastostatic analysis of a multibody system is a 6 x 6
Cartesian stiffness matrix, introducing a novel set of stiffness performance indices
is quite important. These indices are useful for conducting a structural sensitivity
analysis and optimization on a flexible mechanical system.

For a highly repetitive mechanical system, the calculation of the natural frequen-
cies is an essential task. This helps the engineer place the system natural frequencies
far from the excitation frequency spectrum, which calls for the elastodynamic anal-
ysis, with two ingredients, the stiffness and the mass matrices of the system. Here,
for the computation of the mass matrix, a method, first proposed by Al Bassit et al.
(2002) for serial robots, is extended to their parallel counterparts. Then, a novel
elastodynamic analysis for parallel robots is proposed. While the method targets
a especial case study, the McGill SMG, it is applicable to any robotic mechanical
system.

At the end of this research work, the optimum design of the McGill SMG is con-
ducted to improve its elastodynamic performance. By resorting to the novel elasto-
static method introduced here and the two proposed stiffness indices, a multi-objective
optimization problem is solved over the McGill SMG. In this vein, the structural pa-
rameters, such as link lengths and the link geometric parameters, are selected to

enhance the stiffness performance indices of the system over a test trajectory.

1.3 Literature Survey

1.3.1 Inverse Dynamic Analysis of Robotic Mechanical Systems. In-

verse dynamics is an essential analysis in robotics. In this analysis, the MP twist and
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its rate are given, while the required actuator torques are calculated. Researchers
have approached the inverse dynamics problem by using various methods. Staicu
and Carp-Ciocardia (2003) used the virtual-power method to solve the inverse dy-
namics problem of Clavel’s DELTA robot. The inverse dynamics of the four-degree-
of-freedom (dof) parallel robot H4 was reported by Choi et al. (2004), who used
the Newton-Euler method for its model-based control. Based on Hamilton’s canoni-
cal equations, the direct and inverse dynamics problems of the NUWAR robot were
solved by Miller (2001). Pang and Shahinpoor (1994) used the Lagrangian formu-
lation for the inverse dynamics analysis of a three-dof parallel manipulator. Li and
Qingsong (2005) employed the virtual work method to conduct the inverse dynamics
of a modified Delta robot. While researchers mostly focused on the inverse dynamics
of a special case study, Khalil and Ibrahim (2007) proposed a general method for the
inverse and direct dynamics of parallel robots, which is based on the Newton-Euler
formulation. Angeles and Lee (1989) introduced the natural orthogonal complement
for the dynamic analysis of serial robots, which was later extended to parallel robots
(Angeles, 2007). In all the foregoing works, the trajectory was known and the actu-
ator torques were calculated. For torque control, the calculation of actuator torques
suffices; however, robot structural design calls for the calculation of the constraint
forces and moments, i.e., the constraint wrenches, as produced by the kinematic pairs,

at every posture. This calls for the constraint-wrench analysis.

1.3.2 Structural Analysis of Robotic Mechanical Systems. The inter-
action of a parallel robot with the environment brings about wrenches applied to its
MP. This is also the case of parallel robots conducting fast pick-and-place operations,
whereby, the inertia forces of its links induce wrenches of the static type by virtue of
D’Alambert’s Principle. Indeed, such operations are known to produce accelerations
of the MP of the order of 15g (Nabat et al., 2006). The flexible elements of the robot,
if properly designed, allow for “small”-amplitude displacement (SAD) screws of the
MP in response to the applied wrenches. In the case of robots designed for pick-

and-place operations, the calculation of these displacements is crucial, which calls for

7
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an elastostatic analysis. A SAD screw is understood here in the sense of screw the-
ory, wherein a line is represented by a six-dimensional array of Pliicker coordinates,
(Pottmann and Wallner, 2001), of which only four are independent; a screw is then
defined as a line array with a pitch, its fifth independent parameter. A sixth parame-
ter, the amplitude A, multiplying the screw array, then defines a twist—point velocity
and angular velocity—or a wrench—force and moment—depending on whether A has
units of angular velocity w or of force F'. If A is defined as A = wAt, in which w and
At are angular velocity and time increment, respectively, and the product wAt < 1,
then a SAD screw is obtained. Elastostatic analysis hinges on the stiffness matrix of
the robotic structure. This analysis has been mainly conducted by three methods:
1) finite element analysis (FEA); 2) the virtual joint method (VJM), and 3) matrix
structural analysis (MSA). One of the most reliable methods for stiffness analysis is
FEA, because by this means, each link, joint, and actuator can be modelled with
its actual shape; however, FEA is highly demanding in computation time. Corradini
et al. (2003) analyzed the stiffness of the H4 parallel robot by FEA, at one single
posture, the results having been verified experimentally. The second method, VJM,
is based on the work first proposed by Gosselin (1990). In the VJM, which is some-
times called lumped-parameter method, the compliance of the links is replaced by
virtual compliant joints and rigid links . Then, by virtue of the elastic properties of
the model, the equivalent virtual joint stiffnesses are derived. In this way, complex
relations in the stiffness analysis are avoided and acceptable accuracy in short com-
putation times is possible; however, because of the one-dimensional virtual springs
in the model, the coupling effect between translational and rotational deflections is
not taken into account. Later, the VJM was applied to conduct the stiffness analysis
of spatial six-degree-of-freedom (dof) parallel robots with revolute joints (Gosselin
and Zhang, 2002). Majou et al. (2007) applied the VJM to the Orthoglide robot
in order to establish a parametric representation of the Cartesian stiffness matrix;
however, coupling effects between translational and rotational deflections were ne-

glected. Later, a modification was applied to the VJM in order to take into account
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the coupling in question (Pashkevich and Chablat, 2008); this analysis was based on a
multidimensional lumped-parameter model that replaces the link compliance with lo-
calized six-dof virtual springs. By this means the coupling between translational and
rotational deflections was considered. To ensure high accuracy, the spring-stiffness
values were calculated using FEA. The third method, MSA, is similar to FEA; how-
ever, instead of using a large number of elements, each part of the robot, link, joint,
or actuator, is considered as a simple structural element, beam or rod, for example.
By resorting to the theories of elasticity and kinematic chains, the stiffness matrix
of the whole robot structure is obtained. The main feature that distinguishes MSA
from other methods is that, within MSA | the stiffness matrix of the structure can be
obtained in parametric form, which is important when the stiffness of the structure
is to be optimized. Delbaise et al. (2006) found the Cartesian stiffness matrix of the
Delta parallel structure by using this method, while Sales Gonalves and Mendes Car-
valho (2008) employed the MSA for the stiffness analysis of the 6-RSS robot!.

A novel method, based on the well-known concept of generalized spring (Loncarié,
1987), is proposed in this thesis; this method relies mostly on a form of the MSA, but
enhanced here with a formulation for the modeling of the six lower kinematic pairs.
The concept of generalized spring appears to have first been proposed by Loncaric¢
in the foregoing reference as a suspension for a rigid body and composed of single
linearly elastic translational springs. By means of the method proposed here, the
6 x 6 Cartesian stiffness matrix of the robot can be calculated for any robot posture,
using stiffness matrices computed offline by means of parametric, whenever possible,
or numerical methods. Moreover, although the method is limited to linearly elas-
tic structural elements, it is general enough to accommodate elastic anisotropies, as
appearing in composite materials. The method is especially attractive in the realm
of parallel robots with what is known as Il-joints, which are parallelogram four-bar
linkages (Hervé and Sparacino, 1992; Wohlhart, 1992). The specific property of this

joint, under the assumption that its links are all rigid, is that any two opposite links

'R denotes an actuated revolute joint, while S stands for spherical, or ball-and-socket, joint.
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move under pure relative translation. Because of this property, Il-joints are widely
used in designing industrial parallel robots, e.g., ABB’s Flexpicker and Adept’s Quat-
tro. By means of the generalized spring concept, the stiffness matrix of the II-joints
can be readily calculated, as shown presently. The method is illustrated with the
calculation of the stiffness matrix of a two-limb Schonflies Motion Generator. As an
illustrative example, the robot stiffness matrix is computed along a MP trajectory.
It is expected that the procedure will enable the real-time stiffness control of robotic
structures, thereby allowing for faster, more accurate and safer operations.

As parallel robots, generally speaking, offer high speeds due to their lighter and stiffer
structures, the dynamic response in high-speed applications is a practical design issue
that calls for an elastodynamic analysis. Elastodynamics is the study of the dynam-
ics of multibody systems with rigid and elastic bodies. This study pertains to the
vibration analysis of flexible multibody systems. In this vein, the stiffness and the
mass matrices of the whole mechanical system are first determined, from which the
natural frequencies of the system are computed. These frequencies must lie above the
frequency range of the task at hand. Imam and Sandor (1973) studied the elastody-
namics of flexible manipulators, first, by resorting to the rigid kinematic analysis, and
then, proportioning the areas of cross-section of the links optimally to account for the
kineto-elastodynamic effects. The same researchers applied their method on a flexi-
ble four-bar linkage. By combining the rigid body harmonic analysis of a mechanism
and FEA, Nath and Ghosh (1980b) reported the elastodynamic analysis of flexible
mechanisms; these authors targeted the calculation of the steady-state deflections
and stresses within the links. Ku and Chen (1990) developed a finite element model
to conduct the vibration analysis of flexible robotic manipulators. In their method,
the authors employed a generalized-Timoshenko-beam finite element. Many other
studies have also addressed the elastodynamics of flexible mechanisms (Lowen and

Jandrasits, 1979; Nath and Ghosh, 1980a; Cleghorn et al., 1984).
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In the current study, the elastodynamics of the McGill SMG, depicted in Fig. 1.4,
is the main motivation, with the purpose of designing the next generation of high-

performance Schonflies Motion Generators.

1.3.3 Optimum Design. Optimum design includes minimization or maxi-
mization of one or more objective functions with or without constraints. A real-life
engineering optimization problem usually consists of a number of conflicting objective
functions and constraints with many design variables, which calls for multi-objective
optimization. Generally speaking, optimization procedures are divided into two main
categories, gradient and non-gradient methods. The former are based on the deriva-
tives of the objective and the constraint functions, the latter only on function evalua-
tion. In most engineering problems, objective and constraint functions are so complex
that they cannot be described by formulas, the calculation of their derivatives then
being impossible. Hence, direct methods, not requiring gradients, are commonly used
for this type of problems. Many direct methods are available, e.g., genetic algorithms
(GAs) (Goldberg, 1989), simulated annealing (SA) (Kirkpatrick et al., 1983), and
the complex method (Box, 1965), among the best known. The optimization of robot
manipulators has been studied for many years. Gosselin and Angeles (1988) reported
the optimum kinematic design of a planar 3-DOF parallel manipulator. In this paper,
to obtain the optimum kinematic design of a planar 3-DOF parallel manipulator, the
authors established four different design criteria: (a) symmetry (b) the existence of
a nonvanishing workspace for every orientation of the gripper (c) the maximization
of the global workspace, and (d) the isotropy of the Jacobian of the manipulator.
Liu et al. (2000) optimized the link lengths of 3-DOF spherical parallel manipulators
(3-DOF SPMs) by resorting to the evaluation criteria, such as, the conditioning index
and the stiffness. Performance improvement of robotic systems is one of the important
issues being addressed in recent years. Stock and Miller (2003) conducted a kinematic

optimization for parallel manipulators; they applied the method on the Delta robot.
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Ceccarelli and Lanni (2004) solved a multi-objective optimization problem on gen-
eral 3R manipulators, upon reducing the problem to single-variable optimization by
means of weights on all objective functions. In the foregoing paper, the authors
considered the workspace volume and the robot dimensions as objective functions.
Based on the kinematic model and Jacobian matrix, Dou (2010) investigated the
global conditioning index, global velocity index and global stiffness index of 3-RRR
parallel manipulators; then, by resorting to a graphical representation of indices, the
optimum design of 3-RRR parallel manipulators was obtained. The foregoing works
mostly reported the kinematic optimization problem for robotic mechanical systems;
however, in reality, to improve the overall performance of a robot the links elastic
behaviour should also be taken into account. In a recent study, Gao et al. (2010) tar-
geted the design optimization of a spatial six-degree-of-freedom parallel manipulator
by taking into account the flexibility of the joints. By resorting to two indices, which
are related to system stiffness and dexterity, a multi-objective optimization problem

on a spatial six-degree-of-freedom parallel robot was established.

1.4 Thesis Outline

In Ch. 2, the constraint-wrench analysis of mechanisms, with focus on single-
loop parallel manipulators, is sought. In this chapter, first, the kinematic constraint
equations of all six LKPs, revolute (R), prismatic (P), helical (H), cylindrical (C),
planar (F) and spherical (S), and of two HKPs, the II-joint and the universal (U),
are defined. Then, by introducing a systematic methodology, the constraint wrenches
and applied torques of the McGill SMG, while tracking a trajectory, are obtained. In
this analysis, all the links are assumed to be rigid.

In the next step, Ch. 3 is devoted to the elastostatic analysis of parallel robots
with passive kinematic pairs. A novel formulation, inspired by FEA fundamentals,
is introduced, which eases the calculation of the Cartesian stiffness matrix of parallel
manipulators with passive kinematic pairs. Moreover, new stiffness indices, extracted

from the Cartesian stiffness matrix, are introduced. The foregoing stiffness indices

12
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can be readily used as objective functions in sensitivity analysis and optimization of
robotic mechanical systems. As a case study, the time history of the stiffness indices
of the McGill SMG while tracking a trajectory are obtained.

The subject of Ch. 4 is the elastodynamic analysis of parallel manipulators. The
method is explained through a special case study, which is the McGill SMG. In this
analysis, the posture-dependent stiffness and mass matrices of the robot, correspond-
ing to the generalized coordinates chosen, are first calculated. With the essential
ingredients at hand, the natural frequencies of the system are readily obtained.

In Ch. 5, by employing the stiffness indices introduced in Ch. 3, a multi-objective
optimization problem over the McGill SMG is defined. The problem is solved by
means of a genetic algorithm (GA). The possible optimum designs, which form a set
of solutions, are obtained and evaluated.

Finally, in Ch. 6, a brief stiffness sensitivity analysis is conducted on the McGill
SMG. Accordingly, the design recommendations for the McGill SMG are proposed.
The thesis ends with closing remarks and recommendations for future research in

Ch. 7.
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2.1 KINEMATIC CONSTRAINTS

CHAPTER 2

Constraint-wrench Analysis of Single-loop

Robotic Manipulators

The constraint-wrench analysis of robotic mechanical systems with a single loop is
the subject of this chapter. Although the method proposed here can be generalized to
parallel robots with multiple-loop kinematic chains, this study is limited to single-loop
systems. In this analysis, the constraint wrenches of a mechanism conducting a pre-
scribed task are sought. To this end, a novel representation of the constraints imposed
by the kinematic pairs is introduced. With this representation, the constraint matriz
of a mechanism is readily derived. For the calculation of the constraint wrenches,
by means of the constraint matrix and based on the Newton-Euler formulation, a
new procedure is introduced. As a case study, the constraint wrench analysis of the

McGill SMG, while tracking a test cycle adopted by the industry, is conducted.

2.1 Kinematic Constraints

In a mechanism, rigid links are connected by means of kinematic pairs. A kine-
matic pair imposes kinematic constraints on the links that they couple. Each con-
straint can be represented in terms of the twist arrays of the coupled bodies in linear

homogeneous form (Angeles, 2007), namely,
Ki,i—lti—l + Kmtz =0 (21)
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where K, ;1 and K;; are 6 x 6 coefficient matrices that depend on the constraints
imposed by the kinematic pair joining the ¢ — 1st and the (¢)th links, while t; is the
six-dimensional twist array of ith link, containing its angular velocity w; and the

velocity ¢; of its center of mass, namely,

T
t; — [wr ¢T]

K K3

This systematic formulation is extremely useful for mechanisms such as parallel
robots, like the one depicted in Fig. 2.1. In this figure the BP and the MP are
connected by two limbs, numbered I and /1. The limbs are composed of several links
coupled by kinematic pairs that constrain the motion of the links. For a robot with
d degrees-of-freedom (dof) and n links, the constraint equations form a system of 6n

scalar equations (Angeles, 2007), namely,

Moving platform

Base plate

FIGURE 2.1. A parallel mechanism

Kt =0 (2.2)

in which the 6n x 6(n — 1) matrix K, containing the constraint coefficient matrices of
each kinematic pair, as introduced in eq. (2.1), is called the robot constraint matrix.
The 6(n—1)-dimensional robot twist array t is composed of all rigid-body twist arrays.
The dimension of the nullspace of K, its nullity, is equal to d, the dof of robot. The

constraint wrenches applied by the two kinematic pairs produces a resultant constraint
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wrench w¢ acting at the centre of mass (COM) of the ith link; the 6n-dimensional
array wC of these link wrenches is called the robot constraint wrench vector. Angeles

(2007) showed that, for serial chains, w can be expressed as
wo =K'\ (2.3)

where A is a 6n-dimensional vector of joint-constraint wrenches, whose components
are constraint forces and moments transmitted by a kinematic pair to the two consec-
utive bodies connected by the pair. At each kinematic pair, the ith joint-constraint
wrench does not develop any power on the rigid-body it couples, and that moves

under a twist t;, as allowed by this pair, labelled ¢, namely,
tIXA =0 (2.4)

From screw theory (Roth, 1984), a rigid body twist array is the product of an ampli-

tude A; # 0 with units of angular velocity by a unit screw s;, which results in

A unit screw, in turn, is a line with a pitch p;. If the Pliikker coordinates (Roth, 1984)
T
of the line £; are |el (r; x e;)T| , with e; denoting the unit vector parallel to L;

and r; the position vector of a point R; on L£;, then, s; is given by

€;
r; X €; + p;€;

an array known to be represented in ray coordinates (Klein, 1871). Upon substitution
of eq. (2.5) into eq. (2.4), with A; given in azis coordinates, i.e., with the moment as

the top block and the force as its bottom counterpart!,

AisIAi =0 (2.7)

!This mode of representation of twist and wrench arrays is crucial here, for otherwise the inner
product of eq. (2.7) would be meaningless.
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As A; is a nonzero scalar, eq. (2.7) yields

)

which reveals that the joint constraint vector is reciprocal to the joint screw?. Upon

assembling of all egs. (2.7), a second relation is obtained for vector A:
STA=0 (2.9)

Matrix S is called henceforth the joint-screw matriz, which contains the screw vectors
of all kinematic pairs of the mechanism. It is thus apparent that the vector of joint-
constraint wrenches X lies in the nullspace of ST. The matrix S is of 6n x m, where
m is the sum of dof of all kinematic pairs.

Kinematic pairs are divided into two categories: lower and higher. Lower kinematic
pairs (LKP) are characterized by the surface along which one of the coupled links
“wraps” the other link. Contact on higher kinematic pairs (HKP), e.g., gears and
cams, is either along a line or punctual (Hartenberg and Denavit, 1964). In the sequel,
the kinematic constraint equations of the six LKPs, revolute (R), prismatic (P), screw
(H), cylindrical (C), spherical (S), and planar (F) and of two higher kinematic pairs,

the IT and the universal (U) joints, are derived.

2.1.1 Kinematic Constraint Equations for the Revolute Joint. A rev-
olute joint, depicted in Fig. 2.2, is one of the most common kinematic pairs. Two
rigid links, connected by means of a revolute joint can rotate with respect to each
other about the axis of the joint. In the case at hand, this axis is the line passing
through point P; and parallel to the unit vector e;. Thus, the relative angular velocity
of link ¢ with respect to link ¢ — 1 has a non-zero component only along the axis of
the joint, namely,

w; — w;_ 1 = b;e (2.10)
mays do not admit a norm, they neither admit the concept of orthogonality; what they

admit is the concept of reciprocity, as per eq. (2.8), as long as one screw is in ray, the other is in
axis coordinates.
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The cross-product matrix (CPM) of e is defined for any three-dimensional vector v

as (Angeles, 2007)
J(exv)
ov

The constraint equation (2.10) can be expressed in linear homogeneous form in terms

E= (2.11)

of the link angular velocities, upon multiplying from the left both sides of eq. (2.10)
by E;, the CPM of the unit vector e;, and hence,

Furthermore, the velocities of the centers of mass of two successive links are related
by:
Ci — éi—l + szz + Di_lwi_l =0 (213)

where R; and D;_; are the CPMs of vectors p, and «,_;, respectively, with p, and
~,—1 shown in Fig. 2.2. Upon assembling eqs. (2.12) and (2.13), a six-dimensional
homogeneous relation between the twists t; and t;,; of two consecutive links is ob-

tained:

Ki,i—lti—l + Kz,ztz =0 (214)

with the 6 x 6 matrices K, and K, ;, introduced in eq. (2.1), given by

-E, O E, O
Ki,i—l = s Ki,i = (215)
Di,1 —1 R,L 1
where 1 is the 3 x 3 identity matrix. The foregoing analysis is taken from (Angeles,

2007), reproduced here for quick reference. Because of its nature, the unit screw sk,

of a revolute joint has a zero pitch, and hence,

. €e;
sty = (2.16)
p: X €;

Because eq. (2.8) always holds independent of the point to which the screw is referred,

a reference point can be simply chosen on the joint axis, e.g., P; of Fig. 2.2, which
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FIGURE 2.2. Two links connected by a revolute joint

then leads to

. e;
sk = (2.17)
0
2.1.2 Kinematic Constraint Equations for the Prismatic Joint. = Two

successive links connected by means of a prismatic joint, as shown in Fig. 2.3, have

the same angular velocity, which leads to
wW; —W;_1 = 0 (218)

In this case, the relation between the velocities of the centers of mass of the two links
becomes

where l.)z-ei accounts for the relative translational velocity of the links. This constraint

equation then leads, upon premultiplication by E;, to

where E; is the CPM of the unit vector e;. Upon rearranging the six constraint

equations (2.18) and (2.20), the coefficient matrices K;; 1 and K;; of eq. (2.1) are
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derived as
-1 O 1 Q)
Kii1= , Kii= (2.21)
O -E ER; E;
where R/ is the CPM of vector p; + -,_;, the latter being depicted in Fig. 2.3. The
foregoing analysis was also taken from (Angeles, 2007), reproduced here, again, for

quick reference. A prismatic joint, allowing for pure translation along one direction,

FIGURE 2.3. Two links connected by a prismatic joint
its unit screw has an infinite pitch, namely,

. 0
Sp = (2.22)
€;

2.1.3 Kinematic Constraint Equations for the Helical Joint. In the
case of a helical—a.k.a screw—joint, with axis passing through P;, parallel to the unit

vector e; and of pitch p;, the link angular velocities are related by
wW; —W;_1 = Qzez (223)

in which b; denotes the translation along the joint axis. Therefore, in a screw joint
the constraint equation on the link angular velocities is the same as that applicable

to the revolute and cylindrical joints, namely,
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where E; is, as before, the CPM of the unit vector e;. The relation between the

velocities of the link COMs can be represented in turn as
¢ — €1+ Riw; + Diywig + bie; = 0, b; = pyb; (2.25)

Upon substitution of b; in terms of 6; into eq. (2.25), one obtains a relation between

the twists of the coupled links, i.e.,
éi — Ci—l + (Rz +pll)wz + (Di—l — pil)wi_l =0 (226)

Now, from egs. (2.24) and (2.26) the coefficient matrices of eq. (2.1) can be readily

obtained as

—E; O E; O
Ki,i—l = ) Ki,i - (227)

The screw of the H joint of Fig. 2.4 with respect to a point O is, thus,

FIGURE 2.4. Two links are connected by a helical joint

. e;
Sy = (2.28)
e; X p; + pe;
By choosing the reference point P; on the axis of rotation, s%; becomes
. €;
Sy = (2.29)
bi€;
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2.1.4 Kinematic Constraint Equations for the Cylindrical Joint. Kine-
matically, a cylindrical joint can be replaced by the series array of a revolute joint and
a prismatic joint, the latter allowing for relative translation in the direction of the
axis of the former. Therefore, if two successive links are connected by a cylindrical
joint the relation between their angular velocities is the same as that obtained for a
revolute joint, eq. (2.12), and the relation between the velocities of the link centers
of mass is identical with the one derived for a prismatic joint. Therefore, in the case

of a cylindrical joint, matrices K;;_; and K;; of eq. (2.1) are

—E; (0] E;, O
Ki i—1 = , Ki,i = (230)
ED;, —-E; E.R; E;

)

FiGure 2.5. Two links connected by a cylindrical joint

depicted in Fig. 2.5 As a C joint can be realized by the concatenation of a revolute
and a prismatic joints, rather than a screw vector array, this joint has an array of
screw vectors, i.e., a screw matrix S,. This matrix is composed of the two screw

arrays sp and s, defined in egs. (2.17) and (2.22), respectively:
S, = [siR s;} (2.31)

2.1.5 Kinematic Constraint Equations for the Spherical Joint. In
this case, the angular velocities of the two coupled links are unconstrained, while the

constraint equation on the twists of the links becomes the same as that obtained for
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the R joint:
éi — Ci—l + szz + Di_lwi_l =0 (232)

where D;_; and R; are the CPM of vectors «,_; and p;, shown in Fig. 2.6. Thus, the

coefficient matrices K; ;1 and K;; of eq. (2.1) for a S joint are

O O O O
Ki7i—1 - 5 Ki,i — (233)
Di—l —1 Rz ].

Because of its multi-dof nature, this joint also admits a screw matrix, rather than

FiGURrE 2.6. Two links are connected by a spherical joint

a screw vector. The joint screw matrix of this joint contains three revolute-joint
screws about three concurrent axes, which can be conveniently chosen as the mutually
orthogonal axes passing through P;, of directions parallel to the unit vectors e;, f;,
and g;, namely,

i = [Sg s’ s;] (2.34)
where s, SZJ} and s; are, respectively, unit screws of R joints with axes of rotation

along e;, f; and g;, as introduced in eq. (2.17).

2.1.6 Kinematic Constraint Equations for the Planar Joint. A planar
joint restricts the relative motion of the two coupled links in a plane, as depicted in
Fig. 2.7, to two translations in the plane along the directions of the unit vectors f;

and g;, and one rotation about an axis passing through point F;, in the direction of
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e;, the unit vector in the direction of the normal to the plane. The relative angular

velocity of the two links coupled by a planar joint is

Ww; —W;_1 = Qzez (235)
whence,
where E; is the CPM of vector e;. The relation between the velocities of the centers
of mass of the two links becomes

¢, —Ci1 + Rijw,; + fzfz +gigi =0 (2.37)

where f; and ¢ account for the relative translational velocities of the links in the
direction of the distinct unit vectors f; and g;. This constraint equation then leads,

upon premultiplication sequentially by F; and E;, to

where F; and E; are defined as usual. Upon rearranging the six constraint equations
(2.36) and (2.38), the coefficient matrices K, ;_; and K;; of eq. (2.1) are derived as
-E; O E; O
K’i i—1 — y K’LZ - (239)
O -EF; E,F,R;, EF;
where R; is the CPM of vector p; +,_;, the latter depicted in Fig. 2.7. As a planar
joint can be replaced kinematically with two prismatic and one revolute joints, its

joint screw matrix bears three screw arrays, namely,

e

Sk = [s} s} SZ} (2.40)

where sz} and sg are, respectively, the unit screws of the prismatic joints, with transla-
tion directions f; and g;. Moreover, s is the unit screw of the revolute of axis passing

through P; and parallel to e;.
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FiGure 2.7. Two links are connected by a planar joint

2.1.7 Kinematic Constraint Equations for the Universal Joint. A
universal joint can be kinematically replaced by two revolute joints of axes intersecting
at right angles. The revolute joint axes are parallel to the unit vectors e; and f;, normal
to each other, as shown in Fig. 2.8. Therefore, the relative angular velocity of the

two successive links connected by a universal joint is

in which ¢; and ¢Z account for the relative angular velocities of the links about the

unit vectors e; and f;, respectively, whence,
FlEl(wl — wi,l) =0 (242)

where F; and E; are the CPMs of vectors e; x f; and e;, respectively. The relation
between the velocities of the link COMs is the same as that derived for a revolute
joint and shown in eq. (2.13). As a result, the coefficient matrices K; ;1 and K, ;, as

pertaining to U joint, are obtained as

Di—l -1 Rz 1
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where R; and D,_; are, respectively, the CPM of vectors p, and =,_;, shown in

Fig. 2.8. As a universal joint can be replaced kinematically with two revolutes, its

£;

o

FiGURE 2.8. Two links are connected by a universal joint
joint screw matrix has two screw arrays, each corresponding to one revolute, namely,

€

Sy = [si s}] (2.44)

where s’ and Szc are, respectively, the unit screws of the revolutes with axes of rotation
intersecting at point P; and parallel to the unit vectors e; and f;. Apparently, contact

between the two links coupled by this HKP is punctual, namely, at P;.

2.1.8 Kinematic Constraint Equations for the II Joint. A novel kine-
matic pair, known as the Il-joint, which is commonly used in a new generation of
parallel robots, is also included. The Il-joint is a parallelogram four-bar linkage that
couples two links. The specific property of this joint, under the assumption that its
links are all rigid, is that any two opposite links move under pure relative translation,
its points tracing circles, on the other link, with variable centre and radius identi-
cal to the length of the two other parallelogram links (Hervé and Sparacino, 1992;
Wohlhart, 1992). Hence, the angular velocities of two successive rigid links connected
by a Il-joint are equal, i.e.,
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The velocities of the link COMs are derived from the geometry of Fig. 2.9, which
leads to

éi — éi—l +w;_1 X (’Yifl + ui) + w; X Pi + Qzel X = 0 (246)

A Tl-joint lets the coupled links have one relative translational motion, which re-
sults in three constraint equations, as derived from eq. (2.46), of which only two are

independent, namely,
Li |:C1 - (:51'71 —w;_1 X (’72-_1 + LLL') —w; X p;| = 0 (247)

in which L; is the CPM of vector e; x w;. Thus, K;,;_; and K;; of eq. (2.1) are

obtained as

-1 @) 1 O
Ki,i—l = s Ki,i = (248)
LD,y —-L; LR; L

As a Il-joint produces pure translation, its screw has an infinite pitch. Therefore,

FiGure 2.9. Two links are connected by means of a II joint

the unit screw of a II-joint is that of a prismatic joint whose direction is e; x u;/ ||u;||,

namely,

0
ST — (249)
e; X u;/ [Juy]
Similar to a prismatic joint, the joint variable associated with a II joint is a trans-

lational speed, namely, ||u;||6;. Different from the prismatic joint, the unit screw of
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the II-joint is of wvariable direction, as “seen” by the two coupled links. In order to
identify the set of contact points of the links coupled by this joint, the joint has to
be regarded as a planar linkage. In this light, the contact point of the two links cou-
pled by a Il-joint lies at infinity, in the plane of motion of the parallelogram linkage.
However, its line of sight® changes continuously as the linkage moves, always parallel
to line P;_1P; of Fig. 2.9. Coming back to three-dimensional space, this point turns
out to be the intersection of a line normal to the plane of motion with this plane
itself. The two links coupled by a Il-joint thus maintain contact along a moving line

at infinity.

2.2 Constraint-Wrench Analysis

For the structural design of a robot, knowing the constraint wrenches at any
posture during a task plays an important role. This requires constraint-wrench anal-
ysts. To this end, the time-histories of position, velocity, and acceleration of the MP
are given, actuated torques and constraint wrenches at the kinematic pairs being re-
quired. To compute these quantities, the equations of motion of all rigid links should
be derived. The Newton-Euler equations of motion for the ith link, before coupling,

are (Angeles, 2007)
where M; and W; are the 6 X 6 inertia and angular-velocity dyads, namely,

M, = . W, = (2.51)
0O ml O O

in which 1 and O denote the 3 x 3 identity and zero matrices, respectively, while €2;

and I; are the angular-velocity and the inertia matrices of the ¢th rigid link, which are

defined with respect to the COM C; of this link (Angeles, 2007); the mass of this body

is denoted by m;. Moreover, w4, w?

A w? and w¢ are, respectively, the 6-dimensional

3Line of sight is defined as a line between an observer and a point at infinity.
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vectors of actuator, static-load, and nonworking constraint wrenches exerted on the
1th rigid link with forces acting at its COM. For a robot with n — 1 moving links the

equations of motion are assembled in the form
Mt = ~-WMt + w* + w* + w¢ (2.52)

where t was already defined as the robot twist vector, which contains the twist vectors
of all the n — 1 moving bodies, namely,

T
t=1tT ¢ .. t7

4w and w© are the robot actuator, static-load and constraint wrenches,

while w
while

M = diag(My,...,M,,_1), W =diag(Wy,..., W,,_1)

are the uncoupled robot mass, and angular-velocity matrices. The robot twist vector

t can be represented as a linear transformation of the vector of joint rates, i.e.,
t=T0 (2.53)

where @ contains the joint variables, both active and passive. In this analysis, parallel
robots with single-loop kinematic chains are targeted; in this type, the number of
kinematic pairs equals that of rigid links, i.e., n — 1 moving links plus a base. Vector
0 is composed of d active and p passive joint rates, where d is the degree-of-freedom

of the robot. Moreover, T is the 6(n — 1) X (d + p) twist-shaping matriz, defined as

T=| : (2.54)

in which T; is the 6 x (d + p) twist-shaping matrix of the ith link (Angeles, 2007). Tt
is worth mentioning that if each kinematic pair brings only one kinematically effective
dof—to be defined presently—then, the number of passive joint rates p equals n — d.

In robots with reduced mobility, it may happen that not all the dof of a kinematic
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pair affect the robot kinematics; the kinematically effective dof accounts for those dof
that contribute to the motion of the MP. Given a trajectory, the joint-variable vector
0 is first derived from inverse kinematics. The robot-actuator wrench vector w# can

be represented as a linear transformation of actuator forces or torques, namely,
wh = WAr (2.55)

in which W4 is termed here the robot actuator wrench-shaping matriz, and T is the
d-dimensional vector of actuator forces or torques. Hence, substitution of egs. (2.3),

(2.53), and (2.55) into eq. (2.52) yields
K'A +Wir =q (2.56)

in which

n=MT + (WMT + MT)0 — w* (2.57)

while vectors A and 7 are unknown. Moreover, the reciprocity between each joint
screw and its constraint wrench is recalled, which for all joints can be assembled in
the form of eq. (2.8). Equations (2.8) and (2.56) can be cast in a compact system of
6n + d linear equations, namely;,

K7 W4 [ n

_ (2.58)
ST O T 0

In the static case, when the system is stationary, eq. (2.58) is still applicable, if with

1 reduced to —w*.

2.3 A Case Study: the McGill SMG

The McGill SMG, as depicted in Fig. 2.10, is a parallel robot whose MP can
produce motions within the Schonflies displacement subgroup (Hervé, 1994). This
subgroup, denoted y(e), comprises three translations and one rotation about an axis
of fixed orientation parallel to the unit vector e. The McGill SMG is composed of eight

single degree-of-freedom kinematic pairs, arranged in a RIIITRRIITIR kinematic chain,
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and eight rigid links, one of them being the stationary base (Morozov and Angeles,

2007). As a result, in the corresponding constraint wrench analysis, 42 equations are

Base Platform

Elbow Bracket of limb I / \ Elbow Bracket of limb 17

Distal II-joint of limb 1 Distal Tl-joint of limb 11

Wrist Bracket of limb I Wrist Bracket of limb 17

Moving Platform

FiGURE 2.10. The McGill SMG

derived from seven moving rigid bodies, with 44 unknowns, 40 constraint forces and
moments imposed by the kinematic pairs, and four actuated torques. As a result, the
McGill SMG is an overconstrained linkage. In such a linkage the special geometry
of the system renders some of the constraints idle; however, their full wrenches still
appear in vector A. In reality, links are flexible, and thus, the shortage of equations
can be accommodated by taking link elasticity into account. Blajer et al. (1994),
Bayo and Ledesma (1996), and Zahariev and Cuadrado (2007) studied the dynamics
of overconstrained flexible multibody systems. While link flexibility makes a robot
model more accurate, it makes the problem much more complicated. Apart from
this, at the embodiment design stage (Pahl et al., 2007), the rigid link model is
preferred. However, due to the lack of equations, the unknown wrench components
cannot be computed. One way to cope with this problem is to analyze, instead of the

actual case, an isoconstrained version of the same mechanism. As a matter of fact, an
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isoconstrained version of the linkage at hand also allows for assembly, which, by virtue
of the unavoidable manufacturing errors, is impossible in an overconstrained linkage.
This version is a kinematic chain with the same mobility, but with non-redundant

constraints. Isoconstrained versions of the McGill SMG are introduced below.

2.3.1 The Isoconstrained Versions of the McGill SMG. The McGill
SMG is made of two limbs, each carrying a RIIIIR kinematic chain that produces
Schonflies displacements y(eg), i.e., three translations and one rotation about an axis
parallel to the unit vector e;. This implies that no limb can undergo rotations about
axes normal to e;. As a result, the rotations of the MP about horizontal axes are
prevented by the two limbs. Hence, by eliminating the redundant constraints imposed
on the MP by the two limbs, isoconstrained versions of the McGill SMG are obtained.
Constraint-elimination is possible via two approaches: 1) relaxing the two redundant
constraints from one limb; and 2) relaxing one of the redundant constraint from
each limb. For the first approach, a possibility is to replace one of the two R joints
attached to the MP with a S joint, as shown in Fig. 2.11(a). The second solution
can be implemented by adding two R joints, one to each limb, with a horizontal
axis of rotation intersecting its counterpart of vertical axis of rotation. One of the
possibilities is to replace the R joints of the MP with U joints, with one axis parallel to

e, the other horizontal, as depicted in Fig. 2.11(b). After conducting simulation runs

(a)

Fi1GURE 2.11. Two alternative versions for coupling of the MP to each limb:
(a) S-R; and (b) U-U

for both versions, it was revealed that the latter brought about singularities inside
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the usable workspace, which is undesirable. Hence, the constraint-wrench analysis is
conducted on the former, i.e, the one with one S joint replacing one R joint attached
to the MP. In the sequel, the constraint and the screw matrices of the chosen type
and the actuator wrench-shaping matrix of the McGill SMG will be derived. For the
sake of brevity, the angular velocity dyad, the twist-shaping matrix of the foregoing

isoconstrained version are included in Appendices A and B.

2.3.2 Derivation of the Constraint Matrix.  The isoconstrained McGill
SMG, described in Subsection 2.3.1, with the version depicted in Fig. 2.11(a), is made
of eight kinematic pairs with a kinematic chain of the RIIIISRIIIIR type. These eight
joints constrain the motion of the seven moving rigid links. Thus, eight systems of

kinematic-constraint equations are imposed on the robot, namely,

Kiit; =0
Kiioitioi +Kut; =0, i=2,...,7 (2.59)
where
En O -1 (@) 1 )
K = . Ko = , Ko =
Ry 1 L;pDn —Lsp L;pR2 Lip
-1 (@) 1 @) O O
K32 = s K33 = s K43 = (260&)
_LIDDI2 —Lip L;sRrs Lys D;; -1
O O —-E;n O Ern O
Ky = ;o Koy = , Kss =
Ry 1 Dy -1 Rz 1
-1 0 1 0 -1 0
K65 = ) 66 — ) K76 -
_LHDDH3 —Lip L;ipRir2 Lip L;ipDir2 —Lip
1 0 -Em; 0
K77 = , Kgr=
_LHPRHl Lip D -1
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E;, = CPM(ep),
D, = CPM(yy; + upp),
Lp;r = CPM(eg3 X upp),
E;, = CPM(ey),

E;;y = CPM(em),

Lprr = CPM(ens X ump),

LIIP = CPM(eII2 X uIIP)7

E;n = CPM(em),

R = CPM(py),

Dy = CPM(7a1),

D3 = CPM(’YIs)

Dy = CPM('YIn)y

2.3 A CASE STUDY: THE MCGILL SMG

Lp; = CPM(ep2 X urp)
Rz = CPM(py)
D3 = CPM(73 + uip), Riz = CPM(py3)
Ry = CPM(py)

(2.60b)
Dy3 = CPM (53 + unp), Rius = CPM(pyp3)
Rin = CPM(py), Dz = CPM(7y, + unp)

Rip = CPM(PHQ)

The kinematic-constraint equations (2.59) can be cast in the form of eq. (2.2), if

€en y ern
TI1, 911‘:}) . Tir1, 0 ‘:TP
Pn mn
1 7
Y Z ?’111
912-, Tr2 Tr12, 0112
n IT
€114
Pr2 . 013 0114<:TD Orr3 Yiro
ur €4 urr 6
Vr2 914‘j> pr1 Pir2
Yy
Prs 11
P
3 5
Y13
©: S joint 4
FI1GURE 2.12. The dynamic model of the McGill SMG

with the constraint matriz K of 48 x 42 and t becoming the 42-dimensional vector

35



CHAPTER 2. CONSTRAINT-WRENCH ANALYSIS OF SINGLE-LOOP ROBOTIC MANIPULATORS

displayed below:
T
E=1t] t; tg ti t5 t; t7 (2.61)

2.3.3 Derivation of the Screw Matrix.  The isoconstrained version chosen
bears eight joints, of which seven are single-dof and one is of three-dof, thereby adding

10 constraints, which can be expressed in compact form as
STX = 0y (2.62)

where S is the block-diagonal screw matrix of the isoconstrained robot containing the

screw arrays of all kinematic pairs, namely,

ST T I I I .00 I I Il
S = diag(sg, Srip» Stp» S5 SrMr SIID» S1ips SR) (2.63)
where
€1 1 03 1 03
J _ J J o _
SpR = » o Sip < H H » Sup = H H ’ J_Iajl
03 wirll e X usp Wipll ey x uyp
€3 €2 € €1
I _ 7
Sl — s - (2.64)
03 03 O3 03

with I and /I standing for the limb labels.

2.3.4 Derivation of the Actuator Wrench-Shaping Matrix.  Each ac-
tuator produces an actuated wrench on the rigid links to which it is attached. From
eq. (2.55) the actuator wrench-shaping matrix maps actuator-applied forces or mo-
ments into wrenches applied on the rigid links of the system. The McGill SMG has
four active joints, two R and two II. The active R joints of angles 6;; and 677, apply
moments 771 and 7771, respectively. These moments induce applied wrenches on links

1 and 7, with the moments depicted in Fig. 2.12, namely:
Wf = S}’%T[l, Wf%4 = Sg’]’jjl (265)
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The derivation of the wrenches induced by the active II-joints is not as straightforward
as those induced by the R active joints. In an active II joint of the robot under study,
two of the four R joints are active. A torque produced by an active R joint, driving
the first rigid link, is transmitted to the next rigid link by means of parallel links,
thereby inducing an active wrench on it. In the McGill SMG, each limb has an active
proximal Il-joint. That of the Jth limb is actuated by the two top R joints by means
of bevel gears. Therefore, the active wrenches induced on the centre of mass of each
elbow bracket (EB), the second and the sixth rigid links in the closed loop, can be

obtained as

A 1 —(A] +B1) 0 I
W2 — 2—12 Tro = n[SHPTjg
2 |O 1 € X Uuyp
_ (2.66)
A 1 —(AH +BH) 0 . II
Wg = o2 Trr2 = NyrSppTir2
2 (O 1 €rr2 X Ujsp

Moreover, A ; and B; are the CPMs of vectors a; and by, respectively, as depicted

in Fig. 2.13. As no actuator wrenches are applied on bodies number 3, 4, and 5 one

has

wi = wji = wi =04 (2.67)
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The actuator torques and the applied wrench arrays are defined below:

T
T:[Tn Tr2 Tiri TII2

T
A _
W= [(Wf‘)T (w3t (wi)™ (wi)" (wg)T (wg)T (wy)!
Hence, by resorting to eq. (2.55) and the actuator wrenches derived above, the actu-

ator wrench-shaping matrix of the McGill SMG is obtained as

(sl 0; 05 O |
0 nssi, O 0
T4= [0y 05 055 O (2.68)
Og Og Og nnsﬁfp
0 0, sH 06 |

in which Og and 03 are the six- and the 18-dimensional zero vectors, respectively.

2.4 The Test Trajectory

The SMGs are typically in use for pick-and-place operations in industry. For
this type of motions, a trajectory has been adopted by industry in order to compare
the efficiency of different systems on the market (Berthod, 1989). The standard
test trajectory involves a 25 mm vertical upward translation, a 300 mm horizontal
translation while rotating 180°, and a 25 mm downward vertical translation of its
MP, after which the MP returns to its original pose by following the same trajectory
backwards. Gauthier et al. (2008) proposed the smoothed test trajectory depicted in

Fig. 2.14. As a pick-and-place operation also involves time, the whole task should be

Y 150mm
P >
( \ 25mm

FIGURE 2.14. The smoothed test trajectory obtained in Gauthier et al. (2008)
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defined as three time-dependent functions that describe the translations along the Y-

and Z-axes and the rotation about the Z-axis, namely,

Yy = y(t)v z = Z(t)7 ¢ - qb(t) (269>

These three functions, as defined by Gauthier et al. (2008) are depicted in Fig 2.15.

According to this motion, each pick-and-place operation cycle takes 500 ms, which

FIGURE 2.15. The trajectory plots: (a) the translation along the Y-axis,
(b) the translation along the Z-axis , and (c) the rotation about the Z-axis

implies that the task frequency is 2 Hz. It is noteworthy that all three plots of
Fig. 2.15 are C?-continuous. The slope discontinuity apparent in Figs. 2.15(a), (b)
and (c) is a result of the low resolution of the plot. The corresponding velocities and

acceleration profiles of the MP are also shown in Fig. 2.16.
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FIGURE 2.16. The velocity and acceleration time-histories of the MP: (a)
y; (b) §; (c) % (d) 2 (e) ¢; and (f) ¢

2.5 Numerical Results

Now we let the McGill SMG perform a pick-and-place operation over the smoothed
test trajectory. The constraint-wrench analysis of the isoconstrained McGill SMG
can be conducted by using the procedure described in Section 2.2. As a result,

the constraint wrenches imposed on the kinematic pairs of the robot are obtained

along with the required actuator torques. The latter are plotted in Fig. 2.17, while
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the evolution of the constraint forces and moments through the test trajectory are
plotted in Figs. 2.18-2.25. As depicted in Figs. 2.16, over the smoothed test tra-
jectory and between 0.05 s and 0.2 s, the MP undergoes zero acceleration along the
Y- and Z-axes, while undergoing an angular acceleration about the Z-axis; hence,
most of the constraint forces and moments vanish during this time interval. From the
Figs. 2.18-2.25, it is also apparent that the results are not symmetric through the test
trajectory. There are three main reasons that can explain this asymmetric behavior:
1) the isoconstrained kinematic chain RIITISRIIIIR is not symmetric; 2) the velocity
and acceleration profiles of the smoothed test cycle in the Y direction, depicted in
Figs. 2.16(a) and (c), and the angular acceleration profile ¢, shown in Fig. 2.16(f),

are quasi-symmetric; and 3) the geometry of the current MP is asymmetric.

100

80} - - —taul2 A

60 - ‘}‘\

N
S

Moment (Nm)
N
o
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i
=
Moment (Nm)
|
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|
N
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|
N
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\/ -30 "

FIGURE 2.17. The time-histories of the actuator torques: (a) 771 and 779
(N.m) and (b) 7771 and 7772 (Nm)
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FIGURE 2.19. The evolution of the constraint forces and moments at the
proximal II joint of limb I along the test trajectory: (a) M,, M,, and M,
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FIGURE 2.20. The evolution of the constraint forces and moments at the
distal IT joint of limb I along the test trajectory: (a) My, M, and M, (Nm)
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FiGURE 2.21. The evolution of the constraint forces at the spherical joint
of limb I over the test trajectory
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F1GURE 2.22. The evolution of the constraint forces and moments at the
first revolute joints of the limb IT along the test trajectory (a) M, M,, and
M. (Nm) and (b) fz, fy, and f. (N)
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FiGURE 2.23. The evolution of the constraint forces and moments at the
proximal II joint of limb /I along the test trajectory: (a) M,, M,, and M,
(N.m) and (b) fz, fy, and f, (N)
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FIGURE 2.24. The evolution of the constraint forces and moments at the
distal IT joint of limb I along the test trajectory: (a) M,, My, and M.,
(Nm) and (b) fz, fy, and f. (N)

1.5 - - 40

1

Moment (Nm)
Force (N)

0 0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25

FiGURE 2.25. The evolution of the constraint forces and moments at the
second revolute joints of limb /1 along the test trajectory: (a) M, M, and
M, (Nm) and (b) fa, £, and f. (N)
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3.1 THE SMALL-ROTATION MATRIX

CHAPTER 3

Elastostatic Analysis of Multibody

Systems

The subject of this chapter is the elastostatic analysis of robot structures. The method
of analysis is based on the concept of generalized spring, in which each flexible link is
replaced with a six-dimensional generalized spring. The stiffness matrix of this spring,
when the link complexity so requires, should be obtained numerically, via FEA. In
this study, a novel formulation for the modelling of all six LKPs, when connecting two
flexible links, is introduced. By resorting to this formulation, a compact formulation
for the stiffness matrix of a parallelogram with flexible linkages, what is called a II
joint, is obtained. As an illustrative example, the procedure is applied to the McGill
SMG that features II joints. In order to illustrate the online feasibility of the com-
putations involved, the minimum eigenvalue of a dimensionless factor of the stiffness

matrix, used as stiffness performance index, is plotted along the test trajectory.

3.1 The Small-rotation Matrix

The rotation of a rigid body displaced from an initial attitude to a new one can be
represented in a variety of forms. In this study the natural invariants of the rotation

are used; these are the angle of rotation ¢ and the unit vector e parallel to the axis
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of rotation (Angeles, 2007). The rotation matrix is then represented as
R =1+ (sing) E + (1 — cos ¢) E (3.1)

with E denoting the CPM of e. The angular velocity of the rigid body in terms of e,
¢ and their time-derivatives takes the form (Angeles, 2007)

w = |(sing) 1+ (1 —cosp)E e] Z (3.2)

If ¢ is small, then sin¢ — ¢ and cos ¢ — 1, the rotation matrix R thus becoming
R=1+¢E (3.3)

Under the small-angle assumption, a rigid-body rotation admits a vector represen-

Rd

F1GURE 3.1. A vector attached to a rigid body after and before translation
and small rotation

tation, namely,
¢ = ge (3.4)
the angular velocity w for small ¢ then reducing to
o o] |
w=|¢l e} .
¢
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3.1 THE SMALL-ROTATION MATRIX

i.e,

w=¢=¢e+ de
In this particular case, the angular-velocity vector becomes a time-derivative. In
Fig. 3.1 a vector d attached to a rigid body is shown before and after the body
undergoes a SAD screw. The algebraic relations among the vectors of Fig. 3.1 lead
to

p2=p1+(R-1)d (3.5)

From eq. (3.3), after some algebraic manipulations, the above expression for p, leads
to
p: =p1 — D¢ (3.6)

in which D is the CPM of d. A unit screw is a line £ with a pitch p. If the Pliiker
coordinates (Roth, 1984) of the line are |e? (r x e)” T, with e denoting the unit
vector parallel to £, and r the position vector of a point R on L, then, the unit screw
s is given by

s = © (3.7)

r X e+ pe

The six-dimensional SAD screw u;, for ¢ = 1,2, is defined as a unit screw multiplied
by the “small”’-amplitude angle of rotation ¢, namely,

r; X ¢e; + pioe; p:

Finally, by resorting to eq. (3.6), the six-dimensional SAD screws of a rigid body,
referred to two distinct points P, and Ps, of the body, of position vectors p; and po,

respectively, take the form

| |1 O |¢
P2 -D 1| |p1
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where O is the 3 x 3 zero matrix. Hence, the relation between the two screws can be

expressed as

1 O
Uy = Wul, W = D 1 (310)

which is the SAD version of the twist-transfer formula introduced in (Angeles, 2007).

3.2 Generalized Spring

In multibody systems some flexible links are rigidly connected to each other or
to other much stiffer bodies that can be safely assumed rigid. The main source of
potential energy is the elastic energy stored in the former. Each of these can be

considered a generalized massless spring, as shown in Fig. 3.2. Such a spring has two

u;
Flexible body

FI1GURE 3.2. A generalized spring

free ends, considered as rigid plates, which undergo SAD screws u; and u;. A force
f; and a moment n;, grouped in the six-dimensional wrench array w;, can be applied
on the ith rigid plate. The wrench arrays w; and w;, acting on the rigid plates are

T
now arrayed in a 12-dimensional vector w = [sz wﬂ ; by the same token the SAD

T
screws u; and u; can be cast in a 12-dimensional array, namely, u = [u;f uﬂ . The

12-dimensional wrench array w is the image of the 12-dimensional SAD screw array
under a transformation represented by the 12 x 12 stiffness matrix K, as partitioned
below in 6 x 6 blocks:

K Kij
K Kj

w=Ku K= (3.11)

For example, for the flexible beam depicted in Fig. 3.3, of length L, cross-section

area A, cross-section moments of inertia /,, and I, cross-section torsional constant J,

48



3.2 GENERALIZED SPRING

isotropic and homogeneous, with Young modulus £ and shear modulus G, the blocks

of the stiflness matrix are:

33—

| &

A
0
0
0
0

0

0 0 0 0 0 |
121, /12 0 0 0  —6I/L
0 0121,/L* 0 6LJL*> 0
0 0  JG/E 0 0
0 6I,/L> 0 Al, 0
~6L/L* 0 0 0 AL, |

0 0 0 0 0
_121,/I? 0 0 0  —6I/L
0 —121,/)I? 0  6I,/L 0
0 0 _JG/E 0 0
0 —61,/L 0 Al, 0
61,/L 0 0 0 Al
0 0 0 0 0 |
12I,/I2 0 0 0  6L/L
0 12L,/L* 0 —6LJ/L 0
0 0  JG/E 0 0
0  —6I,/L 0 al, 0
61,/L 0 0 0 AL |

(3.12)

(3.13)

(3.14)

The potential energy of a generalized spring, i.e., the elastic energy stored in the

spring, is computed as

Kii
T

Kij u;

K

33

u;

(3.15)
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X

FIGURE 3.3. An elastic beam as a generalized spring

3.3 The Stiffness Matrix of an Articulated Flexible Body

When a passive kinematic pair couples two links, it applies constraint wrenches on
the coupled links. Each end-plate of a flexible link comprises six dof, which results in
12 elastic dof brought about by the two links at the connecting point. There are thus
12 elastic displacements, at least six of them independent, which produce potential
energy. If a kinematic pair applies m constraints, then the number of independent
elastic dof at the connecting point is 12 —m. For example, as shown in Fig. 3.4, when
a revolute joint couples the two rigid end-plates of the flexible links, it constrains five
elastic dof of the coupled plates, two rotations and three translations; therefore, seven
independent elastic dof contribute to the potential energy of the mechanical system
at hand. These dof are the six independent displacements of the two bodies as one

single rigid body and the relative rotation allowed by the R joint. Hence, If the SAD

e U .
[ U/ ..

=

second flexible link
B 1]

e e

first flexible link

FIGURE 3.4. An articulated flexible link in a kinematic chain

screw at point U of the end-plate of the first link is denoted by u, the SAD screw at
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3.3 THE STIFFNESS MATRIX OF AN ARTICULATED FLEXIBLE BODY

point U’ of the second end-plate is defined as
u' =u-— [(s"u)s — Bs] (3.16)

in which s is the unit screw array of the revolute joint and [ is a relative rotation
due to the presence of the joint. This representation can be extended to all six LKPs.
Figure 3.5 shows a flexible link in a kinematic chain which is connected to other links
with a LKP of dof equals 6 — m, imposing m constraints on the coupling; if the SAD
screw at the second end point U; of the (I —1)st link is denoted by u;, the SAD screw
at the first end point of the /th link U] can be computed as

[+1

FIGURE 3.5. An articulated flexible link in a kinematic chain

7
3

u=u; — [(spw;)sk — Bisi)] (3.17)

1

i

in which s is the unit screw array of the kth dof of the kinematic pair and (3 is an
elastic dof due to the presence of this dof in the kinematic pair. Here, a unit screw
is defined for the line of action of the kth kinematic pair. For the six different LKPs,
shown in Fig. 3.6, s; and (B are listed in Table 3.1. In the foregoing elastostatic
modelling, the multi-dof kinematic pairs such as C, F, and S joints are modelled as
concatenation of single-dof joints; hence, instead of screw matrices S, Sp, and Sg
for C, F and S joints, respectively, defined in Ch. 2, the screw arrays are used. By
resorting to eq. (3.15), the potential energy produced by the small-amplitude motion
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TABLE 3.1. Screw arrays of the six lower kinematic pairs

Kinematic Pair | m | Screw array(s) | Kinematic Pair | m | Screw array(s)
R 5 o_ o o7 | C 4 s; = [e] ()T]T
5= ) sp = [0 eQT}T

s = [e] OT]T

P 5 |s=[07 o] |S 3 |sy=[ef 07]"
S3 = [eg OTJT

s; = [0 elT]T

h 5 s fer gt | T 5 s [0 o)’
s3 = [e] OT}T

of the [th link is

K, K, i — 6 i
T I o

sz; ij Llj
(3.18)
Expansion of V' in eq. (3.18) results in
1 6—m
V=3 (uf K + 20 Kiju; + ufKju;) + ) (ufKsy (—siwi + 8y)
k=1
1 6—m 6—m
+s; K;ju; (—s%ui + ﬁk)) + B (( Spu; + @c Sk Kzz Sgui + ﬂk))
k=1 k=1
(3.19)

The gradient of the potential energy of a mechanical system with respect to its gen-

eralized coordinates, which equals the generalized forces applied on the system, is
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3.3 THE STIFFNESS MATRIX OF AN ARTICULATED FLEXIBLE BODY

obtained as

av 6—m 6—m 6—m 6—m
o Vi T Kiiu; + Kyju; + (ska) K (ska) u; — (SkS;}F) K SkOr
¢ k=1 k=1 k=1 k=1
6—m
- (Kiisksgui + Kiisk Ok — sk, (Ssz) u; — Sg (Sng’j) uj)
k=1
oV il
a—uj =W; = Kz;ll, + ijllj + (K;";skﬁk — K?jsksfui) (320)
k=1
av 6—m
85 = ’LU@n = (S;;FK“ul + SgKUu]’) + Sng’isnﬁn — ngiisnsZui
n k=1
6—m 6—m
+ SZKiisqﬂkﬂq, n=1,...,(6—m)
k=1 q=1,9#k

where the first two partial derivatives, being taken with respect to a SAD screw,

result in wrenches. The relations in eq. (3.20) can be cast in the form
w, = K, u, (3.21)

in which w,, K,, and u, are the generalized force array, the generalized stiffness
matrix, and the generalized displacement array of the articulated flexible link, re-

spectively, whose components are shown below:

Wi G Gz Gys u;
Wo=|w;|, Ki= |Gl Gz Gu|. W= |y (3.22)
Wi Gi; G3; G /6]
in which
T T
wi=lwy o ows | B=[B - B . m=l..6-m  (323)
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FIGURE 3.6. Six types of kinematic pairs: (a) Revolute (R); (f) Planar (F);
(e) Spherical (S); (b) Prismatic(P); (d) Cylindrical (C); and (c) Helical (H)

Matrix K, thus maps the (18 —m)-dimensional generalized displacement array of the

system into the generalized force array. The blocks of matrix K, are displayed below:

6—m 6—m 6—m
T T T T
G =K + E skSy K E SkSp — (Kiisksy — sesp Kii)
k=1 k=1 k=1

6—m
G12 = K + Z Sk SZK GQQ = ij
k=1

6—m (3.24)
G13 = |:g1 gn:| y  Bn = ZskngiiSna n = 177<6_m)

k=1
G—23:|:g1 oo gn:|7 I{TSn7 n:l,,(G—m)

Gys = diag(Gy, -+ ,Gr), Gn=s'Kys,, n=1,...,(6—m)
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3.4 THE STIFFNESS MATRIX OF THE II-JOINT

Since the kinematic pair is assumed to be passive, the actuated generalized force
exerted by the pair vanishes, i.e,

Wg, = Oﬂk (3'25)

with Og, denoting the [;-dimensional zero vector. As a result, the reduced 12 x
12 stiffness matrix K,, which maps the 12-dimensional SAD array u into the 12-

dimensional applied wrench array w, is obtained as

Gll G12 G13 —
Ko=| " - Gy |al, G (3.26)
G12 G22 G23

which accounts for the equivalent generalized spring of the articulated flexible link.

3.4 The Stiffness Matrix of the II-joint

The II-joint being an instance of the four-bar linkage, it is a one-dof joint, all four
revolute joints rotating through the same angle. In reality, a II-joint is a linkage with
flexible links that can store potential energy. In this study, a II joint is modeled as a
four-bar linkage with two flexible links, the longer ones shown in Fig. 3.7. The flexible
links are connected to the rigid bodies by means of four revolute joints whose axes

are parallel. Here, in general, it is assumed that the revolute joints are passive. By

FicUre 3.7. A Il-joint with four passive revolute joints

recalling egs. (3.15) and (3.17) the potential energy of a II joint, depicted in Fig. 3.7,
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takes the form

/ /
V:l[ Jia /Ti|T Ku K| |u 1[ T /T]T Ku K| (3.27)

u W T / 2 T /
in which Kj;, ¢,7 = 1,2, are the block matrices of the 12 x 12 stiffness matrix of the
flexible links. By recalling eq. (3.16) for u}, i = 1,...,4, and upon expansion, the

above expression results in

<j
w|>—l
—~

111 K11u1 —|— 2111 Klgllg + 112 KQQUQ)

+

[STK11S (—STul + 61)2 + QU{KHS (—STLI1 + ﬁl) + QSTK12UQ (—STu1 + 51)]

+

S K22S —sTuy + 52)2 +2ul K58 (—STUQ + 52) + 2ul Ko»s (—STUQ + 52)}

+

(u
s
[S KHS STU3 + 53)2 + QUgKHS (—STU3 + 63) + QSTK12u4 (—STU3 + 63)]
(3.28)

N

Kijus + 2113 Kiouy +uy K22114)

e
=~
N
oy

STLI4 + 54)2 + QUgKuS (—STI_I4 + 64) + QUZKQQS (—STI_I4 + 64)i|

l\DID—‘[\DI)—‘[\DI)—lN)H—*[\DI»—*

The SAD screws of each rigid body are related by the formula introduced in eq. (3.10):

u; = u, = Wluol, Uy = u, = W2u02

us = u, = Wiu,;, uy= u, = Wyu,,
—A; 1 —-A; 1

The generalized coordinates are up; and ugps, which are SAD screws at points O
and Oy, besides the “small”’-amplitude rotations of the passive revolute joints ;, for
1=1,...,4. It is noteworthy that O; and Oy can be any arbitrary points of the rigid
bodies; for instance, when conducting a modal analysis, the COM of each rigid body
is the best candidate. Finally, by calculating the gradient of the potential energy

with respect to the generalized coordinates the relation between generalized force
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3.4 THE STIFFNESS MATRIX OF THE II-JOINT

and generalized displacement arrays is obtained:

Wwo, K1111 KII_IQ KllI3 uo,
m,| | K KD |

where
T T
mg = [mﬁl ma, Mg, mg4] , B= [51 B2 s 54]
in which mg, denotes the moment applied on the ith revolute joint. The block matrices

of the 16 x 16 stiffness matrix are defined below:
K = WIK, W, + WK Wi+ s"Kyis (WTs) (s"W,) — W Kys (sTW))
— (WTs)" s"TKy Wy — WIK s (s"W3) +sKyys (WEs) (s W)
KL = WIK oW, + WKW, + 8TKpps (WTs) (s"W,) — WK s (s7W))
— (WTs)" "KW, — WIKyss (s"W,) + s Kyos (WL's) (sTW,)
KLY = WIKpuW, + WKy W, + 5" Kaps (WEs) (s"W,) — WyKass (sTW))

— (WgS)T STKQQWQ — WZKQQS (STW4) + STKQQS (WZS) (STW4)

Klf3: [g13 814 815 g16:|7 K2H3: [g23 8214 825 g26:|

where

gis = — (s"Kus) (Wis) + WiKus, guu=W{Kips — (s"Kjas) (Wis)

(3.30)

g = Wi Kl,s —

(Wi

gis = — (s"Kus) (Wy3s) + WiKus, g6 = W3 Kiss — (s"Kas) (W3s)
(s"Kizs) (W3s), goa=—(s"Kus) (Wis) + W3 Kys
(

o5 — WZKTQS — STKlgs) (WZS) s o6 — — (STKlgs) (W4TS) + WZKQQS

and

Gs3 Gz 0 0
GI, Gu 0 0
0 0 Gs Gse
0 0 GL G
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whose components are
Gs3 = G5 = STKHS’ Gsy = Gs6 = sTK12s, Gu = Ggs = STK22S (331)

If the revolute joints are passive, the moment acting on them vanishes, i.e., mg = 0.
Hence, the 12 x 12 reduced stiffness matrix of the II joint with respect to points O,

and Os, is obtained as
K. — Kl K B K} (K1)~ [(K%)T (K513>T:| (3.32)

(K" K| |Ki

The flexible links of the Il-joint can be made of any linearly elastic material and
with any shape; in some cases, for example, when the II joints are made of composite
materials with complex shapes, it is not possible to have the stiffness matrix of the

flexible link K in parametric form. The stiffness matrix must then be calculated with

FEA.

3.5 Case Study: The McGill SMG

The foregoing results are used to calculate the stiffness matrix of the McGill SMG,
consisting of one BP and one MP, the two are coupled by two limbs, shown in Fig. 2.10,
which is modelled as the elastostatic system depicted in Fig. 3.8. Kinetostatically,
each limb consists of two rigid links: the elbow brackets and the wrist brackets.
The parallelograms are thus regarded as joints, namely, II-joints. In the elastostatic
model each II-joint is replaced with its corresponding equivalent generalized spring.
The McGill SMG has two kinds of Il-joints, proximal and distal, as depicted in
Fig. 2.10. Each distal II-joint is made of four identical aluminum rods, which are
modeled as flexible beams; the stiffness of the equivalent single spring can then be
obtained by means of the beam stiffness matrix, eq. (3.14). In the case of the proximal
[1-joints, these include two boxes made of a composite material, for which no closed-
form parametric stiffness matrix is available. Because of the complex shape and the

complexity associated with the modelling of composite materials, FEA was used to
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3.5 CASE STUDY: THE MCGILL SMG

calculate the stiffness matrix of the composite box. In the ensuing elastostatic analysis
we assume that the rigid bodies are massless; hence, the potential energy only comes
from elastic energy of the flexible parts. Therefore, the potential energy of the McGill
SMG is

V=3 Z (a (K35 + KT )an + 245, K15 e + a5, K35 qs) (3.33)

2
J=I,IT

in which K/, and K[ are the 6 x 6 block matrices of the reduced stiffness matrices
of the proximal and distal II-joints, respectively, of limb J, which are calculated via
eq. (3.32). Moreover, q 1 and q 2 are the SAD screws defined at the COM of the EB
and WB Jth limb.

FI1GURE 3.8. Elastostatic model of the McGill SMG

The wrist brackets, depicted in Fig. 3.8 and zoomed-in in Fig. 3.9, are connected
to the MP by means of revolute joints; by invoking the rigidity assumption and

because of the presence of the revolute joints, one has

@ = GyHya 470, ¢=[e 07| (331

59



CHAPTER 3. ELASTOSTATIC ANALYSIS OF MULTIBODY SYSTEMS

in which 0 is the three-dimensional zero vector, v; is the “small”’-amplitude angle
of rotation of the revolute joint of the Jth limb, and e, is the unit vector parallel
to the revolute joint axis, which, in this case, is [0 0 1}T, and hence, constant.
In fact, e, wobbles because of the flexible II-joints; however, based on a first-order

approximation, e, can be considered as a constant vector. Moreover,

1 O 1 O
G, = , H;= (3.35)
—-A; 1 -D; 1
where A; and D are the CPM of vectors a; and dj, respectively, for J = I,11.

Upon substituting eq. (3.34) into eq. (3.33) the potential energy of the robot becomes

FIGURE 3.9. A zoom-in of the MP and the wrist brackets in the elastostatic
model of the McGill SMG

V= Y dhKE KR an + 245K Gy (Ham +7,0)
J=IIT (3.36)

+ (Hyqm + 7€) " GTKE G (Hyqm + 7€)

After taking the gradient of the potential energy with respect to the generalized

coordinates, the matrix that maps the SMG generalized displacement array into the
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generalized force array is obtained:

Wi Ki K Kiz Ky Kis dm
Wi K1T2 Ky O Ky 0 qar
wi| = |Ki; O Kz 0 Ki| [an (3.37)
My K, Kj 0" Ku 0 Y1
K K{; 07 Ki; 0 Ks) [V

The block matrices of the stiffness matrix are shown below:
K, = HIGIKI'GH; + H],GT,KPHG Hy,, Ko = HIGIKY,

Kis = H, GLKY, Ko =K +Ki, Ku=K{/G¢ (3.38)
3.38
Ks3 = KQPQH + KﬁH7 Ks; = K1D2[IGIIC

Ku=({"GIKYGi¢, Ky =¢TGKDGri¢

The Cartesian stiffness matrix is a mapping between the SAD of the MP and the

actuator wrench applied onto it, namely,
Wy = Wy = 0 (339)

Moreover, the passive revolute joints transmit a zero moment about their axes, mean-
ing that m.,, = m.,, = 0. Hence, the 6 x 6 Cartesian stiffness matrix of the overall

robot becomes, finally,

Ky O Ky 0 K2

O Ky 0 Kil||K
K. =K - KL, K KI, Kb » B (3.40)
K 07 Ky 0 Ky

| OT K53 0 K55_ K15_

which relates the SAD of the MP, defined at point Py, to the wrench applied onto
the MP, with the force acting along a line that passes through P;.
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3.6 Stiffness Indices

In order to assess the elastostatic response of a robot to an external wrench,
defining stiffness indices is essential. Here, the main issue is that a 6 x 6 Cartesian
stiffness matrix is formed by four 3 x 3 block matrices whose components have different

units, which is made apparent below:

m K K6 (3.41)

f K%, K| |o
where f and n denote force and moment, respectively, the six dimensional array of the
left-hand side being a wrench; o and 0 define, in turn, a “small” point-translation—
small with respect to the dimensions of the system bodies—and a “small”-amplitude
rotation about an axis parallel to the unit vector 6/ 0|, respectively. The six-
dimensional array of the right-hand side is thus a rigid-body SAD screw. Apparently,
the block matrices Kj;, Ko and Kys have units of Nm, N and N/m, respectively.
To define stiffness performance indices, first we should nondimensionalize the stiff-
ness matrix. The method used here is based on the idea introduced by Kovecses
and Ebrahimi (2009), to define dimensionless parameters for sensitivity analysis of
mechanical systems. The two three-dimensional equations (3.41), one for moment

and one for force, are displayed below:
n-—=— KHO + K120' (342&)

f = KLO+ Koo (3.42Db)

Apparently, the force and moment vectors are made up of two independent compo-

nents, namely,

n= KHO + K120' =ny + n, (343&)
f=K,0+Kypo=1f+1, (3.43b)

We can associate each independent part of egs. (3.43b) and (3.43a) with a physi-

cally meaningful quadratic form (Kévecses and Ebrahimi, 2009), such as ||fs]|> =
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BTK%;KBﬁ, which defines an ellipsoid in the space of 3, a dummy vector variable,
defined as: B = o for a point-displacement, and 3 = 0 for a “small’-angle rotation
vector, similar to ¢ of eq. (3.4). The eigenvalue problem of KgKﬁ are then used
to define dimensionless parameters. A relation between two dimensionless parameter

vectors pg and 3 is now introduced:

B = Spps (3.44)

where S is an orthogonal matrix whose columns are the eigenvectors of matrix K Kg.
In our case, to define dimensionless parameters we will have two linear transforma-
tions regarding the force and moment equations; for the force equation the linear

transformation leads to

0 _ Se O] |y (3.45)
o O S,| (v,

while, for the moment equation,

0 H@ O Vg
- (3.46)
o O H,| (v,

Thus, by substitution of egs.(3.45) and (3.46) into eqgs.(3.42b) and (3.42a), respec-
tively, the force and moment vectors are transformed into dimensionless vectors by

means of new linear transformations:
f=Gsp, n=G,v (3.47)

in which G¢ and G,, are dimensionally homogeneous coefficient matrices that have

units corresponding to f and n, respectively, i.e.,

Gy = [KszSé) KQ?SU] %= [1/)3 ¢Z]T (3.48)

o

T
Gn - |:K11H9 K12H0i| s vV = [Vg I/T]

Both matrices G} Gy and G/ G, have three mutually orthogonal eigenvectors cor-

responding to three non-zero eigenvalues that characterize the distortion of the unit
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spheres ||f|| = 1 (N) and ||n|| = 1 (Nm), respectively. The minimum values of the
cigenvalues of G{Gy and G] Gy, Ai and pu;, 7 = 1,...,3, respectively, are now de-
fined as translational x; and rotational k, stiffness performance indices, respectively,
ie.,

ke =min(y/X;), kK, =min(y/w;), =1,...,3 (3.49)

1

where the square roots have been introduced because of the quadratic nature of G:JCG ¥

and GI G,

3.7 Numerical Results

Now we compute the stiffness performance indices of the McGill SMG while going
through a pick-and-place operation following the test trajectory. This trajectory
was described in Sec. 2.5 and displayed in Fig. 2.14. The three translational and
rotational eigenvalues \; and p;, ¢ = 1,...,3, respectively, are plotted in Fig. 3.10
through the test trajectory. The translational and rotational stiffness indices, ky
and k,, respectively, of the McGill SMG through the test trajectory are also shown
in Fig. 3.11. The behaviour of the two performance indices through the trajectory
shows the points at which the robot has poor stiffness: the higher the index, the stiffer
the structure. The indices reach their minimum and maximum values at different
postures through the test trajectory. As shown in Fig. 3.11, in the foregoing case, the
rotational and translational stiffness indices «, and k;, respectively, attain minimum
values when the two limbs are coplanar; hence, this can be recognized as the weakest

posture of the robot in terms of stiffness.
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FiGURE 3.10. The variation of the translational and rotational eigenvalues,
(a)—(c) A; and (d)—(f) ps, @ =1,...,3, through the smoothed test trajectory
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CHAPTER 4. ELASTODYNAMIC ANALYSIS OF PARALLEL MANIPULATORS

CHAPTER 4

Elastodynamic Analysis of Parallel

Manipulators

The elastodynamic analysis of parallel manipulators is the subject of this chapter.
The methodology described here is exemplified with the analysis of the McGill SMG,
a two-limb Schonflies motion generator. This analysis calls for the calculation of
the stiffness and mass matrices. By resorting to the generalized spring concept, the
posture-dependent stiffness matrix of the robot is computed. With the motors locked,
the motion caused by the flexible components leads to the robot mass matrix. The
generalized springs help to simplify the model. Although this simplification filters
out the higher natural frequencies, it eases the computation of the posture-dependent
stiffness and mass matrices. This provides a valuable tool to simplify the evaluation of
the robot performance from an elastodynamic point of view, while the robot executes
a given task. Finally, the modal analysis of the McGill SMG, while executing a pick-
and-place operation, is conducted; under these conditions, the evolution of the first
six natural frequencies is obtained. The elastodynamic performance of the robot for

the given task is assessed using the results of the analysis.
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4.1 Generalized Coordinates and Generalized Velocities

To formulate the problem, first the generalized coordinates and generalized ve-
locities of the robot should be defined. Under the assumption that the flexible parts
are massless, the McGill SMG is composed of five moving rigid bodies: two EBs; two
WBs; and one MP, shown in Fig. 3.8 . The MP is connected to the WBs by means of
revolute joints. In elastodynamics studies it is assumed that the rigid-body displace-
ments are of “small” amplitude. The independent generalized-coordinate vector for
the system is defined as

T
a=laf, v dip v diy (4.1)
where qj; is the six-dimensional array of generalized coordinates of the first rigid
body of the Jth limb, for J = I, 11, due to the deformation of the first elastic body
of this limb, i.e,
a1 = o (4.2)
PJ1
where p;; and rj; constitute the SAD screw from a reference pose of the body, defined
at the COM of the J1 rigid link; these are the displacement of the COM and the
“small”-rotation vectors, respectively, of the first body of the Jth limb, respectively,
due to the deformation of the first elastic body of the Jth limb. Moreover, ~; and ~;;
are the small rotation angles of the revolute joints that connect the WB to the MP
(Fig. 4.2). Finally, q) is the six-dimensional array of generalized coordinates of the
MP, due to the deformation of the second elastic body of the Jth limb,
'y

qu = (4.3)
Pm

in which p,s and ry; compose the SAD screw, defined at the COM; these vectors are
the counterparts of those displayed in eq. (4.2). All the SAD screws are measured
from the equilibrium pose of each body when the motors are locked at a given robot

posture. From eq. (4.1) the 20-dimensional generalized velocity vector q of the robot
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is obtained as

T
a=lay s dhn o il (4.4)

4.2 Calculation of the Stiffness Matrix

In Ch. 3 the concept of generalized spring was extensively studied; as a case study,
the 6 x 6 Cartesian stiffness matrix of the McGill SMG was determined. In elasto-
statics, the mapping between the SAD screw of the MP and the wrench producing
the SAD plays a central role. This mapping is represented by the 6 x 6 Cartesian
stiffness matrix. In the elastodynamic analysis the dynamic response of the whole
system, and not of a single body, under a dynamic load, is the main objective. In this
case, the stiffness matrix maps the SAD screw of all rigid bodies into the wrenches
producing these displacements. Hence, the potential energy of the robot is calculated
in terms of the set of all independent generalized coordinates. The potential energy
of the McGill SMG, according to its elastostatic model shown in Fig. 3.8, eq. (3.33)
is recalled here:

1

V=5 > [ah(K + K an + 205K an + apKi ae] (45
J=I,11

in which K/ and K/, i = 1,2, are the 6 x 6 block matrices of the equivalent
stiffness matrices of the proximal and distal II joints, respectively, of limb .J. The
two WBs are connected, in turn, to the MP by means of revolute joints; hence, by
invoking the rigidity assumption and because of the presence of the revolute joints,

eq. (3.34) holds. Upon substitution of eq. (3.34) into eq. (4.5), the potential energy

of the system becomes
V=o > Qi (K + K )an + 24 K G (Hyqm + 7€)
J=LIT (4.6)
+ (Hyam + 7€) " GIKY G (Hyqm + 7€)
In eq. (4.6) the potential energy is a quadratic form in the generalized coordinates:

1
V= §qTKq (4.7)
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in which K is the 20 x 20 stiffness matrix sought, namely,

Kii ki Oexs 06 Kis
kI, ko OF 0 ko
K= 1O 05 Kz ki Kss
0f 0 ki, ki kus
| Kis ki K& ki Ko

where Ogyg is the 6 X 6 zero matrix and Qg is the six-dimensional zero vector. The

various blocks of the stifflness matrix are described below:
K11 == ngl + Kﬁl, k12 = K?QIG]C
Kis = KDJGH;,  kyy = C"GTKY G ¢

ky; = ¢"GTKy'GH,, Kss = K" + K s
ks = K5'Gr¢, Kss = Ki'GrHy,

ka = CTGLKR 'Gr¢, kus = ¢"GT K3 'GHyy
Ks; = HIGTKY'G/H; + H ,GTL,K2'GHy;

in which

Ky = XK5)", J=I111

In the next step, the previous expression is rearranged using the compact notation
introduced below:

qri qin
X7 = y  XI1 = ) (4-9)
I Vi1
By partitioning the generalized coordinate vector q into three blocks, x;, x;7, and

dus, the potential energy can be cast in the form

K; O7x7 Kiu X7

V:§ X? X?[ (Iﬂ O7 Kir Kim XIrI (4-10)
KITM K?]M Ky, am
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in which
Kll k12 K33 k34
= ) = r , Ky =Kss
Kip Koo k3, K
(4.11)
Kis Kss
Ky = . Kipu =

kos ks

From eq. (4.10) the stiffness matrix K is

K; Orr Kru
K= 07 Kin K (4.12)

where Oz is the 7 X 7 zero matrix.

4.3 Calculation of the Mass Matrix

In an elastodynamic analysis, all the motors are locked at a particular robot
posture, any possible motion being due only to the deformation of the elastic bodies.
These bodies are, in our case, the proximal and the distal parallelograms of each
limb, while the drive units, the EB and the WB of both limbs, and the MP, are
modeled as rigid bodies, all bodies being displayed in Fig. 2.10. Because the stiffness
of the drive units is much higher than the robot structure, their small-amplitude
displacement are not taken into account when deriving the inertia matrix. In the first
step the generalized velocities of each rigid body, along with the expressions of its
twist array, are obtained. After this step, the expression for the kinetic energy of the
robot is derived. The mass matrix of the SMG is calculated as the Hessian of the
kinetic energy with respect to the generalized velocities. The fixed reference frame
Fo ={0,Xo,Yo, Zo} is defined, with the Z-axis coincident with the axis of rotation
of the first revolute joint of limb [; the origin is located at the contact surface between
the drive unit and the machine frame. To describe the effect of the deformation of the
elastic bodies on the posture of the rigid bodies, two local reference frames, one before

and one after the deformation, are defined, with origin at: C;;, the COM of EB; C}s,
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the COM of WB; and Cy; the COM of the MP. F¢,, = {Cj; Xe,,, Yo, Zc,, } s
the local reference frame with origin at the COM of the EB before the deformation;
Fe,, ={Cr2:Xe,,, Yo,y Zc,, } is the local reference frame with origin at the COM of
the WB before the deformation; F¢,, = {Cun; Xey,, Yoo, Zoy, } is the local reference
frame with origin at the COM of the MP before the deformation. The counterpart
frames F(, , for i = 1,2, and F, =~ after deformation are defined likewise, their axes
being labelled as those before deformation, but primed. The only variables of this
model are 6, and 64, for J = I, 11, because the robot posture is known and the
variables needed to describe the posture are 6;; and ¢; 054 can be calculated via the

relations

Opp=0n+¢ Ou=0m+o¢—m (4.13)

While egs. (4.13) hold when the links are rigid, as it is assumed that all rigid-bodies

O,

Fi1GURE 4.1. Coordinate frames for the first two rigid bodies of the first limb
before and after deformation

undergo “small” amplitude motions, these relations can be approximately accepted.
g P

To describe the posture of the rigid bodies of the SMG, once the four motors are
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Fi1GURE 4.2. Coordinate frames for the WB and the MP

locked, the rotation matrices involved are now introduced: R o is the rotation matrix

carrying F¢,, into Fo, namely,

cosfy; —sinfp O
Rjo= |sinf; cosfy 0 (4.14)
0 0 1

R 2 is the the rotation matrix carrying F¢,, into F¢,,, which have identical orien-
tations, and hence,

Rpi=1 (4.15)

where 1 is the 3 x 3 identity matrix. At any posture prior to deformation, the
corresponding axes of the two frames are parallel, their Y and Z axes lying in the plane
of the Jth limb, which explains eq. (4.15). Ry and Ry are the rotation matrices
that carry F¢,, into F¢,,, and F¢,, into F¢,,, respectively; these two matrices are
identical because the only difference between the frames F¢,, and F¢,, is the location

of the origin. Therefore,

cosfp, —sinfy 0O
Ry =Ry = |sinfyy  cosfpy 0 (4.16)
0 0 1
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To describe the posture of the rigid bodies after deformation, the rotation matrix

carrying F¢ . into F¢,, is needed; this matrix is displayed below:

1 —dje.n  Pieyn 1 =9y ouy
Ry=| ¢se.n 1 —Qrepni| = | Q2 1~ (4.17)
—Qseyn1  Pizai 1 —Qry  Die 1

which is dependent on the small-rotation angles and is, hence, posture-dependent.

According to eq. (4.17), the matrix R; can be defined as

R,J:CPM(FJ)+1, ry = (be (be ¢JZ]T (418)

Contrary to R ;, the previous rotation matrices are constant under the small-amplitude

assumption.

4.3.1 The Twist Arrays of the Rigid Bodies. = Now we proceed to derive
the twist arrays of the rigid bodies of the Jth limb and of the MP, in base-frame

coordinates. For the first rigid body, the elbow bracket, the angular velocity w; is
wWj1 = RJl’Oi‘Jl (419)

where 1 is the angular velocity of the elbow bracket of the Jth limb, due to the
deformation of the first elastic body of this limb. The displacement c;; of the COM
of the rigid body of the Jth limb is, likewise,

cii=Rpopn (4.20)

Differentiating cj; with respect to time, the velocity ¢;; of the body COM in question

is obtained as
¢ =Ry opn (4.21)

where py; is the velocity of the COM of the same body, due to the deformation of
the first elastic body of the Jth limb. The angular velocity w2 of the second rigid
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body of the Jth limb, the wrist bracket, is
wye =Ryt + Ry oRsTe =Ry (T + Ryt ye) (4.22)

where 175 is the angular velocity of the body in question, due to the deformation of
the second elastic body of the Jth limb. The displacement cj, of the COM of the
second rigid body is, likewise,
ci2o=Rj0(ps1 +Rsbs2 +Rypj2 —byo)
(4.23)
=Rpopn+(R;,—1)bp+ R, ps)

where by, is the vector directed from C'j; to Cjg; differentiating c o with respect to

time, the velocity ¢ 5 of Cj5 is obtained as

c2 =R <pJ1 +Rybyy + RJPJz + RJPJ2> (4.24)

where p o is the velocity of the COM of the WB, due to the deformation of the second
elastic body. The angular velocity wj,, of the MP is

wy = Rpotn + RpuoRiRanty = R (1 + RiRanra) (4.25)
where rj; is the angular velocity of the MP, due to the deformation of the second
elastic body of limb I. The displacement cj; of the COM of the MP is

cv = Rpo (pn +Riby + RiRyipv — b))
(4.26)
=Rpopn+ (Rr—1)by +R/Ry1pum)

where p,y is the displacement of the COM of the same body, due to the deformation
of the second elastic body of limb I, and b, is the vector directed from Cp; to Cyy;
differentiating c,; with respect to time, the velocity ¢y, of the COM of the MP is

obtained as

cv = Rno <P11 + Rby + RIRM,H)M + RIRM,lpM> (4.27)
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where pyy is the velocity of the COM of the second rigid body, due to the deformation
of the second elastic body of limb I. Because of the presence of the term Ry in
eq. (4.27), the 6 x 6 matrix that transforms the components of the six-dimensional

twist and wrench arrays, denoted by T j; o, is
To= ’ (4.28)

By means of the above matrix, the twist array t;; of the first rigid body of the Jth

limb is obtained as
w1 .
thn=|. = Tsi0an (4.29)
Cj1
For the second rigid body of the Jth limb, the WB, the twist array tj is

w R O rj + Ryr
by = 2| J1,0 J1 JY g2 (4.30)

CJ2 O Ryl |pn+Rsb+Ryps+Rips
which can be rewritten as

R @) ry + Ryr
- J1,0 J1 JT g2 (4.31)

Ryjo| [P — Bypra+Rypr

with B s denoting the CPM of b 4+ pj2. The 6 x 6 matrices T; and Q2 are now

introduced:

R, O O O
T, = , Q= (4.32)
O Ry, By O
The twist array tjo of the WB of the Jth limb can be written as a function of the

generalized velocities, namely,

tre=Trno(l—Qrp)dqn+ TnoTsqn (4.33)
For the MP, the twist array t,; is obtained as

w R O rin + RiRyr
- ‘M _ 110 | ‘ I ' 1Ry | (4.34)
CyM O Ruol| |pn+Riby +RiRyipv + RiRyipum
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which can be also rewritten as

R O rr; + RiRyir
N 110 | n | 1Ry | (4.35)
O Rpol| |pn —Burn +RiRuyipm

with By, denoting the CPM of by + Ry 1pas. Let the 6 x 6 matrices Ty and Qay

Ry, O O O
TM,l - P QM - (436)
O Ry, By O
Hence, the twist array ty; of the MP can be expressed as a function of the generalized

velocities, namely,

tyy =Trno(1—Qun)an +TrnoT/Tyram (4.37)

4.3.2 Kinetic Energy of the McGill SMG. Now it is possible to formulate
the kinetic energy of each rigid body. For the whole robot, the kinetic energy 7' is
the sum of the kinetic energies of: the EBs T'j; the WBs Ty, of the Jth limb, for
J=1,11I; and the MP Ty,, i.e.,

T = (Ty1+Tr2) + Ty (4.38)
J=1,IT
with
1 ) 1
TJI — §mJ1 ||CJ1H2 + 5(.0(7;1 (R?;LO [ICJl]CO RJLO) w1 (439>

where mj; and [ICJI]CO denote, respectively, the mass and the moment of inertia

matrix of the EB of the Jth limb with respect to the fixed reference frame; moreover,

1 ) 1
Ty = Emn ||CJ2||2 + 5‘*};2 (R§1,0R§ [ICJ2]CO RJRJLO) w2 (4.40)

where mjy and [ICJ2]CO denote, respectively, the mass and the moment of inertia
matrix of the WB of the Jth limb with respect to the fixed reference frame, the later

in F¢,,, and

1 . 1
Ty = 5 ||CM||2 + 5‘-‘)3{/1 (REOR?R}\FJJ [IC]\/I]CO RMJRIRHO) “M (4.41)
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where mj; and I, denote, respectively, the mass and the moment of inertia matrix
of the MP in the fixed reference frame. All the forgoing inertia matrices are evaluated
at the local reference frame with origin at the COM of the corresponding body before
deformation. It is thus necessary to define these matrices in the fixed reference frame,

which is done below:
[ICJI]CO = RJLOICnR?LO? [ICJQ]CO = RJl,ORJICJ2R§R§1,0

oy le, = RnoRiRuleo, Ry RIRT, (4.42)

Using the relations of eq. (4.42), the expression for the kinetic energy of the whole

robot is obtained as:
1 TR 1 TR
T=>Y" st llenl” + gwnle,wn + gmaz ||€n|” + Swiple,wr
J=I,IT (4.43)

1 ) 1
+5Mmu leal” + 5‘4’3{4 Lo, wim

Let us now introduce the 6 x 6 mass matrices M j;, M ;5 of the EBs and WBs for the
Jth limb, respectively, and M, for the MP:

IC 1 0) IC 5 O IC O
MJI - ! ) MJ2 = ! ) MM - Y (444)
O mjll O mJ21 O li

where O is the 3 x 3 zero matrix; using the above-defined twist arrays as functions

of the generalized velocities, the expression of the kinetic energy is obtained:

1. :
T=Y (5(151 [Tgl,oMJlTJLO + (1= Qup) T (MypT (1 - QJZ)] qs
J=LII

. 1
+éhy (1= Q)" Th M T 0T am + 5q§2T§T§1,0MJ2TJ1,OTJqJ2>

1. .
+ 5(1?1 (1- QM)T T?l,OMM (1-Qum)an

1_. )
+ _2(1?1 (1- QM)T T?I,OMMTHOTITMJqM

2
1. .
+ 5qﬂTg/f,lT?T%,OMMTHOTITMJQM

(4.45)
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Moreover, upon differentiation of the two sides of relation (3.34) with respect to
time, the generalized-velocity vectors of the WBs are obtained as functions of the

generalized velocity vectors of the MP and the revolute joint rates, namely,

a2 = Gy (H;qm + 4s€) (4.46)

Now, by substituting relation (4.46) into eq. (4.45) and multiplying the generalized

velocities in the parentheses we obtain a new expression for the kinetic energy, namely,
1.
T :iq% [T}FLOMHTHO +(1-Qp)" T oMpT o (1 — Qo)
+(1-Qu)" T}FLOMMTHO (1- QM)] an

1_. )
+ 52(1?1 [(1 - Alz)T TﬂoMIQTnoTIGIHI +(1— QM)T T%,OMMTHOTITMJ] am

I .
+ §QQ?1 (1-Qp)" T oMpTHoT G
1,
+ §q§4 (H G T] T}, (MpTT;GH; + T}, T T] My T 0T Ty

+H[,G, T, T Mo T 0T G H ) du
1_. _ 1. .
+ 5QQLH?G?T?T%,OMMTHOTIGICW + 5'YICTG?T?T?LQMHTHOT]GIC'YI
1. )
+ icﬁn [T?Il,OMIHTHlO +(1 - QHz)T T?[LOMHQTHIO (1—-Qur2)|an

1_. .
+ §2QIT11 (1- Q)" T71.0Mi2T 10T G H ré

1_. .
+ §2Q}F11 (1= Qi)' T oMir2Tr110 TG

1_. .
+ 5zqﬂH?jG?[T?[T?[LOMIHTHIOTHGHC’VH
L.

+ 5’Y?ICTG}FIT?IT?H,oMUzTInoTHGHC

(4.47)
In eq. (4.47) the kinetic energy appears as a quadratic form in the generalized veloc-
ities:
1

T = 5qTMq (4.48)

79



CHAPTER 4. ELASTODYNAMIC ANALYSIS OF PARALLEL MANIPULATORS

the associated 20 x 20 matrix being the mass matrix sought, i.e.,

My mypy Ogxe 05 Mis
m1T2 Mmoo Og; 0 Moy
M= 1066 05 Mjz; mz M;;
0f 0 mj, my my

T T T T
| Mijs; my; Ms; my; Mss]

The various blocks of the mass matrix are displayed below:

80

M, = T?LOMHTHO + (1 - QIQ)T T?l,oMIQTHO (1-Qr)
+ (1= Qu)" T} MuTro (1 — Qu)

Mis = (1 - Qp)" TF MpThoT GH; + (1 — Q)" T oMuyT 10T T,

mps = (1 - QI2)T T?LOMIQTIIOTIGIC

M;s = H] G] T] T}, (MpT 0T, GH; + T}, T T (MyTrioT Ty
+H}, G, T], T}, M Tr10T 1 GrHyg

mys = CTG?T?T%,OMHTHOTIH]G]

Moy = CTG?T}FT%,QMHTIIOTIGIC

Mj; = T?]l,OMHlTIIlO + (1 - QHQ)T T?]LOMH?TIIIO (1—Qur2)

M;s = (1 — Qrr2)” TT1 oMir2T1110T G Hy

m3y = (1 — an)T T?[LOMIHTHIOTHGHC

mys = "G, T}, TT MipTine T H], G,

ma = ¢ G THT oM T1110T G
(4.49)
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Upon recalling the notation introduced in eq. (4.9) the kinetic energy expression can

be cast in compact form:

X7
1
T = 5>'<T1\/1>'<, X = | % (4.50)
am

where the mass matrix takes the form
M; Oy My

M = O7x7 M My (4'51)
M?M M?IM M

with
M11 mio M33 M3y
MI - T ) MII - T ) MM - M55
my, M2 mz, 14y
(4.52)
M;; \Y B
My = , My =
mas mys
4.3.3 Model Linearization. Before introducing the mass matrix into the

linear elastodynamics model, some simplifications are in order. Observing the blocks
of the mass matrix in eq. (4.49), some carry the coordinate-transformation matrix
T ,; in particular, the diagonal blocks are quadratic in T, while some off-diagonal
blocks are linear in the same transformation matrix. Taking eqs. (4.17) and (4.32)

into account, T ; can be written as

T,=1+AT,; = + (4.53)

O 1 O CPM(r;)
where R ; was defined in eq. (4.18). As the modal analysis is based on small-amplitude
rotations, second-order terms can be dropped from the above expression. For the

blocks linear in T, the linear vibration model is recalled. If damping is neglected,

this model reduces to

M (x)dx+ K (x)dx=0 (4.54)
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with K(x) denoting the stiffness matrix, while dx and %, are the arrays of “small”
generalized coordinates and “small” generalized accelerations, respectively. In eq. (4.54)
both matrices M(x) and K(x) are posture-dependent, but the vibration analysis is
studied for a specific posture given by x = X, so that these matrices become constant;

the above equation can thus be rewritten as
Myox + Kgox =0 (4.55)

where My = M (x¢) and Ky = K (x9). Now it is apparent that all the blocks of
the mass matrix in eq. (4.55) are multiplied by a small generalized acceleration, the
contribution of the full T; matrix of eq. (4.53) in all the off-diagonal blocks of the
left-hand side of eq. (4.55) thus giving rise to second-order terms, which are neglected
in the elastodynamics model of interest, thereby obtaining the approximation of T,
given by

T,~1 (4.56)

Moreover, the rigid body displacements are of “small” amplitude; this means that

the rigid body displacements are much smaller than the robot dimensions, i.e.,

P2, Pu K by (4.57)

Hence, for matters of linearization, in addition to the approximation of T, B, and

B, are also approximated below:

BJQ = CPM (bJQ + pJg) ~ CPM (ng) BM = CPM (ng + RM,lpM) ~ CPM (bM)
(4.58)
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This consideration can be applied to matrices Q) and Q s, defined in eqs. (4.32)

and (4.36), as well. Now the blocks of the mass matrix M can be rewritten as
M, = T}Fl,OMIlTIlO +(1- QIZ)T T?LQMIQTHO (1—- Q)
+ (1= Qu)" T7, My Tro (1 - Qu)
my = (1 — QI?)T T?LOMIQTHOGIC
Mis = (1 - Qp)" Th MpTroGH; + (1 — Q)" TF oMy T 10T
Moo = CTG?T}FLOMHTHOGIC
mos = CTG?T}FLOMHTHOGIHI
Ms; = T}FILOMIHTIHO +(1 - QU2)T Tc[r[17oMIIQTIIIO (1 - Qi) (4.59)
ms, = (1 — QHQ)T T?[LOMIHTHIOGHC
Mj; = (1 — QHQ)T T{[LOMHZTIHOGHHII
Myy = CTG?]T}}LQM[UTHIOGHC
my; = H, G}, TT (M1 Tr110G1¢
Mss = H G] T, (M 2T 110G H; + T3, TT, (M T 11T a1
+ H?]G?[T?[LOMIHTHIOGHHH

4.4 Modal Analysis

After calculating the mass and stiffness matrices at an equilibrium state, the
natural frequencies of the robot can be obtained. The mathematical model of the

robot, at the equilibrium state, is
Mx+Kx=0 (4.60)

with M denoting the 20 x 20 mass matrix and K the 20 x 20 stiffness matrix evaluated
at the equilibrium posture, both being constant, symmetric and positive-definite;
moreover, for the sake of notation simplicity, the symbol ¢ has been dropped in the

foregoing model. Since M is positive-definite, a factor N can be obtained as (Angeles
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et al., 1999)
M=N? N=vM (4.61)

To calculate the natural frequencies a change of coordinates is introduced in the
foregoing reference:

y = Nx (4.62)
Upon substitution of eq. (4.62) into eq. (4.60), the latter becomes
y+Q%y =0 (4.63)
where €2 is the positive-definite frequency matriz, its square being defined as
Q=N 'KN! (4.64)

The natural frequencies of the robot {wi}fo are the eigenvalues of €2, the natural
modes being defined by the set {Vi}?o, with v; given by linear transformations of the

unit eigenvectors {Ui}fo—v is the Greek letter ypsilon— of €2 i.e.,

V; = Nil’Ui (465)

4.5 Fourier Analysis of the Test Cycle

For design purposes it is important to identify the excitation frequencies applied
on the system. For a periodic motion, Fourier analysis provides the frequency spec-
trum of the motion. A periodic function f(t) with a fundamental frequency w can be

represented in the standard form

ao oo o0 .
f(t) = 53 + nz::l a, cos(nwt) + ; by, sin(nwt) (4.66)
where
1 T/2 1 T/2 1 T/2
ap = — fdt, a, == f(t) cos(nwt)dt, b, = = f(t) sin(nwt)dt
T —T/2 T -T/2 T -T/2
(4.67)
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in which n and T are the harmonic number and the period of function f(¢), re-
spectively. As depicted in Fig. 2.15, the MP starts the motion along the trajec-
tory from (z,y,z,¢) = (0,0.15,0.025,—7/2) at t = 0 and completes half a cycle
at (z,v,2,¢) = (0,—0.15,0.025,7/2). In the next half, it goes back over the same
trajectory from the latter to the former position. This implies that the test cycle is
composed of even periodic functions with a period equal to or a fraction of that of
the test cycle. For instance, in the foregoing case, the test cycle is made of three even
periodic functions, two translations along the Y- and Z-axes with the time period
of T, = T and T, = T/2, respectively, and a rotation about the Z-axis with the
time period of Ty = T. As an even function is described only by cosine waves, the
coefficients b.,,, byy, byn Of €q. (4.66) vanish. By choosing a finite number of harmonics
Ny, a periodic function can be approximated, within an error ey,. By resorting to

Parseval’s Theorem (Strang, 1986), this error is given by

0.8 038
[ayn| o€ a
0.4 04

0.2 0.2

0.8

‘acﬁn |
04

0.2

FI1GURE 4.3. Amplitudes of the harmonics of the three independent motions
vs. the frequency number n: (a) translation along the Y-axis; (b) translation
along the Z-axis; (c) rotation about the Z-axis
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1 1
e, = [f(O)ms — 4| a0 + 3 Za% +3 Z b2 >0 (4.68)

with [f()],,,. defined as the root-mean square of f(t), i.e.,

E
s = \/ o RO (4.69)

/2
By resorting to eq. (4.68), for a maximum error of 0.001 for each function, ey ,
ek, , and e?{,h < 0.001, the minimum number of harmonics N, = 20 is obtained.
In Figs. 4.3(a), 4.3(b) and 4.3(c) the absolute value distributions of normalized a.,,
Qyn, and ag, over the harmonic number n are plotted. Apparently, the translation
along the Z-axis is affected more than the two other motions by harmonics with high
frequency. As depicted in the same plot, fundamentals with frequency number above
three contribute below 1% of the fundamental harmonic frequency to the translation
along the Y-axis and rotation about the Z-axis, while, the translational motion along
the Z-axis is still affected around 6% by the fifth harmonic, as shown in Fig. 4.3(b).

This result implies that a harmful vibration can be produced on a robot with a

fundametal frequency below 5w while working under the foregoing test cycle.

4.6 Numerical Results

Now we let the McGill SMG operate over the smoothed test trajectory displayed
in Fig. 2.14. The evolution of the first six natural frequencies is shown in Figs. 4.4.
As plotted in Fig. 4.4(a), when the MP is at the middle of the test trajectory, where
the two limbs are coplanar, the first natural frequency is at its minimum value of
around 13 Hz. The corresponding frequency numbers for y(t), z(t) and ¢(t) are 6, 3,
and 6, respectively. For translation along the Y-axis and rotation about the Z-axis
the McGill SMG is on the safe side; however, for the translation along the Z-axis,
the normalized amplitude a,,, of the corresponding harmonic contributes 50% to the
motion; this means that an external excitation with a frequency of 13 Hz can stimulate

this mode, which can lead to a harmful vibration.
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FIGURE 4.4. The evolution of the natural frequencies of the McGill SMG
over the test trajectory: (a) first natural frequency, wi(Hz); (b) second nat-
ural frequency, we(Hz) ; (¢) third natural frequency, ws(Hz); (d) fourth nat-
ural frequency, wy(Hz) ; (e) fifth natural frequency, ws(Hz); (f) sixth natural
frequency, wg(Hz)
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CHAPTER 5

Optimum Structural Design of the McGill
SMG

Obtaining the optimum dimensions of the McGill SMG to maximize the overall stiff-
ness of the robot structure is the subject of this chapter. In six-dimensional Cartesian
space, for a mechanical system, six independent stiffnesses can be defined: three trans-
lational along independent directions and three rotational about non-coplanar axes.
In this study, the objective is to maximize the maximum translational and rotational
stiffnesses. To this end, the stiffness matrix of the robot is obtained using the concept
of the generalized spring, introduced in Ch. 3; the translational and rotational stiff-
ness indices k; and k,., respectively, are considered as the two objective functions. In
order to avoid obtaining a design with unacceptable workspace volume, a pertinent
constraint should be introduced. Hence, it is assumed that, regardless of its dimen-
sions, the robot should be able to pick up an object located at a specific pose within
a prescribed workspace. For the optimization procedure, a genetic algorithm (GA)
is used. In the end, three different designs are obtained, their stiffness performance

over a test trajectory then being analyzed.
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5.1 A Multi-objective Optimization Problem

A multi-objective optimization problem consists of a number of independent ob-
jective functions that are to be minimized or maximized (Deb, 2001). In a general

form, the problem can be defined as,

(5.1)
hi(x) =0, k=1,....K
vk <x<al, i=1,...,N
T
in whichx = [z, 2o ... ;gN] is the design variable vector; the objective functions
T
can also be arrayed in a vector, f(x) = [fl (x) fo(x) ... fM(X)] , which is called

the vector of objectives. Accordingly, g; and hy are inequality and equality constraint
functions, respectively. Moreover, z¥ and z{ are design-variable lower and upper
bounds, respectively. These bounds define a hyperparallelepiped R in the design-
variable space. The objective functions are most frequently conflicting, and hence, it
is rarely possible to find a unique solution that simultaneously optimizes all objectives.
Therefore, in these cases, the concept of domination is used (Deb, 2001). According
to this concept, a solution x; dominates x5 (x; > X3) if x; is better or equal to x5 in
all objectives, and strictly better in at least one objective. That is, for M objectives

to be minimized, one has

fm(x1) < f(x2), Vm=1,....M

Am |fn(X1) < fr(x2), m=1....M

(5.2)

A set of dominant solutions and the corresponding set of objective vectors are known
as the Pareto optimal solutions and the Pareto optimal frontier, respectively. In a
design optimization problem, probably, the final design should be a member of the

Pareto set.
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5.2 Genetic Algorithms (GA)

GA and evolutionary algorithms were first introduced by Rechenberg (1973);
Holand (1975). In the late 80’s, Goldberg (1989) developed GA for solving an en-
gineering optimization problem. GA are based on the process of natural selection.
Each optimization parameter is encoded into a gene, i.e., a real number or string
of bits. Then, a chromosome is formed by the corresponding genes for all variables
x1, T, .., Ty; each chromosome describes an individual. Depending on the nature of
a problem, a chromosome could be defined as an array of real numbers or a binary
string. Finally, the individuals, which represent possible solutions, form a popula-
tion. In the next step, the fittest individuals of a population are chosen for mating;
each couple of selected individuals produces a child. The children are generated by
combining genes from different parents, which is called crossover. At the end, a few
children are chosen to mutate randomly, a procedure called mutation. Finally, the
new individuals form a new population and the algorithm starts all over again. The
optimization procedure stops when either a maximum number of generations has been
reached, or a fitness criterion has been met.

GA provide a useful tool for all kinds of optimization problems, especially for those
with a number of objectives, constraint functions, and design variables that cannot
be described by simple formulas. Since the early 80’s, researchers developed many
GA methods in multi-objective optimization problems that can be separated into
two main categories: 1) non-Pareto-based approaches such as VEGA (Schaffer, 1985)
and lexicographic ordering (Fourman, 1985) and 2) Pareto-based approaches, such
as NSGA (Srinivas and Deb, 1994), SPEA (Zitzler, 1999) and NSGA-II (Deb et al.,
2002). As Pareto-based approaches provide diverse solutions, they have been found
to be more acceptable than their non-Pareto-based counterparts. One of the latest
Pareto-based methods is NSGA-IT which has been widely used since it was introduced
by Deb et al. (2002). This method is computationally faster than others; it is based

on the non-dominated sorting approach. The complete procedure can be found in
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(Deb et al., 2002). Because of the foregoing merits of the NSGA-IL, it is chosen as

the optimization technique in this study.

5.3 The Multi-objective Optimization of the McGill SMG

5.3.1 Problem Definition. This work aims to modify the link lengths of the
McGill SMG in order to improve its translational and rotational stiffnesses when its
MP is at a specific pose, called the reference pose, denoted by P. The pose of the MP
of the current prototype when it is at the home posture is considered as P. The home
posture of the robot is defined as the posture farthest from parallel singularities, as
reported by (Alizadeh et al., 2009). The joint angles of the current McGill SMG at

the home posture are:

On =0 =0, Op=~01=>528, 0Op3=~03=45, 0 =0, 0Ory=180°
(5.3)
Hence, with the current dimensions, shown in Table 5.1, the reference pose P is

obtained as
l
P (X’P,YP,ZP,gbp) = (507()’0991’()) (54)

where [ is the distance between the two limbs, as depicted in Fig. 5.1. At this
reference pose, the robot is symmetric with respect to a plane parallel to the ZY-
plane passing through the point P : (Xp, Yp, Zp); hence, the joint angles that define
P are

0n =0 =0, Op=02=0 03=03=0; 01,=0, 60;4=180° (5.5)
whence,

ars = arra + agrs (5.6)

In this problem, six dimensions affect significantly the stiffness of the robot: [y, [,
ls, a4, arpg, and ays, all shown in Fig. 5.1; by considering eq. (5.6), there are five
independent dimensions, which are the design variables. In Ch. 3, two indices, k; and

k., the translational and rotational stiffnesses of a robot, respectively, were defined.
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TABLE 5.1. The dimensions of the current prototype of the McGill SMG

Dimensions | Iy | {1 Iy ls | an arrs ai h

Values (m) | 0.6 | 0.06 | 0.6329 | 0.3 | 0.0621 | 0.0254 | 0.12 | 0.03

Here, these two indices are chosen as the objective functions. Accordingly, the design
variable vector x and the objective vector f are:

T T
X = [lo lo I3 am CLH5:| , = [Ht lir] (5.7)

By resorting to the constraints in egs. (5.5), at the reference pose, lengths [y and I3

I lO

ly

a 174
MG

! 0]13

FIGURE 5.1. Front view of the kinematic chain of the McGill SMG at the
reference pose

can be obtained in terms of #; and 3, namely,

(ay +h —Zp)cosbs — (Iy + agy — lp/2) sin O3

l2 - sin(93 — 92) (58>
I — (a1—|—h—pr)COS(92—(l1+a[4—l0/2)SiH92 (59>
P sin(92 — 93) ‘

Parameters aq, h and [, are constant, and equal to the values used in the current
prototype (Table 5.1). In fact, according to the eq. (5.5), at the reference pose P,
05 and 03, J = 1,11, are called 0y and 65, respectively. For each set of design
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variables, in order to calculate the objectives, 65 and 63 should be obtained from
the trigonometric eqgs. (5.8) and (5.9). In the optimization procedure, instead of
lo and I3, it will prove convenient to use y and 63 as design variables. In other
words, the variables I, and [3 change according to 6, and 3. The significant merit of
this alternative is that there is no need to solve the trigonometric equations at each
step, which makes the optimization procedure faster and more accurate. Hence, the

design-variable vector becomes
T
x=1ly 0y 03 arn CLHs] (5.10)

The design-variable lower and upper bounds are then cast in the form?
0.5m <, <0.7m
90° < 675 < 130°
30° < 673 <60°
0.02m < ayrq < 0.05m

0.0lm < a;r5 < 0.1m
5.4 Numerical Results

When adopting the NSGA-II procedure, the maximum number of generations is
prescribed as 1000, each made of 100 individuals. The terms generation and individual
in the GA stand for iteration and design-variable vectors. Hence, in the foregoing op-
timization procedure, the maximum number of 1000 iterations are run, each iteration
containing 100 different designs. The crossover, where two parents mate to produce
children, is performed via the simulated binary crossover (SBX) operator (Deb and
Agrawal, 1995). To evaluate the objectives, the simplified model of the McGill SMG
is used. In this model, depicted in Fig. 5.2, the proximal II joints are modeled by

aluminum frames instead of complex composite boxes. As GA multi-objective opti-

'The current prototype of the McGill SMG was initially designed to have the same reach as Adept
Cobra 600s. These bounds are chosen in a sense to explore a better architecture with the specifica-
tions close to the current prototype of the McGill SMG.
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FiGURE 5.2. The simplified model of the McGill SMG robot

TABLE 5.2. The objectives and volume of the current McGill SMG

k2 (N) [ K2 (Nm) | Volume’m?
291.63 | 10.09 0.68

mization is a stochastic, time-demanding procedure, the objective evaluations inside
the algorithm can tremendously slow it down. Using a simplified model makes the
evaluation process much faster, so as to be able to conduct a less time-consuming,
yet complete search procedure. This also helps to sharply perceive the effect of the
dimensions on the robot stiffness. For the simplified model with the current dimen-
sions, the values of k; and k, and the workspace volume are shown in Table 5.2. The
optimization procedure is run for a maximum of 1000 generations with the crossover
and mutation probabilities of 80% and 5%, respectively. This means that, at each
generation, 80% of the individuals mate, while the remaining 20% are transferred
directly to the next generation; and 5% of the children undergo random mutations
in order to conduct a complete search on the design-variable space. As the number
of generations grows, the final individuals approach the Pareto optimal set and the
corresponding objective to the Pareto frontier. In Fig. 5.3(a), the evolution of the

objectives trade-off after 20, 200, 800 and 1000 generations is plotted. By examining
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Fig. 5.3(a), it seems that the objective trade-off variation from the generation number

800 to 1000 is approaching stable values. Moreover, Fig. 5.3(b) shows the number
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FIGURE 5.3. (a) The convergence of the Pareto frontier after 20, 200, 800
and 1000 generations; and (b) The number of non-dominated solutions with
respect to the generation number

of non-dominant solutions with respect to the number of generations. The percent-
age of non-dominant solutions to the total number of individuals at each generation
can be regarded as the closeness of the individuals to the actual Pareto optimal set.
Figure 5.3(b) indicates that after about 600 generations, at each generation, in the

average, 90% of individuals are non-dominant; this implies a satisfactory convergence
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of the individulas to the actual Pareto optimal set. For the maximum number of 1000

generations, the Pareto frontier obtained is shown in Fig. 5.4. Here, a new index

which is called the stiffness improvment index (SII) is defined:

K==

2

(

Rt

0
Ky

,{/7‘
g

(5.11)

in which Y and x? are the translational and rotational stiffness indices of the reference
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FIGURE 5.4. The Pareto frontier obtained after 1000 generations

design, namely, the current one. The workspace volume and the SII of the Pareto

frontier members are depicted in Figs 5.5(a) and 5.5(b). The workspace volume has

a minimum and a maximum of 0.61 m?® and 0.66 m?, respectively. Compared to the

workspace volume of the current prototype, which is 0.68 m?, in terms of the size of

the workspace, all the members of the Pareto frontier are acceptable. However, the SII

changes in a broad range from a minimum value of 2 to a maximum of 4.5. Although

the SII value provides a good measurement of the overall stiffness improvement, a

design with a large SII is not necessarily the best. To ensure that it is, in addition to

the design with a maximum SII, design (c), two members of the Pareto optimal set,

designs (a) and (b), with different values of SII are arbitrarily chosen for comparison;
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FIGURE 5.5. (a) The workspace volume and (b) the stiffness improvement
index of the Pareto frontier members

the features of these designs are shown in Table 5.3. Now, to compare the designs

TABLE 5.3. The specifications of the three different designs of the McGill SMG

Specifications | Design (a) | Design (b) | Design (c)
lo (m) 0.6988 0.6988 0.6988

I» (m) 04533 | 0.4875 0.5804

5 (m) 04437 | 0.4002 | 0.3017
arry (m) 0.0241 0.0254 0.0497
arrs (m) 0.0471 0.0673 0.0986

ke (N) 8833 710.9 1265

Ky (Nm) 95.62 39.50 71.10

V () 0.6452 | 0.6308 | 0.6178
SIT 2.793 3.181 4.255

(a), (b) and (c), the stiffness performance indices are calculated while the robot
is operating through the standard test trajectory introduced in Sec. 2.4. The time-
history of the two objective functions x; and &, for the design with current dimensions
and three optimum designs are plotted in Figs. 5.6(a) and 5.6(b). Apparently, design
(c) shows a significant improvement of x, over the test trajectory, while designs (a)
and (b) are even weaker than the design with the current dimensions. Although
designs (a) and (b) show a greater translational stiffness with respect to the others,
because of the weak rotational stiffnesses in some part of the trajectory, they are

discarded. Hence, the dimensions of design (c), which is the best, in terms of the
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FIGURE 5.6. The evolution of (a) translational x; and (b) rotational r,
stiffness indices for three different designs

rotational stiffness index, and better than the design with the current dimensions in

terms of the translational stiffness index, is the chosen optimum solution. The 2D

sketch of the McGill SMG with optimum dimensions is depicted in Fig. 5.7. The

FI1GURE 5.7. The McGill SMG with optimum dimensions

workspace of the robot with the optimum dimensions is plotted in Fig. 5.8. With the
workspace volume of 0.62 m?, the McGill SMG with optimum dimensions still has a

larger workspace than its competitor the Adept’s Quattro with its workspace volume

of 0.52 m3.
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FI1GURE 5.8. The workspace of the McGill SMG with optimum dimensions,
a=184m,b=148 m and ¢ = 0.64 m
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6.1 STIFFNESS SENSITIVITY ANALYSIS OF THE MCGILL SMG

CHAPTER 6

Design Recommendations for the McGill

SMG

After the calculation of the McGill SMG optimum dimensions, in the next level, the
geometry and the material optimization of the flexible components, two proximal and
two distal [I-joints, are the main issues. Hence, conducting a multi-level optimization
on the robot under study is an essential task. With the essential performance indices
at hand, the stiffness sensitivity analysis can be an interesting topic as well. Since
the latter provides an engineering insight, in the sequel, a novel stiffness sensitivity
analysis over the McGill SMG is initiated. The proposed method is not yet complete,

and hence, its completion is strongly recommended.

6.1 Stiffness Sensitivity Analysis of the McGill SMG

The stiffness matrix of a flexible part is posture-dependent, meaning that its
entries are not constant. However, in the case of material or shape optimization of
a flexible component, entries of the stiffness matrix computed in the reference frame
attached to the body can be considered as indicators.

For the proximal II-joint of the current McGill SMG prototype, depicted in Fig. 6.1,
which is fixed on one end to the machine frame (MF), the 6 x 6 stiffness matrix

Kp is defined as the mapping between the SAD screw and wrench arrays at point P
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with respect to the reference frame attached to the link. In this case, for instance, the

F1GURE 6.1. The proximal Il-joint of the current McGill SMG prototype

entry K4 can be accounted for the translational stiffness along X-axis of the attached
reference frame. Hence, any modification in the shape or the material of the Il-joint
which increases/decreases the translational stiffness along the X-axis will lead to a
higher /lower absolute value of K44. The 6 x 6 stiffness matrix of the proximal II-joint,
Kp, contains 36 entries, of which only 21 are independent, because of the inherent
symmetry of stiffness matrices. It is expected that the six translational and rotational
stiffnesses of the proximal II-joint do not contribute equally on the robot stiffness in
a specific direction . This calls for a stiffness sensitivity analysis of the McGill SMG.
This study aims to obtain the sensitivity of the two stiffness indices, translational k;
and rotational k.., to the six diagonal entries of the Cartesian stiffness matrix of the
proximal and distal II-joints computed with respect to the reference frame attached
to the body, namely,

6/@ 8/€j
(’f],zz)P — 8kP,ii7 (’{],n)D - ak?D,ii,

j=tr 1=1...6, (6.1)

where kp;; and kp;; @ = 1...6 are the diagonal entries of the proximal and distal
I[1-joint stiffness matrices, respectively. Although all 21 entries of each flexible part
stiffness matrix affect the stiffness indices, the effect of the six diagonal entries are

more significant. It is claimed that the six diagonal entries of the stiffness matrix
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of a flexible body with respect to the reference frame attached to the body can
be considered as the indicators for the three translational and the three rotational
stiffnesses of that flexible body.

Here, by resorting to finite differences, the stiffness sensitivity analysis of the McGill
SMG with optimum dimensions, as obtained in Ch. 5, is conducted. As the number
of objectives is two and the number of design variables is 12, the analysis results in
24 sensitivity values.

Now, while the McGill SMG is operating through the smoothed test trajectory,
(kjii)p and (kj;;)p where j =t,rand i =1,...,6, are calculated. The units of s, and
k, are N and Nm, respectively; as the first three and the last three diagonal entries
of the stiffness matrix, corresponding to the translational and rotational motions,
have units of N/m and Nm, respectively, the 24 sensitivity values are divided into
four sets with different units. Figures. 6.2(a)-6.2(d) show the 12 sensitivity values
regarding the proximal Il-joints; apparently, (ki 66)p, (Ki22)p, (Krss)p, and (kr11)p
are significant. It is important to note that, at each figure, some sensitivities are very
close to zero; hence, in the black-and-white figures, they become hidden behind the
time axis. The results corresponding to the distal II-joints are shown in Figs. 6.3(a)—
6.3(d). As the results show, in the McGill SMG with the new dimensions, the four
diagonal entries of the proximal II-joint stiffness matrix kpss, kpgs, kpi1, kp2e and
the two of the distal II-joints kp s and kp 33 play critical roles. In other words, the
translational stiffness of both types of Il-joints along the X-axis, kp4s and kp a4,
do not affect the robot stiffness significantly, while the bending stiffnesses in the
ZY -plane of both Il-joints, kpgs and kp s, are important variables. Moreover, by
comparing the results, apparently, the stiffness of the proximal II-joints affects the
overall stiffness of the robot more than the distal II-joint. Hence, the six components,
kpss, kpes, kpi1, kpa2, kpes and kp 33, can be considered as performance indices by
which different designs of the proximal and distal II-joints can be compared. In the
sequel, two designs for the proximal and two for the distal II-joints are evaluated; by

comparing the proposed objectives, the best design can be recognized.
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FIGURE 6.2. The sensitivity of x; and k, to the diagonal entries of the
proximal II-joint over the smoothed test trajectory: (a) (ksi)p ; (b) (Keii)p
i (€) (Krii)ps (d) (Kri)p

TABLE 6.1. Properties of LTM25 unidirectional prepreg (Daniel and Ishai, 1994)

6.2 Two Design Variants for the Proximal II-joints

In the current prototype, the proximal Il-joints are made of two parallel iden-
tical trapezoid boxes fabricated of carbon-fibre composite laminate, as depicted in

Fig. 6.4(a).
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Fiber Direction Modulus (F,) | 126.2 GPa
Matrix Direction Modulus (£,) | 10 GPa
Shear Modulus (E) 2.14 GPa
Poisson Ratio (v) 0.3

Density (p) 1547 kg/m?
Ply Thickness (hg) 0.17 mm

Each box has walls made of a three-layer laminate with the lay-up
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FiGURE 6.3. The sensitivity of x; and x, to the diagonal entries of the
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configuration [0/90/0]. The layers are made of LTM25 unidirectional prepreg car-
bon/epoxy composite material, with their corresponding mechanical properties shown
in Table. 6.1. The second design, shown in Fig. 6.4(b), is composed of three parallel
identical tubes made of carbon-fiber composite materials. The tube diameter is 0.05
m, and made of four layers of LTM25 unidirectional prepreg carbon/epoxy with the
lay-up configuration [0/90/90/0]. The four effective stiffness components, kpss, kpge,
kpi11 and kpag, of both designs are compared in Table. 6.2. Apparently, except for
kpss, the results from the two composite boxes dominate over the values from the
three tubes. However, the latter shows significantly higher kpss. In addition to the

foregoing issues, the manufacturing of a trapezoid box is more complex than that
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(a) (b)

FIGURE 6.4. Two design variants of the proximal II-joint: (a) Two compos-
ite boxes ; (b) Three composite tubes

TABLE 6.2. The four effective stiffness components of the Proximal II-joints

Stiffness Component | Two Boxes | Three Tubes
kpss (N/m) 0.8 x 10T 6.9 x 107
kpges (N/m) 19.6 x 10 | 7.5 x 10*
kpi1 (Nm) 348.4 318.3

kpas (Nm) 362.2 353.6

Mass (kg) 0.275 0.284

of a tube. Hence, the proximal II-joint made of three composite tubes has some

advantages, even though it may not be the stiffest choice.

6.3 Two Design Variants for the Distal II-joints

According to the sensitivity results, although the proximal Il-joints have more
influence on the overall stiffness of the robot, the stiffness improvement of the distal
[I-joints is also a crucial matter. In the current prototype, each distal Il-joint is
made of four parallel aluminum bars, shown in Fig. 6.5(a), each bar is 0.3 m long.
As an alternative, the four aluminum bars can be replaced with three tubes made of
composite materials. In this case, each tube is made of four LTM25 unidirectional
prepreg carbon/epoxy with the lay-up configuration [0/90/90/0] and a diameter of
0.03 m, as depicted in Fig. 6.5(b). Based on the results of a sensitivity analysis, the

overall stiffness of the robot is more sensitive to the two of six diagonal entries of the
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TABLE 6.3. The two effective stiffness components of the Distal II-joints designs

Stiffness Component | Four Aluminum Bars | Three Composite Tubes
kpes (N/m) 50.6 x 10* 11 x 10%

kpss (N/m) 7179.6 127.8

Mass (kg) 0.3 0.09

distal II-joint stiffness matrix, kp s and kp 33. These two components of both distal

[I-joint designs are compared in Table. 6.3.  Apparently, the design composed of

(a) (b)

FIGURE 6.5. Two design variants of the distal II-joint: (a) four aluminum
bars ; (b) three composite tubes

three tubes cannot compete with their aluminum counterpart; however, the former is
much lighter than the latter. Even if the number of layers is increased to eight, the
stiffness components are still much lower than that of the aluminum bars. Therefore,
the distal II-joint with four aluminum bars is recommended to be retained in future

designs.

6.4 The CAD model of the New Designs

Figures 6.6 and 6.7 depict the CAD model of the two recommended designs of
the McGill SMG with optimum dimensions. In the former design, the proximal II-
joints are made of carbon-fibre composite tubes and the distal II-joints are made of
aluminum bars, while in the latter, both versions of the II-joints are composed of

carbon-fibre tubes.
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FIGURE 6.6. The new design of the McGill SMG robot with the proximal
[I-joints made of carbon-fibre composite tubes

FIGURE 6.7. The new design of the McGill SMG robot with the proximal
and distal II-joints made of carbon-fibre composite tubes

The design depicted in Fig. 6.6 is expected to be stiffer than its counterpart shown
in Fig. 6.7, while the latter is lighter than the former. As the robot mass and stiffness
are conflicting, obtaining the lightest yet stiffest design is a challenging problem which

calls for furthur research.
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CHAPTER 7

Closing Remarks and Recommendations

for Future Research

7.1 Conclusions

This thesis reported novel methods in constraint-wrench, elastostatic and elasto-
dynamic analyses of parallel manipulators, and the design optimization of the McGill
SMG, a novel two-limb parallel manipulator. To this end, in Ch. 2 a methodology
for the constraint-wrench analysis of single-loop parallel robots was developed. In
this vein, first, the kinematic-constraint equations of eight kinematic pairs, six LKPs,
i.e., revolute (R), prismatic (P), helical (H), cylindrical (C), spherical (S), and planar
(F) joint, and two HKPs, the universal (U) and the II-joint, were derived. Hence,
the constraint matrix of a mechanical system is readily obtained upon assembly of
the constraint matrices of the kinematic pairs. Then, by introducing the actuator
wrench-shaping matrix, the constraint wrench analysis led to a system of linear equa-
tions in which the actuator and the constraint wrenches are the unknown variables.
As a case study, the constraint-wrench analysis of the McGill SMG, when its MP
moves over an industry-adopted test trajectory, was included. However, because the
McGill SMG is an overconstrained mechanism, the number of equations derived is
lower than the number of unknowns. To cope with this issue, isoconstrained versions

of the robot were introduced, with which the constraint wrench analysis is possible.
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Although the isoconstrained SMG differs from its overconstrained counterpart, its
motion compatibilities are identical to those of the original overconstrained struc-
ture. The isoconstrained version allows not only for constraint-wrench analysis, but

also for assembly.

In Ch. 3, by resorting to the concept of generalized spring, the calculation of
the stiffness matrix of complex multibody systems with passive kinematic pairs was
discussed. A new terminology, based on the concept of element assembly, as used
in FEA, was proposed, by which the stiffness matrix of an articulated flexible body
can be simply modelled. This terminology helps derive a general formulation for the
stiffness matrix of two flexible bodies connected by any of the six LKPs. Especially in
the case of a complex mechanism, the proposed method provides significant insight of
the calculation of the stiffness matrix. In addition, when the stiffness of the robot is
to be monitored along a continuous trajectory, substantial savings in time and calcu-
lation cost are obtained. As a case study, the posture-dependent Cartesian stiffness
matrix of the McGill SMG was computed by the proposed method. In the second
part, by means of a nondimensionalization of the stiffness matrix, two stiffness per-
formance indices, translational and rotational, were introduced. The stiffness indices
were computed along a standard test trajectory for the above-mentioned robot. The
indices can be used either for assessment of the behaviour of the robot at different
points of the trajectory or for design optimization purposes, the two stiffness indices

help the designer analyze the stiffness of the structure accurately and comprehensively.

In Ch. 4, the elastodynamic analysis of parallel Schonflies motion generators, us-
ing as a case study the McGill SMG, was reported. By using the generalized-spring
concept, introduced in Ch. 3, the stiffness matrix of the SMG was calculated. A
systematic step-by-step procedure was introduced that eases the derivation of the
linearized elastodynamics model of the system under “small”’-amplitude vibration,

around a given robot posture, with all motors locked. The mass matrix of a parallel
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SMG in which a rigid MP is connected to the motors by flexible parts can be a cum-
bersome task. Moreover, as the mass matrix is posture-dependent, when it comes
to many postures, modal analysis can be prohibitively expensive. The procedure in-
troduced here appears significantly useful for complex parallel SMG whose kinematic
chains contain flexible components. The method can effectively provide a symbolic
posture-dependent formula for the mass matrix. Having the essential ingredients, the
stiffness matrix K and the mass matrix M, the modal analysis of a parallel SMG when
operating over a trajectory is possible. The first six natural frequencies of the McGill
SMG over a test trajectory were calculated. As the mass and stiffness matrices are
both posture-dependent, the natural frequencies of the robot attain different values
for different robot postures over the test trajectory. The foregoing analysis can be
used as an efficient tool to assess the performance of a robot from the elastodynamic
point of view at the design stage. Moreover, for structural optimization, finding the
critical postures of a mechanism, i.e., postures at which a mechanism attains its low-

est fundamental frequencies, is a crucial design step.

The stiffness optimization of the McGill SMG was the subject of Ch. 5. By resort-
ing to the translational and rotational stiffness indices, a multi-objective optimization
problem was defined. To avoid obtaining solutions with the desired workspace volume,
a pertinent condition was imposed. By the use of GAs, the foregoing multi-objective
optimization led to a set of Pareto optimal solutions. Each member of the Pareto
optimal set can fit an additional criterion, and thus, can be considered as an opti-
mum solution. The stiffness improvement index (SII) was defined in order to pick
up a unique solution. Finally, the stiffness performance of the design with maximum
SII and two other members of the Pareto optimal set over a standard test trajectory
were examined, and the best design was introduced.

Finally, in Ch. 6, the stiffness sensitivity analysis of the McGill SMG was con-
ducted. Based on this analysis, recommendations for the next design of the McGill

SMG were also proposed.
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7.2 Recommendations for Future Research

There is a lot of room in this thesis for future research; in the sequel, some rec-
ommendations are discussed.
The kinematic constraint matrices of eight kinematic pairs, six LKPs and two HKPs,
were introduced in Ch. 2. This method can be generalized to model any other type
of kinematic pair such as gears and cams. Moreover, in Ch. 2, the constraint-wrench
analysis was conducted by calculation of the constraint matrix of the robot under the
rigidity assumption of the robot links. However, in reality, the links are flexible. A
possible recommendation for future research is to define new kineto-elastic constraint
equations for each type of kinematic pairs; hence, upon assembly of these new ma-
trices, the kineto-elastic constraint matrix of a robot can be obtained. This modifies
the method proposed in Ch. 2, which leads to more accurate results. In Ch. 5, the
optimum dimensions of the McGill SMG were calculated. In the next level, opti-
mization of the geometry and the material of the robot flexible components, the two
proximal and the two distal II-joints, is recommended. This calls for a multi-level
optimization. In this case, the parametric stiffness matrix for the flexible components
is needed; however, as the flexible components are made of composite materials, a
more detailed modeling effort is required.
With the essential performance indices at hand, the stiffness sensitivity analysis also
can be undertaken in future research. In Ch. 6, a novel conceptual stiffness sensitivity
analysis over the McGill SMG was already initiated. However, the method and its
implementation into the design procedure are incomplete; its completion is strongly

recommended for future research.
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APPENDIX A

Derivation of The Twist Shaping Matrices

As shown in eq. (2.53), the joint-rate vector is mapped onto the twist vector of a robot
by means of the twist shaping matrix. This matrix is composed of the twist-shaping

matrices T; of all rigid bodies, namely,

Ty
T,

T,

which is a 6(n — 1) X (d + p) matrix. The time derivative of the twist-shaping matrix

is simply obtained by the differentiation of its components with respect to time:

In the sequel, the twist-shaping matrices of the seven rigid bodies of the McGill SMG,
along with their time derivatives, are derived. The parameters regarding the geometry

of the McGill SMG that are used in the formulas below are depicted in Figs. A.1 and
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FIGURE A.2. A zoom-in of the MP and its dimensions
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0O 0 0 Og 0O 0 O Og

1 0 o0 0o . |o o o of

Ts = rl° Ts=|. . . T

tg1 tap taz Of ta1 tap taz Of

ts1 ts2 tsz OF ts1 tso ts3 OF
| 0 te2 tes OF] | 0 iy fg3 OF]
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APPENDIX A. DERIVATION OF THE TWIST SHAPING MATRICES
with

ty = —l1s0p — 1280118012 — l35071c0r3 — arssbn

tyz = lacOr1cOra

tyz = —l3cOns0r3

ts1 = licln + locB18012 + lscl1c013 + a5l

tso = lasOr1clrs

tss = —l350715013

to2 = —l25012

tes = —l3clrs

fy = —119110911 - l291109115912 - 5291239110912 - l391109110913 + 1391339113913 - a159110911
tip = —lo0r15011c072 — 10pacr1 50

15.43 = 1391189118913 - 5391309110913

1551 = —l19115911 - l291159115912 + l291209110912 - l391189110913 - l391309118913 - a159113911
1552 = l291109110912 - 5291289118912

tss = —l391109113913 - l391389110913

t.62 = —l29120912

i63 = 539138913

(0 0 0 0 0F] (0 0 0 0 OF]
O 0 0 O OZ 0O 0 0 0 0}:
1 0 0 0 o . 0 0 0 0 of
T4 - P T4 = . . . .
tyn tao taz tay OF tyn tao taz tay OF
ts1 ts2 ts3 tsa OF ts1 tsy ts3 tsa OF
| 0 tex tes O OF ] | 0 gy fz 0 0F
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APPENDIX A. DERIVATION OF THE TWIST SHAPING MATRICES
with
tyy = =150 — lps0115019 — I35071¢0r3 — apacln + aprrsin (O + Orpa)
tyz = lacOr1cOra
tyz = —l3clns0r3
tas = arrrsin (01 + O114)
ts1 = licOn + lact 8010 + lscOr1cOr3 + agacln — aprr cos (O + Or1a)

tso = lasOri1clrs

ts3 = —l3s0150r3

tsa = —arrrcos (011 + Or1a)

tea = —lastra

tes = —l3clr3

i41 = —l19110911 - l291109113912 - l291289110912 - l391109110913 + 1391339113913 + 014911

s+ arrr (911 + 914> cos (0111 + O114)

tao = —loB115071¢010 — 15015¢011 5015

tas = 1301150715073 — 13013073000

ty = arr <9[1 + 914> cos (O + Or14)

f51 = —l1911$911 + l291269120911 - 5291189118912 - 1391189110913 - 1391309118913 - a149[1
sOp + arrr (én - 0'14> sin (Orr1 + 0114)

fs2 = loOnclriclrs — 1201250115012

ts3 = —l391109118913 - 1391389110913

tss = arry <911 + 914) sin (071 + 0114)

fgy = —l2012¢01

7563 = 139138913
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124

Ts

(070 0
070 0
of 1
0f ty
0f 5
of 0

0

0

0
2
U52

62

0
43

l53

t63 |

T5

ol 0
of o
of o
0 iy
0f is
of 0

t3

t.53




with
a1
L2
l43
51
U2
l53
l62
L3

i41

tar

t3

ts2
i53
teo

i63

APPENDIX A. DERIVATION OF THE TWIST SHAPING MATRICES

= —l180rm1 — l25011180112 — I380111¢0113 — arresbin

= lacOrncrr

= —l3clir150113

= licOrn + l2clin 80112 + l3¢01r1¢0113 + arrectrn

= las0r11c01r2

= —l350r1150113

= —l2501r2

= —l3clr13

= —11911109111 - l291110911139112 - l291125911109112 - l391110911109113
+ 1391138911139113 - allﬁélllcglll

= —1291118911109112 - 5291120911139112

= l391118911189113 - 5391130911169113

= —11911139111 - 1291118911189112 + l291120911109112 - l391115911109113

- l391130911189113 + a116911189111

= l29111CQ11109112 - 5291123911180112
= —130; 116071150113 — 1307135011160, 13
= —12‘911209112

= l39113891[3
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APPENDIX A. DERIVATION OF THE TWIST SHAPING MATRICES

07 0 0] 07 0 0]
Og 0 0 O6T 0 0
06T 1 0 ) OGT 0 0
TG - ) T6 - . .
0F ty ta 0F ty it
0F ts1 tso 0F t51 s
0F 0 g2 0F 0 fe)
with

tyr = —l1s0rn — lasOrn 802 + 0.47as0rn

tag = lacOrncOira

t51 = l1€9[]1 + l26011189[]2 — 0.47&69111

tso = lasOrricOrra

tea = —lasOrro

ty = —l1911109111 — l291110911189112 - l291128911109112 + 0.47a911109111

f42 = —l291113911109112 - 5291120911139112

t5 = —l1911139111 — 1291118911189112 + l291120911109112 + 0.4a911189111

f52 = l291110911109112 - l291128911150112

f62 = —l2911209112

Finally,
02><7 0
Tr=| 07 0|. T7=Oexs
O3><7 1
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APPENDIX B. DERIVATION OF THE ANGULAR VELOCITY DYADS

APPENDIX B

Derivation of The Angular Velocity Dyads

All the rigid bodies in the McGill SMG move under the same Schonflies displacement
subgroup, which contains three translations and one rotation about the Z-axis of
Fig. 2.12. Therefore, the angular velocity of each rigid body of the Jth limb is the
same, i.e., for the first three rigid bodies, which belong to limb I,

9T

w; = [0 0 On} . i=1,2,3 (B.1)
The last three rigid bodies also rotate with the same angular velocity 0:11, whence,

. T .

wi=[0 0 6| . i=567 (B.2)

The fourth rigid body, the MP, rotates through angle 6;; — 074, and hence,
. . T
Wy = |:0 0 9[1 —911] s (BS)

Angeles (2007) defined the angular-velocity dyad of an angular velocity vector as

Q O
W = (B.4)
0O O

in which € is the CPM of the angular velocity vector w and O is the 3 x 3 zero
matrix. It is important to note that since the Newton-Euler equations for a rigid

body are cast in terms of the twist, which is a 6-dimensional array, €2 is defined as a
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APPENDIX B. DERIVATION OF THE ANGULAR VELOCITY DYADS

matrix of 6 x 6. Thus, the seven angular velocity dyads corresponding to the robot

rigid bodies are

Q O
W, = L oi=1,...,7
0O O

with ©; = CPM(w), and hence,

0 —605 0
Q=10, 0 0|, i=12.3 (B.5a)
0 0 0
0 —(0p—014) 0
94: (9[1—é14> 0 0 (B5b)
0 0 0
0 —0m O
Q=100 0 0|, i=56,7 (B.5¢)
0 0 0
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